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Three-layer model for the surface second-harmonic generation yield including multiple reflections
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We present the three-layer model to calculate the surface second-harmonic generation (SSHG) yield. This
model considers that the surface is represented by three regions or layers. The first layer is the vacuum region
with a dielectric function €,(w) = 1 from where the fundamental electric field impinges on the material. The
second layer is a thin layer (£) of thickness d characterized by a dielectric function €,(w), and it is in this layer
where the SSHG takes place. The third layer is the bulk region denoted by b and characterized by €,(w). Both the
vacuum and bulk layers are semi-infinite. The model includes the multiple reflections of both the fundamental and
the second-harmonic (SH) fields that take place at the thin layer £. We obtain explicit expressions for the SSHG
yield for the commonly used s and p polarizations of the incoming 1w and outgoing 2w electric fields, where no
assumptions for the symmetry of the surface are made. These symmetry assumptions ultimately determine which
components of the surface nonlinear second-order susceptibility tensor x(—2w;w,w) are different from zero,
and thus contribute to the SSHG yield. Then, we particularize the results for the most commonly investigated
surfaces, the (001), (110), and (111) crystallographic faces, taking their symmetries into account. We use the
three-layer model and compare it against the experimental results of a Si(111)(1 x 1):H surface, as a test case,

and use it to predict the SSHG yield of a Si(001)(2 x 1) surface.
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I. INTRODUCTION

Surface second-harmonic generation (SSHG) has been
shown to be an effective, nondestructive, and noninvasive
probe to study surface and interface properties [1-8]. SSHG
spectroscopy is now very cost effective and popular because
it is an efficient method for characterizing the properties
of buried interfaces and nanostructures. The high surface
sensitivity of SSHG spectroscopy is due to the fact that
within the dipole approximation, the bulk second-harmonic
generation (SHG) in centrosymmetric materials is identically
zero. The SHG process can occur only at the surface where
the inversion symmetry is broken. SSHG has useful appli-
cations for studying thick thermal oxides on semiconductor
surfaces [9,10] and thin films [11]. The accurate determination
of these studies is highly dependent on multiple reflections of
both the SH and fundamental waves in the surface region.
These considerations have been taken into account to study
thin films [12—14] and, using the Maker fringe technique [15],
other materials [16,17].

Reference [18] was the first to consider multiple reflections
in their treatment of SHG in a nonlinear slab. However, they
only considered the second-harmonic (SH) fields and derived
results for a dielectric with a small linear reflectance. They also
neglected the multiple reflections of the fundamental waves
inside the media.

Surface effects were modeled by taking the limit of a thin
slab with a thickness much smaller than the wavelength of
the incoming light. Reference [19] used this methodology to
determine the components of the nonlinear optical suscepti-
bility tensor, x(—2w;w,w), of a fluorescent dye over fused
silica. However, later works [20,21] developed a simplified
method using phenomenological models in which the surface
is treated as an infinitesimally thin dipole sheet. Alternatively,
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the procedure established in Ref. [22] calculates x (—2w; w,w),
and at the same time, the radiated fields. The inclusion of
multiple reflections is necessary for both the SH radiation and
the incoming fundamental fields; this is later experimentally
verified in Ref. [23], where they show that the line shape of
the SSHG radiation is composed of resonances from both the
SH and fundamental waves. Total internal reflection of these
waves causes a Goos-Hanchen shift [24], a lateral shift of the
reflected beam. This effect was predicted for SHG [25,26] and
successfully observed in metallic metasurfaces [27].

As mentioned above, SSHG is particularly useful for
studying the surfaces of centrosymmetric materials. From
the theoretical point of view, the calculation of x(—2w;w,w)
proceeds as follows. To mimic the semi-infinite system, we
construct a supercell consisting of a finite slab of material plus
a vacuum region. Both the size of the slab and the vacuum
region should be such that the value of x(—2w;w,w) is well
converged. A cut function is used to decouple the two halves
of the supercell in order to obtain the value of y(—2w;w,w)
for either half. If the supercell itself is centrosymmetric, the
value x(—2w;w,w) for the full supercell is identically zero.
Therefore, the cut function is of paramount importance in
order to obtain a finite value for x (—2w; w,w) for either side
of the slab [28-30]. The cut function can be generalized to
one that is capable of obtaining the value of x(—2w;w,w)
for any part of the slab. The depth within the slab for which
X (—2w; w,w) is nonzero can thus be obtained. We can also
study how x (—2w; w,w) goes to zero towards the middle of the
slab, where the centrosymmetry of the material is restored [31].
Therefore, for the surface of any centrosymmetric material, we
can find the thickness of the layer where x (—2w; w,w) is finite.

Based on this approach for the calculation of y (—2w; w,w),
in this paper we develop a model for the SH radiation from the
surface of a centrosymmetric material. We call this model the
three-layer model, which considers that the SH conversion
takes place in a thin layer just below the surface of the
material that lies under the vacuum region and above the bulk
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of the material. Of course, one can replace the vacuum region
with any medium as long as it is not SH active; however, most
of the experimental setups for measuring the SH radiation take
place in vacuum or air. It is the three-layer model that allows us
to integrate the effects of multiple reflections, for both the SH
and fundamental fields, into the SSHG yield. As mentioned
before, the inclusion of these effects is necessary to accurately
model the SSHG radiation, and as far as we know, has not
been treated before in rigorous detail. Our model considers
dielectric materials of any linear reflectance, in contrast with
Ref. [18], which assumes a small linear reflectance for their
results.

We develop the model and derive general expressions for the
SH radiation for the commonly used polarization combinations
of the incoming and outgoing electric fields. We particularize
the results for the (111), (110), and (001) crystalline surfaces
of centrosymmetric materials. As an example, we present
results for the SH yield of the Si(111)(1 x 1):H surface, and
compare with the experimental results from Ref. [32], showing
that the multiple reflections of the three-layer model improve
the similarity with the experimental spectra; in particular,
we can contrast with recently published results for the same
surface [30]. We also present theoretical SSHG predictions
for a Si(001)(2 x 1) surface reconstruction. We note that our
treatment is strictly valid within the dipole approximation,
and we assume that the bulk quadrupolar SHG response is
negligible compared to the dipolar contribution, as reported in
the experimental works of Refs. [8,20,33-36].

