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Motivated by the fact that many bilayer quantum magnets occur in nature, we generalize the study of thermal
Hall transports of spin excitations to bilayer magnetic systems. It is shown that bilayer magnetic systems can
be coupled either ferromagnetically or antiferromagnetically. We study both scenarios on the honeycomb lattice
and show that the system realizes topologically nontrivial magnon bands induced by alternating next-nearest-
neighbor Dzyaloshinsky-Moriya interaction. As a result, the bilayer system realizes both magnon Hall effect
and magnon spin Nernst effect. We show that antiferromagnetically coupled layers differ from ferromagnetically
coupled layers by a sign change in the conductivities as the magnetic field is reversed. Furthermore, Chern
number protected magnon edge states are observed and propagate in the same direction on the top and bottom
layers in ferromagnetically coupled layers, whereas the magnon edge states propagate in opposite directions for

antiferromagnetically coupled layers.

DOLI: 10.1103/PhysRevB.94.094405

I. INTRODUCTION

Magnons are the collective excitations of ordered quan-
tum magnets such as ferromagnets or antiferromagnets. In
quantum magnetic systems that lack inversion symmetry,
the Dzyaloshinsky-Moriya interaction (DMI) (spin-orbit cou-
pling) [1] is present and leads to chiral magnons with nontrivial
topological properties [2-7] similar to electronic systems
[8-10]. As magnons are uncharged (neutral) quasiparticles,
they do not experience a magnetic field in the Lorentz force
as in the electronic version of the Hall effect. Instead, they
exhibit a thermal version of Hall effect in which a temperature
gradient VT transports a heat current Jo [2,3,5,11-16].
The DMI generates a nonzero Berry curvature given by
[17] () = Vk x A(k), where A(k) is a DMI dependent
vector potential. The Berry curvature acts as an effective
magnetic field by altering the propagation of magnons in
the system, and thus leads to the thermal Hall effect dubbed
the magnon Hall effect [2,3], as well as the magnon spin
Nernst effect [11]. These two phenomena are characterized
by two conductivities—transverse thermal conductivity k.,
and transverse spin Nernst conductivity «j,. They are both
directly related to the Berry curvature of the magnon bulk
bands reminiscent of Hall conductivity in electronic systems
[18]. However, in contrast to electronic systems, there are no
completely filled bands in bosonic systems, so each magnon
band contributes a term to k., and e}, and the Chern number
of the system simply leads to protected chiral magnon edge
states.

The first experimental realization of the magnon Hall
effect has been reported in three-dimensional (3D) pyrochlore
ferromagnetic insulators Lu,V,07, Ho,V;,07, and In,Mn, 05
[3,4]. Quite recently, the magnon Hall effect has been observed
in 2D kagome magnet Cu(1-3, bdc) [19,20]. Both theory and
experiment show that the topology of the system leads to a
sign change in k., as a function of temperature or magnetic
field on the kagome lattice [16,19,20] and a sign change
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in ky, as the magnetic field is reversed on the pyrochlore
lattice [3,4]. These experimental observations have propelled
a possibility of numerous experimentally accessible 2D ferro-
magnets in different lattices that exhibit nontrivial topological
spin excitations. In this regard, magnon Hall transports have
been proposed on a single-layer Lieb ferromagnet [21] with
three magnon bulk bands, in which a sign change was also
observed in «,,. The honeycomb ferromagnet is special as it
applies to experimentally accessible graphene sheet [8,9,22].
It also forms an example of nontrivial topological energy
bands in electronic systems [10]. In the context of magnon
Hall transports, the author has recently shown that nontrivial
magnon bands and magnon Hall effect could be accessible
in a single-layer honeycomb quantum ferromagnet, in which
a DMI is allowed by the alternating triangular plaquettes of
the next-nearest-neighbor sites [23,24]. For the honeycomb
lattice, «,, shows no sign change for all parameters of the
system [24]. A recent study has shown that the proposed
honeycomb ferromagnetic system also exhibits the spin Nernst
effect [25]. It has been previously shown that an interfacial
contact between two magnon insulators can lead to nontrivial
transport properties on the kagome ferromagnet [26].
Motivated by these theoretical and experimental real-
izations of thermal Hall effects of spin excitations and
the experimental realizations of bilayer honeycomb-lattice
quantum magnetic compounds such as Na3;Cu,SbOg [27],
B-Cu,V,07 [28], and A,IrO3 (A = Na, Li) [29,30], we study
thermal Hall transports of magnons in bilayer honeycomb
magnetic systems. Generalization to other bilayer systems is
straightforward. We show that two layers of magnon insulators
with the same DMI can be coupled either ferromagnetically or
antiferromagnetically. In the former, we show that the presence
of an alternating next-nearest-neighbor DMI generates Berry
curvatures and dissipationless magnon edge states, which
propagate in the same direction on the top and the bottom
layers of the bilayer system. We compute the thermal Hall
and spin Nernst conductivities. For the latter case, the spins
on the upper/lower layer point in the opposite direction to
those on the lower/upper layer, hence the interlayer couplings
become antiferromagnetic. In this case, we show that magnon
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FIG. 1. Lattice structure of ferromagnetically coupled bilayer
honeycomb ferromagnet with various hopping parameters. For
antiferromagnetically coupled layers, the spins on the upper layer
point in opposite direction to those on the lower layer.

