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We propose a matrix quantum mechanics for a class of non-Abelian quantum Hall states. The model describes
electrons which carry an internal SU(p) spin. The ground states of the matrix model include spin-singlet
generalizations of the Moore-Read and Read-Rezayi states and, in general, lie in a class previously introduced
by Blok and Wen. The effective action for these states is a U(p) Chern-Simons theory. We show how the matrix
model can be derived from quantization of the vortices in this Chern-Simons theory and how the matrix model
ground states can be reconstructed as correlation functions in the boundary WZW model.
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I. INTRODUCTION AND SUMMARY

Electrons in the lowest Landau level exhibit an astonishing
array of compressible and incompressible states, the latter
with both Abelian and non-Abelian topological order. For a
number of these states, a description of the dynamics in terms
of matrix models has proven useful. These typically involve
a U(N) gauge symmetry, with N the number of electrons.
The gauge symmetry imposes constraints on the Hilbert space
which project the dynamics onto the lowest Landau level.

The first such matrix model was developed by Pasquier
and Haldane [1] (see also [2]) to describe the compressible
state at half filling. Subsequently, Polychronakos introduced
a matrix model for the Laughlin states [3], inspired by earlier
work [4]. The Hilbert space of this matrix model not only lies
in the lowest Landau level, but also captures the appropriate
topological order. The purpose of this paper is to introduce
a generalization of these matrix models describing a class of
non-Abelian quantum Hall states.

A. A class of non-Abelian quantum Hall states

Before we describe the role played by the matrix model,
we first summarize some properties of the non-Abelian Hall
states that will emerge.

The original Moore-Read state [5], and its extension to
the series of Read-Rezayi states [6], describe spin-polarized
electrons. There are, however, a number of prominent non-
Abelian Hall states in which the electrons carry an internal
spin degree of freedom [7-9]. Typically, the quantum Hall
ground states are singlets under the spin symmetry group. It is
this kind of “non-Abelian spin-singlet state” which will be of
interest in this paper.

In the context of quantum Hall physics, the “spin” degrees
of freedom can be more general than the elementary spin of
the electron. For example, in bilayer systems the layer index
plays a similar role to the spin degree of freedom and is
sometimes referred to as a “pseudospin.” In other systems,
the electrons may carry more than two internal states. This

“n.dorey @damtp.cam.ac.uk
fd.tong @damtp.cam.ac.uk
f¢c.p.turner@damtp.cam.ac.uk

2469-9950/2016/94(8)/085114(15)

085114-1

occurs, for example, in graphene where one should include
both spin and valley degrees of freedom [10]. Here, we will
consider systems in which each particle carries some number
of internal states. This will include situations in which these
states transform in a higher representation of SU(2), but also
situations in which the states transform under a general SU(p)
group. In all cases, we will refer to these internal states simply
as the “spin” degrees of freedom of the particle.

When the symmetry group is SU(2), one can construct
non-Abelian spin-singlet states starting from the familiar
Abelian (m,m,n) Halperin states [11]. It is well known that
when particles carry spin s = %, only the Halperin states with
m = n + 1 are spin singlets [12]. Apparently less well known
is the statement that for particles carrying spin s, the (m,m,n)
states, suitably interpreted, are spin singlets whenm = n + 2s.
Moreover, the presence of the spin degrees of freedom changes
the universality class of these states and, for s > %, they
have non-Abelian topological order. In particular, when the
particles have spin s = 1, it is possible to rewrite these states
in Pfaffian form and they lie in the same universality class as
the Moore-Read states.

When the symmetry group is SU(p), the obvious
(m,...,m,n, ..., n) generalization of the Halperin states can
again be used as the foundation to build non-Abelian states.
When m —n =1, these are spin singlets if each particle
transforms in the fundamental representation of SU(p). More
generally, when m — n = k one can build spin singlets if each
particle transforms in the kth symmetric representation of
SU(p).

The states that arise in this way are not novel. They were
first introduced many years ago by Blok and Wen [7], albeit
using the rather different construction of conformal blocks in
an SU(p)r WZW model. The states have filling fraction

(1.1

with p and k positive integers determined by the spin group and
its representation, and » an arbitrary positive integer. For p =
1, these are simply the Laughlin states. For p = k = 2, these
are spin-singlet generalizations of the Moore-Read states. For
p > 2 and k = 2, these are spin-singlet generalizations of the
Read-Rezayi states.
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B. Chern-Simons theories and matrix models

The effective description of the Blok-Wen states is a non-
Abelian Chern-Simons theory. The gauge group and levels are
given by
U(l)(k+pn)p X SU(p)k

7z .

U(p)(k+pn)p.k = (12)

P
The allowed level of the U(1) factor is strongly constrained by
the fact that this is a U(p) rather than U(1) x SU(p) theory
[13].

Viewed in a certain slant of light, the Blok-Wen states are
the most natural non-Abelian quantum Hall states. Let us take
a quick aside to explain this. The long-distance physics of all
non-Abelian quantum Hall states is described by some variant
of non-Abelian Chern-Simons theories. This means, of course,
that Wilson lines in this theory carry some representation
under the non-Abelian group which, for us, is SU(p). The
corresponding “color” degrees of freedom are then interpreted
as spin degrees of freedom of the underlying electron. This,
in essence, is why non-Abelian quantum Hall states arise
naturally from particles carrying internal spin.

In contrast, if one wants to describe the long-distance
physics of spin-polarized non-Abelian Hall states, such as
those of [5,6], one must work somewhat harder. This involves
the introduction of yet further quotients of the 3d Chern-
Simons theory [13] to eliminate the spin degrees of freedom.
This is the sense in which the Blok-Wen states are particularly
natural [14].

We are now in a position to explain how the matrix model
arises. The electrons in the quantum Hall system correspond to
vortices of the U(p) Chern-Simons theory. The U(N) matrix
model is simply the description of the microscopic dynamics
of N of these vortices. At present, we can construct this matrix
model only for the choice n =1 in Eqgs. (1.1) and (1.2). It
is to be expected that quantizing these vortices results in the
quantum Hall ground state. The matrix model provides the
technology to do this explicitly.

This relationship between Chern-Simons vortices, matrix
models, and quantum Hall wave functions was explored for
Abelian theories in Refs. [15,16]. The novelty in non-Abelian
gauge theories is that the vortices are endowed with an internal
orientation, or spin, degrees of freedom, as first explained in
Refs. [17,18]. We will show that this results in the non-Abelian
quantum Hall states described above. (An earlier, somewhat
orthogonal attempt to describe a quantum Hall fluid of non-
Abelian vortices was made in Ref. [19].)

C. Plan of the paper

The paper is written in a somewhat different order from
the preceding introduction. In Sec. II, we introduce the matrix
model but do not explain its Chern-Simons origins. Instead, we
will take the matrix model as the starting point and show that
it describes particles with spin moving in the lowest Landau
level. We will see that, upon quantization, the ground state
lies in the same universality class as the non-Abelian quantum
Hall states previously introduced by Blok and Wen [7].

Section III can be read independently. We describe in some
detail the Blok-Wen wave functions and their construction
from spin generalizations of the Halperin-type states. We show,
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in particular, how they describe spin-singlet generalizations of
the Moore-Read [5] and Read-Rezayi [6] states. One rather
cute fact is that the Read-Rezayi states arise in this picture
from SU(p), Chern-Simons theory; this is related by level-rank
duality [20] to the more familiar SU(2), coset constructions.

In Sec. IV, we return to the origin of the matrix model. We
explain how it captures the dynamics of vortices in a Chern-
Simons theory with gauge group (1.2).

Finally, in Sec. V, we complete the circle of ideas. We
confirm that the matrix model wave functions, derived from
the Chern-Simons theory, can be reconstructed as correlation
functions in the boundary WZW model with algebra (1.2). In
a follow-up paper [21], we will make the connection between
the matrix model and the WZW model more direct: we will
show that their partition functions agree.

II. THE QUANTUM HALL MATRIX MODEL

The purpose of this paper is to study a matrix model
description of non-Abelian quantum Hall states. The model
will describe N particles which we refer to as “electrons.”

The matrix model is a U(N) gauged quantum mechanics,
with a gauge field which we denote as «. This gauge field is
coupled to an N x N complex matrix Z, together with a set
of N-dimensional vectors ¢; which are labeled by an index
i =1,...,p. These transform under the gauge symmetry as

Z—>UZU' and ¢; —> Ug; for U € UN). (2.1)

The dynamics is governed by the first-order action

iB 2
— i T i T .
S = /dt > Tr(Z'"D,Z) + i E 0, D;g;

i=I

—k+pTra—wTrZ'Z (2.2)
with D, Z = 8,Z — i[a,Z] and D,p; = 9,¢; — i ;.

The action depends on three parameters: B, w, and k. We
will see below that B is interpreted as the background magnetic
field in which the electrons move, while w is the strength of a
harmonic trap which encourages the electrons to cluster close
to the origin. Finally k, which appears in the combination
k + p, is the coefficient of the quantum mechanical Chern-
Simons term. Gauge invariance requires that k is an integer
and we will further take it to be positive: k € Z™.

In addition to the U(N) gauge symmetry, our model also
enjoys an SU(p) global symmetry, under which the ¢; rotate.
When p =1, this action reduces to the model written by
Polychronakos [3] to describe Laughlin states. The p =1
matrix model was further studied in a number of papers,
including [22-24] and we will review some of its properties
below. The model with general p was previously discussed
in Ref. [25], albeit with a different interpretation from that
offered here.

Getting a feel for the matrix model

To gain some intuition for the physics underlying (2.2),
let us first look at the example of a single particle, so N = 1
and our matrix model is an Abelian U(1) gauge theory, with
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dynamics
iB .. < ,
Svr = [an S22+ D

In this case, the Z field decouples; the kinetic term, which is
first order in time, describes the low-energy dynamics of an
electron moving in a large external magnetic field B. When
we come to the quantum theory, this will translate into the
statement that the electron lies in the lowest Landau level.
The term proportional to @ provides a harmonic trap for the
electron.