This paper is organized as follows. In Sec. II, we present the
relevant equations and theory that describe the SSHG yield; in
Secs. I A and II B we present the details for including multiple
reflections for both the SH radiation and fundamental fields,
respectively. In Sec. III, we present the explicit expressions
for each combination of input and output polarizations for the
(111), (110), and (001) surfaces. We present our calculated
results against the experimental data for the Si(111)(1 x 1):H
surface in Sec. IV, and in Sec. V we show the predictions for
the Si(001)(2 x 1) surface. Finally, we list our conclusions and
final remarks in Sec. VI.

II. THE THREE-LAYER MODEL FOR THE SSHG YIELD

In this section, we will derive the formulas required for the
calculation of the SSHG yield, defined by

“T Pwy
with the intensity given by [37,38]
| Sn@)|E@)*  (CGS units),
fer= {Zeocn(w)|E<w)|2 (MKS units), )

where n(w) = [€(w)]'/? is the index of refraction with (w) as
the dielectric function, €, is the vacuum permittivity, and c is
the speed of light in vacuum.

There are several ways to calculate R, one of which is
the procedure followed by Cini [22]. This approach calculates
the nonlinear susceptibility, and at the same, time the radiated
fields; however, we present an alternative derivation based on
the work of Mizrahi and Sipe [21], since the derivation of
the three-layer model is straightforward. In this scheme, the
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FIG. 1. Sketch of the three-layer model for SHG. The vacuum
region (v) is on top with €, = 1; the layer £ of thickness d = d| + d,
is characterized by €,(w), and it is where the SH polarization
sheet P,(2w) is located at z; = d,. The bulk b is described by
€p(w). The arrows point along the direction of propagation, and
the p-polarization unit vector, IA’Z,H), along the downward (upward)
direction is denoted with a thick arrow. The s-polarization unit vector
§ points out of the page. The fundamental field E,(w) is incident
from the vacuum side along the £z plane, with 6, being its angle of
incidence and v,_ its wave vector. Ag; denotes the phase difference
between the multiple reflected beams and the first layer-vacuum
transmitted beam, denoted by the dashed red arrow (of length L,)
followed by the solid black arrow (of length L;). The dotted lines in

the vacuum region are perpendicular to the beam extended from the
solid black arrow (denoted by solid dark blue arrows of length Lg).

surface is represented by three regions or layers. The first layer
is the vacuum region (denoted by v) with a dielectric function
€,(w) = 1, from where the fundamental electric field E,(w)
impinges on the material. The second layer is a thin layer
(denoted by ¢) of thickness d characterized by a dielectric
function €,(w); it is in this layer where the SHG takes
place. The third layer is the bulk region denoted by b and
characterized by €,(w). Both the vacuum and bulk layers are
semi-infinite (see Fig. 1).

To model the electromagnetic response of the three-layer
model, we follow Ref. [21] and assume a polarization sheet of
the form

P(r,1) = Pe*Re™1¥§(z — z5) + c.c., 3)

where R = (x,y), £ is the component of the wave vector v
parallel to the surface, zg is the position of the sheet within
medium B, and P is the position-independent polarization.
Reference [39] demonstrates that the solution of the Maxwell
equations for the radiated fields Eg ,+ and Eg ; with P(r,t) as
a source at points z # 0 can be written as

i®? i@

2
14 A

Ep ps,Epy) = P,

(Eg,p+.Ep.s) <1D,3 Pp+ 17)/3

§"P>, “)

where y = 27 in CGS units or y = 1/2¢, in MKS units, and
& = w/c. Also, § and g are the unit vectors for the s and p
polarizations of the radiated field, respectively. The =+ refers to
upward (+) or downward (—) direction of propagation within
medium S, as shown in Fig. 1. Also, u”)ﬁ(a)) = J)wﬁ, where

kK(w)Z F W (w)k  sin6yZ F wg (w)k

Pple) = ong(w) ng(w) > O
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with

wy(w) = [e4(w) — sin® 6p]'/2, (6)

where 6, is the angle of incidence of E,(w), k(w) = |k| =
@sinby, ny(w) = [ez(@)]"/* is the index of refraction of
medium B, and z is the direction perpendicular to the surface
that points towards vacuum. If we consider the plane of
incidence along the £z plane, then

A

&

= cos ¢X + sin ¢y @)
and
§ = —sin ¢X + cos ¢y, ®)

where ¢ is the azimuthal angle with respect to the x axis.

In the three-layer model, the nonlinear polarization respon-
sible for the SHG is immersed in the thin layer (8 = £), and is
given by

. X2 o(—20;0,0)E’(@)ES(w)  (CGS),
PIZ (Qw) = abc b c
€0 X mface(—2w; 0, W) E° (W) E(w)  (MKS),
9

where ) surface(—2w; @,w) is the dipolar surface nonlinear
susceptibility tensor, and the Cartesian superscripts a, b, and
c are summed over if repeated. Also, Xabc(—Za); w,w) =
X2P(—2w; w,w) due to the intrinsic permutation symmetry,
since SHG is degenerate in E®(w) and E(w). As in Ref. [21],
we consider the polarization sheet [Eq. (3)] to be oscillating
at some frequency w in order to properly express Egs. (4)—(8).
However, in the following, we find it convenient to use w
exclusively to denote the fundamental frequency and & to de-
note the component of the incident wave vector parallel to the
surface. The generated nonlinear polarization is oscillating at
Q = 2w, and will be characterized by a wave vector parallel to
the surface K = 2k. We can carry over Egs. (3)—(8) simply by
replacing the lowercase symbols (a),c?),lc,n/S g, W ,f)ﬁi,ﬁ)
Ny Wy ,WIB:P,gi,S), all
evaluated at 2w. Of course, we always have that S = §.