edge states propagate in opposite directions. As a result,
thermal Hall and spin Nernst conductivities also show a
change in sign as the magnetic field is reversed. This result is
interesting because it is what is seen experimentally in many
ferromagnetic insulators [3,4]. As thermal Hall transports of
magnons await experimental observation on the honeycomb
lattice, our results open an avenue to search for 2D and 3D
bilayer systems with nonzero thermal Hall transports.

II. BILAYER MAGNON INSULATOR

Bilayer magnon insulators consist of two single-layer
magnon insulators coupled either ferromagnetically or an-
tiferromagnetically as shown in Fig. 1. The Hamiltonian is
governed by

H = Hpy,r + Hpmie + Hextr + Hings (D

where, H, represents the single-layer Hamiltonians for the
top T =7 and bottom 7 = B layers respectively, Hpmi -
represents the DMI on both layers, Hey . is the external
magnetic field on each layer, and Hj, is the interlayer
couplings between them. For the honeycomb lattice, they are
given by

Hpme=—J ) SP-ST, )
(i,7)

Hpmie =D Y vij2- S} x ST, 3)

()

Heqr=—hY_ ST, )
i

Ho=— Y JuSi-S;, 5)
ieT,jeB;u

where S; is the spin moment at site i, J > 0 is a nearest-
neighbor (NN) ferromagnetic interaction on each layer, and
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D 1is the magnitude of the DMI which is allowed by the
next-nearest-neighbor (NNN) triangular plaquettes on the
honeycomb lattice, where v;; = £1 represents hopping from
left to right and vice versa on the NNN sites. The Zeeman
magnetic field is A4 in units of gupg. The interlayer NN
interactions J, > 0 denote all the possible interlayer couplings
depicted in Fig. 1.

III. MAGNON BANDS

In this section, we present the band structure of the bilayer
honeycomb magnetic system using the linearized Holstein-
Primakoff (HP) boson representation of the spin operators
[31], which is valid at low temperature when few magnons are
thermally excited. In fact, this formalism has been employed
frequently in the study of thermal Hall transports of magnons
in ferromagnetic systems [2,3,5,16,17]. It is also supported in
recent experimental realizations [3,19,20].

A. Ferromagnetically coupled layers

We first start with ferromagnetically coupled layers, J, >
0. Using the linearized HP transformation, the magnon tight-
binding hopping model is given by

He=v, Y blbi—v, Y blbj—vp Y ivijblb;.  (6)
i (ij) i

Hu = Y val(bbi +blby) — blb; +bib)l, (D)

ieT,jeB;x

where v, = zv; + h, v(vp) = JS(DS), and z =3 is the
coordination number of the lattice. The interlayer coupling
is v, = J,S. Similar to AB-stacked bilayer graphene [32-35]
there are three kinds of interlayer couplings as shown in Fig. 1.
We identify the bottom layer with two sublattices labeled A
and Bj, and the top layer with A, and B,. The exchange
interaction Jy couples By and A,, J; couples A and B;, and J;
couples Aj and A, B; and B;. In Fourier space the momentum
space Hamiltonian is given by H =) wi - Hem(K) - ¥,
with the basis Y = (bl,, . bl bl . bl ), where the Bogoli-
ubov Hamiltonian is given by

Ho () = (@71(1() %(k)) @)
MU g w0 smw)
where

(e tm = fic
(k) = ( S0 f ep—m ) &)