Meanwhile, the ¢; variables describe the internal degrees of
freedom of the electron. To see this, note that the equation of
motion for & requires that Y, |¢;|* = k + p is constant. After
dividing out by U(1) gauge transformations, ¢; — €'?¢;, we
see that ¢; parametrize the space CP”~!. However, the action is
first order in time derivatives, which means that CP?~! should
be viewed as the phase space of the system, as opposed to
the configuration space. This is important. Because the phase
space has finite volume, the quantization of ¢; will result in
a finite-dimensional internal Hilbert space for the electron. In
other words, the electron carries “spin.”

Note that our usage of the word “spin” is somewhat more
general than its standard meaning in condensed matter physics
(or high-energy physics for that matter). Usually, one thinks of
spin as referring to a representation of SU(2); this corresponds
to the choice p = 2 in our model. More generally, our internal
degree of freedom transforms in some representation of SU(p).
The choice of representation is determined by the parameter k.
[We will show below that the electrons sit in the kth symmetric
representation of SU(p); in the case of SU(2), this means that
they carry spin j = k/2.]

We learn that the U(1) matrix model describes a particle
carrying spin, restricted to move in the lowest Landau level.
The U(N) matrix model simply describes N such particles.
Roughly speaking, the N eigenvalues of the matrix Z corre-
spond to the positions of the particles although, as we will see,
there is some ambiguity in this when the particles are close.
More precisely, we can again look at the equation of motion
for the gauge field «. This results in the u (N )-valued constraint

B _ 14
Z 1 }: ol =
Z[ZﬁZ]+ — %‘P,- —(k+p)1N

2.3)

The phase space, M, of the theory is now the space of
solutions to (2.3), modulo the gauge action (2.1). This has real
dimension dim M = 2Np. Our task is to quantize this phase
space, with the harmonic potential H = o Tr Z'Z providing
the Hamiltonian.

A. Quantization

In this section, we study the quantization of our matrix
model (2.2). The canonical commutation relations inherited
from the action (2.2) are

B
122U = duadye and (91001 = Supbyy  (24)
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witha,b=1,...,Nandi,j=1,...
ence state |0) obeying

,p. We choose a refer-

Zap|0) = ¢i|0) = 0.

The Hilbert space is then constructed in the usual manner by
acting on |0) with Zt and <,0,.T .

However, we still need to take into account the U(N) gauge
symmetry. This is implemented by requiring that all physical
states obey the quantum version of the Gauss’ law constraint
(2.3). Normal-ordering the terms in the matrix commutator,
this reads

B U ;
522N+ ) el = G+ ply. (2.5)

i=1

The traceless part of this equation is interpreted as the require-
ment that physical states are SU(V) singlets. Meanwhile, the
trace of this constraint requires all physical states to carry fixed
charge under U(1) C U(N). Here there is an ordering issue.
Using the commutation relations (2.4), we find

N p N p
Y3 il =k +pIN =D ¢l pia =kN.
a=1 i=1

a=1 i=1

2.6)

This tells us that all physical states carry charge kN under the
U(1). In other words, all states in the physical Hilbert space
contain precisely kN copies of ¢! acting on |0).

The spin of the particle revisited

We can now be more precise about the internal SU(p) spin
carried by each particle. Setting N = 1, the spin states of a
single particle take the form

|Q,.0) =0l ...} 10).

Since each operator ¢; transforms in the fundamental of
SU(p), the spin states |2) transform in the kth symmetric
representation. In particular, for k = 1 the electrons carry the
fundamental representation of SU(p).

Our main focus in this paper will be on quantum Hall states
which are SU(p) spin singlets. Some simple group theory tells
us that for this to happen we must have the number of electrons
N divisible by p. Indeed, we will see below that the ground
states simplify in this case.

B. The ground states

The ground state of the matrix model with p = 1 was
constructed in Ref. [3]. We first review this example before
explaining the straightforward generalization to p > 1.

1. The p = 1 ground state

When p =1, the electrons carry no internal spin. The
constraint (2.6) tells us that all physical states have kN
operators ¢! acting on |0). Further, the Hamiltonian arising
from (2.2) is

H=0TrZZ, 2.7)
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which simply counts the number of Z' operators acting
on |0). The route to constructing the ground state is then
straightforward: we need to act with kN copies of ¢, keeping
the number of Z' operators to a minimum. The subtleties
arise from the requirement that the physical states are invariant
under SU(N) gauge transformations. Since we only have ¢f
operators to play with, the only way to achieve this is to
construct a baryon operator of the form

SR CAT DR CATOE

However, because ¢ is bosonic, the antisymmetrization in-
herent in €“+“V causes this operator to vanish unless all the
exponents /, are distinct. Because we pay an energy cost (2.7)
for each insertion of ZT, it follows that the lowest energy
operator is given by

ea]...ﬂN(Zow)ll(Z(p)lz e (ZN?lw)le'

The trace constraint then tells us that the ground state is given
by

|ground) = [~ (Z°9)] (Zo)], ... (Z" )] 1¥10).

The interplay between the gauge symmetry and the Hamilto-
nian has resulted in the construction of a state with interesting
correlations between the positions of particles, encoded in the
operator Z. This will become increasingly apparent as we
proceed; in particular, shortly we will write these states in
the more familiar language of N-particle wave functions and
see a close relationship to the Laughlin wave functions.

2. Ground states with p > 2

We now turn to the ground states when the electrons carry
an internal spin. We anticipated above that the states will take
a simpler form when N is divisible by p. And, indeed, this is
the case.

(a) N divisible by p. When N is divisible by p, there is a
unique ground state. This is an SU(p) singlet. To describe the
construction of this state, we first group p creation operators

(p;[ together using the invariant antisymmetric tensor of SU(p);

B(r)}

ai...ap

= eil-uiﬂ(Zr(P)}L] ay " '(er)jp ap”

Following the terminology of the high-energy community, we
refer to this state as a baryon. It is a singlet under the SU(p)
global symmetry, but transforms in the pth antisymmetric
representation of the U(N) gauge symmetry. To construct an
SU(N) singlet with the correct U(1) charge (2.6), we make a
“baryon of baryons.” The ground state is then

|ground) = [€““YBO)! , B!

ai...ap apt1...azp * "

B(N/p— 1)} 1410y

AN—p+1---AN

2.8)

2B
ments of the U(N) gauge invariance have resulted in interesting

correlations between both position and spin degrees of freedom
of the electrons. We will devote the rest of this section and the
next to describing the structure of these states.

(b) N = g mod p. When N is not divisible by p, the ground
state is no longer a singlet under the global SU(p) symmetry.
We write N = mp + q with m,q € Z*. One can check that

This state has energy E = %W' This time the require-
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the ground states are

k
|ground);, = [ ] [e*~“¥B(O)], , B,

apirazy *
=1

B(m — l)szpfq‘Fl“‘aN*‘l
4 T
(Zm‘pi(/,n)a,quu T (Zm(pil’»fn)a/v]l())’
where igq), with I=1,....k and a =1,....q are free

indices labeling the degenerate ground states. These ground
states transform in the kth-fold symmetrization of the gth
antisymmetric representation of SU(p). In terms of Young
diagrams, this is the representation

k

A\

We will see in Sec. V why these representations are special
and might be expected to arise in quantum Hall states. In the
meantime, we will primarily focus on the states (2.8) that arise
when N is divisible by p.

C. The wave functions

The description of the ground states given above is in
terms of a coherent state representation for matrices. To
make connections with the more traditional form of the wave
functions, we need to find a map between the creation operators
71 and the position space representation. For the p = 1 states,
this was explained by Karabali and Sakita [23,24]. We first
review their results and then provide the generalization to the
SU(p) matrix model.

1. p = 1and the Laughlin wave functions

At the formal level, there is a clear similarity between the
ground state for p = 1 theories,

|ground); = [e“""“”(ZOw)l,(Z(P)ZZ e (ZN_1<P)$N]](|O>7
2.9)

and the Laughlin wave functions at filling fraction v = 1/m,

. _ - 12
Y (z,) = [ [(za — 2p)"e P21/

a<b

_ TLai..ay 0 _1 N—17" —BY |z,*/4
= [e 20 Za, -2 | e al™/4,

However, this similarity can be misleading: the operators Z'
and ' are very different objects from the holomorphic position
variables z,. To make this connection precise, we need to be
more careful about how to relate the two. In fact, there is no
canonical map. There are, however, a number of natural ways
to make the connection. Two of these, discussed in Ref. [23],
are

(1) We work with a coherent state representation
21Z.,9) = Z|Z,¢) and §|Z,p) = ¢|Z,¢) where, for once, we
have used hats to denote the difference between the quantum
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operator Z and the classical matrix Z. We then diagonalize
Z=VDV~! with D =diag(z;,...,zy) and express the
resulting wave functions as ¥ (z,) = (z,|V).

(2) Alternatively, we could decompose the complex oper-
ator matrix Z = X + i¥ and subsequently work in a coherent
state representation X|X) = X|X). This picture has the ad-
vantage that the matrices X and ¥ are conjugate, giving us the
representation

= (xu- )
ab — \/E ab 9 Xbu .
Moreover, calculations in this approach are somewhat easier
because the diagonalization X = U XU can be achieved by a
unitary operator U. The resulting wave functions are written
as ¥ (x,) = (x,|¥). We then analytically continue x, — z, to
provide holomorphic wave functions of the kind appropriate
to describe the lowest Landau level.

Both of these approaches were described in Ref. [23].
The resulting wave functions differ in detail, but share their
most important properties. First, for k = 0, the wave functions
coincide with the Slater determinant for a fully filled Landau
level

(zq | ground)—o = H(Za — zp)e Blal /4,

a<b

(2.10)

The exponential factor is the usual factor arising form the
normalization of coherent states. The single factor of the
Vandermonde determinant, which is not obvious in Eq. (2.9)
when k£ = 0, is a Jacobian that arises in the transformation
from matrix-valued objects to their eigenvalues.

Meanwhile, for k£ > 1, neither representation of the wave
function coincides with the Laughlin state. Nonetheless, both
have the property that

Laughlin

(za | ground), — Wk.H (za) as |zq — 2p| = 00.

In other words, the wave functions that arise from the matrix
model coincide with the Laughlin wave functions only at large
distances. This ensures that the matrix model ground state has
filling fraction

1
V= —.
k+1

However, the matrix model state differs from the Laughlin
wave function as particles approach to within a magnetic
length. Indeed, one obtains the matrix model wave function
from the Laughlin one by acting with exponentials of derivative
operators [5(d/0z) on the polynomial part. In particular, the
matrix model wave functions do not exhibit the familiar
zero-of-order m that is characteristic of the Laughlin wave
function.