From Fig. 1, we observe the propagation of the SH field as
it is refracted at the layer-vacuum interface (£v), and reflected
multiple times from the layer-bulk (£b) and layer-vacuum (£v)
interfaces. Thus, we can define

T =8T'8§ + P, . T\"Py., (10)

with uppercase symbols (Q,Q,K,

as the transmission tensor for the £v interface,

R” =8R8 + Py, R)P,_ (11)
as the reflection tensor for the £b interface, and

R =8R8+ P,_R'P,, (12)

as the reflection tensor for the £v interface. The Fresnel factors
in uppercase letters, TY’,, and RY p» are evaluated at 2w from
the following well-known formulas [40]:

2w;(w)

th(w) = —————,
w;(w) + w;(w)
tli i) = 2w;i(w),/€i(w)ej(w)

w;(w)e;j(w) + w;i(w)€;(w) '
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i) = wi(w) — w;(w)
w;i(w) + w;(w)
(@) = —(D) — jee) (13)

wi(w)e;j(w) + wj(w)ei(w)

With these expressions, we easily derive the following useful
relations,

np
1+rt = tfb, 1 —{—rf]b = 7%,

s n P
w_ e Wh _gp w_ We
l—rp———tp, lp— l‘p,
np Wy Wy
Wy
1 = = (14)
s w 5
v

A. Multiple SHG reflections

The SH field E(2w) generated by the SH polarization
P¢(2w) will radiate directly into the vacuum and bulk, where
it will be reflected back into the thin layer at the layer-bulk
interface; this beam will be transmitted and reflected multiple
times, as shown in Fig. 1. As the two beams propagate, a phase
difference will develop between them according to

Agy, = QL3+ Ly +2mLs]N,
—[LoN¢ + (Ly +mLg)Ny])

=68 +mé, m=0,1,2,..., (15)
where
d>
(SOZSJT — Wg (]6)
Ao
and
d
=8| — |W,, 17
Ao

where 1 is the wavelength of the fundamental field in vacuum,
W, is established in Eq. (6), d is the thickness of layer ¢, and
d, is the distance between P,(2w) and the £b interface (see
Fig. 1). We see that § is the phase difference of the first and
second transmitted beams, and m§ that of the first and third
(m = 1), first and fourth (m = 2), and so on. Note that the
thickness d of the layer ¢ enters through the phase §, and the
position d, of the nonlinear polarization P(r,#) [Eq. (3)] enters
through 8. In particular, d, could be used as a variable to study
the effects of multiple reflections on the SSHG yield R(2w).

To take into account the multiple reflections of the generated
SH field in the layer ¢, we proceed as follows. We include the
algebra for the p-polarized SH field, but the s-polarized field
can be worked out following the same steps. The p-polarized
E; ,(2w) field that is reflected multiple times is given by

E¢,Q20) = E;p Q)T - Poy + E¢ p(20)T" - R
P 1 E,, (20)T" R .R" . R?
P,_eite 4 Eg,p_(Za))Te” R .RY . R
R .R% Py 4 ...

= Epp Q)T -Pry + E¢ - Qw)T

(o]
. Z(RU) . RfveiS)m . RUJ . f’g,@i&). (18)
m=0
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From Eqgs. (10)—(12), it is easy to show that
Tlv X (Rﬂb A Rfv)m X Rlb
alv( pth plo\™ pthy | P v ( plb Lo\ plhh
=87 (R"R")"R"S+ Py T, (RSR,)) " RPy
then,
E; ,2w)

Rébei&)

=P, T, (EE’”(ZCU) Ty RiRIen
1+ R)'R e

Ey, p—(2w)> :

where we used Ré{p = —st'fp. Using Eqs. (4) and (14), we can
readily write

yi
E; Qo) = VHz - PeLw), 19
i

where

W, N . A
H, = Wi[@ T (1+ RM)$ + Py TV (P + RYP, )],

(20)
and

o Rlb ei&)
R'=—"F"———  i=s,p, 21

C T T+ RRPeD P @b
defines the multiple (M) reflection coefficient. This coefficient
depends on the thickness d of layer £, and most importantly,
on the position d, of P, (2w) within this layer. The final results
will depend on both d and d,. However, using Eq. (16) we can
also define an average R as

d ptb i

1 Ri et(SnW{/)\.o)x

i T+ Ripban
dJo 1+ R!R%¢l

b ,i8/2

R/

that only depends on d through the § term from Eq. (17).

To connect with the work in Ref. [21], where P(2w) is
located on top of the vacuum-surface interface, and only the
vacuum radiated beam and the first (and only) reflected beam
need be considered, we take £ = v and d, = 0, then T* = 1,
R =0, and 8y = 0, with which R¥ = R?>. Thus, Eq. (20)
coincides with Eq. (3.8) of Ref. [21].

B. Multiple reflections for the linear field

For a more complete formulation, we must also consider
the multiple reflections of the fundamental field E;(w) inside
the thin £ layer. In Fig. 2, we present the situation where E,(w)
impinges from the vacuum side with an angle of incidence 6.
As the first transmitted beam is reflected multiple times from
the £b and the v¢ interfaces, it accumulates a phase difference
of np (n = 1,2,3,...), where ¢ is given by

w d
¢ = —Q2Ling — Lon,) = 4n<—>wz, (23)
C )\.0

where n, = 1. Besides the equivalent of Eqs. (11) and (12) for
w, we also need

=88 + po1)" Py (24)
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FIG. 2. Sketch for the multiple reflected fundamental field E,(w),
which impinges from the vacuum side along the £z plane. 6, and
v,_ are the angle of incidence and wave vector, respectively. The
arrows point along the direction of propagation. The p-polarization
unit vectors Pg. point along the downward (—) or upward (+)
directions and are denoted with black arrows, where 8 = v or £.
The s-polarization unit vector § points out of the page. (1,2,3,...)¢
denotes the phase difference for the multiple reflected beams with
respect to the incident field, where the dotted line is perpendicular to
this beam.

