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Majorana approach to the stochastic theory of line shapes
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Motivated by recent Mossbauer experiments on strongly correlated mixed-valence systems, we revisit the
Kubo-Anderson stochastic theory of spectral line shapes. Using a Majorana representation for the nuclear spin we
demonstrate how to recast the classic line-shape theory in a field-theoretic and diagrammatic language. We show
that the leading contribution to the self-energy can reproduce most of the observed line-shape features including
splitting and line-shape narrowing, while the vertex and the self-consistency corrections can be systematically
included in the calculation. This approach permits us to predict the line shape produced by an arbitrary bulk
charge fluctuation spectrum providing a model-independent way to extract the local charge fluctuation spectrum
of the surrounding medium. We also derive an inverse formula to extract the charge fluctuation from the measured

line shape.
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I. INTRODUCTION

Resonant spectroscopy of two-level systems is a powerful
tool to study the environment in which they are embedded, and
includes photo- and x-ray absorption, electron spin resonance,
nuclear magnetic resonance, and even current spectroscopy
of a quantum dot. An important example is Mossbauer
spectroscopy [1], where nuclear transitions in a solid are
studied by the recoil-free resonant absorption/emission of
y-ray photons, providing a sensitive probe of low-frequency
electric charge fluctuations and the magnetic field texture in the
material. Recently, the advent of synchrotron-based radiation
as a new source of hard x rays [2] has opened up a wide range
of materials to Mossbauer study, with the possibility of new in-
sights into strongly correlated systems, such as YbAIB4 [3-5].

The theory of line shape is one of the classic topics in
condensed matter physics [6]. The stochastic theory based
on the seminal works of Anderson, Kubo, and later Blume
on the topic [7-11] has been extensively used over the
years to successfully interpret and understand experimental
line shapes of multiple-level systems in solids and lig-
uids [11,12]. However, the classic theory is model-based,
providing information about the line shapes in environments
with specialized Gaussian or Markovian dynamics [6]. A
number of works [13-17] have been put forward over the
subsequent years to generalize the theory to more variety
of line shapes, using the method of moment expansion and
the auxiliary memory function [18-20]. However, their scope
of applicability is limited to the phenomenologically chosen
auxiliary function which obstructs a systematic approximation
scheme. Interestingly, in spite of the general applicability of the
theory and recent demands, the theory of line shape has been
largely unchanged since the above works. This motivates us to
revisit the problem of spectral line shapes in two level systems,
recasting the problem in a modern framework. Our work
leads us to conclude that there is a wide parameter regime in
Mossbauer spectroscopy, in which the entanglement between
two-level system and the environment is weak enough for the
measured absorption line shape to provide model-independent
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information about the spectrum of charge fluctuations in the
surroundings.

II. THE MODEL

Here, we study the spectroscopic line shape of a two-
level system (probe) immersed in a fluctuating environment
[Fig. 1]. Quite generally, the Hamiltonian of a two-level
system can be described by a pseudospin variable I, = £1/2
in a Zeeman field which is modulated by another degree of
freedom

H = (wo + Aof)I° + 1/2) + Hreqloy}. ey

The level spliting is modified by the fluctuating bosonic
variable o  whose dynamics is governed by Hes. /° commutes
with both H,.i and o, but the latter two do not commute,
resulting in resonance-frequency fluctuations. A main as-
sumption is that the level splitting (which corresponds to a
nuclear excitation energy in Mossbauer spectroscopy) is large
enough (wp > T) that the two-level system is in its ground
state. Without much restriction, we assume that (o) =0
and its average is absorbed in wy. Most of our discussion is
applicable to arbitrary oy and Hy.y and the latter can be quite
complicated. However, we will make a distinction between the
cases when o is a continuous variable and when it has discrete
eigenvalues. The latter occurs, for example, whenoy = £1isa
digital variable caused by the capacitive coupling of the probe
to the occupation of a nearby fermionic f level. On the other
hand, if the probe is coupled to many independent f levels,
the average becomes a continuous variable which according
to the central limit theorem will have Gaussian dynamics.

In spectroscopic studies, the above system is coupled to an
additional photonic degree of freedom, H' = H + g(I*a +
H.c.) + wa'a, which is used to probe the line shape of the
excited state at absorption energies w ~ wy. The absorbed
power (positive) is written (see Appendix A) in terms of the
retarded Green’s function of the spins

P(0) = —0Q " (w0 +in), 2)

where x”_ (w+in) denotes the imaginary part of the
Fourier transform of the retarded function xX AOES
—i0(t){[1(¢),I7(0)]), evaluated in thermal equilibrium, and
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FIG. 1. The setup considered in this paper. The resonance
frequency of the two-level system as probed by gamma-ray absorption
(middle panel) is modulated by the quantum/thermal fluctuations
of an additional degree of freedom (left panel), resulting in a
modification of the spectral line shape (right panel). The average
resonance frequency w, is much larger than any other energy scale
in the problem and the temperature is low enough that the two-level
system is mostly at its ground state.

