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Magnetoelectricity of single molecular toroics: The Dy4 ring cluster
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Spin-electric interactions and magnetic and magnetoelectric properties of the Dy4 ring molecular nanocluster
are investigated. The effective spin-electric Hamiltonian is derived on a base of developed quantum mechanical
model of the cluster spin structure. It is shown that the toroidal moment is a source of the quantum magnetoelectric
effect. The dynamics of the toroidal moment (macroscopic quantum tunneling) is also discussed.
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I. INTRODUCTION

Metal-organic molecular nanomagnets (so-called single
molecular magnets, SMMs) are the focus of intense research
at the fascinating point where quantum mechanics meets the
classical world. Such mesoscopic objects are a source of novel
physical effects, and they inspire the development of profound
theories and prospective applications.

The most impressive phenomenon in the physics of
SMMs is the macroscopic quantum tunneling (MQT) of
magnetization, which has developed into a subject of great
interest after the introduction of the concept by Caldeira and
Leggett in the beginning of the 1980s [1]. In this context,
single molecular magnets constitute the model system that
best allows the observation of quantum tunneling of the
magnetization, thermally assisted quantum tunneling, and
resonant tunneling of the magnetic moment [2].

The most well known molecule of this type is Mn12-ac. This
molecule is composed of twelve interacting manganese ions
and has the S = 10 total spin ground state with high uniaxial
anisotropy. Well isolated from each other, the molecules
present a superparamagnetic behavior above a blocking
temperature of about 3 K [3], and a temperature-dependent
hysteresis with distinctive steps, owing to the thermally
assisted resonant quantum tunneling of the magnetization [2].
Below 1 K these steps become temperature independent as pure
quantum tunneling turns to be the dominant reversal process
[4–6]. The Hamiltonian with complex anisotropy contributions
combined with the Landau-Zener model [7] has been used
to explain the experimental results, but there are still some
controversies surrounding experimental results and theoretical
predictions despite the large amount of publications [8].

The induction of SMMs into the field of quantum com-
puting [9] has yielded a variety of theoretical possibilities for
the implementation of a quantum computer [10]. Although
the vast majority of research that has been done in the
field is purely theoretical, most of the proposals rely on
solid experimental observations that reside in both classical
and quantum domains. The proposed mechanisms for using
molecular magnets as qubits are all based, at least in part, on
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the quantum phenomenon of spin tunneling and the interaction
of a magnetically anisotropic molecule with external magnetic
fields [11]. This fundamental manipulation leads to the
theoretical realization of quantum gates and data storage using
the Grover algorithm [12], which improves on the classical
database search. SMMs are also promising objects for use in
the development of molecular spintronics [13].

Molecular magnets have several advantages, such as uni-
form nanoscale size, solubility in organic solvents, readily
alterable peripheral ligands helping to tune their properties
finely, possibility of directed assembly or self assembly,
etc. Nevertheless, there are some disadvantages; the most
obstructive are the inability to scale to arbitrarily high spins,
the presence of strong decoherence to classical physics, and
the extreme temperature dependence of almost all character-
istics of a molecular magnetic qubit. These limitations make
experimental research papers on the use of molecular magnets
for quantum computing be few and far between, with the vast
majority examining physical properties of systems.

All these limitations are rooted in the very idea of spin
state control with magnetic fields. In recent years, however, a
new trend of spin manipulation by electrical means (electric
fields or/and electric currents) has gained a foothold because
of the much better ability to localize electric fields compared
to magnetic ones [14]. There are a number of papers [15,16]
dedicated to investigation of systems driven by spin-electric
interaction. The pull is owed to the presence of another degree
of freedom, the toroidal moment, which couples with an
electric field (or an electric current), which is thus nonsensitive
to the influence of stray magnetic fields [17]. It should also
be noted that the presence of the toroidal moment in a
system gives a wonderful opportunity to observe the quantum
magneto-electric effect (MEE) in it.