to write
Ey(w) = Eo[t" + 1 - t"e¥ 4+ rf . ptv . plh . ¢v¢,i2%
rthplo b gty gl oty g
— Eoll 4+ (1 4+ . ¥ 4 (6 . r)2ei29 4 ...
tbeie] . L @
= Eo[8t) (1 +r))8+ 1) (Pe— + Perry )Po-] - €,
(25)
where Ej is the intensity of the fundamental field, and & is

the unit vector of the incoming polarization, withi = s, p, and
then, & = §and &” = p,_. Also,
b i
ri’e
M i .
r = ————7—, 1=35,p. (26)
' 1+ ritrtbeiv

rl-M is defined as the multiple (M) reflection coefficient for the
fundamental field. We define E} (w) = Epe}"' (i = s, p), where

e = [ (1418 + 1 (Be- + Berry)Bo-] - €. 27

and using Eq. (5), we obtain that

tvl
0p _ P (Mt s M=
e, = Z(rp sin6pz +r, wglc) (28)
for p-input polarization with & = p,_, and

Mty (29)

w,s __
€ = s
for s-input polarization with & = §, where

ME—14+M i=s,p. (30)
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C. The SSHG yield

The magnitude of the radiated field is given by EQw) =
F . E,(2w), where &7 is the unit Vector of the ﬁnal Sor P SH
polar1zat1on with F = S, P, where 85 =§ and &” =P,,. We
expand the rightmost term in parentheses in Eq. (20) as

N N sin 6z — Wik MSiIl@oi—i— Wik

P, +RMP,_ = "—""F —— 4 RM__—
e+ + R, Py N, » N,
L M+ M-

= E(SIHGOR;? 21— W,R)"k),

where
*=14RM, i=ysp. 31

Using Eq. (14), we write Eq. (19) as

2yi 2yi
EQw) = 26" H, - P,Qw) = L2 . P,(w),
cW; cWy
(32)
where
. TUZ
e?w F — éF . [éTSUZR;VI"ré + PU+L
N,
X (sinGole”i - WngfIl?)]. (33)
Replacing E/(w) — Eoez‘)‘i in Eq. (9), we obtain that
Py20) — E2 Xsurtace © €07'€)” (CGS units), )
€0E2 Xouace : €720 (MKS units),
where e‘g”i is given by Eq. (27), and thus Eq. (32) reduces to
(W, = cos )
27)160 2w,F w,i 0,
EQw) = ¢ cos 6 0 * Xsurface - €, €, , (35)

where n = 27 in CGS units and n = 1/2 in MKS units. For
ease of notation, we define

_ 2w,F w,i W,
TiF =€ * Xsurface - eg eg P (36)

where i stands for the incoming polarization of the fundamen-
tal electric field given by & in Eq. (27), and F for the outgoing
polarization of the SH electric field given by & in Eq. (33).
We purposely omit the full x(—2w; w,) notation, and will do
so from this point on.

From Egs. (1) and (2) we obtain that in CGS units (n = 27),

2 J67m%w
|EQw)* = |Eo|* 2W2 |T1F|
2
c 3273w? | /N, c 2
—IWNEQo)] = S———|~5"Tir <—|vn£E0|2) ,
2 c’cos* by | nj 2
. ) 37
32 v Ny
1Qw) = 2222 [N e | 12(),
c3cos?6y| n?
2m30? | 1 2
RirQw) = ———|—"Tir| ,
r(2) c3cos? 6y | ne F
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and in MKS units (n = 1/2),
2

EQw)|* = |Eo|* ,
|EQw)| | Eo| 2w
2
2600? | /Ny
2e0cly Ny EQo)* = ———| == Tip
C Cos 90 ng
oy p 2(2606|\/ (Eol*)?,
w? «/N 2
1Qw) = gl 12
(20) 2epcd cos? Oy | n? F| @),
Rira) = — 2 Lol (38)
irlew) = 2epc3 cos? Oy | ng iF

Finally, we condense these results and establish the SSHG
yield as

s ,}lT (CGS units),
RirQw)y = 70 (39)
_w .
Sec cos7ly | g ViF (MKS units),

where N, = 1 and W, = cos 6. We mention that X suface 1S
given in m?/V in the MKS unit system since it is a surface
second-order nonlinear susceptibility. In this system of units,
Rir is in m?/W.

III. R;r FOR DIFFERENT POLARIZATION CASES

We now have everything needed to derive explicit ex-
pressions for R;r, Eq. (39), for the most commonly used
polarizations of incoming and outgoing fields ( F = pP, pS,
s P, and s55). For this, we must expand Y;r from Eq. (36) for
each case. By substituting Eqgs. (7) and (8) into Eq. (33), we
obtain

vl

e, = L (sinR) T2 — W, R}~ cos p%
Ny
— W, R)™ sin ¢y), (40)
for P (8" = P,,) outgoing polarization, and
&% = T RM*(— sin g% + cos ¢¥), 1)
for S (&F = §) outgoing polarization.

Following a similar procedure, we use Egs. (7) and (8) with
Eq. (28), and obtain

tvﬁ 2
et = (‘) [ cos s+ 2(0)

M+ M—

X sing cos pRY + 2, "r " wy sin by cos PpXZ

+(r,’7"1’)2wl sin <z$yy+2rM+ M=, sin 0y

X sin ¢pyZ + (rll7 ) sin? Qoii], 42)
for p incoming polarization (& = p,_), and with Eq. (29),
e %e)" = (t”erM+) (sin® pXK + cos’ pF¥

— 2sin ¢ cos pKY), (43)
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TABLE 1. Polarization unit vectors for & and &/, and equations
describing €} and e{"'e2"" for each polarization case.