Q? is the field strength of the incoming radiation. Such a
relation between the absorbed power and the spin suscepti-
bility is well known [8,9]. The calculation of the dynamic
susceptibility is, however, challenging as the perturbation
theory to any finite order is sometimes divergent [21,22]
and generally not sufficient to capture the line shape. The
noncanonical commutation relations of the spin inhibit the
use of diagrammatic resummations and the application of
Bloch equations [13] and the memory functions [19,20] to
remedy the problem is limited to the phenomenologically
chosen relaxation rate and the auxiliary function without a
framework for systematic calculation.

III. MAJORANA REPRESENTATION
AND THE SELF-ENERGY DIAGRAMS

To use the machinery of field theory, we need to represent
the spin in terms of canonical fields. We use a Majorana
representation of the spin [23,24], I = —’zﬁ x 1), which
expresses the spin in terms of three [26] Majorana fermions 7',
i = 1,2,3 obeying the anticommutation relation {n’,n/} = 8.
The advantage of this representation is that it avoids the use
of a constraint and furthermore, the spin dynamics can be
directly read off from the one-particle Green’s function of
the Majorana fermions [23,24]. This is because the Majorana
composite ¢ = —2in;n,n3 commutes with the spin [¢,i 1=0
and the Hamiltonian [¢, H] = 0, and is thus a constant of
motion. Moreover, since 2¢I = 7 and ¢ = 1/2, it follows
that

(I“OIP@)) = (" O’ (@)). 3)

It is convenient to combine two of the Majoranas into a single
Dirac fermion, d' = (n' +in?)/+/2, so that I* =d'd —1/2
and I = +/2nd!. The occupied/unoccupied states of the d
level correspond to the up/down states of the probe isospin,
I.. By Eq. 3) I-(1))I* =d(t)d" and 171 (t) = dld(t) are
true at all times and therefore, (I~ (£)I(0) — IT(0)]~(¢)) =
(d(t)d'(0) — dT(0)d(t)). The Fourier transform of the left side
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is the imaginary part of the spin susceptibility, whereas the
right side has the “wrong” sign to be a fermionic retarded
function. Instead, it is the Keldysh function of the d level,
and by the fluctuation-dissipation theorem can be related to
the imaginary part of the retarded function. Therefore, we
obtain [23] (see Appendix B)

x” (0 +in) = tanh(Bw/2)G(w + in). 4)

Here, B = 1/T is the inverse temperature and G/j(w + in)
is the imaginary part of the Fourier transform of the re-
tarded Green’s function, G‘If(t) = (—i0(){d(1),d'(0)}). Quite
generally, we expect the absorption function, oc G)j(w + in),
to be a narrow function centered at wp, so combining
Egs. (2) and (4), we have P(w) o —Gj(w +in) and the
proportionality constant is ¢ &~ w, tanh(Bw/2)2>. The area
under the resonance is constant, leading to the sum rule
[doP(®) = —c [doG)(w +in) = ncld,d"} = wc. A sim-
ilar relation between linear conductance and G, appears in
current spectroscopy of quantum dots [25].

The advantage of the Majorana representation is that
one can apply standard field theory techniques, developing
a Feynman expansion for the one-particle Green’s function
G4(t) = —(T.d(7)d'(0)), which we can immediately convert
to a spin correlation function of the probe isospin using
Eq. (4). Taking advantage of the Dyson’s equation for the
Green’s function, G4(z) = [z — wy — Z4(2)]™", the d-fermion
Green'’s function is described in terms of the self-energy ¥,(z)
of the d fermion [Fig. 2(a)]. The calculation of the spin
dynamics then reverts to a calculation of the self-energy of
the d fermion. The relevant diagrams in the expansion of the
self-energy to order O(A*) are shown in Fig. 2(b). Assuming
that temperature is much smaller than wy, we have f(wg) ~ 0,
where f(w) = [ef® + 117" is the Fermi-Dirac distribution.
Therefore, to a good approximation, it suffices to consider

d-fermion

(@) +:—)—+—)—®+

gp-boson

3,4-particle bosonic O
interaction vertex

(© (d)

@ = A a 0 "...,?Tz £ ’—T 1y 7

FIG. 2. (a) Diagrammatic representation of the Dyson’s equation.
(b) Perturbative expansion of the self-energy to order O(A%).
The set of diagrams corresponding to the (leading) single-photon
approximation, the Gaussian approximation, and the forward-time
d-propagator approximations are indicated. (c) The self-energy can
be obtained self-consistently from the leading order by including the
vertex correction and upgrading the d propagator to a full Green’s
function. (d) The leading contribution to the vertex correction, used
in the text.
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an exclusively forward-time bare d-level propagator g,(t) =
[—0(7) + f(wp)]le " = —O(T)e™ " in the calculations. This
considerably simplifies the diagrams, because it eliminates
all diagrams that involve fermions propagating backwards in
time, i.e., any diagrams with additional fermion loops [e.g.,
the last two Feynman diagrams of Fig. 2(b)]. Physically, this
approximation means that there is no back-action from the d
level on the charge fluctuations, e.g., by the last diagram in
Fig. 2(b). The forward-time restriction on the d propagator
limits us to a single d-fermion branch in the Green’s function,
and these diagrams resum to [7]

Gd(f) — _e—wor(TTe—A fof dr’(r/(r/)>' (5)

Alternatively, this formula can be obtained using the methods
similar to the orthogonality catastrophe problem by writing
d(t) = e™-de "M+ where H. correspond to the I, = +1/2
sectors of the Hamiltonian, respectively.

