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Magnetoresistance generated from charge-spin conversion by anomalous Hall effect in metallic
ferromagnetic/nonmagnetic bilayers
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A theoretical formulation of magnetoresistance effect in a metallic ferromagnetic/nonmagnetic bilayer
originated from the charge-spin conversion by the anomalous Hall effect is presented. Analytical expressions
of the longitudinal and transverse resistivities in both nonmagnet and ferromagnet are obtained by solving the
spin diffusion equation. The magnetoresistance generated from charge-spin conversion purely caused by the
anomalous Hall effect in the ferromagnet is found to be proportional to the square of the spin polarizations
in the ferromagnet and has fixed sign. We also find additional magnetoresistances in both nonmagnet and
ferromagnet arising from the mixing of the spin Hall and anomalous Hall effects. The sign of this mixing
resistance depends on those of the spin Hall angle in the nonmagnet and the spin polarizations of the ferromagnet.
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I. INTRODUCTION

It was recently found that the resistance of a bilayer
consisting of an insulating ferromagnet and a metallic non-
magnet depends on the magnetization direction even though
no current flows in the ferromagnet [1-5]. This new type of
magnetoresistance effect, called spin Hall magnetoresistance,
was explained theoretically by using the diffusive spin trans-
port theory in the nonmagnet [6], despite the existence of
other contributions being implied [7-9]. The key idea of the
spin Hall magnetoresistance was the charge-spin conversion
[10-17] caused by the spin Hall effect [ 18—20] originating from
the spin-orbit interaction in nonmagnetic heavy metals. The
spin Hall magnetoresistance was observed also in a metallic
ferromagnetic/nonmagnetic bilayer [21-24].

A metallic ferromagnet shows the anomalous Hall effect
[25] generating another electric voltage in the direction per-
pendicular to both the magnetization and an external electric
field. Note that the transverse electric current generated by this
Hall voltage is spin polarized because of the spin-dependent
transport properties in ferromagnets [26,27]. In other words,
the anomalous Hall effect generates the electric and spin
currents simultaneously. Then, a new magnetoresistance effect
that originates from the charge-spin conversion by the anoma-
lous Hall effect, in addition to this conventional Hall voltage,
is expected, as in the case of the spin Hall magnetoresistance.
This new type of magnetoresistance effect can be distinguished
from the conventional anomalous Hall effect because the
former is characterized by the physical quantities related to
the spin-dependent transport in a ferromagnet.

In this paper, a theoretical formulation is given for the
magnetoresistance effect generated from the charge-spin con-
version caused by the anomalous Hall effect in a ferromag-
netic/nonmagnetic bilayer. Solving the spin diffusion equation
and using the spin-dependent Landauer formula, analytical
expressions of the transverse resistivities in both a nonmagnet
and ferromagnet are obtained, both of which have angular
dependence that is the same as with the planar Hall effect. One
of these magnetoresistances originates from the charge-spin
conversion caused purely by the anomalous Hall effect in
the ferromagnet. This contribution has fixed sign because it
is proportional to the square of the spin polarizations of the
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ferromagnet. Another magnetoresistance effect arises from the
mixing of the spin Hall and anomalous Hall effects. The sign
of this term depends on those of the spin Hall angle in the
nonmagnet and the spin polarizations of the ferromagnet. The
longitudinal resistivity is also investigated and found that it
also has the mixing term.

The paper is organized as follows. The electric and spin
currents, as well as the spin accumulation, in a ferromag-
netic/nonmagnetic bilayer are calculated in Sec. II by solving
the spin diffusion equation. The magnetoresistance effect due
to the charge-spin conversion by the spin Hall and anomalous
Hall effects is studied in Sec. I1I. The conclusion is summarized
in Sec. IV.

II. CHARGE AND SPIN TRANSPORT IN A
FERROMAGNETIC/NONMAGNETIC BILAYER

In this section, we derive the analytical formulas of the
electric and spin currents, as well as the spin accumulation, in
a ferromagnetic/nonmagnetic bilayer.