From this point of view, metal-organic molecules with a
ring rare-earth ion core are of significant importance. Such
an ordering can naturally be described in terms of toroidal
moment, and the presence of rare-earth ions enhances the
magnetoelectricity to a great extent [18]. A whole series
of dysprosium-based ring molecular nanoclusters (Dy3 [19],
Dy4 [20], and Dy6 [21]) has recently been synthesized.
Other studies mostly focus on either changing the lanthanide
ion while keeping the ligand system constant or changing
the ligand but keeping the coordination sphere around the
lanthanide ion identical in multilanthanide systems; see Ref.
[22] and references therein.
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A few years ago, the question of the toroidal moment
existence in the triangular Dy3 cluster, the progenitor of the
family, was discussed [19,23]. The dynamics of the toroidal
moment [24] and magnetoelectric properties of molecular
crystal Dy3 have also been investigated [25]. It is remarkable
that the dynamics has a number of similar features that
are characteristic for the dynamics of the magnetic moment
in single molecular magnets (SMMs). By analogy, the ring
clusters can be called single molecular toroics (SMTs).

It is believed that SMTs have all the advantages of SMMs,
and the presence of the toroidal moment in SMTs reduces
several disadvantages of SMMs. The SMTs seem to be most
promising for future applications in quantum computing and
information storage as molecular multiferroic materials with
magnetoelectric effects. The key features offering advantages
are their insensitivity to external homogeneous magnetic fields,
remarkably weak magnetic interaction among themselves,
and the possibility to manipulate the toroidal states by
electrical means (electric currents or variable electric fields).
In this interdisciplinary research area that spans chemistry,
physics, and material sciences, synthetic chemists have already
produced SMT systems suitable for detailed experimental
study, while ab initio calculations have proven their reliability
in the description of toroidal magnetization; see Refs. [26]
and [27] for recent reviews and Ref. [28] for the book on
the subject. Lanthanide-based ring complexes with the high
symmetry of the molecule unit and strong intermetallic dipolar
interactions with strong axial anisotropy on the metal sites
are the most promising route toward the design of efficient
SMTs.

The present work is devoted to the comprehensive in-
vestigation of dysprosium-based SMTs by example of Dy4
ring molecular nanoclusters. We describe the structure of
the systems and determine the hierarchy of interactions in
them; see Sec. II. In Sec. III, the magnetic properties of
the Dy4 molecular cluster are depicted. The dependencies of

the magnetization on the magnetic field and temperature are
obtained. Then, we proceed to the magnetoelectricity of the
system. The spin-electric Hamiltonian is derived in Sec. IV
and the magnetoelectric effect is described. Finally, we discuss
some questions of the toroidal moment dynamics, especially
the phenomenon of macroscopic quantum tunneling of the
toroidal moment; see Sec. V.

II. THE MODEL OF THE Dy4 CLUSTER

First of all, we should describe the inner structure of the
Dy4 molecular cluster and formulate the model Hamiltonian.
Because magnetic and magnetoelectric properties of the cluster
are owed to the presence of Dy3+ ions, we will focus on the
dysprosium ion core.

Let the abscissa axis of the OXYZ laboratory coordinate
system be directed along the longer diagonal of the parallel-
ogram formed by the dysprosium ions, as shown in Fig. 1.
Supposing that the magnetization axes of the ions are the ez(i)
local axes, we present the orientations of the local coordinate
axes of the ions with respect to the laboratory frame,

ez(3) = eX cos δ + eY sin δ,

ex(3) = eX sin δ − eY cos δ,

ez(4) = eY cos γ − eX sin γ,

ex(4) = eY sin γ + eX cos γ,

eα(1) = −eα(3),

eα(2) = −eα(4).

Here δ and γ stand for the small angles between the laboratory
abscissa axis and unit vectors ez(3) and ex(4), relatively (see
Fig. 1). For the purpose of brevity, we will also denote ez(3)
as l1 and ez(4) as l2.