Expanding the exponent inside the bracket of Eq. (5),
we have to evaluate n-point correlation functions of oy.
These have a disconnected part [sum of all possible Wick’s
contractions, the Gaussian subset in Fig. 2(b)] and a connected
part caused by the interaction vertices of H.. For a continuous
oy variable with Gaussian dynamics, the connected-part
contribution to Eq. (5) is zero and the bracket becomes
exp[3A? [y dti [y da(T:0/(11)os(12))] (see Appendix C).
We can simplify this to write [7]

Gy(t) > —e T exp |:—k2 /T dx(t — x)Xc(x):|. (6)
0

Here, xc(t) = —(Ty0¢(t)os(0)) is the correlation function
of the fluctuations and we used that xc(—t) = xc(t). This
formula, due to Anderson [7], is quite precise within the
Gaussian-action assumption, but unfortunately due to the
appearance of the x¢ within an integral in the exponent, it
is difficult to use it to extract the susceptibility yc(w) from the
spectrum.

On the other hand, for a discrete oy = &1 variable we
cannot use Anderson’s Gaussian formula due to the importance
of interaction vertices. For example, replacing the composite
charge bosons by the population of a fermionic f level oy =
2f f f — 1, we see that H can be strongly interacting with
O(1) vertex corrections. In this case, the resummation of the
Gaussian subset of diagrams to infinite order is too arbitrary.
A special case in which the discrete problem can be solved is
when the discrete o has (classical) Markovian dynamics; i.e.,
its probability of being +1 at any given time, p(¢) = (p4 p-)7,
obeys a rate equation p = [ p with the transition matrix
[. Interpreting Eq. (5) as a statistical average, we follow
Anderson [7] and divide the integral in Eq. (5) into N — oo
segments and use the rate equation to derive (see Appendix D)

Gu(t) = —e (17 .expl[—t(ha’ +iD)]- pu}. (D)

Here, o is in the same space as [. The vector p,, contains
steady-state probabilities and is the solution to [ p;; = 0. Much
of the stochastic theory is about diagonalizing the exponent
in this formula and generalizing it to multiple levels [10—12].

Here, we propose a simpler approach that has the advantage
that it is model-independent. To gain some insight we consider
the limiting case where H,s = O (equivalent to [ = 0). By
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ensemble-averaging over oy = &1 we can write

1 1 1 1

G in) = =

al@+in) 2w+in—wy+ A
1

T w+in—wy— Zew+in)’

§w+in—w0—k

where we have absorbed the statistical mixture into a per-
turbative self-energy X (w + in) = A2/(w + in — wy) for the
ensemble-averaged Green’s function. Note that this agrees
with Eq. (5) and Eq. (7), while it disagrees with Eq. (6)
using xc(r) = —1. The structure of the G, function here
is reminiscent of the zero-coupling limit of the Anderson
impurity problem. Indeed, for the case of Hieq = D, €k f,j S
with a bandwidth I", we have an Ising Kondo (in a Zeeman
field) which can be solved exactly [22] and x_.(w) exhibits
orthogonality catastrophe physics. Usually, there is an energy
scale T,(I',A) ~ T, below which a coherent entanglement
between the probe and H.s is established. However, at
the weak-coupling limit 7 >> T, there is little entanglement
and a perturbative self-energy accurately matches the exact
nonperturbative result [22,23].

One of observations of this paper is that the simplest
“single-photon” exchange approximation to the self-energy
of the d fermion provides an interpolation between motionally
narrowed and double-line limits of the absorption line, and
is capable of reproducing most of the observed features of
the line shape for general Hiey in the 7 >> I' limit. This is
the leading order contribution to the self-energy, ¥,(t) =
—Azgd(r) xc(t), which to order A2 is exact and thus it goes
beyond both forward-time propagator and Gaussian-action
approximations mentioned earlier. Note that this O(A?) ex-
pansion of ¥ ;(w) enables us to capture nonperturbative effects
of the charge fluctuations on the line shape, whereas a O(A?)
calculation of the original x_,(w) is unsatisfactory. Taking
the Fourier transform, and using g,(iw,) = [iw, — wo]~! and
analytically continuing to real frequencies, we obtain (see
Appendix E)

S0 + @ +in) = A[f (@) — ng(=o)lxi(@ +in), (8)

where n5(w) = [ef® — 1]~ is the Bose-Einstein distribution.
Equation (8) is the central result of this paper. We have related
the retarded function of the fluctuations to the imaginary
part of the self-energy. The latter is related to the absorbed
power by X/(w) = —cP(w)/[P*(w) + P”?(w)], where c is the
proportionality constant introduced after Eq. (4) and P'(w) is
the Hilbert transform of the absorbed power P(w) = P” so
that P’ + i P” obeys the Kramers-Kronig relation

Por=p [ 4 2

T w—w

Having obtained X] one can then use Eq. (8) to extract the
charge susceptibility from the line shape. A main assumption
is that the fluctuations have a small bandwidth I' < T < wy.
Thus, we can drop f(wp) and do a high-temperature expansion
of ng(—w) =~ —1/Pw to write X (wo + w) ~ Azxg/ﬂa). This
together with the Kramers-Kronig relation for xc(w +in)
provides another sum rule that relates the area under the
dissipative part of self-energy (or x(./Bw) to the static charge
susceptibility [dwX/(w) = TAT Xg. Moreover, combining
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these equations we find the simple and useful inverse formula

€))

c 1)
AT P'(w) +iP(w)
This formula can be used to directly extract the charge
susceptibility of the medium from the observed line shape.