A. Electric current

The system we consider is schematically shown in Fig. 1,
where the ferromagnet (F) and nonmagnet (N) are attached at
the xy plane, z = 0. In the following, we use the subscripts
F and N to distinguish between the quantities related to
the ferromagnet and nonmagnet. The thicknesses of the
ferromagnet and nonmagnet along the z direction are denoted
as dr and dy, respectively. The unit vector pointing in the
magnetization direction of the ferromagnet is m. An external
voltage is applied along the x direction. The electric current
density in the nonmagnet is driven by the external electric field
E, and the inverse spin Hall effect, and is given by [12]

ON _ ﬁO‘N
Jein = 781'HN - TGijaaj(SMN,a, (D

where i = x,y,z represents the spatial direction of the current
flow, whereas « is used to represent the direction of the
spin polarization. The spin-polarization direction of the spin
accumulation in the nonmagnet is determined by the boundary
condition of the spin current at the ferromagnetic/nonmagnetic
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FIG. 1. Schematic view of the system under consideration.
An external voltage is applied along the x direction, generating
the external electric field E,. Magnetoresistance in the transverse
direction is measured from the electric voltage flowing along the y
direction in the nonmagnet or ferromagnet, whereas the longitudinal
one is detected from the electric voltage along the x direction.

interface, as discussed below. The conductivity and spin Hall
angle of the nonmagnet are oy and ¢, respectively. The
elementary charge is e = |e|. The Levi-Civita asymmetric
tensor is €;j; (€123 = +1). The electrochemical potential &
and spin accumulation é u are defined using the spin-dependent
electrochemical potential @i, (v =1,]) as i = (jiy + fiy)/2
and p = (fi4 — i, )/2, respectively. The electrochemical po-
tential in the nonmagnet is related to the external electric field
as fin = eE,x [12]. On the other hand, the spin accumulation
of the nonmagnet varies along the z direction. The electric
current density along the z direction then becomes zero,
guaranteeing the open-circuit boundary condition. The electric
current densities in the nonmagnet along the x and y directions
are explicitly given by

l?O’N
Jx N =onNE, + TBZ(SMN,y’ 2)

Vo
Jeyn = —TNazauN,x. 3)

On the other hand, the electric current density in the
ferromagnet is given by [27]

OF , _ OAH _
Jeir = ?&MF + TEiakmaak,U«F

O] (o)
+ ﬁfaﬂsw + ;%eiakmaakwm @

where oapg is the conductivity of the anomalous Hall effect.
The spin polarizations of op and oay are denoted as f
and ¢, respectively [27]. The second and fourth terms in
Eq. (4) indicate that the anomalous Hall effect generates an
electric current perpendicular to both the external current and
magnetization. We assume that the penetration depth of the
transverse spin current in the ferromagnet is sufficiently short
due to the large exchange interaction between the conduction
electrons and the magnetization, for simplicity [28-33]. The
spin polarizations of the spin current and accumulation in the
ferromagnet then become parallel to the magnetization m.
Using the conservation law of the electric current, 0; J; F = O,
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and applying the open-circuit boundary condition along the z
direction, J.; r = 0, we find that the electrochemical potential
and spin accumulation in the ferromagnet are related as

o}
fip = —Bdur + eEux + ~myeE,z, )
F

where the second term is the conventional electric potential,
whereas the third term arises from an internal electric field
under the open-circuit boundary condition. The electric current
densities in the ferromagnet along the x and y directions are

2
ch,F = GFI:l + <0A_Hm}’> i|Ex
OF

_ mm}yaz(gmﬁ ©6)

ch,F = OAH |:mz_ <O—O_ﬂ>mxmyi| Ex+@mxazaﬂp.
F

(N

The last terms in Egs. (6) and (7) represent the contributions
to the longitudinal and transverse electric currents from the
charge-spin conversion caused by the anomalous Hall effect.
In the following, we will calculate the magnetoresistance effect
due to these terms.

