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Thermal effects on the Wigner localization and Friedel oscillations in many-electron nanowires
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Thermal effects on the total charge density are studied for a one-dimensional correlated quantum dot by
means of the path integral Monte Carlo method. The competition between Friedel and Wigner oscillations at
zero temperature is driven by the ratio between the interaction of electronic strength and the kinetic energy of
electrons. At the onset of the formation of a Wigner molecule, we show that thermal enhancement of Wigner
oscillations occurs in a range of temperatures, which can be observed in the electron density. We further show
that low-temperature Friedel oscillations may change to Wigner oscillations upon an increase in the temperature.
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I. INTRODUCTION

In finite-size one-dimensional (1D) systems such as 1D
quantum dots [1,2] corresponding to nanowires with longi-
tudinal confinement, a strong competition between finite-size
effects and electronic interactions occurs. This may give rise
to peculiar charge density oscillations.

Due to quantum confinement of N electrons (in a region of
length l), the so-called Friedel oscillations of the electronic
density typically occur [3]. In the ground state, they are
characterized by a wave vector 2kF , where kF = πN/2l, and
in the density they give rise to N/2 peaks [4]. Such oscillations
are induced by the backscattering of electrons near the edges
of the system.

Interactions between electrons are also responsible for
oscillations in the electron density. When interactions dom-
inate over the average kinetic energy, electrons eventually
arrange themselves into N positions, giving rise to oscillations
with a wave vector 4kF and N peaks in the total electron
density. Such a correlated state is called a Wigner molecule
[5,6] and constitutes the finite-size counterpart of a Wigner
crystal [7]. The physical properties of a Wigner molecule
are only quantitatively affected by different types of quantum
confinement, but in the absence of spin-orbit coupling [8] or
spin-momentum locking [9], N peaks in the density are always
present.

A 1D dot breaks all spatial symmetries (barring parity),
allowing for oscillations to appear already at the level of
the total charge density. Hence, in principle, by counting
the number of peaks in the density we can assess whether
Friedel or Wigner physics dominates. This is in contrast to
higher-dimensional systems that have specific symmetries
such as two-dimensional circular quantum dots [10–15]. In
such systems density-density correlation functions [3] are
required to properly assess the formation of a molecular
state. Notwithstanding this, it has been questioned that density
oscillations alone are a valid signature of the presence of
a Wigner molecule even in one dimension, and correlation
functions have been proposed even in this case [16,17].
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The computational complexity in the study of Wigner
molecules scales exponentially with N , so that the numerically
exact diagonalization [18–24] method becomes very ineffi-
cient already for N ∼ 10 (even in one dimension). For larger
N , quantum Monte Carlo methods [25] provide a powerful
technique for many-body simulations. In the path integral
Monte Carlo (PIMC) formulation [26–29], thermal effects can
be studied by accurate quantum statistical simulations. On the
other hand, in the opposite limit of a very large number of
electrons, the Luttinger liquid theory [30–40] is an efficient
tool to obtain analytically the density and density-density
correlation functions both at zero and at finite temperatures. It
allows us to conveniently evaluate transport properties, which
constitute an important tool to assess the presence of Friedel
and Wigner oscillations [38,40,41].

Recently, intriguing effects have been found near the
crossover between Friedel and Wigner oscillations. In partic-
ular, increasing the temperature may enhance the localization
of the electrons. Only at sufficiently high temperatures does
the conventional melting [42,43] occur, leading to a smeared
nonoscillating density. This phenomenon has been predicted
in the large-N limit by means of the Luttinger liquid theory,
and it is associated with the wide separation of the energy
scales of spin and charge collective excitations of the system
[40]. The thermal enhancement of Wigner oscillations has
also been predicted for N = 2 by exact diagonalization
calculations [24] and proven to be induced by the collapse
of the triplet-singlet energy gap as the dot approaches the
Friedel-Wigner transition for T = 0. Generally, when thermal
fluctuations exceed the collective spin excitation energy or the
triplet-singlet gap, enhanced Wigner oscillations are induced
by thermal populations of excited states [24].