The fact that matrix model and Laughlin states differ
in detail is not a matter of concern. There is nothing
privileged about the Laughlin wave function: it is merely a
representative of a universality class of states, characterized
by their topological order. The matrix model state lies in
the same universality class. This can be shown explicitly;
for certain calculations the coherent state representation (2.9)
offers greater analytic control. In particular, it was shown in
Ref. [16] that the fractional statistics of the quasihole can be
computed in the coherent state representation following the
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classic calculation of [26], but without resorting to the plasma
analogy.

2. Wave functions for p > 2

For the case p = 1 described above, all physical states have
the same dependence on ¢! excitations; they differ only in their
Z1 excitations. This is the reason that no ¢ variables were
needed when writing the wave functions. In contrast, when
p = 2, different physical states can have a different structure
of gz)j excitations. These capture the way the state transforms
under the SU(p) symmetry.

We repeat the procedure described above, moving from
coherent state representation to wave function. For k =0
the wave function knows nothing about the spin degrees of
freedom. This means that the k = 0 wave function is again
given by (2.10), describing a fully filled Landau level with
v=1.

However, for p > 2 and k > 1, we have a new ingredient.
Apart from the Vandermonde determinant (2.10), each time
that a power of a particle coordinate z, appears in the wave
function, it is accompanied by a spin degree of freedom,

o, €1{1,...,p},

where a = 1, ..., N labels the particle.

For example, when k = 1, each particle has a single
spin degree of freedom o. This reflects the fact that, as
we saw earlier, each particle transforms in the fundamental
representation of SU(p). More generally, the internal state of
each particle is determined by k factors of the spin label 0. As
we will explain in some detail in Sec. I1I, this is to be interpreted
as specifying the kth symmetric representation under SU(p).

The calculation to find the form of the wave function is
now very similar to that presented in Ref. [23]. The result is
simplest to state when N is divisible by p since, in this case,
the resulting ground state wave function (2.8) is an SU(p) spin
singlet and have the property that

(za | ground)y — Ypw(za) as |za — 25| — 00,

where Ypw(z,) are a class of non-Abelian wave functions
constructed some time ago by Blok and Wen [7]. Like many
non-Abelian quantum Hall states, the explicit description of
the wave functions gy (z,) is straightforward, but somewhat
fiddly. We will devote the next section to a more detailed
description of these quantum Hall states and their properties.
For now, we simply state that these states have filling fraction

@2.11)

III. THE BLOK-WEN STATES

In this section, we describe the Blok-Wen wave functions in
some detail. The original construction of [7] was in terms of
conformal blocks of a conformal field theory (CFT) known as
the SU(p) Wess-Zumino-Witten (WZW) model and we will
revisit this approach in Sec. V. Here we provide an alternative,
more down-to-earth construction of the states. We start with
wave functions carrying spin under SU(2), moving on to the
more general SU(p) case in Sec. III B.
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A. Particles with SU(2) spin

The simplest examples of wave functions describing parti-
cles with spin are due to Halperin [11]. We take N particles,
with N even, and split them into two groups of N /2 particles,
with positions z, and w, where each index now runs over

a=1,...,N/2. The (m,m,n) wave functions are
N/2 N/2
Yzw) = [ [ — 2" [ Jwe = wa)" [ Jza — wa)"
a<b c<d a,d

3.1

where, throughout this section, we will omit the overall
exponential factor common to all wave functions. Counting
the angular momentum of particles shows that these states
have filling fraction
2
T om4n’

The (m,m,n) states (3.1) are really shorthand for wave
functions with spin. As we review below, they should be
dressed with explicit spin wave functions. This will result in
the Blok-Wen states. These are actually a slightly more general

J
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class of states than those that emerge from the matrix model.
We will see that the matrix model gives states with n = 1 and
m=k+ 1.

Usually one thinks of the Halperin states as describing
spin—% particles, with z, and w, labeling the positions of
those which are spin-up and spin-down, respectively. With
this interpretation the (n 4+ 1,n + 1,n) states are spin singlets.
However, we will show that we can also view (3.1) as
describing particles with spin s > % This is perhaps surprising
as these particles have 2s + 1 spin states and it is not obvious
how to decompose these into two groups. We will see that, with
this interpretation, the (m,m,n) states are spin singlets when
s = (m — n)/2. Matching to the matrix model parameters, this
means s = k/2.

1. Spin-%

The standard interpretation of (3.1) is as a wave function
for spin—% particles. To dress the wave function with these
spin states, it is useful to change notation slightly and label
the positions of all N particles as z,. Each particle carries a
further internal spin degree of freedom o, which takes values
[1) or [{). The (m,m,n) state for m > n is then written as

N
w<z,a>=A[l‘[<za—zb>" [] Ga—2)"™" ] Ge—za)"™" INN-..TM}, (32)

a<b a<b odd c<d even

where A stands for antisymmetrization over all particles, exchanging both positions and spins. This wave function describes
fermions for m odd and bosons for m even.
It is well known that only the states with m — n = 1 are spin singlets [12]. In this case, the wave function factorizes as

N
Vnttnr1a(2,0) = [ [Ga — )" (z,0).

a<b

This describes fermions for n even and bosons for n odd. Here the first factor takes the familiar Laughlin-Jastrow form, while
the second factor is the Slater determinant of two fully filled Landau levels, one for the up spins and one for the down spins. The

resulting wave function can be written as

<I>(z,a)=A[ [T - [] (zc—zd>|¢1>|¢z>|¢3>...mm}

a<b odd

or, equivalently, as

D(z,0) = €4y..ary (Zanzaz)o(zmth)l s (Z!IZN—IZ@N)NA[|Tal>|‘l’az>

In particular, this latter form makes it clear that the spins are
paired in singlet states of the form |1, )[14,) — [14,)14,)-

2. Spin-1

So far, we have just reproduced the usual story. Suppose
now that m = n + 2. We claim that the following is a spin-
singlet wave function for spin-1 particles,

Vni2n120(2,0) = | [za — 25)" PI®*(z.0)].

a<b

34

This is a wave function for fermions when 7 is odd and bosons
when n is even.

c<d even

T113>|‘l’114> e |T02N—l>|¢a2N>]' (33)

(

Our first task is to explain what this means. The factor &2
includes two spin states for each particle. The tensor product of
two spin-% states gives 2 ® 2 = 1 @ 3. The operator P projects
onto the symmetric 3. (In the present case, this operation is
not required as it is implemented automatically by the form of
®2. However, we include it in our expression for clarity.) This
means that we can interpret (3.4) as a quantum Hall state for
spin-1 particles, with the map

D)y =11, ) =I1=1, M) =11 =10).

(3.5)

We further claim that (3.4) is a spin singlet. We will first
motivate this by looking at the kinds of terms that arise. We
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will subsequently provide a proof in the course of rewriting
the wave function in a more familiar form.

Consider two particles, labeled 1 and 2, each of which
carries spin-%. The spin singlet state is

12)1 =112 = Nilt2)

where the subscript % is there to remind us that this is the
singlet built from two spin—% particles. The simplest terms that
occur in Eq. (3.4) are of the form |12)% | 12)%. Using the map
(3.5), we have

112)1112)1 = [11)|=12) + |=11)[12) = 2]01)[02),

which is indeed the singlet formed from two spin-1 states. To
highlight this, we write the above equation as

112)1112)1 = [12)1.

The next kind of term that arises in Eq. (3.4) involves
four different particles. It is |12)%|23)%|34)%|41)%. We can
similarly expand this in terms of spin-1 states and again find
that only combinations of singlet states appear:

[12)1123) 1134) 141) 1 =[12)1[34)1—[13)1]24)1+[14)1]23)1.
The most general term in Eq. (3.4) has 2n particles. This too
can be written as the linear combinations of n spin-1 singlet
states. Rather than demonstrate this term by term, we will
instead show that the wave function (3.4) has an alternative
form written purely in terms of spin-1 singlets.

3. The spin-1 wave function as a Pfaffian

We will now show that the wave function (3.4) for spin-1
particles can be written as

®(z,0) = Pf( l6)1 > l_[(Za —2p)

Za — 2b

(3.6)

with Pf(M,;,) the Pfaffian of the matrix M. This is a spin singlet
version of the Moore-Read state [5]. It is sensible because the
spin-1 singlet |ab), is symmetric in the two spins, in contrast
to |ab)% which is antisymmetric.

It was noticed long ago [7,27] that the (3,3,1) state is
closely related to the Pfaffian state. In Ref. [7] the particles
were spin-1 but projected onto the m = 0 spin component;
in Ref. [27] the particles were taken to be spin-% and the
resulting state was not a spin singlet. Our result (3.6) is clearly
closely related to these earlier results, both of which are proven
using the Cauchy identity. However, the proof of (3.6) requires
more sophisticated machinery which appears not to have been
available at the time of [7,27].

Proof. The projective Hilbert space associated with the two
spins is a Bloch sphere CP'. We parameterize this by the
inhomogeneous coordinate ¢. Formally, we then set || ,) = 1
and | 1,) = ¢, and write ® as the polynomial

1 _
®P(z,0) = Wfal...a,v [(Zalzaz)o cee (ZIII\/—IZGN)N/2 1]

[(6ay = Zas) -+ (Gayer = San) |-

This has the advantage that the right-hand side can be viewed
as the determinantofa N x N matrix A[z; ¢ ] with components
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given by

2, 1<

Al ¢las = { st w1l
a ’ 2 ~X

3.7
To show the result (3.6), we then need to prove the polynomial
identity

2
det?Alz;¢] = Pf(u> l_[(Za — Zp)

Za = b a<b
In fact, this identity is a special case of a more general result
proven in Refs. [28]. Theorem 2.4 of this paper shows (among
other things) that two matrices A[z;¢] and A[z;n], each
defined by (3.7), obey the relation

7a) ) det(zZ_ h.

