
PHYSICAL REVIEW B 94, 155443 (2016)
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We report a theoretical study on the spin Josephson effect arising from the exchange coupling of the two
ferromagnets (Fs), which are deposited on a two-dimensional (2D) time-reversal-invariant topological insulator.
An anomalous spin supercurrent Jsz ∼ sin(α + α0) is found to flow in between the two Fs and the ground state
of the system is not limited to the magnetically collinear configuration (α = nπ,n is an integer) but determined
by a controllable angle α0, where α is the crossed angle between the two F magnetizations. The angle α0 is
the dynamic phase of the electrons traveling in between the two Fs and can be controlled electrically by a gate
voltage. This anomalous spin Josephson effect, similar to the conventional ϕ0 superconductor junction, originates
from the definite electron chirality of the helical edge states in the 2D topological insulator. These results indicate
that the magnetic coupling in a topological system is different from the usual one in conventional materials.
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I. INTRODUCTION

Spintronics is dedicated to studying spin transports and
fabricating spin-based devices, while the first step in this
field is to produce spin currents [1] efficiently. Usually, the
ferromagnetic metals are utilized to generate spin polarized
currents in biased electric circuits, and the ferromagnetic
pumping effect [2] is a conventional means of production of
pure spin currents. However, these methods of generating spin
currents regularly involve high-energy dissipation, which is
unfavorable for exploration and application of spin currents
in fabricating spin microdevices. Recently, much attention
has been paid to the generation of spin currents via spin
waves excited in magnetic insulator systems [3–7], where spin
transport is believed to be nondissipative.

Besides spin currents of the spin-wave type, the spin
Josephson effect was also studied extensively to bring about
a dissipationless spin current [7–20] flowing between the two
noncollinear magnetizations, which could be a ferromagnetic
(F) metal, a ferromagnetic insulator, or even an antiferromag-
netic insulator. In some semiconductor systems [19,21,22],
different types of spin-orbital interactions were demonstrated
to sustain equilibrium spin currents, too. In the magnetic
F/F junction, the system has a coupling energy Hs ∼ JsML ·
MR , with Js being the coupling strength and ML(R) being
the left (right) homogeneous magnetization, and thus, the
ground state of the junction is the parallel or antiparallel
configuration of ML and MR . When the magnetizations are
not collinear, a spontaneous spin supercurrent J flows between
them, J ∼ ML × MR , and the crossed angle α of the two
magnetizations is decisive, J ∼ sin α. This is also referred to
as the spin Josephson effect in the literature [7–12]. Certainly,
the spin supercurrent will also precess ML and MR (Josephson
precession), ∂ML(R)/∂t ∼ ML × MR; as a result, the F/F
junction will ultimately evolve into a collinear structure of
ML and MR . However, the spin supercurrent is generally too
small to rotate ML or MR due to the large magnetic stiffness
of materials [7].

*Corresponding author: jwang@seu.edu.cn
†Corresponding author: liujf@sustc.edu.cn

From the viewpoint of the angular momentum conden-
sation, the antiferromagnetic (AF) insulator [8,9] is much
more like a superconductor (S) that is an insulator of
the superconducting quasiparticles. Therefore, the exchange
coupling of the two insulating AFs can also lead to an
equilibrium spin Josephson current [7–9]. Moor et al. [8]
compared the AF/F/AF junction with the conventional S/F/S
junction and showed a great resemblance between these two
different junctions; for example, the AF order parameter was
also found to oscillate in the middle F layer of the AF/F/AF
junction with two different oscillating periodicities, and a
π -state AF/AF junction was demonstrated to appear within
appropriate parameters.

In the superconductor junction, the anomalous Josephson
effect [23–29] is a well-known peculiar phenomenon: the
supercurrent is given by Jc ∼ sin(ϕ + ϕ0), with ϕ being the
superconducting phase difference, and the ground state of
the junction is not ϕ = nπ (n, integer) but instead ϕ =
−ϕ0. Naturally, the question of whether there is a similar
phenomenon in the F/F magnetic junction in which the spin
supercurrent has a similar formation J ∼ sin(α + α0) arises.
This motivates us to study a possible F/F junction producing
the anomalous spin Josephson effect.