Since the Dy4 ion core is put together from the Ising-type
Dy3+ ions, the Hamiltonian of the cluster can be represented

FIG. 1. The ion core of the Dy4 molecular cluster depicted with respect to the laboratory OXY frame. Here ez(i), i = 1,2,3,4, are directed
along the ion magnetization axes.
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n = 1 n = 2 n = 3 n = 4

n = 5 n = 6 n = 7 n = 8

FIG. 2. The ground (n = 1) and excited (n = 2 . . . 8) spin configurations in the Dy4 cluster, the Kramers-conjugate states with n = 9 . . . 16
(not shown) have all the spins reversed. For the energies, total spin, and toroidal moment of the configurations, see Table I.

in a form of an exchange Hamiltonian [20,29],

H0 = −J1(S1zS4z + S3zS2z) − J2(S1zS2z + S3zS4z)

− J3S1zS3z − J4S2zS4z, (1)

where Siz are the projection operators of the effective spin
onto the ez(i) local axes, and the corresponding quantum
numbers are Siz = ±1/2. The values of the effective exchange
constants Jk can be taken from Ref. [20], J1 = 4.44 cm−1,
J2 = 1.22 cm−1, J3 = 3.09 cm−1, and J4 = 0.42 cm−1.

Figure 2 shows eight of the sixteen possible spin configura-
tions of the dysprosium ions in a Dy4 cluster; the corresponding
energies En0 are calculated from Eq. (1) and given in Table I.
The other eight configurations can be obtained by reversing all
dysprosium ion spins. Of course, the energies of the reversed
configurations are the same.

The spin ordering of the Dy4 nanocluster can be character-
ized in terms of spin chirality [20,29]. It is clear that spins in the
ground states (n = 1 and n = 9) are inversely twisted; i.e., the
states have the opposite chirality. The natural physical quantity
associated with spin chirality in this case in the T -odd polar
vector of a toroidal (anapole) moment, which corresponds to
the first term in the toroidal (anapole) multipole expansion of
an arbitrary electric current distribution. It reads as

T = 1

10c

∫
[(jr)r − 2r2j]d3r,

where j(r,t) is the electric current density [30]. In the case of
the dysprosium cluster, then we deal with localized magnetic
moments, and the expression can be transferred to

T = 1

2
gJ μB

∑
i

[ri × Ji],

where ri and Ji are the radius vector and the total angular
momentum of the ith ion, respectively, gJ stands for the Lande
factor, and μB is the Bohr magneton.

The values of dimensionless toroidal moments τ = TZ/T0

with T0 = 15
4 gJ μBd1 in different spin configurations at T = 0

K are given in Table I. Here d1 and d2 are the lengths of
the shorter and the longer diagonals of the parallelogram
formed by the dysprosium ions, respectively, d2/d1 = q > 1,
and ε is a small angle between the shorter diagonal and the
laboratory ordinate axis. Obviously, the τn values differ in sign
for conjugate states.

III. THE MAGNETIC PROPERTIES OF THE Dy4 CLUSTER

The expression for the energy levels in a nonzero magnetic
field of the dysprosium cluster reads

En(H ) = En0 ± μmnH, (2)

where En0 are the zero-field energy levels, μ = 15μBgJ , and
gJ = 4

3 . The cluster total effective spin mn = Mn/2μ is given
by

mn =
4∑

i=1

〈Siz〉n = 1

2

4∑
i=1

σn(i)ez(i), (3)

where symbol σn(i) denotes the sign of the ith ion spin
projection onto the ez(i) axis for the nth spin configuration.
The mn vectors are listed in Table I. The corresponding energy
diagram is shown in Fig. 3.

It is clear that in the absence of a magnetic field the ground
state has zero toroidal moment because of degeneration. If
a magnetic field is applied, the minimal level crossing field

TABLE I. The energies and dimensionless values of the magnetic m and toroidal τ moments of the spin configurations in a Dy4 cluster at
T = 0 K.

n En0 (cm−1) mn = Mn

2μ
, μ = 15gJ μB , gJ = 4

3 τn = Tn

T0
, T0 = 1

4 μd1

1 0 0 cos(ε + δ) + q cos γ

2 2.967 l1 − l2 0
3 3.033 l2 cos(ε + δ)
4 3.033 l2 − cos(ε + δ)
5 4.365 l1 q cos γ