((Cb — L) —
Setting ¢, = n, yields the desired result. [ |

detAlz; ¢]detAlz; n] = Pf
Zp — Za

4. Higher spin

The generalization to higher spins is now obvious. We
construct the wave function

[ [Ga = 2)" PL* .01,

a<b

WI‘IJrZS,nJrZS,n(Z’J) = (38)

where P is there to remind us that the spin states for each
particle are projected onto the fully symmetrized product. This
means that this is a wave function for particles with spin s.
Once again, the final state is a spin singlet. This follows from
some trivial group theory. The infinitesimal action of SU(2)
on the tensor product of 2s spin states is

N
=Zt§‘®1®...®1+symmetric,

a=1

where Y is the operator in the fundamental representation
acting on the ath particle, and @ = 1,2,3 labels the three su(2)
generators. Because P projects onto an irrep, we have

T*P[D%s] |:Zt PRPR...Q @] + symmetric.

But each of these terms vanishes because @ is itself a spin
singlet, which means that ), t¢® = 0. This ensures that (3.8)
is indeed a spin singlet.

Although (3.8) provides an explicit description of the state,
it would be pleasing to find a simple expression purely in terms
of the singlets |ab),, analogous to the Pfaffian (3.6) for s = 1.
We have not been able to do this; it may simply not be possible
due to the entanglement structure between higher numbers of
spins.

While the Halperin states (3.1) describe Abelian quantum
Hall states, our spin-singlet states (3.6) and (3.8) with spin
s > 1 are all non-Abelian quantum Hall states. Indeed, it has
long been known that dressing a quantum Hall state with spin
degrees of freedom can change the universality class of the
state. We will see in Sec. V that these states are associated
with SU(2),; WZW models.
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B. Particles with SU(p) spin

We now generalize these ideas to particles that carry a
“spin” under the group SU(p). This means that each particle
carries an internal Hilbert space which transforms under a
particular representation of SU(p).

The starting point is the p-component generalization of
the Halperin states (3.1). We take N particles and split them

into p groups, with positions w;,, where i = 1,...,p and
a=1,...,N/p. Then
p N/p p N/p
Vnn(z) = []‘[ [ Jawia - w,»by”} [T Jwie —wia)
i=1 a<b i<j cd
(3.9)

Multicomponent states of this form were first discussed in
Ref. [29]. More recently they have been studied in Ref. [30]
for p = 4 to describe both spin and valley indices of electrons
in graphene, and more generally in Refs. [31,32]. The states
(3.9) have filling fraction

p

It is natural to think of these wave functions as describing
objects with p internal states. This corresponds to the situation
where each particle sits in the fundamental representation, p of
SU(p). However, as we will see, there is also a generalization
of our previous construction in which each particle has more
internal states, corresponding to the symmetric representations
of SU(p).

1. Fundamental representation

We start by describing the simplest situation where the
particles sit in the fundamental representation, meaning that
each carries an internal index, o, € {1,2, ..., p}. In this case,
the wave functions (3.9) are spin singlets when m = n + 1.

To see this, note that the smallest number of particles that
can form a singlet state is p. To achieve this, the spin degrees of
freedom are completely antisymmetrized in what high-energy
physicists would call a “baryon,”

Oy ---Oap

Bﬂl---ﬂp =€ Gﬂl)' .. |Uup>.

We can then form a spin-singlet state of type (n + 1,n) by
writing

N
Ynp1.0(2,0) = H(Za = 25)" ®py(z,0),
a<b
where, in analogy with (3.3), ®(,) describes p fully filled
Landau levels, one for each type of spin,

D) (2,0) = €4y..ay (za1 .. .zap)o(zaw .. .zazp)l e

N—1
(ZﬂN—p+| et ZaN) Bﬂlu-llp Bﬂp+1---02p e
(3.11)

AN—p+1---AN *

In the language of [6,8], this state exhibits clustering at order
p. This means that the factor ®(,, remains nonzero if the
positions of up to p particles coincide. However, it vanishes if
p + 1 or more particles coincide. We will see in Sec. V that
this wave function actually describes an Abelian quantum Hall
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state. To generate non-Abelian quantum Hall states, we need
to look at higher representations of SU(p).

2. Symmetric representations

For m > n + 1, we can still interpret (3.9) as a spin-singlet
state, but now each particle must carry a spin in a higher
representation. We define k =m —n and write the wave
function as

N
Ynrkn(2.0) = [ [za — 2)" P[@f,(2.0)].  (3.12)

a<b

where P projects onto the symmetrized product of spin states,
meaning that each particle transforms in the kth symmetric
representation of SU(p). These states are all spin singlets, by
the same argument that we gave in Sec. III A 4.

These states, still with n = 1, exactly reproduce the long-
distance behavior of the matrix model ground states described
in the previous section, with the same values of k and p.

3. Relationship to Read-Rezayi states

When k =2, our states describe particles transforming
in the symmetric representation of SU(p) with dimension
% p(p + 1). They are p-clustered states with filling fraction

p
V= .
pn+2
Both of these properties are shared by the Read-Rezayi
states [6]. We will now show that our states are spin-singlet
generalizations of the Read-Rezayi states.
A particularly simple form of the Read-Rezayi state was
presented in Ref. [33],

p N/p N
YR() = 8[]‘[ [ Jwia - wibf} [ —z0" 3.13)

i=1 a<b c<d

where S means that we symmetrize over all possible divisions
of the particles into the p groups, while the z, factor simply
means that we include all particle positions rather than
restricting to those in a specific group.

We will show that, after projection onto a particular spin
state, the Blok-Wen wave function (3.12) coincides with the
Read-Rezayi wave function (3.13), i.e.,

p N/p
PG z.0)] = 3[]_[ ]_[(w,»a—wib)z]. (3.14)
i=1 a<b

Proof. Our first task is to explain what — means in the above
expression. It is useful to first revisit the case of the Pfaffian
(3.6). There, the spin singlet wave function included the
factor

lab)1 = [1a)|—1p) + [—1a)1p) — 2|04)[0s),

and we can project onto a spin-polarized state simply
by replacing |ab); — 10,)|0p). This point was also made
in Ref. [7].

Unfortunately, there is no analogous procedure for SU(p)
spins. There is, however, a generalization of the projection onto
the highest spin states. The states |1,) = [14)|14) and |—1,) =
[{a){a) have the property that both fundamental spins lie in
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the same direction. This is something which also makes sense
for SU(p) spins. We therefore define the projection +— in
Eq. (3.13) as an operator which correlates the fundamental
SU(p) spins associated to each individual particle

N N

[Tloa)los) = [ ]800

a=1 a=1

In particular, when we project the state P[@%p)(z,a)], we
correlate the two antisymmetrizations of spins inside the two
@) factors. The projection picks out the states in which these
two spins associated with a given particle are the same. Spins
associated with different particles can be different.

Having defined the projection, we turn to the structure of
the state (3.12). It is helpful to think about collecting terms
with some particular allocation of spin to each particle. For
definiteness, let us consider the term where the particle at po-
sition Z¢u—1yp+i = Wi4 is givenspini. (Herea =1,...,N/p.)
Now consider the polynomial in z which multiplies this spin
state. It is the antisymmetrization over all ways of permuting
particles at positions w;, and w; , of

(w11 ...w,,l)o(wlz...wpz)l -~-(U_)1N/,, ...pr/p)N/pil.

But this is simply the product of p separate Laughlin-like
factors w? w!, .- w(%’;;l, and hence the coefficient of the

spin state is proportional to

p N/p

l_[ H(wai - waj)s

a=1 a<b

(3.15)

which is essentially half of the Read-Rezayi state. To complete
the argument, notice that whatever sign a particular spin
allocation comes with, it comes with the same sign in
both copies of ®,. Hence overall, we obtain the square
of this expression, symmetrized over all spin allocations.
The projection does indeed result in the Read-Rezayi state
(3.14). |

The Read-Rezayi states are associated with the parafermion
CFT SU(2)/U(1);. Meanwhile, our states are associated with
SU(k),. The two are related by level-rank duality [20]. This
means that our states include the non-Abelian anyons of the
Read-Rezayi state; for example, SU(3), includes the Fibonacci
anyons. We will see how these emerge in Sec. V when we
review the connection to conformal field theory. However,
the Blok-Wen spin-singlet states arise from a CFT with no
quotient, and hence contain additional anyonic degrees of
freedom that are not part of the Read-Rezayi sequence of
states.

IV. THE VIEW FROM CHERN-SIMONS THEORY

Until now, we have focused only on the properties of
the matrix model (2.2). In this section, we explain where
it comes from. The main idea, first proposed in Ref. [15]
and recently explored in some detail in Ref. [16], is that
the matrix model describes the dynamics of vortices in a
d = 2 4 1 dimensional Chern-Simons theory. In Ref. [16], this
connection was explained for Abelian Chern-Simons theories;
in this section we generalize this picture to the non-Abelian
case.

PHYSICAL REVIEW B 94, 085114 (2016)

Our starting point is a Chern-Simons theory with gauge
group
U x SU(pk

Uphx = 4.1
(Pe k z, 4.1)
The Z, quotient places a strong restriction on the allowed

values of k¥’ which must obey [13]

k' —kp € p°Z. 4.2)

We denote the U(1) gauge field as @ and the SU(p) gauge field
as a. Both are to be thought of as emergent gauge fields in the
condensed matter system. Their dynamics is governed by the
Chern-Simons action

%
SCS = —/d3x EGM‘}pauaufl‘p

k vp 2i
+ ETre a,0,a, — 3 Wudvap |-

To this we couple nonrelativistic matter. We consider Ny
bosons ¢;, with i =1,...,Ny, each transforming in the p
of SU(p), with charge 1 under the U(1). Their action is

. Lo
Smatter = /dSXl(b,TIDO(ﬁi - %Dn(p[lpnd)i

T

T2
mk,(cﬁ,-cﬁ,)

T
ﬂ(fﬁj 1“¢)*.

Here the subscripts w,v,p =0,1,2 are space-time indices
while n = 1,2 is a spatial index only. The SU(p) generators
are in the fundamental representation.

The coefficients of the ¢* terms—which each describe the
strength of a delta-function interaction between particles—are
seemingly fine-tuned to be proportional to the Chern-Simons
levels 1/k’ and 1/k. However, these coefficient are known
to run logarithmically under RG flow and we have simply
set them to their fixed points [34,35]. As an alternative
justification, one could add fermions to this theory and, with
this choice of the coefficient, complete it in a manner consistent
with supersymmetry [36].