Case ef & eg”)‘F ef’i Z"i
Ryp P, po- Eq. (40) Eq. (42)
Rps S Pu- Eq. (41) Eq. (42)
Ryp | 8 Eq. (40) Eq. (43)
Rys S 8 Eq. (41) Eq. (43)

for s incoming polarization (& = §). We have summarized the
combination of equations needed to derive the expressions for
all four polarization cases of R;r in Table I. In the following
subsections we will derive the explicit expressions for Y;p
for the most general case where the surface has no symmetry.
We will then develop these expressions for particular cases
of the most commonly investigated surfaces, the (111), (001),
and (110) crystallographic faces. For ease of notation, we split
Tip as

Yir =Tirrir, (44)
and omit the “surface” subscript for the x** components. A
full, step-by-step derivation for all of these expressions can be
found in Ref. [41], with and without the effects of multiple
reflections.
Many expressions can be greatly simplified by introducing
a matrix representation for y. Disregarding all symmetry
relations, we have

P quyy X)izz | Xxjvz KT Ay
X = X)xx nyy XyZZ | nyz XW‘Z X.ny
szx Xzyy Xzzz | Xzyz szz szy

(45)

where all 18 independent components are accounted for,
recalling that x2* = P for SHG. Notice that the left-hand
block contains the components of x2° where b = ¢, and the
right hand block those where b # c. As mentioned above, we
are interested in the (111), (110), and (001) crystallographic
faces, that belong to the C3,, Cs,, and Cy,, symmetry groups,
respectively. For the (111) surface, we choose the x and y
axes along the [112] and [11]0 directions, respectively. For the
(110) and (001), we consider the y axis perpendicular to the
plane of symmetry [20]. These are represented in matrix form
as

XXX _Xxxx 0 | 0 Xxxz 0
X(lll) — 0 0 0 | ™ 0 ],
szx szx XZZZ | 0 O 0
(46)
0 0 010 X7 0
x1"0=1 0 0 0 [x» 0 0],
szx Xz_vy Xzzz | 0 0 0
(47)
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and
0 0 00 x™ 0
x=1 0 0 0 [x™ 0 0] @8
XZXX XZXX XZZZ| 0 0 0

In general, y 11D £ x (10 £ (00D

A. R,p (p in, P out)

Per Table I, R, p requires Egs. (40) and (42). After some
algebra, we obtain that

AV TANE,
F,p= L (t 49
v 49)
and
(rﬁ’”)zw% cos? ¢
M—\2 2 2
r w? sin
—R;,”’Wgcos¢ (” ) zl ¢
. (r)*)" sin® 6y
rop = | —R)"Wising | o x - p ' ' ,
+R24+ sin Zr;,‘”r;,”’wg sin O, sin ¢
2r )= wy sin 6 cos ¢
2(;'2/’_)211)% sin ¢ cos ¢

(50)

where all 18 independent components of x can contribute to
Rpp. The “o” symbol is the Hadamard (piecewise) matrix
product. For the (111) surface, we substitute Eq. (46) in
Eq. (50) in lieu of yx to obtain

ris" = RM* sin [ (r+)? sin® 60x 7 + (r¥ ) w2y =]
—Rﬁ”‘ we W, [Zr;,‘“rf)”_ sin G x ***
+ (r{,”‘)zwex”x cos 3¢], 51)

where the threefold azimuthal symmetry of the SHG signal
that is typical of the C3, symmetry group is seen in the 3¢
argument of the cosine function. For the (110) surface, we
substitute Eq. (47) in Eq. (50) to obtain

110) _ pM+ M+)2 Gin2 9o M=)2 2
rop =R} sm90|:(rp )" sin” 6 x +(rp ) w;

yy XX VY __ 4 2XX
X(X X +X X cos2¢>>:|

2 2

vz xxz
— 2R2’1’r;,”+r[’y’w4 W, sin 9()(%
VYZ 4 XXZ
+ % cos 2¢>>. (52)

The twofold azimuthal symmetry of the SHG signal that is
typical of the C,, symmetry group is seen in the 2¢» argument
of the cosine function. Lastly, for the (001) surface we simply
make x“* = x¥Y and x*** = x*¥* [see Eqgs. (47) and (48)],
and the previous expression reduces to

rOD — R sin 90[(rM+)2 sin? G x % + (r;w_)zw?x”x]

pP p
— 2R M w Wi sin 6 . (53)
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This time, the azimuthal 4¢p symmetry for the Cy4, group
of the (001) surface is absent in this expression since this
contribution is only related to the bulk nonlinear quadrupolar
SH term [20], which we neglect in this work.

B. R p (s in, P out)

Per Table I, R, p requires Egs. (40) and (43). After some
algebra, we obtain that

TUZ

Typ = 1\]‘—;(;;”34””)2 (54)
and
sin” ¢
—RY~W,cos¢ coi)z¢
rep = | —R) " Wysing | o x - 0 (55)
+R) sin 6y 0
—25sin ¢ cos ¢

In this case, 9 out of the 18 components of x can contribute
to R,p. This is because there is no E(w) component, as
the incoming polarization is s. As before, we substitute
Egs. (46), (47), and (48) in Eq. (55) to obtain

rip ) = R sinox ™ + RY“Wy ™ cos3¢p  (56)
for the (111) surface,

. Y Y XY — x
rs(i,lo) = Rg’” sin 90< 5 +

ZXx

cos 2(}5)

(57)
for the (110) surface, and
rap ) = RYT sin 0oy = (58)

for the (001) surface.

C. R,s (pin, S out)

Per Table I, R ,s requires Eqs. (41) and (42). After some
algebra, we obtain that

vl

2
t

ne
and
(rl’,"")zwg cos? ¢

M—=\2 2 2
_sing (M=) wi sin* ¢
MA+\2 2
cosd | ox- (rp ) sin” Oy

2rM+ M=
0 p D
Zry*'rf)”‘wg sin @ cos ¢
2, .
2(r£4‘) w? sin ¢ cos ¢

(60)

Fps = . .
wy sin B sin ¢

In this case, 12 out of the 18 components of x can contribute
to Rps. This is because there is no Pj(2w) component,
as the outgoing polarization is S. As before, we substitute
Egs. (46), (47), and (48) in Eq. (60) to obtain

D = —(rM7) wl ) sin 3¢ (61)
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for the (111) surface,

V;lslo) = r;w"'r;w_wZ Singo(x)’yz _ Xxe) sin2¢ (62)
for the (110) surface, and finally,
s =0 (63)

for the (001) surface, where the zero value is only surface
related, as we neglect the bulk nonlinear quadrupolar contri-
bution [20].