6 4.365 l1 −q cos γ

7 5.639 0 cos(ε + δ) − q cos γ

8 6.191 l1 + l2 0
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FIG. 3. The energy diagram of the Dy4 cluster in magnetic field H directed along the m2 vector (the cluster magnetic moment in the first
excited state). The lowest level crossing of excited states with the ground state at H = 0.21 T is marked with an arrow.

is Hmin = E20/μm2 = 0.21 T. The field is directed along the
m2 vector and causes the crossing of the degenerate E1 =
E9 = 0 level with the nondegenerate E2(H ) level. In spite of
the degeneracy removal, the expected value of the toroidal
moment in the cluster

τ =
∑8

n=1 τne
−En0/kBT sinh(μmnH/kBT )∑8

n=1 e−En0/kBT cosh(μmnH/kBT )

remains zero regardless of the external field magnitude and
direction, as is easily seen from the data given in Table I. The
states with nonzero expected values of the toroidal moment can
be produced if the Hamiltonian in Eq. (1) contains nondiagonal
terms, as will be shown in Sec. V.

As for the magnetic properties of the Dy4 cluster, the
dependencies of the magnetization vector components on the
field magnitude and direction and the temperature can easily
be analyzed by making use of Eqs. (2) and (3). The results,
given by

m =
∑8

n=1 mne
−En0/kBT sinh(μmnH/kBT )∑8

n=1 e−En0/kBT cosh(μmnH/kBT )
,

are shown in Figs. 4 and 5.

IV. MAGNETOELECTRICITY OF THE Dy4 CLUSTER

In this section, we should consider the magnetoelectric
interactions in the Dy4 cluster. The electronic mechanism
of the magnetoelectricity in rare-earth ions has already been
outlined in Ref. [23]. We would like to discuss it somewhat
closer in respect to the cluster.

Let a rare-earth ion be under the influence of external mag-
netic and electric fields. The actual perturbation Hamiltonian
Vj of the j th ion then reads

Vj = −dj E + Vodd
cr (j ), (4)

where dj = −e
∑N

k=1 rk(j ) is the dipole moment operator of
the j th ion with N = 9 electrons in the 4f shell and rk(j ) is
the radius vector of the kth 4f electron of the j th ion. Provided
that the XY plane in Fig. 1 is a symmetry plane, the crystal

field operator Vodd
cr (j ) can be represented as

Vodd
cr (j ) = B1

1 (j )
[
C1

−1(j ) − C1
1 (j )

] + B1
0 (j )C1

0 (j ). (5)

FIG. 4. The dependencies of the Dy4 cluster magnetic moment
MX (red curves) and MY (green curves) on the field H for the cases
H||OX (top) and H||OY (bottom) at the temperatures T = 0.5 K
(the thicker solid curves) and T = 4.2 K (the thinner dashed curves).
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FIG. 5. The orientational dependencies of MX (red curves of the
upper graph) and MY (green curves of the lower graph) in the fields
H = 0.15 T (field below the first level crossing at 0.21 T, the dotted
curves), H = 0.3 T (dashed curves), and H = 0.6 T (solid curves)
at the temperature T = 0.5 K. The magnetic moment is measured in
the μB units. The ϕ angle between the H vector and the laboratory
OX axis is measured in degrees.

Here C1
q (j ) = ∑

k C1
q (j,k), where C1

q (j,k) are the single-
electron irreducible tensor operators of the kth electron of
the j th dysprosium ion.

In the eα(j ) local coordinate axes, coefficients B1
q (j ) are

the parameters of the odd crystal field of the j th dysprosium
ion. Due to symmetry, B1

q (1) = B1
q (3) and B1

q (2) = B1
q (4).

Unfortunately, information on values of odd crystal field
parameters for rare-earth ions is currently scarce. The pa-
rameters for praseodymium ions in ferroborate PrFe3(BO3)4

are calculated in the frame of the point charge model [31].
They reach a value of 2.2 × 103 cm−1. On the base of the
parameter set it is possible to obtain the quantitative description
of magnetoelectric properties of rare-earth iron [18] and
aluminium [32] borates.