In this paper, we fill the gap in the present literature
regarding the thermal properties of 1D systems near the
Friedel-Wigner crossover. We employ a numerically accu-
rate PIMC method to calculate total electron densities for
1D nanowires with N = 2 . . . 20. Our results show thermal
enhancement of the Wigner localization, which is pronounced
in the intermediate interaction regime. Our results constitute
evidence that the thermal enhancement of the Wigner local-
ization is a ubiquitous phenomenon which shows up for an
arbitrary number of electrons in the dot.
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I. KYLÄNPÄÄ et al. PHYSICAL REVIEW B 94, 115417 (2016)

II. MODEL AND METHOD

The system [see Fig. 1(a)] consists of N electrons har-
monically confined in a 1D nanowire. The electron-electron
interactions are described by a scaled and softened Coulomb
potential. The total Hamiltonian then reads

H =
N∑

i=1

(
− �

2

2m

∂2

∂x2
i

+ mω2

2
x2

i

)
+

∑
i<j

c√|xi − xj |2 + λ2
,

(1)
where c � 0 is the scaling factor of the interaction, and λ is
the softening parameter used to take into account the effect
of the upper subbands of the wire [20]. As in Ref. [24], we
adopt the length scale l = √

2�/mω. Thus, having E0 = �ω,
we get the dimensionless parameters as x̃ = x/l, λ̃ = λ/l, c̃ =
c/(lE0), and T̃ = T kB/E0. In the following, we use atomic
units with � = m = 1 and set ω = 1, so that E0 = 1.

The Feynman formulation of quantum statistical mechanics
[44] provides path integrals for studying quantum many-body
effects at finite temperature. We use the path integral Monte
Carlo method [26–29] in order to accurately account for both
finite-temperature and correlation effects. Fermi statistics is
employed by the restricted path integral formalism [45], in
which the density matrix is given as

ρF (Rβ,R�; β)=
∫

dR0ρF (R0,R�; 0)
∫ γ⊂ϒβ (R�)

γ :R0→Rβ

dRte
−S[Rt ],

(2)
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FIG. 1. (a) Schematic of the nanowire described by confined
electrons in a harmonic confinement. (b) Electron density for N = 6
with different values of the softening parameter λ̃ in the Coulomb
potential [see Eq. (1)]. The other parameters are c̃ = 0.6 and T̃ = 0.3.

where β = 1/kBT , F refers to the Fermion density matrix, S

is the action, R� is the so-called reference point, and ϒβ is a
region in “space-time” that specifies the boundary conditions
for the Bloch equation. In this work we use the nodes of the
free-particle density matrix [45] to determine the boundary
conditions. We point out that for the present study the restricted
path integral formalism and the free-particle nodes provide
excellent accuracy due to relatively high temperatures [46]:
for example, our lowest temperature T̃ = 0.1 corresponds
to 31 578 K. The sampling in the configuration space is
carried out using the Metropolis procedure [47] with multilevel
bisection moves [48].

Commonly, the magnetization of the system is predeter-
mined, e.g., to be polarized or unpolarized [49,50]. However,
in this case we need to include all possible spin configurations
in our thermal averages [51]. This can be accomplished by
including the sampling of the magnetization: we occasionally
attempt to flip a spin of an electron, which is accepted or
rejected depending on whether the new path configuration
is legal. In this work we focus on simulations with the
magnetization sampling.