We have explained our approach to the line-shape theory
which enables the use of Feynman diagrams for the calcula-
tions and approximations. In the rest of the paper we provide
two examples, one reproducing known results as a proof of
principle and the other one showing the generality of the
approach.

xc(w) ~

IV. EXAMPLES

As a first example, we look at the case when yx//Bw =
—nér(w) is a I'-broadened delta function at the origin. A
Lorentzian ér(w) function, defined in Eq. (D12), corresponds
to an exponential decay in the time domain (o () s(0)) ~
e " and a single-rate Markovian process in which I is
the rate of switching between the two oy = %1 states (see
Appendix D). In this case, the Kramers-Kronig relation
is trivial and we obtain Ty(wo + @ +in) = A%[w + i7"
Inserting this into the Green’s function gives us the Archer-
Anderson formula:

AT

" .
Gylwo+w+in) = T P f o

(10)

previously [7] obtained from the completely different approach
of Eq. (7) (see Appendix D). This agreement is a remarkable
observation whose origin is unclear to us at the moment.
Equation (10) is plotted in Figs. 3(a) and 3(b). In the slow-
switching case x = A/ T" > 1, we have two well-separated §
peaks at w = £\, whereas in the fast-switching case x < 1,
and on a rescaled frequency axis @ = (w — wg)/ ', we get
a single peak at the origin 'G)}(®) — x’[@&* + @ + x*]7!
which is Lorentzian within @ < x and has non-Lorentzian
@ tails at @ > x.

It is instructive to compare Eq. (10) to the Gaussian result,
Eq. (6), which can be computed with little effort in this

special case. Defining o = x? and from x(r) = —e''7, it is
straightforward (Appendix D) to find
FGy(@) = —me” Z Ju(0)d(n+a)(@). (11)
n=0

This is a summation of (n + «)-broadened § functions
all centered at ® =0 with the coefficients f,(x)=
> In(—a) L, (—a), given in terms of ordinary J,(x) and
modified [,,(x) Bessel functions. This function is plotted in
Figs. 3(c) and 3(d) along with Eq. (10). The two functions
agree at x < 1, which can be understood, qualitatively, by the
fact that the time-averaged o in both continuous and discrete
cases spend most of the time around zero. We argue below
that the rainbow diagrams [e.g., second diagram of Fig. 1(b)]
and vertex corrections [e.g., third diagram of Fig. 1(b)] that are
included in the Gaussian subset but not in Eq. (8) are negligible
for x < 1 but become important at finite x in agreement with
these plots.

To account for the vertex correction one has to solve
the Bethe-Salpeter equation for the vertex function (see
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FIG. 3. The resonance line shape from a Lorentzian charge
susceptibility from Eq. (10). (a), (b) For a fixed A varying I" leads
to line-shape narrowing. Panels (c) and (d) compare Eq. (10) with
a (Markovian-)Gaussian calculation. Agreement at A/’ < 1 and
disagreement at finite A/ " are transparent. Panel (c) also includes
the noncrossing approximation as well as the first two iterations of
dressing the Green’s function in Eq. (10), showing that the splitting
disappears and the result becomes more and more similar to the
Gaussian result.

Appendix F). To the leading order, and from Fig. 2(d), we
can estimate these vertex corrections to be A> — x> where
Kk~ 1 =A% [ dtixc(ti) [y dva ~ 1 — x2. This is analogous
to Migdal’s theorem in superconductivity and confirms that
vertex corrections are negligible in the fast regime x < 1 but
important in the slow regime.

The rainbow diagrams are part of the so-called noncrossing
approximation (NCA) class and can be included within our
formalism by self-consistently upgrading the bare propagator
gaq in the self-energy to the exact Green’s function G,. This
is schematically shown in Fig. 2(c) and can be implemented
iteratively. Figures 3(c) and 3(d) include the first two iterations
as well as the NCA result, starting from Eq. (10). While
nothing changes for x < 1, in the opposite regime of finite
x the line shape becomes closer to the Gaussian result.
To the leading order we can see this, by expanding the
self-energy as X;(w) = X (wo) + (@0 — 0)dp Xg(wo) + - - -
and only keeping the leading terms. Therefore, g;(iw,) is
replaced by Gu(iw,) = Zliw, — wy + iAsgn(n)]’l, where
Z =1 —3,Z4(wy)]"" is the wave-function renormalization
of the d level and A = —ZX//(wp) is its broadening. We
can estimate A/T" o x? and Z = [1 — x?]~! in our example.
Calculating the self-energy with this propagator has the
effect of renormalizing the coupling constant A> — A2Z, but
more importantly the self-energy is blurred by a convolution
with a A-broadened delta function §,(w) (see Appendix E).
Therefore, in the limit of fast/slow charge fluctuations rainbow
diagrams have a negligible/important effect, in agreement with
the numerical result. The fact that rainbow diagrams and
vertex corrections drive the line shape towards the Gaussian
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(a) FF > FS (b) FF = Fs