Given that the conventional ϕ0 Josephson junction is often
related to the quasiparticles possessing a definite chiral-
ity [27,28], we consider here the two F insulators deposited on a
two-dimensional topological insulator (2DTI) [29] and utilize
the chirality of helical edge states to affect the spin supercur-
rent. Based on both a lattice model and a low-energy continuum
model, we will show that an anomalous spin supercurrent
can appear in the F/2DTI/F junction, Jsz ∼ sin(α + α0). The
ground state of the junction could be in an arbitrary magnetic
configuration determined by the phase α0, which is affected by
the global chemical potential or the local potential in the 2DTI
through the gate voltage. The physics is attributed to electrons
in the helical edge states possessing a definite chirality and
accumulating an uncanceled dynamic phase that modifies the
effective crossed angle α of the two F magnetizations.

This work is organized as follows. In Sec. II, the two
lattice models of the F/2DTI/F junctions are outlined, and
the numerical method for the spin supercurrent is presented.
The numerical results of the anomalous spin supercurrent are
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given in Sec. III. A continuum model to interpret the numerical
results is addressed in Sec. IV. A brief conclusion is drawn in
the last section.

II. MODEL

We take the Kane-Mele graphene model [29] as the
prototype of a 2DTI, in which the two opposite spins
counterpropagate at the sample boundary, so a pure spin
current circulates around the 2DTI system but without a net
spin current flowing through the whole sample. Here, we
consider two models schematically shown in Fig. 1 by putting
the F insulators onto the graphene and study the exchange
coupling between them: one is the single-boundary F/2DTI/F
junction in which the two Fs are only contacting one boundary
of the sample [say, the lower boundary in Fig. 1(a)], and the
second is the two-boundary F/2DTI/F junction, where the Fs
cover the whole 2DTI system [Fig. 1(b)], so the upper and
lower spin helical edge states are supposed to sustain the
possible spin supercurrent together.

Since we focus on the equilibrium spin current flowing
between the two Fs, the left and right F magnetizations
ML(R) are assumed to be fixed, and the possible rotation of
magnetization due to the spin supercurrent is neglected here.
The graphene-lattice model of the 2DTI is given by

H = −t
∑
〈ij〉σ

C
†
iσCjσ +

∑
iσ

(Vg(i) − μ)C†
iσCiσ

+
∑
iβγ

C+
iβ(σ · Mi)Ciγ + i

∑
〈〈lmσ 〉〉

λνlm

3
√

3
C

†
lσCmσ . (1)

FIG. 1. Schematic of the (a) single-boundary and (b) double-
boundary F/2DTI/F junctions. The two uniform F insulators are
deposited on the 2DTI with the fixed magnetizations ML and MR ,
while α denotes the crossed angle between them. A voltage gate Vg

is applied to the 2DTI and controls the local potential. The junction
length between the two Fs is L in the single-boundary junction, while
in the double-boundary case, L1 and L2 denote the upper and lower
junction lengths.

Here, the first term describes pristine graphene, and only
the pz orbit of the carbon atom is taken into account; 〈ij 〉
stands for the nearest-neighboring sites. Ciσ (β,γ ) (C†

iσ (β,γ )) is
the creation (annihilation) operator at site i with spin σ (β,γ );
μ is the universal chemical potential, and Vg(i) is the local
potential that can be modulated by the gate voltage. The third
term denotes the spin exchange energy, with Mi being the
magnetization on each site i; the last term is the spin-orbit
interaction accounting for the topological phase in graphene
with strength λ. 〈〈lm〉〉 denotes the next-nearest-neighboring
sites, and νlm = 1 if the next-nearest-neighboring hopping
is counterclockwise, while νlm = −1 if it is clockwise with
respect to the normal of the 2D sheet.

It is assumed that a homogeneous magnetization ML(R)

is induced in the left (right) F region through the magnetic
proximity effect in the model of Fig. 1. The spin quantum axis
is taken along the z direction, and sz is a good quantum number
in the original Kane-Mele model without any magnetization.
The magnetization ML(R) is assumed to be in the xy plane
with a crossed angle α. First, the spin supercurrent from the
exchange coupling between the two Fs, ML × MR , is polarized
along the z direction, and thus, Jsz flowing along the sample
boundary is conserved. However, the sx(y) spin supercurrent
Jsx(sy) with polarization perpendicular to the z axis is not a
conserved quantity and instead varies in space due to the spin-
orbital interaction. Second, the planar magnetization will open
an energy gap of the helical spin states of the 2DTI, so the
original spin currents circulating the 2DTI will be interrupted,
and the spin current flowing between the two Fs, if present,
will come from the magnetization exchange effect.