The full action is then

S3d = Scs + Smatter — /d3x Uao,

where we have introduced a background charge w. This causes
the scalars to condense in the vacuum, breaking the gauge
symmetry. This symmetry breaking is complete whenever
Ny > p. In what follows we will take Ny = p. There is a
unique ground state of the theory given by

o= 2
p

witha =1, ...,p the gauge index andi = 1, ..., p the flavor
index. In this vacuum, the gauge and flavor symmetries are
broken to

U(l)gauge X SU(p)gauge X SU(p)ﬂavour — SU(p)diag- (43)

The low-energy physics of this broken phase is not that of a
quantum Hall fluid. However, this can change in the presence
of vortices.
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A. Vortices

The symmetry-breaking pattern (4.3) allows for the ex-
istence of vortex excitations in which the phase of ¢ winds.
These have a rather nice property in this theory. The fine-tuning
of the potential term described above means that vortices lie
at the “Bogomolnyi point”; they satisfy first-order differential
equations, rather than second-order ones. The vortex equations
are

~ 2 2
fio= k—’,’(|¢,-|2 —w. [ = T”qur“asi, D.gp =0, (44)

where the first and second of these equations are Gauss’ law
for the Abelian and non-Abelian gauge field, respectively. In
the Abelian case, Bogomolnyi vortices also appeared in the
context of quantum Hall physics in Ref. [37].

These equations coincide with the vortex equations that
arise in certain non-Abelian relativistic theories [17,18]. Their
properties have been studied in some detail over the years (see,
for example, [38-40]), especially in the case k' = kp, which
is consistent with (4.2), where U(1) and SU(p) gauge fields
naturally combine into a U(p) gauge fields with the same level,
meaning that Gauss’ law reads

S = 2_7T<¢i¢; - E)
k p
The most striking fact about these equations is that they do
not have a unique solution. Instead, for N vortices the most
general solution has 2p N parameters [17]. (This is shown by
index theorem techniques, generalizing previous results for
Abelian vortices [41,42].) These parameters can be thought
of as labeling the positions and internal orientations of the N
vortices. In particular, there are no forces between vortices.
They can sit anywhere on the plane.
We can pick out a unique solution by adding an external
harmonic trap. We choose a trap which, when evaluated on
vortices, is proportional to their angular momentum

2
Vtrap = _w/d2x /J/2|’Zp| fi2.

This, of course, changes the equations of motion. The previous
vortex solutions now precess around the origin. There is a
unique, stationary, lowest-energy state which occurs when all
vortices coalesce at the origin to form a rotationally invariant
configuration.

For a large number of vortices N the solution looks like a

disk of radius
k'N
R~ [—.
Tup

Inside this disk, the scalar fields vanish, ¢ ~ 0, and Gauss’
law is satisfied by the presence of a constant magnetic flux
fi2 & —2mu/k'. The end result is that we have manufactured
adisk-shaped region, inside of which lives an unbroken Chern-
Simons theory with U(p) gauge group (4.1). We view this as
a region of quantum Hall fluid.

B. Quantizing the vortices

We can start with a few simple observations. Ourd = 2 + 1
dimensional theory has a background charge density u. From
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the perspective of the vortices, this looks like an effective
external magnetic field [16],

4.5)

With this information, we can estimate the filling fraction
of the quantum Hall fluid of vortices. In an area A = 7 R,
the number of states in the lowest Landau level is BA/2m =
k'N/p?. Since we have filled this disk with N vortices, we
expect a filling fraction

p2

V= F
To understand the detailed properties of this Hall fluid, we
must look in more detail at the microscopic dynamics of the
vortices. As we mentioned above, in the absence of a trap,
the most general solution to the vortex equations (4.4) has
2pN collective coordinates. We think of these as parametrizing
a manifold M, y which is called the moduli space. Each
point on the moduli space corresponds to a different solution.
Because the action is first order in time derivatives, rather than
second order, the moduli space M, 5 should be thought of as
the phase space of vortices rather than the configuration space.

An expression for the first-order dynamics of these vortices
was derived in Ref. [43]. (See also [16,44,45]; these papers all
deal with vortices in the Abelian theory, but the generalization
to non-Abelian vortices is straightforward.) Unfortunately, this
result is somewhat abstract and, for a large number of closely
packed vortices, not particularly useful.

Instead, we turn to a more versatile construction of the non-
Abelian vortex moduli space M, y first derived in Ref. [17]
using D-brane techniques. We introduce a complex N x N
matrix Z and p complex N-vectors ¢;,i = 1,...,p. Then the
vortex moduli space is isomorphic to the space of solutions to

(4.6)

P
g[z,ZT] +> g =K1y
i=1

with solutions identified if they are related by Z — UZU'
and ¢; — Ug; where U € U(N). This, of course, is precisely
the phase space of the matrix model (2.2), with the constraint
above arising as Gauss’ law (2.3). Moreover, the dynamics of
the matrix model coincides with the dynamics expected on the
vortex moduli space.

The phase space of the matrix model and the vortex moduli
space M, y are believed to coincide as complex manifolds,
with the same Kahler class. However, the symplectic form on
the phase space inherited from the quotient construction does
not coincide with that associated with vortex dynamics. This
means that the matrix model should be used with some caution
in extracting detailed properties of the vortices. However, our
interest lies in the universality class of the quantum Hall ground
states and here the matrix model is expected to give the right
answer. Indeed, we have seen that the ground state of the matrix
model lies in the same universality class as the Blok-Wen
states. In the next section, we will confirm that these Blok-Wen
states are indeed the ground state wave functions associated
with the Chern-Simons theory (4.1).

There is one final subtlety. Classically, the matrix model
describes the dynamics of vortices when the U(1) and SU(p)

085114-10



MATRIX MODEL FOR NON-ABELIAN QUANTUM HALL STATES

levels are equal: k' = kp. However, at the quantum level,
there is a shift of the level. In the 3d Chern-Simons theory,
the SU(p) level is renormalized at one loop to k — k + p.
The matrix model captures the quantum dynamics when these
shifted levels coincide. This requires

This too satisfies the requirement (4.2). This is the value that we
have used in Eq. (2.2) and throughout this paper. In particular,
we see that the filling fraction (4.6) becomes v = p/(k + p)
in agreement with the matrix model result (2.11).

V. THE VIEW FROM CONFORMAL FIELD THEORY

In the previous section, we used vortices to construct a
disklike region of space in which the low-energy dynamics is
described by an unbroken U(p) Chern-Simons theory. The
microscopic dynamics of these vortices are described by
the matrix model (2.2) whose ground states lie in the same
universality class as the Blok-Wen wave functions. In this
section, we close the circle and describe these states from the
perspective of the boundary.

Our vortex construction has presented us with a Chern-
Simons theory on a manifold with boundary, where the
boundary is now the edge of the large vortex. On general
grounds, we expect this boundary to support a chiral U4 p)p.«
WZW model [46,47]. This should manifest itself in two ways.
First, the excitations of the matrix model should coincide with
the excitations of a (suitably discretized) WZW model. We
will return to this in future work [21]. Second, the ground state
wave function—which, as we have seen, is of the Blok-Wen
type—should arise as the correlation function in the conformal
field theory [5]. This, of course, was how Blok and Wen
originally derived their wave functions [7]. Here we review
this construction, including the effect of the Abelian factor in
the gauge group.

Let us first review some simple properties of the WZW
models. The irreducible representations of the SU(p) Kac-
Moody algebra at level k are labeled by the corresponding
representation of the SU(p) Lie algebra. The latter are well
known to be described by Young tableaus with up to p — 1
rows. The representations of SU(p); are those Young tableaus
which have no more than k boxes in the first row.

Each irreducible representation of the Kac-Moody algebra
gives rise to a primary operator in the corresponding WZW
model. We call these operators Or where R denotes the
representation. The usual candidates for quantum Hall wave
functions are the correlation functions of strings of chiral
operators

(Or(z1) ... Or(zN)),

where Op is the “electron operator” in the CFT or, more
generally, the operator associated with the particle which
forms the quantum Hall state. (More precisely, these should be
thought of as conformal blocks of the nonchiral WZW theory.)

There is, however, a problem in identifying (5.1) as a wave
function: for most choices of Og, there is no unique answer due
to monodromies in the correlation function as z, are varied.
Instead, the number of conformal blocks is the number of
singlets that arises when the many copies of R are fused

5.1
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together. Typically this number will increase exponentially
with N. Of course, this growth of conformal blocks is precisely
what is needed to describe non-Abelian quasiholes in a
quantum Hall state, but this should only occur for correlation
functions in which quasihole operators are inserted. For a
sensible quantum Hall interpretation, we want to have a unique
ground state, and this means that (5.1) should yield a unique
answer when only electron operators are inserted.

There is, fortunately, a choice of R for which (5.1) has a
unique answer. We take N to be a multiple of p and choose
the representation R which is maximally symmetric. In terms
of Young diagrams, it is a single row of k boxes

k

R:

(5.2)

For SU(2)y, this corresponds to the spin s = k/2 representa-
tion; for SU(p)y it is the kth symmetric representation. This, of
course, is precisely the representation carried by the particles
described by our wave functions (3.12).

To see that there is indeed a unique singlet when we take
(5.2), we need to look at the fusion rules. (See, for example
[48], for a detailed description of how these are computed
[49].) For SU(2)y, it is straightforward to show that the fusion
of two spin s = k/2 representations leaves only the singlet
s = 0. Written in terms of the dimension d = 25 + 1 of the
representation, this reads

kK+Dxk+1) =1

For SU(3);, one finds that the kth symmetric representation,
which we denote Sym,, has fusion rules

Sym, » Sym; = Sym,,
while
Sym; x Sym, =1,

which tells us that three copies of Sym, can fuse only
to the singlet. More generally, for SU(p); we define the
representations

k

Y= i

which consist of k columns (the maximum number allowed by
the level) and i rows. These are precisely the representations
that we saw in Sec. I B when discussing the ground states of
the matrix model. In this notation, our maximally symmetric
representationis Yy = Sym,, while Yy_; = Sy_mk. The Y; have
the nice property that they fuse only among themselves [50]

Y Yj = Yi-‘rj mod p-
This is enough to ensure that

p

Sym; x Sym; x ... x Sym, =1,
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which tells us that (5.1) has a unique answer when R is taken
to be the maximally symmetric representation. Now our job is
to compute it.