1

10 -10

0 0

w / s w / s

FIG. 4. The effect of nontrivial charge fluctuations on the reso-
nance line shape where there are two (slow with the width 'y and fast
with the width ') contributions to the charge susceptibility. Panels
(a) and (b) correspond to the charge susceptibility. We have varied
the relative strength of the two proportional to sin® @ and cos® 6, and
calculated the resulting line shape (c) and (d).

result is not surprising, since these additional diagrams can
be understood as if the two-level system is coupled to many
independent mutually noninteracting f levels which average
into a Gaussian line shape.

The second example is when a combination of fast and
slow switching processes are involved and where the power of
the field theoretical approach shows up. These more complex
scenarios happen for example in Kondo systems as spin-flip
processes involve fast charge switching between unpaired
single-spin and empty or doubly occupied states [27]. In Fig. 4,
we have considered a case where x/*/Bw contains a slow peak
at the origin with the width I'y and a fast mode at a finite
frequency with the width I' 7. The charge susceptibility is then

X;—Z") = —7 cos® 08 (w) — 7 sin? B8r, (|w| — wr), (12)

where wp, I's, and I'p are kept constant and 6 is varied in
Figs. 4(a) and 4(b) to change the relative strength of fast and
slow fluctuations for different ratios of I'r < 'sand 'y = I'.
Figures 4(c) and 4(d) show the corresponding line shapes we
would expect from such a medium. A direct consequence of
the sum rules is that the total area under x//w is a constant.
As is clear from these results, the existence of the fast mode
and its breadth can have significant effects on the line shape,
a detailed study of which we leave for the future.

V. CONCLUSION

To conclude, we have revisited the classic stochastic theory
of line shapes and used a Majorana representation of the spin
to recast it in a field-theoretical language. We have shown
that the leading contribution to the self-energy provides an
interpolation between Markovian and Gaussian results as well
as featuring a flexibility to study nontrivial charge fluctuations.
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APPENDICES
The following appendices include the proof of some of the
statements or formulas given in the paper.
APPENDIX A: ABSORBED POWER FORMULA

From Fermi’s golden rule, the absorption rate is related to
the transition rate, given by

2
L@ = Y =CI(f18HIi)P8(E) - E).
f

(AD)

Here 8H = g(a'lI~ + H.c.)and E; and E ; are the exact many-
body energies of Hy = H + wa'a where H is the Hamiltonian
in Eq. (1). Then using

+o00

SE;—En=— [ dre i Eom

(A2)
27 h J_o
we can write
[ 5
oz | dreT ETEIRY CISH | f) (fI8H i)
- -
1 ° . .
= / diy (ile" ™" sHeT N ) (fISH D)
5

1 /w dii|SHOSHO)i),

= hz -

where we have employed completeness Zf [ Y fl=1 and
written the perturbation '

SH(I) — eitHo/hSHefitHo/ﬁ

IN'w)

(A3)

in the interaction representation with respect to Hy = H +
wa'a. As a result of this interaction representation / * g, and
a' in §H develop time dependence. Doing a thermal average
over the initial states, the total transition rate is then given by
[the frequency dependence on the right is implicit in the time
evolution of the § H ()]

+o0
INw) = %/ dt{§H(t)§ H(0))

which can be written as

2 400
I‘(a))z(%) / dtine™ (I=(1*(0))

oo

(A4)

—0Q

+(1 4 n)e (It () (0))}
=ig’ny” (@) + (1 +n)x = (o)], (AS5)

where n = (a'a) as the average number of photons created at
the steady state (a measure of input power). We have used the
definitions of the greater/lesser functions

X2 () = —i(I=OI0), xZ,(0) = —i(I" (0 (1))
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We assume in this paper that the two-level system (described
by the spin I and weakly probed by the gamma photons) is in
thermal equilibrium with its surroundings and considering the
wp > T condition, it is mainly in its ground state. Therefore,
the greater/lesser susceptibilities are related to the imaginary
part of retarded susceptibility by the fluctuation-dissipation
theorem

X2 (@) = 2i[1 4+ np(@)x”  (v),
x4 () = 2ing(w)x” (o). (A6)
Anticipating that " (@) is a narrow resonance at wy > T, we
can approximate the Bose function ng(w) = [efe + 117!

0(—w). Therefore, x= (0> T)~0 and xZ (0> T)
2i x”  (w). Inserting these into Eq. (A5) we conclude

~
~
Z

(o) = —2Q°Im[x*, ()], (A7)

where we have defined Q = g./n. Equation (A7) is the total
number of transitions. Dividing this by two (absorptions) and
writing P(w) = %th(a)) gives Eq. (2).