The corrections to the ion energy levels that linearly
depend on the strength of the applied electric field arise in
the second-order perturbation theory with small parameter
||V||/W , where ||V|| is the norm of the V operator and
W is the energy difference between the ground states and

the weight center of excited ion electronic configurations
(typically, W ∼ 105 cm−1 for rare-earth ions).

Making use of the wave function genealogical scheme and
the quantum theory of angular momentum [33], we derive the
expression for the effective Hamiltonian of the magnetoelectric
interactions in the Dy4 cluster,

Hme =
4∑

j=1

Hme(j ), (6)

where

Hme(j ) = Ex(j )
{
b1

1(j )
[
C2

−2(j ) + C2
2 (j ) −

√
2
3C2

0 (j )
]

+ b1
0(j )

[
C2

−1(j ) − C2
1 (j )

]} +
+ iEy(j )

{
b1

1(j )
[
C2

−2(j ) − C2
2 (j )

]
+ b1

0(j )
[
C2

−1(j ) + C2
1 (j )

]} +
+Ez(j )

{
b1

1(j )
[
C2

−1(j ) − C2
1 (j )

]

+
√

8

3
b1

0(j )C2
0 (j )

}
.

Note that b1
1(j ) = −√

2aB1
1 (j ) and b1

0(j ) = −aB1
0 (j ), where

a =
√

33

23× 5× 7
erf d

W
, rf d = 〈f |r|d〉 is the radial integral (rf d ∼

0.05 nm for a Dy3+ ion [34,35]), and W ∼ 105 cm−1.
The ground state of a dysprosium ion in the Dy4 cluster

is a doublet that is very close to the |±15/2〉 states (relative
to the local symmetry axes). The excited doublet |±13/2〉 is
well separated from the ground one by the gap 	 ∼ 200 cm−1.
The external magnetic field mixes states |±13/2〉 with states
|±15/2〉, thus making the ground states of the j th dysprosium
ion in the field

|g(j )
± 〉 =

∣∣∣∣±15

2

〉
− μ

(
H

(j )
x ± iH

(j )
y

)
	

√
15

∣∣∣∣±13

2

〉
.

In this case, the bilinear on E and H diagonal matrix element
of the magnetoelectric Hamiltonian in Eq. (6) read

〈g±(j )|Hme(j )|g±(j )〉
= ±A

[
b1

1(j )H (j )
x E(j )

z + b1
0(j )

(
H (j )

x E(j )
x + H (j )

y E(j )
y

)]
,

where A = −14
√

3
2

μα2

	
, α2 = −2/(5 × 7 × 9) is the second-

order Stevens coefficient [36] for a Dy3+ ion. With this,
we can obtain the bilinear corrections to the energies of the
dysprosium cluster,

δEn(H,E) = A
∑

j

σj (n)bj

[
H (j )

x E(j )
z cos θj

+ (
H (j )

x E(j )
x + H (j )

y E(j )
y

)
sin θj

]
,

where bj =
√

[b1
1(j )]

2 + [b1
0(j )]

2
, cos θj = b1

1(j )/bj , and

sin θj = b1
0(j )/bj .

By means of the function

I (H,E,θ,ϕ)

= HzEz sin θ + (HxEx sin ϕ − HyEx cos ϕ) cos(θ − ϕ)

− (HxEy sin ϕ − HyEy cos ϕ) sin(θ − ϕ),
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one finds for the spin configurations shown in Fig. 2
that

δEme
1 = 2A[b1I (H,E,θ1,δ) + b2I (E,H,θ2,π/2 + γ )],

δEme
2 = 0,

δEme
3 = 2Ab1I (H,E,θ1,δ),

δEme
4 = −δEme

3 , (7)

δEme
5 = 2Ab2I (H,E,θ2,π/2 + γ ),

δEme
6 = −δEme

5 ,

δEme
7 = 2A[b1I (H,E,θ1,δ) − b2I (H,E,θ2,π/2 + γ )],

δEme
8 = 0.