B. Spin current and spin accumulation

The spin accumulation in the nonmagnet obeys the diffusion
equation given by [12,34]

Sp
28N = ;*“, ®)
N

where £y is the spin diffusion length of the nonmagnet. The
boundary conditions of Eq. (8) are given by the spin current
density at the boundary, where the spin current density is
related to the spin accumulation via [12]

hO'N hl?()'N

502 Hi0MN.a = 77 Eiak [N €))

Jsioc,N = -
To simplify the notation, we introduce the unit vectors
e, representing the direction of the spin polarization, and
define SN = Sun.o€y and Js; N = Js;o.N€. The open-circuit
boundary condition along the z direction is Ji;n =0 at
z = —dn. Onthe other hand, we denote the spin current density
at the ferromagnetic/nonmagnetic interface (z = 0) as sz/ N
The spin accumulation in the nonmagnet is then obtained from
Eq. (8) as

26231\] hl?O'N Z
SuUN = - — E.cosh| — )e,
hoy sinh(dn/¥€N) 2e In)
hon z+dn
_ (sz/N - Exey> cosh (T)} (10)
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The spin accumulation in the ferromagnet also obeys the
diffusion equation with the spin diffusion length ¢. Note that
the spin current density in the ferromagnet is related to the
spin accumulation as [27]

hog hoan
Jsip = _ﬁaiaﬂF - ?Giakmaaﬁlw
hBor . _ he¢o _
— o ltr = S ema By, (1)

Similar to the nonmagnet, we define § ur = §upm where the
vector notation in boldface represents the direction of the
spin polarization, which in the ferromagnet is assumed to be
parallel to the magnetization. Then, the spin accumulation in
the ferromagnet is given by

2620 wMB — ,
Spp = .e ~ _ PP = Donum, E cosh z
hO'If Slnh(dp/ﬁp) 2e e
+ |:m ey M= Sonmy Ex:| cosh (Z — dF) }
) 2e lp

12)

where off = (1 — B?)ok.

C. Spin current at ferromagnetic/nonmagnetic interface

The spin current at the ferromagnetic/nonmagnetic inter-
face is determined by the spin-dependent Landauer formula
given by [35]

F/N
I =

2
! [Mm - (SpE — Sun)m

2 S 2
—gm X (§un X m) — gidpN X m} (13)

where g = g™ + gtV is the sum of the dimensionless interface
conductances of spin-up and spin-down electrons, and y =
(g'" — g*¥)/g is its spin polarization. The conductance g
is related to the interface resistance r via r = (h/e*)S/g,
where S is the cross-section area of the interface. The real
and imaginary parts of the mixing conductance are denoted as
gr and g;, respectively. Substituting Eqs. (10) and (12)atz = 0

|
V4
= —N{ﬁz[Re
dn

A PN,y
PN

Apyy _zWNI

g +igi _g_*} anh<d_N>
gN + (gr +igi)coth(dn/€n)  gN 20N
8r + lgl
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into Eq. (13), we find that Eq. (13) is rewritten as

_hg*my (B —¢)oan tanh ﬁ
2e 8F 2g

9 d,

_IoN tanh (—N>:|Exm

8N 20N

hl?O'N
2e

F/N
1N =

+

dn
tanh { — | E;[m x (e, x m)Re
20N

& tig
g + (g +igi) coth(dn/En)
Here, we define gr/S = hoji/(2¢*Cr), gn/S = hon/(2e*4N),
and
1 2 1 1
i + + .
g* (1— ]/z)g gr tanh(dg/{p) gn tanh(dn/4N)
(15)
Substituting Eq. (14) into Egs. (10) and (12), the longitudinal
and transverse electric current densities are calculated from
Egs. (2), (3), (6), and (7).

+e, x mIm]

(14)

III. MAGNETORESISTANCE EFFECT DUE
TO CHARGE-SPIN CONVERSION

In this section, we study the magnetoresistance effect
originated from the charge-spin conversion by the spin Hall
and anomalous Hall effects. We first focus on the transverse
resistivity because the transverse voltage has been usually
measured in the experiments of the anomalous Hall effect
[25]. We also study the longitudinal resistivity for generality
because the longitudinal voltage has been measured in the
experiments of the spin Hall magnetoresistance [3].