_(€ar +mx - f
ah(K) = < S0 ff em— mk>, (10)

_(—vfe vk

#k) = ( — _szk>, (an

where €4) = €pp = v, + z(v; + v2), and €] = €40 =V, +

vo + zvo. The lattice factor is fi = e’**%(2cos V3ka /

2 4+ ¢73ka/2y and the mass is myx = 4vp sin %(cos @ -

cos %), with mg = —m_g. Notice that the shifting parameters
€41 and €p; are the major differences between the bilayer
magnon insulator and that of spin orbit coupled AB-stacked
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FIG. 2. The magnon bulk bands of the spin-1/2 bilayer ferro-
magnet along k, = 0at vy =0.5, h =0.1, vy =0.25, vy = v, =0:
(a) vp = 0.0, (b) vp = 0.05.

bilayer graphene [36]. As a result for v; = v, =0, the
eigenvalues of the bilayer magnon insulator yields

e = v, £ /m} + |v, fil2, (12)

€@ = ol +vp £ JmE + V3 + v ful. (13)

At the Dirac points K = (j:47r/3\/§a,0), Sk =0and myx =
m = 3\/§vD. The lowest band e(_l) has a Goldstone mode at
I' = (0,0) when i = 0. The evolution of the magnon bands
are shown in Fig. 2. For vp = v; 2 = 0 there are three gapless
bands at Ki as opposed to AB-stacked bilayer graphene
[32-35].

B. Antiferromagnetically coupled layers

The magnon insulator can also be coupled antiferromagnet-
ically. In this case, the spins on the upper layer are designed to
point in opposite direction to those on the lower layer, hence the
interlayer couplings become antiferromagnetic with J, < O.
To capture the correct magnetic excitations, we perform a
rotation about the S, axis on the upper layer, thatis S, — S/,
S, ;= =S, Si; = —S;, (see Appendix A). This rotation
does not change the ferromagnetic nature of the upper layer
Hpwm 7, but it rotates the spins along the new z axis and changes
the sign of upper-layer out-of-plane DM interaction Hpwm,r
and the upper-layer external magnetic field Hey 7. In the HP

bosonic representation, the interlayer coupling has the form

HAM = 3" (ugl[(0]b: + blb;) + (blb] + b;b)1.
ieT,jeB;ax

(14)

Introducing the Nambu operators wi = (wi,w_k), the mo-
mentum space of the total Hamiltonian can be written as
H = % Dk \Illi - Harm(K) - Wi + const, where Hapm(K) is a
2N x 2N(N is the number of sublattices) matrix given by

A(K)

B*(—k) (15)

Bk
Harm(k) = ( o )

A* (k)
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The matrices A(k) and B(Kk) are given by

(k) 0
T 17
()_<%’T/(k) 0 ) (17)

where #7/(k) = @ (k) and o4 (k) = oA(k) with €4 =
zVs + h + z(Jvi| + |v2l), €1 = zus + A + |vo| + z|v2|, €42 =
zVs — h + |vol + z|val, €p2 = zvs — h + z(Jv1| + |v2]). Also
A'(K) = B(Kk) with —v, — |vy|. Due to the mass term
A(k) # A*(—Kk), but B(k) = B*(—k).

The Hamiltonian is Hermitian but not diagonal. It can
be diagonalized by the generalized Bogoliubov transfor-
mgtion Uy = POk, where Py is a 2N x ZN matrix and
Ok = (Q, Q1) with Q) = (a4, ) Ayr Ui go) being the
quasiparticle operators. The matrix Py satisfies the relations

PiHAmK) Py = e(k);  PinPe =1, (18)

with n = diag(Iy xn,—Inxn), and €(K) is the diagonal matrix
of the quasiparticle energy eigenvalues. Using the fact that
7711 =nPe "7, then Eq. (18) is equivalent to saying that we
need to diagonalize a non-Hermitian Hamiltonian