For the other configurations with σi(n′) = −σi(n) (n′ = n + 8)
the corrections δEn′ are opposite in sign. Supposed that δ =
γ = 0, θ1 = θ2 = θ , and b1 = b2 = b, the expressions for the
corrections to the levels of the ground doublet can be rewritten
in a quite simple form,

δE1,9 = ±2Ab[(2HzEz + HyEy + HxEx) sin θ

+ [H × E]z cos θ ]. (8)

The components of the polarization vector P can be calculated
on the basis of Eqs. (7) and (2). Here, we should note, that due
to the specific structure of energy levels, the magnetoelectric
effect is expected to be substantial at very low temperatures
(T → 0), and then the levels of the split ground doublet are
differently populated. The field and temperature dependencies
of the polarization can be obtained provided that the set of the
θ1,2, δ, γ , and b1,2 parameters is known.

In the weak magnetic field the ground state of the Dy4
complex is the degenerate state formed by spin configurations
1 and 9 (see Fig. 2). Spin-electric interaction removes the
degeneration, thus making the ground state of the Dy4 complex
be a doublet with energies given by Eq. (8). The expressions
contain a term (in the case θ = 0 the only term)

δE = ±(2Ab/T0)(T · [E × H]).

Remember that T stands here for the toroidal moment, Tz/T0 =
τz; see Sec. 2. If the temperature tends to zero then the induced
electric polarization is

P = (2Ab/T0)[H × T], (9)

which is consistent with general expression P ∼ [H × T],
derived in Refs. [37,38] on the base of space-time symmetry
considerations. Thus, it is possible to state that the magneto-
electricity of the system under consideration (at least in part)
is reasoned by the toroidal nature of the Dy4 molecule.

To estimate the value of the magnetoelectric effect, it is
necessary to calculate the A and b constants, 1/A ∼ 200 T
and b ∼ 5 × 10−32 C m, and thus the corrections δEme

i

to the energy levels given by Eq. (7) reach the values of
δEme

i ∼ 0.03 cm−1 in the fields H ∼ 1 T and E ∼ 107 V/cm.
The electric dipole moment per molecule is then estimated to
be up to p ∼ 10−4 D. It can be inferred from the supplementary
materials for Ref. [20] that every cubic centimeter contains
6.22 × 1020 Dy4 molecules, which means that the expected
value of the Dy4 molecular crystal polarization should reach

170 nC/m2 in a 1-T magnetic field. The magnetoelectric
constant α, defined as Pi = 1

4π
αijHj , is then estimated to

be 5 × 10−5. The α constant is comparable with that of
the Dy3 cluster [25] and even a half order more. In order
to get a more substantial magnetoelectric effect, one should
maximize the toroidal moment by coupling the Dy3 clusters
[39]. The magnetoelectricity of the coupled resulting Dy6
cluster deserves a separate study.

There is also a nice possibility of the magnetoelectric
effect existence driven by the interaction between the toroidal
moment of the Dy4 cluster and electric current (which can be
a displacement current induced by a time-dependent external
electric field). The energy of the interaction is W = − 4π

c
(jT),

where j is the density of the current running through the
cluster. Such a current removes the degenerations of the
ground doublet in a controlled manner and thus provokes the
magnetoelectric effect to exist. The value of the effect depends
on the rate of an external electric field change.

We should also note that there is an intriguing possibility to
observe the nonequilibrium quantum MEE in the Dy4 cluster.
According to Ref. [20], the molecular cluster demonstrates the
slow relaxation behavior, and the lifetime of the ground states
limited by the macroscopic quantum tunneling can be as long
as 0.1 s at 5 K. This empowers the observation of the quantum
linear MEE in a single molecule with a probe field H , thus
making the Pierre Curie’s old idea on magnetoelectricity of
molecules come true. Unlike the classical MEE, the quantum
MEE will decay in time (or even oscillate) due to macroscopic
quantum tunneling.