A. Transverse resistivity

We define the averaged transverse electric current density in
the nonmagnet from Eq. (3) as Jo, n = i fi)dN Jey.ndz. Then,
the transverse resistivity in the nonmagnet is defined as [6]

T J cy,N / Ex
PNE 7%
oN

= ApN,ymxmy + Ap{\]’ymz, (16)

where Apy,y and A,o{\L y with py = 1/oy are

At 20T PN (£> } tanh <d—N> a7
ON&F 20 20N

(18)

PN dn

In the following, we neglect terms related to g; by assuming
g > gi, for simplicity [36]. Similarly, we define the averaged
transverse electric current density in the ferromagnet from
Eq. (7) as m = le deF Jey rdz. Then, the transverse resistiv-
ity in the ferromagnet is

Joyr/E OAH oan'\’
pE = —Cy—zx = —,0F<— m; + pp| — | mymy
Of OfF OF

+ Appymemy, (19)

m .
g~ + (gr + igi) coth(dn/EN)

nh? d_N
28 )
[

where Apg , with pr = 1/0F is

_ {[w - c)oAHT[Z A (ﬁ)]
(1 — B)dg OF gF 2Ug

_ *
+ Al gz)GNUAHg tanh (d—N> } tanh <£>
OR8N ZEN 2@1:
(20)
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The first term in Eq. (19) is the transverse resistivity due to the
conventional anomalous Hall effect, whereas the second term
is originated from the internal electric field due to the open-
circuit condition of the electric current along the z direction.
On the other hand, the third term or, equivalently, Eq. (20),
represents the contribution from the charge-spin conversion
caused by the anomalous Hall effect.

Equations (17) and (20) indicate that the transverse re-
sistivity shows the angular dependence that is the same as
with the planar Hall effect in ferromagnets [37]. However,
the dependences of Eqgs. (17) and (20) on the thicknesses
dn and dr are scaled by the spin diffusion lengths, and thus
these effects can be separated from the conventional planar
Hall effect by measuring the thickness dependence of total
transverse resistivity. The terms in Eqgs. (17) and (20) are
classified into three contributions. The first one is the spin
Hall magnetoresistance [6] described by the first term of
Eq. (17). This term arises purely from the spin Hall effect,
and is finite even when the ferromagnet does not show the
anomalous Hall effect. The second contribution is the first
term of Eq. (20) originating from the charge-spin conversion
purely caused by the anomalous Hall effect. This term is finite
even when the spin Hall effect is absent. These first and second
contributions have fixed signs because these are proportional
to the square of the spin Hall angle ¢ and the spin polarization
B — ¢, respectively. On the other hand, the third contribution
corresponds to the second terms of Egs. (17) and (20), which
originate from the charge-spin conversion generated by the
mixing of the spin Hall and anomalous Hall effects. In other
words, the spin current generated by the anomalous Hall effect
is converted to the electric current by the inverse spin Hall
effect, or vice versa. The sign of the third contribution depends
on those of ¥ and 8 — ¢.

Although all terms in Eqgs. (17) and (20) have the angular
dependence that is the same as with the planar Hall effect,
their origins are different. The angular dependence of the
spin Hall magnetoresistance arises from the absorption of
the spin current having the spin polarization perpendicular to
the magnetization at the ferromagnetic/nonmagnetic interface
[6]. Thus, the amount of the spin Hall magnetoresistance
depends on the mixing conductance. On the other hand, the
magnetoresistance due to the anomalous Hall effect arises from
the spin current polarized along the direction parallel to the
magnetization, and thus is independent of the mixing conduc-

(2) (b

spin current by AHE
in mxEx direction

PHYSICAL REVIEW B 94, 174440 (2016)