A(k) B(k) ) (19)
-B*(-k) —A*(-k)

whose eigenvalues are given by ne(k) = [€,(k),—€,(K)]
and the columns of Py are the corresponding eigenvectors.
We could not find an analytical expression in this case.
Figure 3 shows the positive energy bands. At the Dirac
points K., the eigenvalues can be found analytically. They
are given by € =m + €41, €2 =m +€py, €34 = th —m +

nHarm(k) = (

[(ep1 + €42)/2]? — v%. A careful calculation also shows that
antiferromagnetically coupled bilayer ferromagnets behaves
very similar to antiferromagnetically coupled bilayer antifer-
romagnets with Néel states, i.e., J,J, < 0. For the most part
of this paper, we will focus on the special limit v; = v, =0
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FIG. 3. Magnon bulk bands of spin-1/2 antiferromagnetically
coupled layers along k, = 0. The parameters are the same as Fig. 2
respectively.
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FIG. 4. Berry curvatures of spin-1/2 bilayer honeycomb quantum magnets for bands €
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panel). (a) Ferromagnetic coupling. (b) Antiferromagnetic coupling. The parameters are the same as Figs. 2(b) and 3(b) respectively.

for simplicity. In many cases of physical interest, the magnetic
field can induce canting of spins in antiferromagnetic systems.
This scenario is analyzed in Appendix B.

IV. TOPOLOGICAL MAGNON TRANSPORTS

A. Magnon edge states

‘We now study the main purpose of this paper—thermal Hall
transports of magnons. As the DMI plays the same role as spin-
orbit coupling [36], topological effects in magnon insulators
stem from nontrivial properties of the chirality-induced Berry
curvatures. This directly implies the propagation of magnon
edge states on the edges of each layer. Having diagonalized the
Hamiltonians, the Berry curvature of the magnon bulk bands
can be written as

Qijuk) = -2

WHENR

Im[<Pku|vi |Pkp.’> <Pku’ |Uj |Pku>]

(Gku - Ek//])z

. (20)

where v; = 0Hpm(K)/0k; defines the velocity operators with
i,j =x,y. The columns of Py, are the eigenvectors, and

w labels the bands. For antiferromagnetically coupled lay-
ers, v; = d[nHapm(k)]/0k; and Py, is paraunitary. In the
antiferromagnetic case the Berry curvature can be written
alternatively as

Qiju (k) = —20m[n(d, P, 0@, Pigdlu: (21)

which can be used for systems with explicit analytical form
of Px,. The Berry curvature for ferromagnetically coupled
layers is shown in Fig. 4(a) and antiferromagnetically coupled
layers in Fig. 4(b). In the former, only the Berry curvatures
corresponding to the bands e$ ) are peaked at the Dirac points.
This is due to the biased nature of the system. On the other
hand, the latter Berry curvature for each band is suppressed at
three corners of the Brillouin zone [see the corresponding
bands in Fig. 3(b)]. Although magnon Hall transports are
induced by the Berry curvatures, the Chern numbers can still
be defined for bosonic systems as the integration of the Berry

(b)

FIG. 5. Magnon edge states of bilayer spin-1/2 honeycomb ferromagnet in the zigzag geometry for vi = v, = 0 and v; = 0.5,h = 0.1.
(a) Ferromagnetic coupling, (i) vp = 0.1, vy = 0; (ii) vp = 0.1, vy = 0.05; (iii) vp = 0.1, vy = 0.25; (iv) vp = 0.0, vy = 0.5. (b) Anti-
ferromagnetic coupling, (i) vp = 0.1, vy = 0.05; (ii) vp = 0.1, vy = 0.25; (iii) vp = 0.1, vo = 0.5; (iv) vp = 0.0, vy = 0.5. The bands in

Figs. 2(b) and 3(b) correspond to (a) (iii) and (b) (ii).
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FIG. 6. Schematics of the propagation of chiral magnon edge
states. (a) Ferromagnetically coupled layers. (b) Antiferromagneti-
cally coupled layers.

curvature over the first Brillouin zone given by

1

7T JBz

C, = dk,dky Q.. (K). (22)
For ferromagnetically coupled layers, the Chern number
of the bands eg) and ef) are given by C, =[2,-2,0,0],
and for antiferromagnetically coupled layers, we find C,, =

0.8

0.7}
0.6}
0.5}

504

—uvp = 0.05
—uwvp = 0.075]1
--wvp =0.125

—uvp = 0.05

- - vy =0.125

—up = 0.075]
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FIG. 7. Schematics of magnon Hall effect (a) and spin Nernst
effect (b) in ferromagnetically coupled layers. In magnon Hall
effect, the propagation of magnon is deflected by the DMI upon
the application of temperature gradient V7' and an induced heat
current Jo; whereas for spin Nernst effect, opposite spins propagate
in different directions. Notice that for antiferromagnetically coupled
layers, the schematic representation of magnon Hall effect is
equivalent to (b), since the upper layer has an opposite DMI as shown
in Eq. (15).