V. THE TOROIDAL MOMENT DYNAMICS

It is appropriate to recall that the above consideration was
based on the exchange Hamiltonian, see Eq. (1), which is
formulated under the Ising approximation, gx = gy = 0, gz �=
0. But, as follows from Ref. [20], the components gx and gy of
the ĝ tensor, though quite small (gx,y < 0.05), are yet nonzero.
In this section, we go beyond this approximation, taking into
account the behavior of the dysprosium ion magnetic moment
as distinct from that within the limits of the Ising model. It is
important for the adequate description of the toroidal moment
dynamics. To do so, we introduce the nondiagonal terms added
to the H0 Hamiltonian given by Eq. (1),

H = H0 + H1 = H0 + 	

4∑
i=1

Six, (10)

where Six are the projection operators of the effective spin
onto the ex(i) local axes. The operators can be expressed
in terms of σix Pauli matrices, Six = 1

2σix . The effective
exchange constants Ji (i = 1 . . . 4) are cited from Ref. [20]; see
Sec. II.

The last term in Eq. (10) can be treated as the influence of
an external magnetic field directed perpendicular to the plane
formed by the dysprosium ions, i.e., 	 = μBgxH , where gx �=
0 is the small component of the g tensor of the dysprosium ion
ground doublet. If gx < 0.05 and H ∼ 1 T, then 	 is estimated
to be 0.023 cm−1.
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TABLE II. The matrix of the Dy4 cluster Hamiltonian H = H0 +
H1 in the basis of the {ψi,ψ̄i}, i = 1...8, eigenvectors [see Eq. (11)];
δ = 	/2

√
2 is the small parameter.

ψ1 ψ̄1 ψ2 ψ̄2 ψ3 ψ̄3 ψ4 ψ̄4 ψ5 ψ̄5 ψ6 ψ̄6 ψ7 ψ̄7 ψ8 ψ̄8

ψ1 0 0 2δ 0 2δ 0 0 0 0 0 0 0 0 0 0 0
ψ̄1 0 0 2δ 0 2δ 0 0 0 0 0 0 0 0 0 0
ψ2 E30 0 0 0 0 0 0 0 δ δ 2δ 0 δ δ

ψ̄2 E30 0 0 0 0 0 0 δ δ 0 2δ δ δ

ψ3 E40 0 0 0 0 0 δ δ 0 2δ δ δ

ψ̄3 E40 0 0 0 0 δ δ 2δ 0 δ δ

ψ4 E30 0 0 0 −δ δ 0 0 δ −δ

ψ̄4 E30 0 0 δ −δ 0 0 −δ δ

ψ5 E40 0 δ −δ 0 0 δ −δ

ψ̄5 E40 −δ δ 0 0 −δ δ

ψ6 E20 0 0 0 0 0
ψ̄6 E20 0 0 0 0
ψ7 E50 0 0 0
ψ̄7 E50 0 0
ψ8 E60 0
ψ̄8 E60

In the case of 	 = 0 the eigenenergies En0 and the
corresponding eigenstates ψn (the spin configurations) are

ψ1 = |++++〉, E10 = 0 cm−1,

ψ2,4 = |+−++〉 ± |+++−〉√
2

, E30 = 3.033 cm−1,

ψ3,5 = |−+++〉 ± |++−+〉√
2

, E40 = 3.365 cm−1, (11)

ψ6 = |−++−〉, E20 = 2.967 cm−1,

ψ7 = |+−+−〉, E50 = 5.639 cm−1,

ψ8 = |−−++〉, E80 = 6.191 cm−1.

Here symbols + and − stand for the projection signs of the ith
dysprosium ion onto the local zi axis. The conjugate ψ̄n states
differ from the ψn states in all the signs. The set of the vectors
{ψ1,ψ̄1, . . . ,ψ8,ψ̄8} forms the basis in the sixteen-dimensional
Gilbert space. The matrix of Hamiltonian (10) in this basis is
given in Table II. Clearly, Hik = Hki .

The two lowest eigenstates (the ground doublet with the
splitting of 1.2 × 10−8 cm−1) are 1 = 0.688ψ1 + 0.726ψ̄1

and 2 = 0.726ψ1 − 0.688ψ̄1; each of them is the superpo-
sition of the states very close to the states with TZ = ±Tmax,
i.e., 1,2 = (ψ+ ± ψ−)/

√
2, where ψ+ ≈ ψ1 and ψ− ≈ ψ̄1.