tance. Let us explain the origins of the magnetoresistances in
Egs. (17) and (20), except the spin Hall magnetoresistance,
with the help of schematic views in Fig. 2. Figure 2(a)
schematically shows the generation of the transverse electric
current by the charge-spin conversion purely caused by the
anomalous Hall effect. The anomalous Hall effect generates
the spin current in the direction m x E,e,. Therefore, the
spin current flows in the z direction when the magnetization
has a finite y component m2,. The anomalous Hall effect then
converts this spin current to the electric current in the direction
perpendicular to both the spin current and the magnetization,
ie., m x (m x E,e,) direction. Thus, when the x component
of the magnetization m, is also finite, the electric current
along the y direction is generated in the ferromagnet, as
shown in Fig. 2(a). This term corresponds to the first term
of Eq. (20). The spin current generated by the anomalous
Hall effect is also converted to the electric current in the
nonmagnet by the inverse spin Hall effect, as schematically
shown in Fig. 2(b), which corresponds to the second term in
Eq. (17). On the other hand, Fig. 2(c) schematically shows the
conversion of the spin current generated in the nonmagnet
to the electric current in the ferromagnet. The spin Hall
effect generates the spin current in the z direction, whose
polarization points to the y direction. This spin current can
be injected into the ferromagnet when m, is finite because
only the spin current polarized in the magnetization direction
can survive inside the ferromagnet. Then, the anomalous Hall
effect converts this spin current into the electric current flowing
in the direction m x (e, x Ee,) oc m x e,. Therefore, the
electric current in the y direction is generated when m, is
finite, which corresponds to the second term of Eq. (20). These
physical pictures indicate that both the x and y components of
the magnetization should be finite to generate the transverse
electric current. Therefore, the magnetoresistances in Eqs. (17)
and (20) show the angular dependence of m,m,.

Figure 3(a) shows the dependence of the transverse resistiv-
ity in the nonmagnet, given by Eq. (17), on its thickness dn by
the solid line. A factor 1/[1 4 (ondE)/(prdn)] is multiplied to
Eq. (17) in this figure to account for the shunt effect [24]. The
values of the parameters are taken from typical experiments
and first-principles calculations for CoFeB, NiFe, W, and so
on [24,27,36,38—41]; pr = 300 Qnm, €p = 5 nm, g = 0.75,
r =025k Qnm?, y = 0.50,0au/0r = 0.015,¢ = 1.5, pn =
1500 Qnm, €y = 1 nm, ¥ = 0.1, and g./S = 15 nm~2. The

(©

"

Ex Ex
electric current by AHE Y —
m F in mx(eyxEx) dirgction m F
N N

spin current by AHE
in mxEx direction
Ni

' electric current by AHE;
1 in mx(mxEy) direction ; .-~

P4

spin current by SHE
in eyxEx direction

Y

electric current by inverse SHE
in mx(mxEx) direction

FIG. 2. Schematic pictures of the generation of the transverse (y) electric currents by the charge-spin conversions. (a) The anomalous Hall
effect (AHE) generates the spin current in the m x E, e, direction, and converts the spin current into the electric current inthe m x (m x E,e,)
direction. The nonmagnet does not play any role in this situation, and thus is represented by the dashed line. (b) The spin current generated
by the anomalous Hall effect is converted to the electric current by the inverse spin Hall effect (SHE) in the nonmagnet. (c) The spin current
generated by the spin Hall effect is injected into the ferromagnet and is converted to the electric current by the anomalous Hall effect.
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FIG. 3. (a) Dependence of the transverse resistivity in the nonmagnet normalized by pn, given by Eq. (17), on the thickness dy (solid line).
The dotted (red) and dashed (blue) lines represent the contribution from the spin Hall magnetoresistance and the mixing term of the spin Hall
and anomalous Hall effect, which correspond to the first and second terms of Eq. (17), respectively. (b) Dependence of the transverse resistivity
in the ferromagnet normalized by pg, given by Eq. (20), on the thickness dr (solid line). Similar to (a), the first and second terms in Eq. (20)
are shown by the dotted (red) and dashed (blue) lines, respectively. The factors considering the shunt effect are multiplied to both Egs. (17)

and (20).

thickness of the ferromagnet is fixed to dp = 2 nm. The first
and second terms of Eq. (17) are also shown by the dotted
and dashed lines, respectively. The transverse resistivity in
the ferromagnet, given by Eq. (20), multiplied by the factor
1/[1 + (prdn)/(pndr)], as a function of the thickness df is
also shown in Fig. 3(b) by a solid line, where dy is fixed
to 2 nm. These figures indicate that the magnetoresistance
effect on the same order of the spin Hall magnetoresistance
can be expected due to the charge-spin conversion caused
by the anomalous Hall effect. It was recently shown that the
anisotropic magnetoresistance and the planar Hall effect in
the W/CoFeB/MgO heterostructure is one order of magnitude
smaller than the spin Hall magnetoresistance [23]. Therefore,
the magnetoresistance effect studied in the present work is
considered to be measurable, although it has the same angular
dependence with the planar Hall effect.