We consider the spin supercurrent flowing in the F/2DTI/F
junction in equilibrium, and no bias is applied to the system.
Without loss of generalization, ML is set along the x axis
(ML, 0), and MR has a planar crossed angle upon the x axis
(MR cos α,MR sin α). Since σz spin current is conserved, one
is allowed to evaluate it at any interface of the junction [27],

Jsz = �

2

∫
dE

2π
Tr[σzG

<
l,l+1(E)t̃l+1,l − H.c.], (2)

where G<(E) is the lesser Green’s function, the subscript l

is the index of the unit slice of the graphene lattice, t̃l+1,l is
the hopping matrix between neighboring slices, and the trace
is over the unit slice. At equilibrium, G< = [Ga − Gr ]f (E),
where Gr(a) is the retarded (advanced) Green’s function and
f is the Fermi-Dirac distribution function. It is emphasized
that the thermal equilibrium case is considered here, and only
those states below the chemical potential μ contribute to the
supercurrent at zero temperature T = 0 K.

Generally speaking, the static potential landscape in the
junction shall not be uniform due to the magnetic proximity
effect. Here, this potential can be simulated by the adjustable
Vg(i) as well as the universal chemical potential μ, both
of which can, in principle, be modulated by gate voltages.
For simplicity, a uniform Vg(i) is applied only to the middle
nonmagnetic region of the F/2DTI/F junction. In Eq. (2), we
count the spin current Jsz flowing through the whole sample,
where no net sz spin current is expected when the pure 2DTI is
considered without magnetization. Therefore, the nonzero Jsz

flowing in the junction will come from the exchange coupling
between the two Fs.
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III. NUMERICAL RESULTS

In this section, we will present the numerical results of the
spin supercurrent Jsz flowing in the F/2DTI/F junction. In the
numerics, the magnitudes of ML and MR are assumed to be
equal in a unit of energy, M = 5 Mev; the hopping energy is set
as t = 1 eV, the spin-orbital interaction is λ = 0.05 eV, and the
temperature is set as T = 0 K. Here, ML(R) � λ is considered
because we aim to study only the helical edge electrons with a
definite chirality contributing to the spin Josephson effect and
neglect the bulk states contributing to the spin supercurrent,
which is expected not to bring about any new result.

We first calculate the single-boundary F/2DTI/F junction
[Fig. 1(a)] and present the current-phase relationship Jsz(α) in
Fig. 2(a) with different local potentials Vg , which is assumed
to be homogeneous in the middle 2DTI region. In calculations,
the chemical potential is set as μ = 0, so that the left and right
F regions have a particle-hole symmetry similar to that of a
superconductor system. It is shown in Fig. 2(a) that a nonzero
spin supercurrent Jsz arises to flow between the two Fs. The
whole profile of curves deviates from a perfect sine function,
and this is due to the high transparency of the junction [in
the one-dimensional (1D) transport of the helical edge state,
the transmission of electrons approaches the unit 1 due to the
Klein-Gordon paradox]. When Vg = 0, the spin supercurrent
fulfills Jsz(α = nπ ) = 0 (n is an integer). When Vg �= 0, the
Jsz curve seems to shift to a nonzero angle α0, so it can be
expressed as Jsz ∼ sin(α + α0).

The peculiar phenomenon of the spin supercurrent Jsz,
a nonzero spin supercurrent flowing between the two
collinear magnetizations, can be referred to as the anomalous
spin Josephson effect, like the conventional ϕ0 Josephson
junction [23]. Here, α0 shall also depend on the junction length

FIG. 2. (a) Spin supercurrent Jsz versus the crossed angle α

in the single-boundary F/2DTI/F junction with different voltages.
Anomalous spin current Jsz(α = 0) as a function of (b) the voltage Vg

and (c) the junction length L. Parameters are L = ξm in (a), L = 3ξm

and α = 0 in (b), and Vg = 1.4M and α = 0 in (c), and others are
described in text.

L in addition to the local potential Vg since it is expected
that both of them (Vg,L) are significant to this phase α0. In
Figs. 2(b) and 2(c), we depict Jsz(α = 0) as a function of L and
Vg , respectively. It is seen that the anomalous spin supercurrent
Jsz(α = 0) displays clear periodic oscillations with either L or
Vg but dampens with the junction length L. This is related to
the μ = 0 used in our calculations, under which the left and
right Fs are insulating for the electrons of the helical edge
state. Here, ξm = �vF /M is the magnetic coherence length
of the quasiparticle (excitation of the magnetized helical edge
state of the 2DTI), with vF being the electron velocity of the
helical states, which is estimated to be �vF = 3λ/2aπ , with a