D. R,s (s in, S out)

Per Table I, R,s requires Eqgs. (41) and (43). After some
algebra, we obtain that

Tys = TUERM* (10 M+)? (64)
and
sin® ¢
—sing cos? ¢
rs=| cosg |oy- 8 (65
0 0
—2sin ¢ cos ¢

In this case, only 6 out of the 18 components of y can contribute
to Rys. This is because there is neither an E%(w) component
as the incoming polarization is s, nor a P;(2w) component
as the outgoing polarization is S. As before, we substitute
Egs. (46), (47), and (48) in Eq. (65) to obtain

rig = X sin 3¢ (66)
for the (111) surface, and
ry” =0 (67)
and
r =0 (68)

for the (110) and (001) surfaces, respectively, both being
zero as the bulk nonlinear quadrupolar contribution is not
considered here [20].

IV. SSHG OF THE Si(111)(1 x 1):H SURFACE

We consider that the Si(111)(1 x 1):H surface is an excel-
lent case to test the three-layer model and study the effects
that multiple reflections have on the SSHG yield. This surface
is well characterized experimentally [32,42,43], and there has
been success in reproducing these experimental results using
the three-layer model without multiple reflections [30]. The
details of the ab initio calculation of x?*° are discussed in
Ref. [30]. We mention that we apply a scissors shift of 0.7 eV
to the theoretical spectra. In a first approximation, this includes
the effects of the electronic many-body interactions within the
independent-particle approach for our ab initio calculation.
This 0.7 eV value allows the SH resonant peaks to acquire their
corresponding energy positions, and is obtained from a Gy W,
calculation [30,44]. As mentioned in Sec. I, we are interested
in finding the thickness of the layer £ where x®° % 0. For this
surface, we found well-converged results for a thickness of
~ 5nm, which is equivalent to 24 atomic sheets of Si along
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dy =10nm -----
Average
do=0nm -----
w/o MR
Experiment

—
ot

—

Rpp (10720 x cm?/W)
<
ot

0

Two-photon energy (eV)

FIG. 3. Comparison of R ,p between the three-layer model with
the effects of multiple reflections for two different values of d,,
using the average value R of Eq. (22), the three-layer model without
the effects of multiple reflections, and the experimental data from
Ref. [32]. All curves that include multiple reflections consider the
thickness of the layer £ as d = 10 nm. We use 6 = 65°, ¢ = 30°, and
a broadening of ¢ = 0.075¢eV.

the (111) direction. As this represents only the upper half of
the slab, we find it reasonable to choose the thickness d of the
layer ¢ to be between 5 to 10 nm. This corresponds to a half
slab composed of 24 to 48 atomic layers, where we will obtain
well-converged values of .

In the following figures, we compare the theoretical results
for the SSHG yield with the experimental results from
Ref. [32]. We use 6 = 65°, ¢ = 30°, and a broadening of
o =0.075eV. In Fig. 3, we present R,p compared to the
experimental data. With ¢ = 30°, the contribution of x***
from Eq. (51) is completely eliminated. First, we note that
the experimental spectrum shows two very well defined
resonances which come from electronic transitions from the
valence to the conduction bands around the well-known
E; ~3.4eV and E, ~ 4.3V critical points of bulk Si [45].
The theoretical results reproduce the features of the spectrum,
although we see that the E, peak is blueshifted by around
0.3 eV; details on the physics that lead to such a blueshifted
theoretical spectrum are given in Ref. [30]. All the curves
in this figure which include multiple reflections consider a
layer thickness of d = 10nm. We compare the theoretical
SSHG yield for d, = Onm and d, = 10 nm with the SSHG
yield that neglects multiple reflections. When d, = 0 nm, we
have placed the polarization sheet at the bottom of the layer
region. This minimizes the effect of the multiple reflections,
and thus the curve is very similar to the three-layer model that
neglects multiple reflections entirely. When d, = 10 nm, the
polarization sheet is placed at the top of the layer region. This
maximizes the effect of the multiple reflections, and therefore
leads to the largest yield. We also notice that the average
value obtained by using R [Eq. (22)] is intermediate between
d, =0 and d, = 10nm, as expected. This is very similar to
selecting d, = d/2, which can be interpreted as placing the
nonlinear polarization sheet in the middle of the thin layer £.

It is important to remark that these enhancements are larger
for E, than for E;. This can be understood from the fact that
the corresponding Ao for E; is larger than that of E,. From
Egs. (16), (17), and (23), we see that the phase shifts are larger
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TABLE II. Ratio of peak height (E,/E,) for each different curve
in Fig. 3.

Label EQ/E]
dr, = 10 nm 1.9
Average 2.0
d, = 0 nm 1.8
w/o MR 1.7
Experiment 2.8

for E, than for E;, producing a larger enhancement of the
SSHG yield at E, from the multiple reflections. As the phase
shifts grow with d, so does the enhancement caused by the
multiple reflections. We have also verified that the effects of
the multiple reflections from the linear field are significantly
smaller than those of the SH field. This is clear since the phase
shift of Eq. (23) is not only a factor of 2 smaller than that of
Egs. (16) and (17), but also w, < W,. For larger energies, such
as E», Ao becomes smaller and the multiple reflection effects
become more noticeable. The selected value ford < A, which
comes naturally from the ab initio calculation of Xabc, is thus
very reasonable in order to model a thin surface layer below
the vacuum region where the nonlinear SH conversion takes
place.

Figure 3 shows how the inclusion of multiple reflections
in the calculated SSHG yield is in better agreement with
the experimental spectrum. We can further quantify the
improvement by determining the yield ratio between E; and E
for each curve in Fig. 3. Table II presents these values, and we
consider the maximum of each peak for both the experimental
and theoretical spectra. Using the average value R} yields the
closest match to the experiment, while neglecting the effects
of multiple reflections has the worst peak ratio. The addition
of these effects does indeed improve the theoretical results,
and the average value for placing the nonlinear polarization
would seem to be a reasonable choice. Therefore, from this
point on we will use d = 10nm and R from Egq. (22) for all
theoretical results that include multiple reflections.