[2,—2,2,—2]. We see that the sum of the Chern numbers is
zero as can also be seen from the Berry curvatures. Similar
to AB-stacked bilayer graphene [36], the Chern numbers are
double that of single layer [23]. This implies that the edge
states are also double that of single layer [Fig. 5(a) (i)] as

T/J

h)J
(b)

0.45
0.4
0.35
0.3
0.25
0.2
0.15
0.1
0.05

-5 0 5
h)J

(d)

FIG. 8. Plot of k., and oy, for spin-1/2 ferromagnetically coupled layers. (a) «.y vs T/J, (b) contour plot of «y in T'/J and k/J plane;
(¢) ay, vs T/J; (d) contour plot of «y, in T/J and h/J plane. The parameters for (a) and (c) are kg = h=1, vy =vy=0.5 h ==+£0.5,
v; = v, = 0, and several values of vp. For (b) and (d), vy, = vy = 0.5; vp = 0.05.
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depicted in Figs. 5(a) (ii) and (iii) and 5(b) (i)—(iii). We also
observe magnon edge states at zero DMI [Figs. 5(a) and 5(b)
(iv)], which is not protected by any Chern number similar to
AB-stacked bilayer graphene [37]. The magnon edge states for
ferromagnetically and antiferromagnetically coupled layers
differ by the direction of propagation as shown schematically
in Figs. 6(a) and 6(b).

B. Magnon Hall and spin Nernst effects

Theoretically, the thermal Hall effect of magnons is
manifested due to the nontrivial topology of the magnon
band structures induced by the DMI. The nonvanishing Berry
curvatures induce an effective magnetic field in the system,
upon the application of a longitudinal temperature gradient
—VT. Figure 7(a) shows the schematic representation of
magnon Hall effect, in which a longitudinal temperature
gradient induces a transverse heat current J . The propagation
of magnon in the bilayer system is deflected by the DMI on
the top and bottom layers. This leads to thermal Hall effect [2]
characterized by the transverse thermal Hall conductivity given

2
by (7,171 ky = — 550 S SN ealg (i) Ry (K), where V
is the volume of the system, kp is the Boltzmann constant,
T is the temperature, g(ex,) = [e%«/*T —1]7! is the Bose

function, ¢(x) = (1 + x)(In lxﬂ)2 — (Inx)? — 2Liy(—x), and
Liy(x) is a dilogarithm.

In what follows, we focus on the simplified model
v; = v, = 0 with nonzero vg,vp. The trend of the thermal
conductivity is shown in Fig. 8(a) for several values of
vp and fixed vo =0.5. At T =0, «x, =0 and decreases
exponentially for large temperature approaching a constant
value for very large temperature but never changes sign.
Increasing the DMI, vp, decreases k.,. The contour plot
of ky, in Fig. 8(b) shows no sign change by reversing
the magnetic field. As previously mentioned, magnon edge
state propagation also carries a transverse spin current which
leads to spin Nernst effect depicted in Fig. 7(b). It can
be understood as two copies of magnon Hall effects with
opposite spins. It is characterized by a conductivity given
by [11] ay, = kpV~1 >k €110 820y, (K), where c(x) =
(1 +x)In(1 + x) — x Inx. Due to the Berry curvature, oz}, has
a similar feature as k., except that it is now positive as shown
in Fig. 8(c). The spin Nernst conductivity also vanishes at zero
temperature as there are no thermal excitations but the DMI,
vp, increases o, We see that ay, does not show any sign
change for all parameters considered as shown in Fig. 8(d).

For antiferromagnetically coupled layers, the propagation
of magnons are deflected in opposite directions by opposite
signs of DMI on each layer [see Eq. (15)]. In addition, the
Berry curvature changes sign as the magnetic field is reversed
(not shown). Hence, the topology of the system is different
from ferromagnetically coupled layers. This is manifested
explicitly in the conductivities as shown in Figs. 9(a) and
9(b). The sign change in k., and «f, as the magnetic field
is reversed is the manifestation of the band topology of the
system for antiferromagnetically coupled layers. A different
sign change has been studied on the kagome lattice. In this
case, Ref. [15] explains the sign change in «*” as a consequence
of the sign change in Berry curvature of the highest band and

PHYSICAL REVIEW B 94, 094405 (2016)

Ref. [16] argues that the sign change in «*” is a consequence
of the propagation of the magnon edge states, however, with a
NNN interaction. The origin of the sign change on the kagome
ferromagnets is still not well understood theoretically. In the
present case with antiferromagnetic coupling, reversing the
magnetic field flips the spin moments on both layers and
thus changes the sign of the spin and bosonic operators in
HP transformation (see Appendix A). This has an important
consequence on the sign of the DMI on each layer and affects
the signs of the conductivities.