APPENDIX B: MAJORANA REPRESENTATION
OF THE SPIN

1. Commutation relations

Using the index notation S' = —(i/2)e/.»n*n”, and using
the anticommutation algebra {n,,n,} = 6.5, we can confirm
that the spin operators faithfully reproduce the SU(2) algebra

[',8™] = —Yerapemealnanp.nenal

— Y€tabemea (8”0’ — 8" n“n°

+8acndnb _ 8adncnb}

1

= 1'n" — "' ] = i€ S7, (B1)

and that furthermore, (S9)> = 1/4, §? = 3, confirming that
this is a faithful representation of a spin-1/2 operator.

2. Relation between Keldysh and retarded functions

As a reminder, we can write the Kelydsh GX and the
difference between retarded G® and advanced G4 functions
as

G =G"+G=, GZ-G~=GR-G*, (B2)
in terms of the greater and lesser functions, defined by
G;(t) = —ild®)d'(0), Gj(t)=~+i(d'(0)d(1)).

Using the cyclic properties of the trace, G (t — if) = —G 7 (¢)
or equivalently, G;(w)= —e’ﬁ"’G; (w) in the frequency
domain. Combining these with Eqs. (B2) gives G5 (w) =
[1 —2f(w)]2iG}j(w) which leads to Eq. (4).

APPENDIX C: DIAGRAMMATIC PROOFS

The Hamiltonian (1) in the d-level representation is

H = (wp + Ao f)d'd + Hres{o ) (CI)

PHYSICAL REVIEW B 94, 085113 (2016)

and we are interested in G,(t) = —(T,d(7)d (0)). A brute
force perturbation theory in X is

[e.¢]

— [P
Gaw =~ fo dry - dz, (T d()d' (0)

n!
n=0

x [d'(t)d(T)o p(T)] . . . [d(1,)d(T,)o £ (T,)]).

The d operators commute with Hyi{or} and therefore, there
is no additional interaction vertex and the above correlation
function factorizes into d and o parts. Therefore, we can
write

o0 _ n ﬂ
Gd(r):—z(n):) /0 dt; ...dt, (T, d(t)d 0)d'(z))
n=0 :

xd(r))---d'(@)d@))(Tro () - 0p(z,)).  (C2)

We can apply Wick’s contraction to these noninteracting d
levels, but before that we introduce an approximation that
simplifies the resulting diagrams.

1. Forward-time propagators and single-branch simplification
The propagator for the free d level is

—({Tyd(v)d"(0))

= {001 — flwo)] + 0(—7) f(wo)}e~ ™"

= [f(wo) — O(T)]e™ ™" ~ —0(T)e™™". (C3)

8a4(1)

We have used that the (average) resonant frequency is much
larger than temperature (wy 3> T) and therefore

~ e /T ~ 0. (C4)

f(a)o):mw

In the following, we show that this approximation significantly
simplifies the Wick’s contractions. We can categorize the
Feynman diagrams with the number of inter-disconnected
d-level propagators. If going from d(0) to d(r) we pass
through all the d-level propagators, there is only one branch.
Inter-disconnected diagrams may appear for example to order
A% as the tadpole diagram or A* as the fermion bubbles
inside the propagator of the o charge fluctuation [Fig. 2(b)].
The simplification of the forward-time approximation is that
d-fermion bubbles are suppressed. For example, the fermion
bubbles’ contribution is proportional to g(t; — 72)g(T2 —
7)) & 0(1] — 12)0(72 — 11) = 0. Therefore, the single-branch
assumption is justified.

Moreover, since gz(t < 0) = 0, in doing Wick’s contrac-
tion, we must have the ascending ordert; < 75 < - -+ < 7, and
they are all connected in one branch. If the order is violated
even once, e.g., g(1; — 13), the result will be zero because 1,
will appear somewhere else and make the time argument of
the propagator negative and zero result due to forward-time
approximation. With this, we have

> T 7 Ty—1
Gy(t) = Z)J’/ drlf dt - - f dt,
=0 0 0 0

x gt —1)g(t1 — 1) -+~ g(Tu—1 — Tn)&(Tw — 0)
x(op(T1) - 0p(Tn))- (€5)
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Using Eq. (C3) we find

o0 T 7 Tu—1
et Z (=A)" / dt; / dty - - / dt,
0 0 0 0

(Gf(fl)

’“’OT ( )\)n/ drlf dty - - /drn

X (Trfff(fl) <0 p(Ty))
— _e—wo‘r <Tre—)\ for d‘[’af(l")>, (C6)

Gu(t) = —

CTf(l'n

which is Eq. (5).