The wave function as a correlation function

The standard tool to compute correlation functions in WZW
models is the Knizhnik-Zamolodchikov (KZ) equation [51].
Usually this is employed to compute 4-point functions but
since we expect a unique solution to (5.1), we can hope to use
it in the present case to compute higher-point functions.

The KZ equation reads

N
Taot ® TO(
Z b )(OR(Zl)-«~OR(ZN)> =0,
bta <@ T %b

< 0 1
0z k+p
(5.3)

where 7% is the Hermitian generator for the kth sym-
metric representation. These obey the SU(p) algebra

J

Plofyea]= A ]

1<a<b<N/p

o Tl

(p—1)N/p<a<b<N

Here we have placed the first N/ p particles in the same spin
state, the next N /p in a different spin state, and so on. The 4
symbol means that we then antisymmetrize over all particles.

The generators 7% in Eq. (5.3) can be viewed as acting
symmetrically on what were originally & distinct fundamental
factors,

k

—
T* =t ®1® --- ®1 4+ symmetric permutations

with #* the generator in the fundamental representation. The
normalization in the KZ equation ensures that we have 777, =
8i18jk — %8,781(1, where the group indices i,j,k,l =1,...,p.
This means that if the operator T, ® T, acts on a state where
particles a and b have the same spin, this tensor product
returns the same spin state multiplied by a factor (1 — 1/p).
By contrast, if the two particles have different spins, it returns
a superposition of the same state with a factor —1/p, and a
state with the particles swapped with no factor.

We will start by considering the action of the nonderivative
part of the KZ operator on ’P[d>fp)]. Expanding out (5.5) will
result in a slew of terms, each of them containing k factors.
Let us look at one of these terms—call it X. We are going to
figure out the coefficient in front of X after the action of the
T ® T term in the KZ operator. There are two contributions.
One arises when 7 ® T acts on X itself. The other arises from
T ® T hitting other terms in the expansion of P[CD’(‘p)] so that
they are mapped into X. We deal with these in turn.

Let us first look at the action of T ® T on X. Suppose that
particle a has the same spin as particle b in dj, of the k factors.

(za — zp)lo1) ... Jo1) ®

(za — Zb)|Up) s |Up>
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[T, TPl =if*PrT7, with the normalization fovéfArd —
2p 8%F, where p appears in its role as the dual Coxeter number
of SU(p).

1. Solving the Knizhnik-Zamolodchikov equation

We will now show that the KZ equation (5.3) is solved
by

N
(Or(z1) ... Or(zn)) = [ [Ga = )7 P[@f,(2.0)]
a<b

5.4

with @, defined in Eq. (3.11).

It will be useful to first rewrite our ansatz in slightly more
concrete form. As discussed up to (3.15), it is simple to check
that, up to an unimportant normalization,

[T Gi—zloa)...loa)®...

N/p<a<b<2N/p

k

(5.5)

(

Then acting with 7 ® T will, among other things, return X
with a coefficient

R ZN: kd,(1 — 1/p) — k(k — dy)/ p
k+p

b#a Za ~ Zb
N
1 kd, — k*/p
= — . 5.6
k+pZ Za — 2b ©.6)

b#a

This is our first result.

Now let us see how we can get terms proportional to X by
the action of T ® T on some other term Y. This can occur
only if Y differs from X by swapping the spins of i and j in
just one factor. Suppose that, within Y, particle i has spin a
and particle j has spin b # a. Thenthe T ® T term in the KZ
operator will map Y to X with coefficient

1 1 b — 2d 1—[

+k n Za — Z2d
P Za ™2 (a2 T 2 (gupjy ©

)
b — 2d

where the notation (d # ali) means that we take the product
over all particles d # a which carry spini. Something nice now
happens when this expression is summed over all particles j
which carry spin b; the terms combine to give

1 1 1
] D Dy Dy

(draliy “@ %

(5.7)

This is our second result.
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The total coefficient multiplying the term X after the action
of T ®T is then given by the sum of (5.6) and (5.7). It
is

Zk/p_db'

bta Za — 2b

The key point is that this coefficient is precisely canceled by
the derivative term in the KZ equation, since (z, — z;) appears
with the power —k/p 4+ d, in the correlation function (5.4).
Note that the actual coefficient of a given term X typically
includes, in addition to (5.8), a symmetry factor to account
for the fact that X may appear many times in the original
expansion of P[@’(‘p)]. This is not relevant for our final result;
the same symmetry factor appears every time X arises. This
concludes our proof that the correlation function (5.4) indeed
solves the KZ equation (5.3).

2. The full wave function/

The solution to the KZ equation ensures that our wave
function (3.12) can be written as the product

Wn-&-k,n(z,o)

N
= []a — 277 (Or(z1) ... Or(an)ye Ta el 14

a<b

(5.8)

where, for once, we have restored the exponential factor
common to all lowest Landau level wave functions. The first
factor is, of course, a Laughlin wave function and can be
expressed as a correlation function for a free compact boson.
The fractional exponent is unusual, but has been seen before
in constructing Halperin wave functions from a CFT [5,52],
where the same factorization into “spin” degrees of freedom,
captured by (Ogr(z1)...Or(zy)), and “charge” degrees of
freedom captured by the Laughlin wave function also occurs.

The full wave function can be written as a correlation
function in the WZW model with algebra

U(l)(kJrnp)p X SU(p)k
7 .

U(p)(k+np)p,k = (59)

p

Note that our matrix model describes the Blok-Wen states with
n = 1. Happily, in that case, the WZW model (5.9) indeed
arises as the description of the boundary dynamics of the
Chern-Simons theory with gauge group (4.1).

The U(1) part is described by a compact chiral boson ¢ and
the correlation function

N
<H ANEFDPO) o= [ 2 FFP b 9/ 2715 >

a=1

N
= H(Za — zp) TP = X Izl /4

a<b
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gives the Laughlin part of the wave function (5.8) in the usual
manner [5].

3. Quasiholes as non-Abelian anyons

The presence of the SU(p), factor ensures that our
quantum Hall states have non-Abelian anyons for k > 1. These
quasiholes are associated with primary operators in the WZW
conformal field theory and their properties are expected to be
determined by the fusion rules and braiding inherited from
the CFT. Although this story is well known (see, for example,
[53]), we pause here to point out a few of the more prominent
examples.

An example: Ising anyons. Ising anyons are well known
to appear in the Moore-Read state which is associated with
the SU(2), WZW model [54]. The primary operators carry
spin s = 0, %, and 1. We denote these representations using
their dimension d = 25 4+ 1. As we saw above, we identify
the electron with the spin 1, or d = 3 representation. The
d = 2 primary is then identified with the quasihole, with the
corresponding fusion rules given by

2x2=1603, 2x3=2, 3x3=1.

These are the fusion rules for Ising anyons.

Another example: Fibonacci anyons. Fibonacci anyons are
known to arise as the quasiholes in the Z3 parafermionic Read-
Rezayi state. This is governed by the coset model SU(2)3 /U(1).
As we have seen above, these states arise in our construction
as the SU(3), WZW model. This is related to the parafermion
CFT through level-rank duality and a quotient. The anyon is
associated with the primary operator which transforms in the
adjoint representation 8 of SU(3). It is simple to compute the
fusion rules in SU(3), to find

8x8=108.

This is indeed the fusion rule for Fibonacci anyons. A nice
review of these objects can be found in Ref. [55].

It remains an open problem to identify these anyonic states
directly within the matrix model. For the Laughlin states, it
was shown in Ref. [16] that the matrix model provides a
construction of quasihole states which are analytically more
tractable than the traditional approach. In particular, the Berry
phase computation of [26] can be performed exactly, without
resorting to the plasma analogy. It seems plausible that the
matrix model may also prove useful in understanding the
properties of non-Abelian anyons. We hope to return to this in
the future.

ACKNOWLEDGMENTS

Our thanks to Gautam Mandal, Shiraz Minwalla, and T.
Senthil for useful discussions. D.T. and C.T. are grateful
to the Tata Institute of Fundamental Research for their
kind hospitality while this paper was written. We are sup-
ported by Science and Techonology Facilities Council and
by the European Research Council under the European
Union’s Seventh Framework Programme (FP7/2007-2013),
ERC Grant Agreement No. STG 279943, “Strongly Coupled
Systems.”

085114-13



NICK DOREY, DAVID TONG, AND CARL TURNER

[1] V. Pasquier and F. D. M. Haldane, A dipole interpretation of the
v = % state, Nucl. Phys. B 516, 719 (1998).

[2] N. Read, Lowest-Landau-level theory of the quantum Hall
effect: The Fermi-liquid-like state of bosons at filling factor
one, Phys. Rev. B 58, 16262 (1998).

[3] A. P. Polychronakos, Quantum Hall states as matrix Chern-
Simons theory, J. High Energy Phys. 04 (2001) O11.

[4] L. Susskind, The Quantum Hall fluid and noncommutative
Chern-Simons theory, arXiv:hep-th/0101029.

[5] G. W. Moore and N. Read, Nonabelions in the fractional
quantum Hall effect, Nucl. Phys. B 360, 362 (1991).

[6] N. Read and E. Rezayi, Beyond paired quantum Hall states:
Parafermions and incompressible states in the first excited
Landau level, Phys. Rev. B 59, 8084 (1999).

[7] B. Blok and X. G. Wen, Many body systems with non-Abelian
statistics, Nucl. Phys. B 374, 615 (1992).

[8] E. Ardonne and K. Schoutens, New Class of Non-Abelian
Spin-Singlet Quantum Hall States, Phys. Rev. Lett. 82, 5096
(1999).

[9] E. Ardonne, N. Read, E. Rezayi, and K. Schoutens, Non-Abelian
spin-singlet quantum Hall states: Wave functions and quasihole
state counting, Nucl. Phys. B 607, 549 (2001).

[10] C.R.Dean, A.F. Young, P. Cadden-Zimansky, L. Wang, H. Ren,
K. Watanabe, T. Taniguchi, P. Kim, J. Hone, and K. L. Shepard,
Multicomponent fractional quantum Hall effect in graphene,
Nat. Phys. 7, 693 (2011).

[11] B. Halperin, Theory of the quantized Hall conductance, Helv.
Phys. Acta 56, 75 (1983).

[12] F. D. M. Haldane, The hierarchy of fractional states and
numerical studies, in The Quantum Hall Effect, edited by R.
Prange and S. Girvin (Springer, New York, 1987).