0.4 — T
. +
with MR ——
w/o lw ------- +

’é\ ) w/o 2w N

= 0.3 - w/0o MR =---- . :1.&‘ - N i
‘NE Experiment — + 4 p T

g o P = \W\ T+ .

X [\ + AN\
Z 0.2 AR . 0 W\ B
Q . 5, er o\ o+

| ", A [fr+ N CL

o "’ + ity ."W \ S "
— A oW xS \ +
= + 3 \ +
201 o+ AN o R REAE
43 + i;ﬁtﬂ\. I\

AR
+ + + *3
J B By N
0 el ., I I I
2.5 3 3.5 4 4.5 5

Two-photon energy (eV)

FIG. 4. Comparison of R ,s between the three-layer model with
the full effect of multiple reflections (MR), without (w/0) the 2w MR,
without the 1w MR, and without both 1w and 2w MR. All curves use
the average value RM and d = 10 nm for the thickness of the layer
£. The experimental data are taken from Ref. [32]. We use 8 = 65°,
¢ = 30°, and a broadening of ¢ = 0.075eV.
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TABLEIIIL. Ratio of peak height (E,/E) for each different curve
in Fig. 4.

Label Ez/El
with MR 1.23
w/o lw 1.17
w/o 2w 1.12
w/o MR 1.06
Experiment 1.34

In Fig. 4, we present R ,s compared to the experimental
data; from Eq. (61), we can see that it is only proportional
to the x*** component. The theoretical curve reproduces the
overall line shape of experimental results, both in position and
in intensity, for the £, and E, resonant peaks; the resonance
in between the two peaks is slightly overestimated by the
theoretical results. In this figure, we also show the yield for
the cases in which the 1o and SH multiple reflections are
neglected. We see that the overall effect in R s of the lw
multiple reflections is smaller than that of the 2 multiple
reflections. As explained above, this stems from the fact of

how the wavelength A enters in the multiple reflection r,’y

(lw) and RY (2w) factors. Of course, the full 1w and 2w
multiple reflections are equally important for the SSHG yield.
As before, we compare the yield ratio between E, and
E, for the different spectra to determine which is closest to
experiment. These values are presented in Table III for each
curve from Fig. 4. As before, the inclusion of the effects of
multiple reflections yields a theoretical spectra that has peak
proportions closer to experiment. The table also provides a
straightforward review of how the 1w and 2w terms contribute
to the peak height. Again, neglecting multiple reflections
produces the spectrum that is least similar to the experiment.
In Fig. 5, we present R;p compared to the experimental
data. It is clear that the effect of the multiple reflections is
almost negligible. In the inset of the figure, we show the
a)stpRg“ prefactor, which comes from Egs. (39), (54),
and (56), with and without multiple reflections. The prefactor

0.08 T T hi
T T T T
4 +
— 21 PRI\J+
2 006 F [T !
= \
2]
= ! 1 !
° 25 3 35 4 45
v .
= 0.04
|
2 with MR ——
5 002 - w/o MR ----- i |
54

Experiment

2.5 3 3.5
Two-photon energy (eV)

FIG. 5. Comparison of R;p between the three-layer model with
the full effect of multiple reflections (MR), and without (w/0)
them. The inset shows the w?I",p RM* prefactor; see text for details.
Experimental data are from Ref. [32]. We use 6 = 65°, ¢ = 30°, and
a broadening of o = 0.075¢eV.
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is almost identical in both situations, which leads to the almost
identical R,p, regardless of the effects from multiple reflec-
tions. As we compare our calculation with the experimental
data, we see that both coincide well in position and in intensity.
The experimental E; and E, peaks have almost the same
height, and this is well reproduced in the calculated spectrum.
In this case, multiple reflections do not enhance the E, peak
with respect to the E peak, as was the case for R,p and R ps,
further confirming the reliability of the three-layer model.

V. SSHG OF THE Si(001)(2 x 1) SURFACE

The Si(001)2 x 1 surface has electronic surface states that
are ideal for SSHG probing. Reference [29] demonstrates how
the calculation of x2° for this surface can be carried out.
Here, we use a scissors shift of hA = 0.5eV that is the GW
gap reported in Refs. [46] and [47]. We focus on R s for which
we have found that there is a very well defined surface-related
SH resonant peak at a two-photon energy of 1.42 eV. The
Si(001)2 x 1 surface reconstruction yields a class 1 primitive
triclinic system with all the 12 components required by
R ps [Eq. (60)] independent from each other [48]. Therefore,
we cannot take advantage of any symmetry relations for
this surface. However, this is no problem for the versatile
formulation we derived in Sec. III which can accommodate
all 12 components disregarding any surface symmetries. The
reconstruction of the Si(001)2 x 1 surface is characterized
by a dimer along the [011] crystallographic direction that
corresponds to x in our Cartesian system [29].

In Fig. 6 we show R s for two different cases. In the first,
we take R s vs ¢ for a fixed 6p = 10°, and in the second,
vs Oy for a fixed ¢ = 90°. We notice a very intense SSHG
yield around 2hw ~ 1.4 eV, with less intense structures above
~2.5eV. The former is the surface-related SH resonance, and
the latter are the resonant peaks related to the E| and E; critical
points of Si. From this figure, we see that the best conditions for
measurement are for ¢ = 90° with a small angle of incidence
6p. This azimuthal angle corresponds to incidence of the
fundamental electric field (with p polarization) perpendicular
to the surface dimers, and it is quite interesting to notice that
for illumination along the dimers (¢ = 0° or 180°), R ,s ~ 0.
To understand this behavior, we obtain from Eq. (60) that

rpslg =90°] = —(réw_)2w%x”y — 2ry+r£/[_wg sin Gy x =
— (r‘f,"”)2 sin? By x ¥, (69)
and likewise
rpslg =0°] = ( 24 ) w2 Yxx —i—2rMJr 2” wy sin Gy x **
(r]]y*) sin® Oy x 7. (70)