The expected values of the toroidal moment in these states are
〈ψ±|TZ|ψ±〉 = ±(1 − 1.5 × 10−3)Tmax.

Suppose that the system is initially in the ψ+ state; then the
probability P (t) of finding it in the ψ− state at time moment t

is

P (t) = |〈ψ−|ψt 〉|2

=
∣∣∣∣∣

16∑
n=1

〈n|ψ−〉〈ψ+|n〉 exp

(
− i

�
Ent

)∣∣∣∣∣
2

,

where |ψt 〉 = exp (− i
�
Ht)|ψ+〉. The probability P (t) function

oscillates (see Fig. 6), giving clear evidence of macroscopic

FIG. 6. Rabi-type oscillations between states |±Tmax〉; the plot
shows the probability for the system to be in the |−Tmax〉 state.

quantum tunneling of the toroidal moment in the system.
Similar oscillations of the magnetic moment in V15 single
molecular magnets have already been observed [40].

The eigenfunctions are sought as expansion over the basis,

λ =
8∑

k=1

(ckψk + c.t.),

where abbreviation c.t. stands for the conjugated terms. For the
ground state (λ ∼ 0) from the equation (Hik − λδik)ck = 0
we find that c4 = c5 = 0, c6 = − δ

E20−λ
(c2 + c3 + c.t.), c8 =

− δ
E60−λ

(c2 + c3 + c.t.), c7 = − 2δ
E50−λ

(c2 + c̄3). Our task is to
express all the ck and c̄k coefficients in terms of c1 and c̄1, which
can be found from the ground-state splitting. We will stick
to the approximation c2 = c0

2 + c′
2 and c3 = c0

3 + c′
3, where

|c′
2,3| 
 |c0

2,3|. Under this approximation we find,

c0
2 = − 2δ

E30
c1, c′

2 = − 8δ3

E30
BE(c1,c̄1),

c0
3 = − 2δ

E40
c1, c′

3 = − 8δ3

E40
BE(c1,c̄1),

where

BE(c1,c̄1) = c1 + c̄1

2

(
1

E20
+ 1

E60

)(
1

E30
+ 1

E40

)

+ 1

E50

(
c1

E30
+ c̄1

E40

)
.

For the the c1 and c̄1 coefficients we arrive to the system,

(V11 − λ)c1 + V11̄c̄1 = 0,

V1̄1c1 + (V11 − λ)c̄1 = 0,

where

V11 = −4δ2

(
1

E30
+ 1

E40

)
− 8δ4

(
1

E20
+ 1

E60

)

×
(

1

E30
+ 1

E40

)2

− 16δ4

E50

(
1

E2
30

+ 1

E2
40

)
,

V1̄1 = V11̄ = −8δ4

[(
1

E20
+ 1

E60

)(
1

E30
+ 1

E40

)2

+ 4

E30E40E50

]
.
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Nontrivial solutions of the system exist if λ1,2 = V11 ± V11̄,
which gives the level splitting of 	E = 2|V11̄| ∼ δ4. For the
lower state of the ground doublet c1 = c̄1 = 1/

√
2 and for the

upper state of the ground doublet c1 = −c̄1 = 1/
√

2.

VI. CONCLUSION

In conclusion, the present analysis reveals that chirality
of antiferromagnetic rare-earth nanoclusters with Ising-like
magnetic anisotropy leads to the occurrence of the toroidal
moment that allows specific spin-electric interactions and
quantum magnetoelectric effect in them. The resulting quan-
tum structure of nanocluster is rather rich and versatile to
be manipulated by external electric and magnetic fields or
just by current. Although we have considered mainly the
specific rare-earth nanocluster, namely the Dy4, many results

can be applicable to other Ising-like lanthanide nanoclusters,
e.g., Tb4, Ho4, etc. The rare-earth spin rings might be the
best candidates to observe the quantum MEE in molecules
as well as other peculiar spin-electric effects owing to their
spin toroidal ground state with long relaxation time. Our study
suggests that in rare-earth nanoclusters a spin chirality and
an anapole moment are essential parameters in realizing a
nanoscale quantum computing device.
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