[13] N. Seiberg and E. Witten, Gapped boundary phases of topolog-
ical insulators via weak coupling, arXiv:1602.04251.

[14] Things look somewhat different when viewed from the boundary
perspective. The same quotient that appears complicated in the
3d bulk can result in a very simple boundary theory, such as the
Ising [5] or parafermion [6] conformal field theories.

[15] D. Tong, A quantum Hall fluid of vortices, J. High Energy Phys.
02 (2004) 046.

[16] D. Tong and C. Turner, Quantum Hall effect in supersym-
metric Chern-Simons theories, Phys. Rev. B 92, 235125
(2015).

[17] A.Hanany and D. Tong, Vortices, instantons and branes, J. High
Energy Phys. 07 (2003) 037.

[18] R. Auzzi, S. Bolognesi, J. Evslin, K. Konishi, and A. Yung,
Non-Abelian superconductors: Vortices and confinement in
N =2 SQCD, Nucl. Phys. B 673, 187 (2003).

[19] T. Kimura, Vortex description of quantum Hall ferromagnets,
Int. J. Mod. Phys. A 25, 993 (2010).

[20] S. G. Naculich, H. A. Riggs, and H. J. Schnitzer, Group level
duality in WZW models and Chern-Simons theory, Phys. Lett.
B 246, 417 (1990).

[21] N. Dorey, D. Tong, and C. Turner, A matrix model for WZW,
arXiv:1604.05711.

[22] S. Hellerman and M. Van Raamsdonk, Quantum Hall physics
equals noncommutative field theory, J. High Energy Phys. 10
(2001) 039.

[23] D. Karabali and B. Sakita, Chern-Simons matrix model: Coher-
ent states and relation to Laughlin wave functions, Phys. Rev. B
64, 245316 (2001).

PHYSICAL REVIEW B 94, 085114 (2016)

[24] D. Karabali and B. Sakita, Orthogonal basis for the energy
eigenfunctions of the Chern-Simons matrix model, Phys. Rev.
B 65, 075304 (2002).

[25] B. Morariu and A. P. Polychronakos, Finite noncommutative
Chern-Simons with a Wilson line and the quantum Hall effect,
J. High Energy Phys. 07 (2001) 006.

[26] D. Arovas, J. R. Schrieffer, and F. Wilczek, Fractional Statistics
and the Quantum Hall Effect, Phys. Rev. Lett. 53, 722 (1984).

[27] T.-L. Ho, The Broken Symmetry of Two-Component v = 1/2
Quantum Hall States, Phys. Rev. Lett. 75, 1186 (1995).

[28] S. Okado, Applications of minor summation formulas
to rectangular-shaped representations of classical groups,
J. Algebra 205, 337 (1998).

[29] X. Qiu, R. Joynt, and A. H. Macdonald, Phases of the multiple
quantum well in a strong magnetic field: Possibility of irrational
charge, Phys. Rev. B 40, 11943 (1989).

[30] M. Goerbig and N. Regnault, Analysis of a SU(4) generalization
of Halperin’s wave functions as an approach towards a SU(4)
fractional quantum Hall effect in graphene sheets, Phys. Rev. B
75, 241405(R) (2007).

[31] R. de Gail, N. Regnault, and M. Goerbig, Plasma picture of the
fractional quantum Hall effect with internal SU(K) symmetries,
Phys. Rev. B 77, 165310 (2008).

[32] N. Regnault, M. Goerbig, and Th. Jolicoeur, Bridge Between
Abelian and Non-Abelian Fractional Quantum Hall States,
Phys. Rev. Lett. 101, 066803 (2008).

[33] A. Cappelli, L. Georgiev, and 1. Todorov, Parafermion Hall
states from coset projections of Abelian conformal theories,
Nucl. Phys. B 5§99, 499 (2001).

[34] O. Bergman and G. Lozano, Aharonov-Bohm scattering, con-
tact interactions, and scale invariance, Ann. Phys. 229, 416
(1994).

[35] D. Bak and O. Bergman, Perturbative analysis of non-
Abelian Aharonov-Bohm scattering, Phys. Rev. D 51, 1994
(1995).

[36] M. Leblanc, G. Lozano, and H. Min, Extended superconformal
Galilean symmetry in Chern-Simons matter systems, Ann. Phys.
219, 328 (1992).

[37] S. A. Parameswaran, S. A. Kivelson, E. H. Rezayi, S. H. Simon,
S. L. Sondhi, and B. Z. Spivak, Typology for quantum Hall
liquids, Phys. Rev. B 85, 241307 (2012).

[38] M. Eto, Y. Isozumi, M. Nitta, K. Ohashi, and N. Sakai, Solitons
in the Higgs phase: The moduli matrix approach, J. Phys. A 39,
R315 (20006).

[39] M. Shifman and A. Yung, Supersymmetric solitons and how
they help us understand non-Abelian gauge theories, Rev. Mod.
Phys. 79, 1139 (2007).

[40] D. Tong, Quantum vortex strings: A review, Ann. Phys. 324, 30
(2009).

[41] E. J. Weinberg, Multivortex solutions of the Ginzburg-Landau
equations, Phys. Rev. D 19, 3008 (1979).

[42] C. H. Taubes, Arbitrary N-vortex solutions to the first order
Landau-Ginzburg equations, Commun. Math. Phys. 72, 277
(1980).

[43] N. S. Manton, First order vortex dynamics, Ann. Phys. 256, 114
(1997).

[44] N. M. Romao, Quantum Chern-Simons vortices on a sphere,
J. Math. Phys. 42, 3445 (2001).

[45] N. M. Romao and J. M. Speight, Slow Schroedinger dynamics
of gauged vortices, Nonlinearity 17, 1337 (2004).