III. RESULTS

A. Effects of the interaction parameters λ and c

In the case of two electrons our PIMC results are directly
comparable to the exact-diagonalization study in Ref. [24].
The comparison (not shown here) yields no visible differences
between the results. We then proceed with N > 2 and consider
first the effect of the softening parameter λ̃ on the electron
density when N = 6. The results for a fixed value c̃ = 0.6 of
the interaction strength and T̃ = 0.3 for the temperature are
shown in Fig. 1(b), where λ̃ describes the maximum distance
between the electrons as they pass each other. Therefore, with
larger values of λ̃ we find fewer peaks in the density, whereas
at small values of λ̃ (� 0.02) we find a Wigner-crystallized
state of N = 6 peaks. The density converges as λ̃ → 0.

From now on we use λ̃ > 0, which gives the best repre-
sentation for a practical 1D nanowire, where the electrons are
able to pass each other. The effect of the strength parameter c̃

(with λ̃ = 0.02) is considered next for N = 3 electrons. In
Fig. 2 we show the electron densities of this system as a
function of the temperature for interaction strengths c̃ = 0.2,
0.4, 0.6, and 1 [Figs. 2(a)–2(d), respectively]. The sequence
of Figs. 2(a)–2(d) clearly shows that, as expected, the Wigner
localization increases with c. The behavior as a function of the
temperature is more complex as analyzed in detail below.

B. Thermal effects on Wigner localization

The electron densities for N = 3 in Fig. 2 show that
increasing temperature eventually leads to smearing of the
density so that the localization disappears, regardless of the
interaction parameter c. However, we also find thermally
enhanced localization at low temperatures. This localization
effect can be seen as an increased depth of the two valleys in
the density, and it is most visible in the intermediate interaction
regime with c̃ ∼ 0.4.

Thermal localization is more clearly visible in Figs. 3(a)–
3(d), where we show the corresponding Fourier transforms
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FIG. 2. Electron densities for the N = 3 nanowire as a function
of the temperature. Four interaction strengths with λ̃ = 0.02 are
considered: (a) c̃ = 0.2, (b) c̃ = 0.4, (c) c̃ = 0.6, and (d) c̃ = 1.0.
The temperature T̃ goes from 0.02 to 1.2, and x̃ from − 1.2 to 1.2.

of the electron densities in Fig. 2. Here the wave vector k is
expressed in terms of the (approximate) Fermi wave vector kF .
The main interest here is in the peaks related to k = 2kF and
k = 4kF , i.e., Friedel and Wigner oscillations, respectively.
In Fig. 3(a) we can clearly identify only the k = 2kF peak.
However, as the interaction strength parameter c̃ is increased
through Fig. 3(b) to Fig. 3(d), the oscillations with the wave
vector 4kF appear with increasing amplitude. Moreover, in
Figs. 3(b)–3(d) at about k = 4kF we find local maxima in
ρ(k) at nonzero temperatures. In other words, increasing the
temperature from 0 leads to enhanced Wigner localization.
However, the effect is relatively weak, and as mentioned above,
it disappears as the temperature is increased further.

In Fig. 4 we consider systems with more electrons by
showing the electron densities at a few temperatures: (a) N =
4, λ̃ = 0.02, and c̃ = 0.6; (b) N = 6, λ̃ = 0.02, and c̃ = 0.7;
(c) N = 10, λ̃ = 0.05, and c̃ = 0.8. Thermal enhancement of
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FIG. 3. Fourier transforms of the electron densities shown in
Fig. 2. The second peak, at k = 2kF , is characteristic of Friedel
oscillations and the third peak, at k = 4kF , corresponds to Wigner
oscillations. The contour lines are plotted from k = 1.3kF up to larger
values in steps of ∼3.2 × 10−4.
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FIG. 4. Electron density of a nanowire with (a) N = 4, (b) N = 6,
and (c) N = 10 electrons at three temperatures. Parameters c̃ and λ̃

are given in the figures. In all cases signatures of thermally enhanced
Wigner localization are found.

the Wigner localization appears in all cases. For example, in
Figs. 4(a) and 4(b) the strongest localization effect is seen for
the peaks at the edges of the electron density. It should be noted
that although the effect is relatively weak, it is in line with the
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FIG. 5. (a) Electron density of a nanowire with N = 4, c̃ = 0.4,
and λ̃ = 0.05 at temperatures given in (b), where we give the Fourier
transform of the electron densities. Note that T̃ = 4.8 is not visible
for the chosen axis in (a), but its Fourier transform is in (b).