V. CONCLUSION

We have presented a detailed study of magnon Hall trans-
ports in AB-stacked bilayer honeycomb magnon insulators.
We show that the interlayer couplings between two ferromag-
netic magnon insulators can be treated ferromagnetically or
antiferromagnetically. For ferromagnetic coupling, we present
explicit calculation based on magnon tight-binding model
obtained from linearized HP transformation. We show that the
system behaves similarly to AB-stacked bilayer graphene and
possesses nontrivial topological magnon bulk bands and Berry
curvatures. However, for magnon insulators the propagation
of edge states give rise to thermal Hall effect and spin Nernst
effect. We show that for ferromagnetically coupled layers,
the conductivities characterizing these effects are very similar
to single-layer honeycomb magnon insulator with no sign
change. For antiferromagnetically coupled layers, we show
that the topological nature of the magnon bands is different.
Magnon edge states propagate in opposite directions and the
conductivities of thermal Hall response show a sign change as
the magnetic field is reversed.

To the best of our knowledge, thermal Hall effect of
magnons has been observed experimentally only in ferro-
magnetic insulators without inversion symmetry. The Lieb
and honeycomb lattices still await experimental observation.
In these systems, spin-orbit coupling (DMI) can be induced
in many different ways. For the honeycomb lattice, it is
also possible to utilize ultracold bosonic atoms trapped in
optical lattice at finite but low temperatures, since the bosonic
tight-binding model is reminiscent of the tight-binding model
in electronic systems, where the Haldane model has been
realized experimentally in optical fermionic lattice [38].
The most important result of our study is that it opens
possibilities to search for bilayer magnon Hall transports in
other lattices without inversion symmetry (such as the kagome
and pyrochlore lattices), where nontrivial topological effects
and magnon Hall effect have been realized experimentally.
Our study also generalizes the study of magnon spintronics
to bilayer systems. This model can also be studied using the
spinon (Schwinger boson) representation. The Hamiltonian
in this representation is an eight-band model, which can be
regarded as two copies of Holstein-Primakoff Hamiltonians,
one for each spin degree of freedom. The magnon bands
and the associated magnon edge states are similar to that of
gated AB-stacked bilayer graphene [39]. Both representations
give similar results, however recent experimental results on
the kagome magnet Cu(1-3, bdc) confirms that the Holstein-
Primakoff boson representation gives a better estimate than
the spinon representation [19,20].
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FIG. 9. (a) Contour plot of k., in 7/J and h/J plane for spin-1/2 antiferromagnetically coupled layers. (b) Contour plot of a;, in T'/J
and h/J plane. The parameters are kg = J = A =1, v, = 0.5, vy = 0.5,vp = 0.05;v; = v, = 0.
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APPENDIX A: HOLSTEIN-PRIMAKOFF
REPRESENTATION

This appendix presents the well-known Holstein-Primakoff
representation of spin operators. At low temperature, only
few magnons are thermally excited. The linearized Holstein-
Primakoff (HP) representation can be used to calculate the
magnetic spin excitations. For the bilayer system, there are
four sublattices; the HP representation for ferromagnetically
coupled layers are given by

S%, =8 = bl bja. (A1)
s

Sl =i E(b}a —bja) (A2)
S

%, = \/;(bj.a +bj), (A3)

where o« = Ay,B;,A>,B, label the sublattices. A similar
representation holds for spins at site ;. When the magnetic
field changes sign as Hexr = h Y ; S]’.!z, we imagine that the
spins on both layers point in the direction of the field. The
HP transformation is the same, except that we have to take
Sig =-S5+ b;ab ja» Which accounts for spins pointing in the
negative z direction. The magnon band structures are the same
in both cases.