The calculation of x®° [29] results in |} **| ~ |}¥*%| ~
[ X752 ~ | < | x* %] ~ |x*7]. For incoming fields along
the dimers, R,s is very small, not because of symmetry
reasons that could cause x”** = x”** = xY** =0, but from
the electronic structure of the surface that leads to values
that are less than 1.4% of the x*™” and x*** components
involved when the incoming fields are perpendicular to the
dimers. Both the ¢ = 0° and ¢ = 90° results can be easily
understood from the intuitive fact that the dimer is more
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FIG. 6. R,s vs two-photon energy vs ¢ for a fixed 6 = 10°
(top panel), and vs 6, for a fixed ¢ = 90° (bottom panel), for the
Si(001)(2 x 1) surface.

prone to be polarized along its length than across it. For
¢ =0°, R,s involves x*® components, and the nonlinear
polarization P will point only along y (perpendicular to the
dimer). For ¢ = 90°, the x*® components are the ones that
contribute, and these give a nonlinear polarization P* which
points along the dimer, and thus much larger than P”. Recall
that the nonlinear process mixes the direction of the exciting
electric fields with the outgoing direction of the nonlinear
polarization. Therefore, we clearly see that what is important
is not the direction of excitation along or across the dimer,
but rather how the direction of the nonlinear polarization is
induced by the nonzero Cartesian components of x2°. This
result constitutes a clear example of what nonlinear optics is
all about.

We narrow our focus onto a particular spectrum to gain
insight into these results. In Fig. 7 we present R 5 for ¢p = 90°
and 6y = 10°, where we see a very well defined surface SH
peak at 2hw = 1.42 eV, with an intensity 17 times larger than
that of the E; peak for R ,p from the Si(111)1 x 1:H surface
(see Fig. 3). We notice that there are no E and E; single peaks,
but instead there is a mixture of both resonances that produce
a rather wide peak between these values. Also, we see that the
effect of multiple reflections is larger for higher energies as
discussed previously with the Si(111)1 x 1:H surface. From
the bottom panel of the figure we see that the surface SH
peak mainly comes from x***. The bulk SH peak is a mixture
of the x*? and x*** components, and x** is negligible.
This could be geometrically interpreted as follows. x*¥ has
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FIG. 7. The top panel shows R, for 6y = 10° and ¢ = 90° for
the Si(001)(2 x 1) surface. The bottom panel shows the components
of x° involved in R .

Cartesian components only along the surface; thus, it mainly
has surface-related information. On the other hand, x*** has
“depth” (z) components; thus, it mainly has bulk-related
features. Of course, x**Y and x*** have both bulk and surface
information, which manifests itself at the surface due to the
surface’s noncentrosymmetric environment.

Finally, we follow Ref. [29] in order to calculate the layer-
by-layer contribution to x**¥. Each layer in the Si(001)2 x 1
supercell contains two Si atoms. In Fig. 8, we show the
contribution to Im[ x **] coming from the first (topmost) layer

4 T

half-slab
3 \ Sum Layers 1-8 ———
Layer 1 (Dimers)

Two-photon energy (eV)

FIG. 8. Layer-by-layer decomposition of Im[x*”] for the
Si(001)(2 x 1) surface (see text for details).
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that contains the dimer, the contributions from the second
and third layers, and the sum of the first eight layers. We
also include Im[x;;t 5], Which according to Ref. [29] is
the surface value of Im[x*”]. It is this “half-slab” value
for x“b¢ that we use in our formulation for the SSHG yield,
presented above. As we compare against Im[x;.jt . 1, We see
that Im[ x>, ] accounts for most of the surface SH peak at
1.42 eV. The second layer also has a small contribution
to this peak. The third layer has an even smaller positive
contribution, but also a negative part that subtracts from the
total peak intensity. These negative contributions are such that
as we add the first eight layers, we obtain that Im[ ;.2 | ¢] ~
Im[ X, 0 ); the latter includes 16 layers (representing half of
the total slab). In general, the contributions from the different
layers could have opposite signs that diminish the contribution
of any one layer towards the half-slab or surface value of x.
Conversely, a given SH peak can be enhanced by different
layers if those layers produce contributions with the same
sign. Therefore, the layer-by-layer analysis demonstrates that
the predicted SH surface peak primarily comes from the Si
dimers right at the surface of the Si(001)2 x 1 reconstruction.
This is yet another example of the great surface sensitivity of
SSHG.

VI. CONCLUSIONS

We have derived the complete expressions for the SSHG
yield using the three-layer model to describe the radiating
system. This treatment includes the effects of multiple reflec-
tions inside the material from both the SH and fundamental
fields. Our derivation yields the full expressions for the yield
for the commonly used incoming and outgoing s and p

PHYSICAL REVIEW B 94, 115314 (2016)

polarizations, and can include all the required components
of x¢, regardless of symmetry considerations; thus, these
expressions can be applied to any surface symmetry. We also
reduce them according to the most commonly used surface
symmetries, the (111), (110), and (001) cases.

The results obtained from using the theory developed here
were applied to the Si(111)(1 x 1):H surfaces. Our three-layer
model accurately reproduces key spectral features and yields
an intensity very close to experiment for all the cases studied.
We consider it an upgrade over the much reviewed two-layer
model [21], and it comes with very little added computational
expense. The addition of the effects of multiple reflections
either enhances the intensity of the calculated spectra and
improves the peak proportions, or has little effect at all, always
in close agreement with experiment.

We also presented a predictive study of the SSHG yield from
the Si(001)(2 x 1) surface. As mentioned above, our robust
formulation can accommodate all 18 independent components
(for SHG) of x¢ for any surface, and we focused on Rps
which uses 12 of these components. We find clear evidence
of electronic surface states around a two-photon energy of
1.41 eV, and we present a brief overview of the produced SSHG
yield over a wide range of incident (6y) and azimuthal (¢)
angles, along with a physical understanding of the results. This
type of plot will be quite useful to the experimentalist interested
in this kind of spectroscopy. Overall, our theoretical three-layer
model can be used to quantitatively study the SSHG yield.
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