N = 3 case shown in Fig. 2, as well as with N = 2 considered
in Ref. [24]. The results indicate that with the proper choice of
the interaction parameter (and the shape of the confinement)
the effect is very generic and can be found for all particle
numbers.

C. Thermal transition from Friedel to Wigner oscillations

Varying the interaction strength by adjusting the parameters
c̃ and λ̃ we can obtain Friedel oscillations at low temperatures.
Depending on the balance between these parameters it is
possible that the increasing temperature changes the Friedel
oscillations to Wigner oscillations before the electron density
eventually smears out. Within this region of the parameter
space there is a coexistence of Friedel and Wigner oscillations,
which can be observed in Fig. 5(a), where we show a weak
transition from Friedel to Wigner in the electron density as the
temperature is increased (note that we show only the top part
of the density profile).

The Fourier transform of the electron density [Fig. 5(b)]
shows how thermal effects may allow the 4kF oscillations

−1 −0.5 0 0.5 1

0.141

0.142

0.143

0.144

N = 20
c̃ = 1

λ̃ = 0.05

(a)

x̃

ρ(
x̃
)

 

 

T̃ = 0.1
T̃ = 0.2
T̃ = 0.3
T̃ = 0.6
T̃ = 1.2

0 0.5 1 1.5
0

0.01

0.02

0.03

0.04

0.05

ρ(
k
)

k

(b)

0.5 1
0

0.5

1

1.5

2
x 10

−3

 

 

T̃ = 0.1
T̃ = 0.2
T̃ = 0.3
T̃ = 0.6
T̃ = 1.2

FIG. 6. (a) Electron density of a nanowire with N = 20, c̃ = 1.0,
and λ̃ = 0.05 at temperatures given in (b), where we show the Fourier
transform of the electron densities.

not only to be enhanced, but also to emerge altogether from
the 2kF shape. We can clearly see that at low temperatures
there is a predominant peak at 2kF , while with an increase in
the temperature the 4kF component stands out more clearly.
Increasing the temperature further the 4kF peak seems to
detune, shifting towards k → 0. We see that the melting
will eventually lead to a single peak in the electron density,
which is relatively close to a Gaussian profile due to the
harmonic confinement. Therefore, as T̃ → ∞ all features in
the reciprocal space will coalesce into a single peak around
k = 0.

In Fig. 6(a) we show the electron density for the largest
system considered in this work, i.e., N = 20 with c̃ = 1.0
and λ̃ = 0.05. Again, the electron densities indicate the
emergence of Wigner oscillations over Friedel oscillations
as the temperature is increased—similarly to Fig. 5. In the
Fourier transform in Fig. 6(b), we plot the lowest temperature
result as the thick solid black line. Despite the low resolution
at around k = 1 we can clearly see three lines that are
noticeably above the low-temperature line, which indicates
thermal enhancement in the oscillations.
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IV. SUMMARY

To summarize, we have used the path integral Monte Carlo
approach to demonstrate that thermal effects may enhance
Wigner localization in one-dimensional nanowires consisting
of N � 2 electrons that interact through the softened one-
dimensional Coulomb potential. We have illustrated how the
electron density is affected by the interaction parameters λ

and c. Our results show that thermal enhancement of Wigner
localization is found independently of the number of electrons
in the quantum dot. In addition, we have identified a parameter
regime where Friedel oscillations, when the temperature is
increased, evolve into Wigner oscillations, which eventually
smear out at even higher temperatures.
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[18] W. Häusler and B. Kramer, Phys. Rev. B 47, 16353 (1993).
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