being the lattice constant.
We continue to study the two-boundary model in Fig. 1(b)

in which the two Fs cover the whole 2DTI sample, and both
the upper and lower helical spin states are involved in the
spin transport. Simply, electrons in the middle 2DTI layer
of the F/2DTI/F junction will have no chirality due to the
two offset edge states involved. In Fig. 3(a), the spin current-
phase relationship is plotted with different local potentials
Vg , where Vg is applied to both boundaries and the upper
and lower boundaries have the same length L1 = L2 = L.
One can see that there is no anomalous spin supercurrent
and the spin supercurrent fulfills Jsz(α = nπ ) = 0. Although
the variation of Vg or L may lead to the spin supercurrent
reversing and, in fact, the curves within Vg = ±M exhibit a
typical current-phase relation profile of the π -state Josephson
junction, the nonzero voltage (Vg) does not trigger any nonzero
spin supercurrent Jsz(α = 0) �= 0 in the collinear configuration

FIG. 3. Spin supercurrents Jsz versus the crossed angle α in the
double-boundary F/2DTI/F junction with the different (a) voltages
and (b) junction lengths L. In (b), the voltage is applied only to a
single edge of the 2DTI for the solid curve and to both edges for the
dash-dotted line.
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of the two Fs. The current reversal can also be regarded as a
π state of the F/F junction [8], similar to the usual π -state
Josephson junction [30]. Obviously, only the electron chirality
can account for the difference in Figs. 2(a) and 3(a).

The anomalous spin supercurrent in this double-boundary
junction can be recovered when the symmetry between
the upper and lower boundaries of the junction is broken.
Figure 3(b) confirms that a nonzero spin supercurrent appears
at the zero crossed angle (α = 0). Here, two different cases are
considered: one case (the solid curve) is that the gate voltage
Vg is applied to only one boundary (but not the both), while the
other one (dash-dotted curve) is that different boundary lengths
L1 �= L2 are taken in the calculations. So the anomalous
spin Josephson effect occurs again, but the symmetry of
Jsz(α) = −Jsz(−α + nπ ) is broken. As a matter of fact, the
current-phase relationship in Fig. 3(b) can be regarded as the
summation of the two different α0-state F/2DTI/F junctions.
This will be interpreted in the following section.

IV. CONTINUUM MODEL

The above results show that the exchange coupling between
two Fs via the 2DTI is sufficiently different from that in the
usual F/F case, and it may even take its maximum in the
parallel F structure. To account for these numerical results,
we consider the following 1D low-energy continuum model,
which is based on the magnetized helical edge state of the
2DTI [31]:

Hs = [−i�vF ∂/∂x + Vg(x) − μ]σzτz

+M(σx cos α + σy sin α). (3)

Here, the first term is the massless Dirac equation describing
the 1D helical edge state, and the second term denotes the
planar magnetization (M cos α,M sin α) in the unit of energy,
which is assumed from the magnetic proximity effect by
depositing the F insulator on the 2DTI. σx,y,z is the spin
operator, τz = ±1 denotes the opposite chiralities of electrons,
μ is the global chemical potential in the whole junction system,
and Vg(x) stands for the potential landscape. One can see that
there is not much difference between Vg and μ in controlling
the electron momentum.

The eigenvalue and eigenfunction of the above Hamiltonian
with a constant Vg are given by

E = μ − Vg ±
√

M2 + �2v2
F k2

x (4)

and

ψ±(τz) = 1√
V

⎛
⎝

√
E′±τz�

2E′ eiα/2√
E′∓τz�

2E′ e−iα/2

⎞
⎠eikxx, (5)

respectively, where � =
√

(E′)2 − M2, with E′ = E − μ +
Vg , and V is volume. It is seen that when μ = Vg = 0,
the system has particle-hole symmetry, and Eq. (3) is the
same as a mean-field superconductor Hamiltonian describing a
superconducting state sustained by the helical edge state [31].
From Eq. (4), there is an energy gap opened by the planar
magnetization M that couples the up and down spins, so
the magnetization M plays a role similar to that of the

FIG. 4. Schematic of a self-closed path of quasiparticles reflected
on the left and right interfaces of the F/2DTI/F junction. Two opposite
chiralities are plotted in (a) and (b).

superconducting pair potential coupling the electron and hole.
However, the distinction of Eq. (4) from the energy spectrum
of superconducting quasiparticles is that the energy gap of the
magnetized 2DTI system is not fixed around μ.