For antiferromagnetically coupled layers, the spins on the
top layer are designed to point in the opposite direction to
those on the lower layer or vice versa, and the magnetic field is
applied along the positive z direction. The interlayer coupling
is replaced with J, — —|J,|. To capture the correct magnetic
excitations, we write two different HP transformations for the
top and bottom layers. For the bottom layer with up pointing

spins we write

$%, =S8 —blbja. (A4)
S
yo_ T )
S =iy 5} = b, (AS)
S
Sja =1/ 5 Ble + bja). (A6)

where o = A}, By labels the sublattices on the bottom layer.
For the top layer with down pointing spins we write

8%, = =S + bl bja, (A7)
s

sy, = Z\E(bm — bl (A8)
S

S, = \/; (bl +bja), (A9)

where o« = Aj, B; labels the sublattices on the top layer. Notice
the signs of Egs. (A7) and (A8); see for example Ref. [40]. This
corresponds exactly to rotating the spins on the upper layer by
7 about the S, direction to align them in the same direction
as the bottom layer. When the magnetic field changes sign, we
imagine that the spins on the top and bottom layers change
direction as well, then Eqgs. (A4)-(A6) apply to the top layer
and Eqgs. (A7)—(A9) apply to the bottom layer. In this case, the
magnon band structures are very similar in both cases, but the
topology of the system is different as shown above. At zero
magnetic field, time-reversal symmetry is preserved and the
band structure is doubly degenerate for v; = v, = 0 as shown
in Fig. 10(a). Notice the linear dispersion near I', which is
an artifact of the low-energy excitations of antiferromagnetic
quantum magnets.

APPENDIX B: FIELD-INDUCED CANTING IN BILAYER
ANTIFERROMAGNETS

In many cases of physical interest, the magnetic field
induces canting of spins in antiferromagnets. In this section, we
consider this scenario in antiferromagnetically coupled layers

094405-7
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FIG. 10. Magnon bands of spin-1/2 antiferromagnetically cou-
pled layers at zero magnetic field along k, =0 at h =0, v, = 0.5:
(a) Vg = 025, V=V =0VUp = 0. (b) v = 025, Vo =V =VUp = 0.
©) v, =025 v9=v; =vp =0.(d) vg =v; = v, =vp =0.125.

governed by the Hamiltonian
H=1JYSI-ST+D > vz-S xST—h) S
(.4} (@) i

+h ), Si-S; (BI)

ieT;jeB

where J is a nearest-neighbour interaction, D is a staggered
DMI allowed by the next-nearest-neighbour triangular pla-
quettes on the honeycomb lattice, and v;; = £1. The Zeeman
field is 4 in units of gupg and Jy > 0 is the antiferromagnetic
interlayer coupling.

For antiferromagnetically coupled ferromagnets considered
above, J < 0. Because of antiferromagnetic coupling between
the layers, the magnetic field can introduce canting on each
layer. In this case, we rotate the coordinate axes such that
the z-axis coincides with the local direction of the classical
polarization. The appropriate rotation on the two sublattices is
given by

S, =+ sinx £ 87 cos x,

T

AEE

i’

(B2)
Si. = —S* cos x + S{ft sin y,

,T

where + applies to T = B and t = T respectively. This
rotation does not affect the ferromagnetic term on each layer
J = —=|JD.

In this system both the out-of-plane DMI (D = Dz) and
the in-plane DMI (D = Dx) contribute to linear order in spin
wave theory valid at low temperatures. For D || B, the rotation
in Eq. (B2) rescales the DMI as D — D sin x. On the other
hand, for D L B, we have D — D cos x. However, the DMI
does not contribute to the classical energy given by

3 . 1
EC[/NSZ—EJS—hSIHX—EJ()SCOSZX, (B3)

where N is the total number of sites. Minimizing the classical
energy yields that canting angle sin x = h/h;, where h; =

PHYSICAL REVIEW B 94, 094405 (2016)

2JyS. The J term is invariant as mentioned above but the
DMIs are given by

HBMI,Z :DZ,X Z v,»ji-Si XSj, (B4)
(i
HISMI,X = :FDX,X Z Viji . Si X Sj, (BS)
{0
where D, , (D, ,) = D sin x(cos x) and the primes have been
dropped. The latter case changes sign on the top and bottom

layers as shown in the text. Using the Holstein-Primakoff
transformation

SF=S—blb,
S =iy/S/200] - by), (B6)

SF = /S/20) + b)),

the interlayer coupling is given by

Hipy = JoS Z [(n; +nj)cos2y — (bjbj + H.c.)sin® x
i€T,jeB
+ (bjbj + H.c.)cos2 x]1.