2. Orthogonality catastrophe proof

An alternative proof of Eq. (C6) is by writing the evolution
operator of the d(t) =e™de ™", where H is given by
Eqg. (C1). To have a nonzero result, the d state has to be filled
prior to the acting with the annihilation operator and empty
afterwards. Therefore, we can write

d(l’) — eTHreslde_t[Hres[+(w0+)\(7/')]. (C7)

After this replacement, the d operator has done its job and can
be dropped out [22]:

—(T.d(v)d")

(o g~ st an i)l

Gu(r) =

Hrest

~t(Hactiop)

rest e

— _e—w0r<ezH

(C8)

Hiest

We have added a subindex H, to the first correlator to indicate
the Hamiltonian that appears in the corresponding Boltzman
factor. Also, we have used the forward-time approximation to
drop a factor proportional to e #“ in the expansion of the
partition function

Z — Tr[e_ﬂHres[] + e_ﬁwOTr[e_ﬁ[Hres[J!‘)\Uf]]
~ Tr[e =] (C9)
The product of the two exponents U (1) = e st g7 (Hrest297)
Eq. (C8) is the definition of the time evolution in the interaction
picture with respect to H.y. To see that, just take its derivative
with respect to T and observe the corresponding Schrodinger
equation that it obeys:

d
_U(T) = eTHm{[Hrest -

dt (Hrest + A,O—f)]eir(Hl’CNl+A(yf)

= —26,(DU(T), (C10)

TH,

|e\lo—f e*THre

where 6(t) = e
can write

s, Integrating this equation, we

Ga(t) & —e~ ™7 (T,e o 4701 @), (C11)

3. Gaussian subset

Generally, the n-point functions of o’s can all have non-
trivial connected and disconnected ones. If H,. is Gaussian,
all the connected terms vanish. The set of all disconnected
terms (exact for Gaussian H.y), €.g., the diagram shown in

PHYSICAL REVIEW B 94, 085113 (2016)

d-fermion e
or-boson sssssssss
(@)
O->->-'->—‘> PPl nn P 3
T]_ TZ T3 T4 TS T6 TTL
(b)
OM. = - - 3 - =2 - Pum B
T1 T2 T3 Ty Ts Te

FIG. 5. (a) Anexample of an O(A") diagram within Gaussian (and
forward-time propagator) approximation. (b) The diagrams obtained
from the leading self-energy contribution.

Fig. 5(a), can be written as Anderson wrote,

)\'2 T T
G(?(‘L') = —e T exp [?/ / d‘L’ld‘L’z(TTGf(‘L’l)Gf(‘L’z»]
0 0

— T exp |:—)»2 /I(T _ x)Xc(x)dXi|.
0

This contains all order of A%, each being the sum of all possible
two-point contractions of 2n o y-operators. Some of these are
shown in Fig. 5.

(C12)

APPENDIX D: MARKOVIAN CASE
1. Proof of Eq. (7)

In the Markovian case, the main assumption is that the
reduced density matrix of a single o is diagonal and it obeys
the classical rate equation. Then Eq. (4) has to be interpreted
as a statistical average. Following Anderson we divide the
interval (0,7) into N segments and write Eq. (4) as

N
3 [T drlo s T
(Toe 3 470r)) = <e"p [‘Aﬁ pr

Z Z pP(OfNIOfN-15--3071)
va1=:‘:1 G/.N=:‘:1
X H exp|: A— ofm] (D1)

POy N;OfN=1;-..;0r1)is the probability that the variable o ¢
is equal to oy, at time T/N, oy, at time 21/N, oy, at time
nt/N, and so on. The Markovian assumption means that the
probability of the state o, only depends on the state o7,
and hence

P(Uf,N;Uf,N—l; ce ;Gf,l)
= plosnlogn-1,T/N)plosn-1lofn—2,T/N)...

x p(opalor,t/N)p(osr). D2)
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Using the (imaginary time) rate equation d p/dt = —ill p, one
can write

T
P(Uf,m|0f,m,1,‘c/N) = ]1 — lﬁf

T
~ —i—I.
exp[ i }

This can be combined with Eq. (D2) to write Eq. (D1) as a
product of matrices

2\ N-1
T0 -
X exp (—)L N >:| P,

where ¢¢ is a Pauli matrix containing the two possible states
of each time slot. We can combine the two matrices and drop
the commutator term of order 1/N2. Replacing p;, with the
steady-state probabilities and using N — oo limit we get the
desired result

(D3)

Ga(r) > —e {17 -exp[—T(ho* +iD)]- py}. (D4
2. Archer-Anderson formula

To calculate the Green’s function from this method, one has
to diagonalize the matrix Ml = Lo® 4 il in the exponent and
expand the p,; in terms of the eigenstates of that matrix. For a
single-rate Markovian model,

ri-1 1
[r=5(1 —1>’

from which using I py, = 0 we have

[ (2x+i —i . 1/1

where x = 1/ " as before, and the (right) eigenvalue/vectors
of M, defined by Mliiy = vyiiy are

a1 i = A ((VEY
Ui—z[—l:F 4x2 — 1], ui—%(_m)

with y = /1 — 1/4x2. In the slow limit x >> 1 the first term
of the eigenvalue is the width and the second term is the

splitting, but in the fast limit x < 1 they merge into one peak.
Substituting in Eq. (D4) we get

(D5)

G(t) = —elenHiT/2r [quq+e+(rl"/2)«/4x42_l

—(tl"/2)«/4x2—l]

+q q_e (D7)

Here, g+ are the coefficients of the expansion py; = g iy +
g_ii_, given by

+1
=—— [J1+ty—iJl ,
q+ 2ﬁy[ y—iy1Fy]