We now calculate the bound-state energy in the single-
boundary F/2DTI/F junction and consider the chemical poten-
tial residing in the energy gap |μ| < M and constant Vg applied
merely to the middle nonmagnetic 2DTI region. Since only
evanescent waves are possible in the left and right F regions, the
quasiparticle scattering at the left interface F/2DTI (x = 0) and
the right interface 2DTI/F (x = L) will constitute a self-closed
path, as schematically illustrated in Fig. 4. There are two
possible closed paths, τz = 1 and τz = −1, representing the
clockwise and counterclockwise traveling of electrons in the
2DTI. In other words, the model in Fig. 4(b) represents
the case of the lower helical edge state sustaining the 1D
F/2DTI/F junction if Fig. 4(a) is based on the upper helical
edge state of a 2DTI. We use the secular equation [32]

Det|1 − r(L)r ′(0)| = 0, (6)

where r(L) and r ′(0) are Andreev-like reflection coefficients
of spins at the interface (x = L) of F/2DTI and the x = 0 in-

terface of 2DTI/F, respectively. r(L) =
√

E′−�
E′+�

e−iαp,r ′(0) =√
E′−�
E′+�

, where p = e2iτzE
′L/�vF denotes an accumulated dy-

namic phase when electrons propagate in the middle non-
magnetic 2DTI region. Within direct algebra, we obtain the
transcendental equation of the possible bound state in the
energy gap |E| < M ,

E − μ = ±M cos[α/2 + τz(E − μ + Vg)L/�vF ]. (7)

This represents the ground-state energy of the single-boundary
F/2DTI/F junction and is similar to the Andreev bound state
of a superconductor junction. But the difference is clear: the
chemical μ in a superconductor junction will not enter this
E(α) relationship directly because the energy spectrum of
a superconductor always fulfills the particle-hole symmetry.
However, the bound state energy of the above equation is
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FIG. 5. Spin supercurrent in the (a) single-boundary and (b)
double-boundary F/2DTI/F junction as a function of the crossed
angle α with different chemical potentials. Parameters are Vg = 0
and L1 = L2 = L = ξm.

not fixed at the chemical potential. When ξm � L, the bound
state is simplified as E(τz) = μ ± M cos(α/2 + α0), and this
allows one to evaluate the spin current, Jsz = �

2 (∂E/∂α) ∼
sin(α/2 + α0),α0 = τz(μ − Vg)L/�vF . Therefore, it is seen
that in the single-boundary junction (either τz = 1 or τz = −1
is taken into account), there will be a nonzero spin supercurrent
at a zero crossed angle (α = 0) between the left and right
Fs, as long as μ or Vg is nonzero. When both τz = 1
and τz = −1 are taken into account in the double-boundary
F/2DTI/F junction, the anomalous spin supercurrent will
vanish, Jsz ∼ ∑

τz
sin(α/2 + τzα0) and Jsz(α = nπ ) = 0. This

can entirely account for the difference between the current-
phase relationships of the one-boundary and double-boundary
junctions, as shown in Figs. 2 and 3.

From the above bound state E(α), one can see that the
chemical potential μ plays role nearly similar to that of the
voltage Vg in modulating the spin supercurrent Jsz. To confirm
this, we proceed to compute Jsz with the variation of μ by
using the same lattice model in Eq. (1). Both the single-
and double-boundary F/2DTI/F junctions are calculated, and
results are presented in Fig. 5, where the voltage is set to
vanish (Vg = 0). In Fig. 5(a), where the single-boundary case
is studied, the anomalous spin supercurrent is shown to appear
at α = 0. Opposite +μ and −μ will lead to opposite phase
shifts of Jsz(α), as indicated by the dot-dashed line and
circles. However, there is no such anomalous spin Josephson
effect [Jz(α = 0) = 0] in the double-boundary case, as shown
Fig. 5(b). Certainly, the system is assumed to have mirror
symmetry, i.e., Vg = 0 and L1 = L2. The reason is that in the
double-boundary case, both τz = ±1 electrons contribute to
the spin supercurrent. So it is not strange that the two curves
μ = −0.4M and μ = 0.4M overlap with each other exactly
as shown in Fig. 5(b). Actually, the same phenomenon appears
in the solid and dotted lines in Fig. 3(a), where opposite
Vg = ±M are computed in the double-boundary F/2DTI/F
junction.

FIG. 6. (a) Anomalous spin supercurrent Jsz(α = 0) in the single-
boundary junction versus the chemical potential μ and (b) the
spin supercurrent Jsz(α = π/2) in the double-boundary junction.
Parameters are Vg = 0 and L = L1 = L2 = 3ξm.