B. Longitudinal resistivity

The longitudinal resistivity in the nonmagnet is defined
from Eq. (2) as

_J -1

Ap(l)

RN . g t+ig b (d_N>
PN dy gN—i-(gr-I-igi)coth(dN/ﬁN) 20N ’
(23)
A (2) N[ 02g* d
PN _ N|: tanh —N)
PN dNﬂ . 24N p .,
— M tanh _F tanh _N .
8FON 20E 20N
24

We note that Ap()) and Apl(\,l!)x correspond to the spin
Hall magnetoresistance derived for a ferromagnetic insula—
tor/nonmagnetic metal bilayer [6]. The first term in Ap
originated from the charge-spin conversion purely by the spm
Hall effect, and is finite when the ferromagnet is metallic.
On the other hand, the second term in Ap is originated
from the spin current generated by the anomalous Hall effect,
which is converted to the electric current in the nonmagnet by
the inverse spin Hall effect.

Similarly, the longitudinal resistivity in the ferromagnet is

E, defined from Eq. (6) as
(21
Jorr\ oan\’
where Ap(k) (k =1,2,3) are, respectively, given by ,01% = < ; ) X pF — pF<_> mf + A/’F,xm%, (25)
x OF .
Apy, 2020y dn o
= — tanh { — |, (22) where Apg , is given by
PN dn PO |
ApE.x ¢ - : * d 9(B — * d d
PEx _ F2 {[(,3 §)UAH] |:2 8 nh( F >j| n (B CZ)CTNUAHS canh (—N>}tanh (_F)
OF (1 — B*)dr OF 8F 28g OF &N PAON 285

As in the case of the transverse resistivity, Eq. (26) has
two terms, where the first term arises from the charge-

(26)

(

spin conversion purely caused by the anomalous Hall
effect [42], whereas the second term comes from the
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spin current generated by the spin Hall effect in the
nonmagnet.

We note that the magnitudes of the transverse and lon-
gitudinal resistivities in the ferromagnet that originate from
the charge-spin conversion, given by Egs. (20) and (26),
are equivalent. This is because both the longitudinal and
transverse currents due to this conversion, given by the
last terms in Egs. (6) and (7), respectively, depend on the same
term (o 9, 8up), except the angular dependence. Therefore,
the dependence of Eq. (26) on the ferromagnetic thickness
is the same with Fig. 3(b), except the sign difference. On
the other hand, the longitudinal and transverse currents in
the nonmagnet given by Egs. (2) and (3) depend on different
components of § iy o. Thus, the magnitudes of the longitudinal
and transverse resistivities are, in general, different, as can be
seen in Eqgs. (17) and (21). However, when we compare the
longitudinal resistivities for m, = 0 and m, = %1, as done in
the experiments [24], we found that

pr(my =0) = p(my = £1) = Apy, — ApG,. (27

which is identical to the transverse resistivity, given by
Eq. (17), and therefore its thickness dependence is given by
Fig. 3(a).
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IV. CONCLUSION

In conclusion, the magnetoresistance effect in a metallic
ferromagnetic/nonmagnetic bilayer due to the charge-spin con-
version by the anomalous Hall effect is predicted theoretically.
The magnetoresistance generated from charge-spin conversion
purely caused by anomalous Hall effect in the ferromagnet
is proportional to the square of the spin polarizations in the
ferromagnet and has a fixed sign. We also find additional
magnetoresistances in both the nonmagnet and ferromagnet,
which arise from the mixing of the spin Hall and anomalous
Hall effects. The sign of this mixing resistance becomes either
positive or negative, depending on those of the spin Hall angle
in the nonmagnet and the spin polarization of the ferromagnet.
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