It is straight forward to compute the magnon bands. Interest-
ingly, at the saturation field 2 = h; one recovers ferromagnetic
coupled layers.

For fully antiferromagnetic coupled layers with J,Jy > O,
the appropriate rotation for the bottom layer is given by

SFavsy = T4, SN X £ S48, 08 X,
55A1<Bl) = iSi,,yA](Bl)’ (B7)
St Ay = =St COS X+ Sl s, SI K-

For the top layer, we perform the rotation
Si aa(By = FSi a8 SIN X F Siay8,) COS X
S} sy = FSias(ey: (B8)
S5 a8y = ~Si a2 COS X+ S;5405,) SN X-

The terms that contribute to linear spin wave theory are as
follows,

Hy ™ =77 [cos2x(SiSjx = SizSj.2) = Siy Syl (BY)
(i.))

Hpwe = Dy Z vijZ-S; xS, (B10)
()
Hpity = FDxy Y 2-8; x S;, (B11)
(G
Hy® = —hsinx Y Si.. (B12)
i

Hyy=Jo Y [cos2x(SixSjx — $i2Sj2) — SiySiyl.
ieT;jeB
(B13)

The classical energy is given by
3 i 1
Eq/NS = —EJS cos2y — hsiny — EJoScos 2x. (B14)

Minimization yields iy, = 2(3J + Jp)S.
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APPENDIX C: BILAYER BOSE-HUBBARD MODEL

In this appendix, we discuss the bilayer honeycomb Bose-
Hubbard model, recently studied numerically and shown to
exhibit nonzero Berry curvature and bosonic edge states [41].
The Hamiltonian is given by

H=—tY (bl bjr+b} bix) =Y (u+Udnir, (CI)
(ij),t it

Hu=—t0 Y (blb; +blby), (C2)

ieT,jeB

where t > 0 denotes NN hopping, u is the chemical potential,
and U; is a staggered on-site potential with U; = A for
ieT and U, =—A fori e B, n; = bjb[ is the occupation
number which is either 0 or 1. bj and b; are the bosonic
creation and annihilation operators respectively. They obey
the hard-core constraints [b,-,bj.] =0fori # j and {bi,bj} =
1. In the first approximation, only the vertical interlayer
coupling #, contributes, while 2A is the interlayer potential
difference.

In this system, the DMI is zero [it causes a sign problem in
quantum Monte Carlo (QMC)] and nonzero Berry curvature
is induced by the staggered on-site potential without a QMC
sign problem [41]. In order to study the bilayer Bose-Hubbard
model analytically, it is expedient to map it to the quantum spin
Hamiltonian since the bilayer Bose-Hubbard model is a hard-
core boson model. This is achieved via the transformation [42]
St — bl, ST — b;, S* — n; — 1/2. The resulting quantum

PHYSICAL REVIEW B 94, 094405 (2016)

spin Hamiltonian is given by
H=—]Y (SLS +S.5/ )= (u+UnS:,. (C3)
(ij),t it

Ho=—Jo Y (5'S;+57S). (C4)

ieT,jeB

where St = ¥ +iSY and t(ty) — J(Jp).

For Jy = 0, this model reduces to the single-layer Bose-
Hubbard model on the honeycomb lattice, where U; can
be considered as a staggered sublattice potential (magnetic
field). There are several insulating phases uncovered by the
QMC phase diagram [41]. We have recently complemented
the QMC results using the present HP bosonic method [43].
We uncovered the same quantum phase diagram and Berry
curvatures seen in QMC [41]. Thus, the topological properties
of the single-layer Bose-Hubbard model uncovered by QMC
correspond exactly to topological properties of magnon bulk
bands of the corresponding spin-1/2 quantum magnets. This
is due to the mapping between hard-core bosons and quantum
spin systems. We also noticed that the Berry curvature of
each band shows equal and opposite peaks at the corners
of the Brillouin zone [43]. This means that the integrated
Berry curvature vanishes identically for each band, hence the
thermal Hall effect is not expected to manifest in this system
without the DMI. For the bilayer model Jy # 0, the analysis
follows a similar procedure. In the HP boson representation,
one performs spin-wave theory about each insulating phase,
then it is straightforward to study the magnetic excitations in
each insulating phase similar to the single-layer system [43].
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