In Fig. 6(a), we plot the anomalous current Jsz(α = 0) as
a function of μ, and a clear oscillation is seen. This is similar
to the result of Jsz(α = 0) versus Vg in Fig. 2(b), However,
the difference between Vg and μ in modulating Jsz(α = 0) is
also clear: the chemical potential μ not only brings about a
phase shift α0 in the current-phase relationship of Jsz(α + α0)
but also significantly affects the magnitude of Jsz. At zero
temperature, the variation of μ will change the states below
it, contributing to the current integral of Eq. (2); for example,
when |μ| > M , no bound state in the energy gap contributes to
Jsz, and only the continuum spectrum does, so the magnitude
of Jsz will decrease rapidly. This is clearly seen by comparing
Fig. 6(a) with Fig. 2(b). In fact, the continuum spectrum
can only lead to a negligible size of the equilibrium spin
supercurrent because the phases of the scattering coefficients
r and r ′ change rapidly with the energy E. It is also for this
reason that not only do the Jsz(α) curves in Fig. 5(a) exhibit
a phase shift [like the case of Vg variation in Fig. 2(a)] when
μ is changed, but the curve profiles have changed a little in
comparison to the μ = 0 curve. At μ = ±0.4M , only part of
the bound states E(α) of Eq. (7) contributes to Jsz, and the
continuum spectrum’s contribution will increase gradually; as
a result, Jsz varies very slowly within some interval of the
crossed angle α.

In Fig. 6(b), the magnitude of Jsz in the double-boundary
F/2DTI/F junction is plotted as a function of μ, and similarly,
Jsz(α = π/2) shows a clear oscillation with μ. One can see
that when |μ| > M , the magnitude of Jsz exhibits a rapid
reduction, too, because the discrete bound states in the energy
gap |μ| < M are gradually precluded when the chemical
potential μ is shifted away from the particle-hole symmetry
point μ = 0. Figure 6(b) also shows that the spin supercurrent
direction can be reversed regularly and Jsz(μ) = Jsz(−μ). The
current reversal indicates that the ground state of the F/2DTI/F
junction should alternate in the antiparallel (α = π ) and
parallel (α = 0) configurations of two Fs. which is the same as
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the conventional 0-π state transition of a Josephson junction.
The antisymmetry relation Jsz(α = 0,μ) = −Jsz(α = 0, − μ)
in Fig. 6(a) coincides with the derived result of α0 = μL/�vF .

In Eq. (7), one can see that a zero-energy mode E − μ = 0
always exists in the studied F/2DTI/F junction, which is
similar to the Majorana zero-energy mode in a topological
superconductor junction [31]. This directly indicates that Jsz

should display a 4π -periodicity current-phase relationship,
Jz ∼ sin α/2. However, we failed to recover this phenomenon
in our numerical calculations because an equilibrium case
is considered here, and moreover, the 4π -periodicity pre-
diction is based on the assumption of metastable states
contributing to the current. For example, both bound states,
E ∼ ±M cos(α/2 + α0), will contribute to Jsz together in
equilibrium as long as E − μ < 0, so that only 2π periodicity
is seen. Actually, the two bound states in Eq. (7) may represent
different symmetries of the junction like the Andreev bound
states in a topological Josephson junction, which stand for
different particle parities; a 4π -periodicity spin supercurrent
is possible only if the system is always in a single bound
state, E ∼ − cos(α/2 + α0) or E ∼ + cos(α/2 + α0). This
fractional spin Josephson effect was studied in detail in
Ref. [33], in which two Fs were supposed to stand on the
edges of two independent TIs.

V. CONCLUSION

We have investigated the spin Josephson effect in the
F/2DTI/F junction and focused on the helical edge states of
the 2DTI sustaining the spin transport. Based on both a lattice
model and a continuum model, we showed that a nonzero spin
supercurrent can flow in the parallel magnetic structure of
the junction (α = nπ ), Jsz ∼ sin(α + α0), which is contrary
to the usual spin Josephson effect (α0 = 0). According to
the low-energy continuum model, we demonstrated that this
anomalous spin Josephson effect is due to the definite chirality
of electrons in the 2DTI generating an uncanceled dynamic
phase accumulation α0 when electrons travel between the two
Fs. This onset phase α0 was shown to be modulated by varying
either a local static potential or the universal chemical potential
via gate voltages. Our findings indicate also that the magnetic
coupling in a topological (spin-Chern) system is very different
from that through conventional media.
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