085114-14


http://dx.doi.org/10.1016/S0550-3213(98)00069-8
http://dx.doi.org/10.1016/S0550-3213(98)00069-8
http://dx.doi.org/10.1016/S0550-3213(98)00069-8
http://dx.doi.org/10.1016/S0550-3213(98)00069-8
http://dx.doi.org/10.1103/PhysRevB.58.16262
http://dx.doi.org/10.1103/PhysRevB.58.16262
http://dx.doi.org/10.1103/PhysRevB.58.16262
http://dx.doi.org/10.1103/PhysRevB.58.16262
http://dx.doi.org/10.1088/1126-6708/2001/04/011
http://dx.doi.org/10.1088/1126-6708/2001/04/011
http://dx.doi.org/10.1088/1126-6708/2001/04/011
http://dx.doi.org/10.1088/1126-6708/2001/04/011
http://arxiv.org/abs/arXiv:hep-th/0101029
http://dx.doi.org/10.1016/0550-3213(91)90407-O
http://dx.doi.org/10.1016/0550-3213(91)90407-O
http://dx.doi.org/10.1016/0550-3213(91)90407-O
http://dx.doi.org/10.1016/0550-3213(91)90407-O
http://dx.doi.org/10.1103/PhysRevB.59.8084
http://dx.doi.org/10.1103/PhysRevB.59.8084
http://dx.doi.org/10.1103/PhysRevB.59.8084
http://dx.doi.org/10.1103/PhysRevB.59.8084
http://dx.doi.org/10.1016/0550-3213(92)90402-W
http://dx.doi.org/10.1016/0550-3213(92)90402-W
http://dx.doi.org/10.1016/0550-3213(92)90402-W
http://dx.doi.org/10.1016/0550-3213(92)90402-W
http://dx.doi.org/10.1103/PhysRevLett.82.5096
http://dx.doi.org/10.1103/PhysRevLett.82.5096
http://dx.doi.org/10.1103/PhysRevLett.82.5096
http://dx.doi.org/10.1103/PhysRevLett.82.5096
http://dx.doi.org/10.1016/S0550-3213(01)00224-3
http://dx.doi.org/10.1016/S0550-3213(01)00224-3
http://dx.doi.org/10.1016/S0550-3213(01)00224-3
http://dx.doi.org/10.1016/S0550-3213(01)00224-3
http://dx.doi.org/10.1038/nphys2007
http://dx.doi.org/10.1038/nphys2007
http://dx.doi.org/10.1038/nphys2007
http://dx.doi.org/10.1038/nphys2007
http://arxiv.org/abs/arXiv:1602.04251
http://dx.doi.org/10.1088/1126-6708/2004/02/046
http://dx.doi.org/10.1088/1126-6708/2004/02/046
http://dx.doi.org/10.1088/1126-6708/2004/02/046
http://dx.doi.org/10.1088/1126-6708/2004/02/046
http://dx.doi.org/10.1103/PhysRevB.92.235125
http://dx.doi.org/10.1103/PhysRevB.92.235125
http://dx.doi.org/10.1103/PhysRevB.92.235125
http://dx.doi.org/10.1103/PhysRevB.92.235125
http://dx.doi.org/10.1088/1126-6708/2003/07/037
http://dx.doi.org/10.1088/1126-6708/2003/07/037
http://dx.doi.org/10.1088/1126-6708/2003/07/037
http://dx.doi.org/10.1088/1126-6708/2003/07/037
http://dx.doi.org/10.1016/j.nuclphysb.2003.09.029
http://dx.doi.org/10.1016/j.nuclphysb.2003.09.029
http://dx.doi.org/10.1016/j.nuclphysb.2003.09.029
http://dx.doi.org/10.1016/j.nuclphysb.2003.09.029
http://dx.doi.org/10.1142/S0217751X10047816
http://dx.doi.org/10.1142/S0217751X10047816
http://dx.doi.org/10.1142/S0217751X10047816
http://dx.doi.org/10.1142/S0217751X10047816
http://dx.doi.org/10.1016/0370-2693(90)90623-E
http://dx.doi.org/10.1016/0370-2693(90)90623-E
http://dx.doi.org/10.1016/0370-2693(90)90623-E
http://dx.doi.org/10.1016/0370-2693(90)90623-E
http://arxiv.org/abs/arXiv:1604.05711
http://dx.doi.org/10.1088/1126-6708/2001/10/039
http://dx.doi.org/10.1088/1126-6708/2001/10/039
http://dx.doi.org/10.1088/1126-6708/2001/10/039
http://dx.doi.org/10.1088/1126-6708/2001/10/039
http://dx.doi.org/10.1103/PhysRevB.64.245316
http://dx.doi.org/10.1103/PhysRevB.64.245316
http://dx.doi.org/10.1103/PhysRevB.64.245316
http://dx.doi.org/10.1103/PhysRevB.64.245316
http://dx.doi.org/10.1103/PhysRevB.65.075304
http://dx.doi.org/10.1103/PhysRevB.65.075304
http://dx.doi.org/10.1103/PhysRevB.65.075304
http://dx.doi.org/10.1103/PhysRevB.65.075304
http://dx.doi.org/10.1088/1126-6708/2001/07/006
http://dx.doi.org/10.1088/1126-6708/2001/07/006
http://dx.doi.org/10.1088/1126-6708/2001/07/006
http://dx.doi.org/10.1088/1126-6708/2001/07/006
http://dx.doi.org/10.1103/PhysRevLett.53.722
http://dx.doi.org/10.1103/PhysRevLett.53.722
http://dx.doi.org/10.1103/PhysRevLett.53.722
http://dx.doi.org/10.1103/PhysRevLett.53.722
http://dx.doi.org/10.1103/PhysRevLett.75.1186
http://dx.doi.org/10.1103/PhysRevLett.75.1186
http://dx.doi.org/10.1103/PhysRevLett.75.1186
http://dx.doi.org/10.1103/PhysRevLett.75.1186
http://dx.doi.org/10.1006/jabr.1997.7408
http://dx.doi.org/10.1006/jabr.1997.7408
http://dx.doi.org/10.1006/jabr.1997.7408
http://dx.doi.org/10.1006/jabr.1997.7408
http://dx.doi.org/10.1103/PhysRevB.40.11943
http://dx.doi.org/10.1103/PhysRevB.40.11943
http://dx.doi.org/10.1103/PhysRevB.40.11943
http://dx.doi.org/10.1103/PhysRevB.40.11943
http://dx.doi.org/10.1103/PhysRevB.75.241405
http://dx.doi.org/10.1103/PhysRevB.75.241405
http://dx.doi.org/10.1103/PhysRevB.75.241405
http://dx.doi.org/10.1103/PhysRevB.75.241405
http://dx.doi.org/10.1103/PhysRevB.77.165310
http://dx.doi.org/10.1103/PhysRevB.77.165310
http://dx.doi.org/10.1103/PhysRevB.77.165310
http://dx.doi.org/10.1103/PhysRevB.77.165310
http://dx.doi.org/10.1103/PhysRevLett.101.066803
http://dx.doi.org/10.1103/PhysRevLett.101.066803
http://dx.doi.org/10.1103/PhysRevLett.101.066803
http://dx.doi.org/10.1103/PhysRevLett.101.066803
http://dx.doi.org/10.1016/S0550-3213(00)00774-4
http://dx.doi.org/10.1016/S0550-3213(00)00774-4
http://dx.doi.org/10.1016/S0550-3213(00)00774-4
http://dx.doi.org/10.1016/S0550-3213(00)00774-4
http://dx.doi.org/10.1006/aphy.1994.1013
http://dx.doi.org/10.1006/aphy.1994.1013
http://dx.doi.org/10.1006/aphy.1994.1013
http://dx.doi.org/10.1006/aphy.1994.1013
http://dx.doi.org/10.1103/PhysRevD.51.1994
http://dx.doi.org/10.1103/PhysRevD.51.1994
http://dx.doi.org/10.1103/PhysRevD.51.1994
http://dx.doi.org/10.1103/PhysRevD.51.1994
http://dx.doi.org/10.1016/0003-4916(92)90350-U
http://dx.doi.org/10.1016/0003-4916(92)90350-U
http://dx.doi.org/10.1016/0003-4916(92)90350-U
http://dx.doi.org/10.1016/0003-4916(92)90350-U
http://dx.doi.org/10.1103/PhysRevB.85.241307
http://dx.doi.org/10.1103/PhysRevB.85.241307
http://dx.doi.org/10.1103/PhysRevB.85.241307
http://dx.doi.org/10.1103/PhysRevB.85.241307
http://dx.doi.org/10.1088/0305-4470/39/26/R01
http://dx.doi.org/10.1088/0305-4470/39/26/R01
http://dx.doi.org/10.1088/0305-4470/39/26/R01
http://dx.doi.org/10.1088/0305-4470/39/26/R01
http://dx.doi.org/10.1103/RevModPhys.79.1139
http://dx.doi.org/10.1103/RevModPhys.79.1139
http://dx.doi.org/10.1103/RevModPhys.79.1139
http://dx.doi.org/10.1103/RevModPhys.79.1139
http://dx.doi.org/10.1016/j.aop.2008.10.005
http://dx.doi.org/10.1016/j.aop.2008.10.005
http://dx.doi.org/10.1016/j.aop.2008.10.005
http://dx.doi.org/10.1016/j.aop.2008.10.005
http://dx.doi.org/10.1103/PhysRevD.19.3008
http://dx.doi.org/10.1103/PhysRevD.19.3008
http://dx.doi.org/10.1103/PhysRevD.19.3008
http://dx.doi.org/10.1103/PhysRevD.19.3008
http://dx.doi.org/10.1007/BF01197552
http://dx.doi.org/10.1007/BF01197552
http://dx.doi.org/10.1007/BF01197552
http://dx.doi.org/10.1007/BF01197552
http://dx.doi.org/10.1006/aphy.1997.5672
http://dx.doi.org/10.1006/aphy.1997.5672
http://dx.doi.org/10.1006/aphy.1997.5672
http://dx.doi.org/10.1006/aphy.1997.5672
http://dx.doi.org/10.1063/1.1379315
http://dx.doi.org/10.1063/1.1379315
http://dx.doi.org/10.1063/1.1379315
http://dx.doi.org/10.1063/1.1379315
http://dx.doi.org/10.1088/0951-7715/17/4/010
http://dx.doi.org/10.1088/0951-7715/17/4/010
http://dx.doi.org/10.1088/0951-7715/17/4/010
http://dx.doi.org/10.1088/0951-7715/17/4/010

MATRIX MODEL FOR NON-ABELIAN QUANTUM HALL STATES

[46] E. Witten, Quantum field theory and the Jones polynomial,
Commun. Math. Phys. 121, 351 (1989).

[47] S. Elitzur, G. W. Moore, A. Schwimmer, and N. Seiberg,
Remarks on the canonical quantization of the Chern-Simons-
Witten theory, Nucl. Phys. B 326, 108 (1989).

[48] P. Di Francesco, P. Mathieu, and D. Sénéchal, Conformal Field
Theory (Springer, Berlin, Heidelberg, 1997).

[49] A Mathematica code for computing SU(p); fusion rules,
written by one of us (C.T.), can be downloaded at
http://blog.suchideas.com/2mBUW.

[50] A.N. Schellekens and S. Yankielowicz, Extended chiral algebras
and modular invariant partition functions, Nucl. Phys. B 327,
673 (1989); Field identification fixed points in the coset
construction, 334, 67 (1990).

PHYSICAL REVIEW B 94, 085114 (2016)

[51] V. G. Knizhnik and A. B. Zamolodchikov, Current algebra and
Wess-Zumino model in two dimensions, Nucl. Phys. B 247, 83
(1984).

[52] A. Balatsky and E. Fradkin, Singlet quantum Hall effect and
Chern-Simons theories, Phys. Rev. B 43, 10622 (1991).

[53] C. Nayak, S. H. Simon, A. Stern, M. Freedman, and S.
Das Sarma, Non-Abelian anyons and topological quantum
computation, Rev. Mod. Phys. 80, 1083 (2008).

[54] E. H. Fradkin, C. Nayak, A. Tsvelik, and F. Wilczek, A Chern-
Simons effective field theory for the Pfaffian quantum Hall state,
Nucl. Phys. B 516, 704 (1998).

[55] S. Trebst, M. Troyer, Z. Wang, and A. Ludwig, A short
introduction to Fibonacci anyon models, Prog. Theor. Phys. 176,
384 (2008).

085114-15


http://dx.doi.org/10.1007/BF01217730
http://dx.doi.org/10.1007/BF01217730
http://dx.doi.org/10.1007/BF01217730
http://dx.doi.org/10.1007/BF01217730
http://dx.doi.org/10.1016/0550-3213(89)90436-7
http://dx.doi.org/10.1016/0550-3213(89)90436-7
http://dx.doi.org/10.1016/0550-3213(89)90436-7
http://dx.doi.org/10.1016/0550-3213(89)90436-7
http://blog.suchideas.com/2mBUW
http://dx.doi.org/10.1016/0550-3213(89)90310-6
http://dx.doi.org/10.1016/0550-3213(89)90310-6
http://dx.doi.org/10.1016/0550-3213(89)90310-6
http://dx.doi.org/10.1016/0550-3213(89)90310-6
http://dx.doi.org/10.1016/0550-3213(90)90657-Y
http://dx.doi.org/10.1016/0550-3213(90)90657-Y
http://dx.doi.org/10.1016/0550-3213(90)90657-Y
http://dx.doi.org/10.1016/0550-3213(84)90374-2
http://dx.doi.org/10.1016/0550-3213(84)90374-2
http://dx.doi.org/10.1016/0550-3213(84)90374-2
http://dx.doi.org/10.1016/0550-3213(84)90374-2
http://dx.doi.org/10.1103/PhysRevB.43.10622
http://dx.doi.org/10.1103/PhysRevB.43.10622
http://dx.doi.org/10.1103/PhysRevB.43.10622
http://dx.doi.org/10.1103/PhysRevB.43.10622
http://dx.doi.org/10.1103/RevModPhys.80.1083
http://dx.doi.org/10.1103/RevModPhys.80.1083
http://dx.doi.org/10.1103/RevModPhys.80.1083
http://dx.doi.org/10.1103/RevModPhys.80.1083
http://dx.doi.org/10.1016/S0550-3213(98)00111-4
http://dx.doi.org/10.1016/S0550-3213(98)00111-4
http://dx.doi.org/10.1016/S0550-3213(98)00111-4
http://dx.doi.org/10.1016/S0550-3213(98)00111-4
http://dx.doi.org/10.1143/PTPS.176.384
http://dx.doi.org/10.1143/PTPS.176.384
http://dx.doi.org/10.1143/PTPS.176.384
http://dx.doi.org/10.1143/PTPS.176.384