(D8)

and g, =17 -iix are related to them by g} = +2yg.
Substituting these into Eq. (D7), Fourier transforming, and

PHYSICAL REVIEW B 94, 085113 (2016)

doing the analytical continuation gives

Galw+wy +in) w—+ill 1

w [6)] l = = s

d 0T @+ il) — T2 w—2%/(w+iT)
(D9)

in agreement with our self-energy result. The imaginary
part gives the Archer-Anderson formula, Eq. (10). Note that
we assumed that x > 1 in our proof. Interestingly, exactly the
same result is obtain in the opposite regime of x < 1. While
this comes as a surprise [7] in the the present derivation, our
self-energy derivation in the paper makes it clear that indeed
there is no analytical difference between these two limits.

3. Markovian charge susceptibility

We can obtain this from the rate equation for the probabil-
ities p+ of being in the states oy = %1, i.e., p+ =Ty ps —
Iy p+. Writing 'y, = %F(l + (o)), and combining the two
equations to describe the dynamics of (o) = p; — p_, we
obtain the Bloch equation

d
E(Uf) = —T[{of) — (o))l

where (of), =Ty —I'_ is the steady-state value given by
the mismatch in tunneling rates. A small slowly varying
polarizing field h(t)o; changes the probabilities to pi —
eTPhD (ePh®) 1 e=Ph0)) ~ [1  Bh(1)]/2 and leads to the
steady-state value (o) = xoh(t) with xo = —pB. Therefore,
taking the Fourier transform of Eq. (D10), the susceptibility
can be obtained from the ratio

(0/)o il

(D10)

in) = = — D11
xe(w =+ in) h(w) w—+ill ( )
so that x/(w + in)/Bw = —mér(w), where
br(w) = /" (D12)
W)= ———.
: w? + T2

In time domain, the retarded function is xX(t) = 6(1)xoTe™"".

4. Markovian-Gaussian formula, Eq. (11)

The retarded charge susceptibility can be obtained from the
imaginary-time function xc(t) = —e''". Inserting this into
Eq. (6) and doing the integral we find

Gd(f) — _eot—wo‘r+iar‘re—ot exp[il"t], (D13)

where o =x?>. We can expand the last exponent as

e~ @ellTl = 3 oinlT £ (), where the coefficients f, () =
> In(—a) ],y (—a) are given in terms of ordinary J,,(x)
and modified 7I,,,(x) Bessel functions. f,(«) are real and they
are zero for n < 0. Fourier transformation and analytical
continuation gives Eq. (11).

APPENDIX E: MATSUBARA SUM

We start from X4(t) = —A>G4(t)xc(t) and do a Fourier
transform to write

)\’2

Yaliw,) = — /3

Y Galiop)xclio, —imy), (Bl
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where w, = (2n + 1) /B are fermionic Matsubara frequen-
cies. Following the standard procedure, the summation on
fermionic Matsubara frequencies is written as a contour
integral around the poles of f(z) and the contour is deformed
to move the integration parallel to the real frequency axis.
The poles of G,(z) and yxc(iw, —z) are along Im[z] =
0 and Im[z] = w,, respectively. Therefore, after analytical
continuation of ¥;(iw,) to real frequency and taking the
imaginary part, we obtain

() = ,\2/

—00

+00 /

C!) / " / " /
7[f<w )G (@) xH(w — o)
—np(—0")Glj(w — ) x @) (E2)

The part proportional to f(w) can be safely droppedinthe T «
wp limit. Assuming that G4(w + in) is the bare propagator
ga(@ +in) = [w — wy + in]~" we arrive at Eq. (8).

Self-consistent calculation

Equation (E2) can be used iteratively for a self-consistent
calculation together with the Dyson equation G4(z) = [z —
wy — 24(2)]7". To get a rough idea of the effect of this self-
consistent calculation, we give the d level a natural linewidth
and a wave-function renormalization factor by approximating
Gylw+in) ~ Zlw — wy +iA]7". Inserting this into Eq. (E2)
leads to

+00
> (wo + ©) = —A*Z / da'Sp(0 — @ ng(—a)x ().
—00
Therefore, we see that applying the self-consistency leads to
broadening of the features in the self-energy. As we showed
in the main part of the paper, the self-consistency requires
AT ~ x2 and therefore, the slow fluctuation case x > 1 is
affected more by the self-consistent calculations than the fast
fluctuation case.

APPENDIX F: VERTEX CORRECTION
Taking into account the vertex correction, Eq. (E1) becomes
kz
B

where v, =27 p/B are bosonic Matsubara frequencies. In
time domain this is

T T
Ti(r) = —A? / dr / dtxc(t — )
0 0

xGy(t — )I(71, 71 — T2),

Salion) = == xc(ivm)Galiw, —v))iwy,iv,), (F1)

lUp
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@ (b)

2" n/ , Ty
_-— . y T3 g T
0 Ty 0 T T (g !

T2 =0 1=,
4 ™.

FIG. 6. (a) Diagrammatic representation of Eq. (F1). (b) Dia-
grammatic representation of Eq. (F2), assuming that there are no
interaction vertices between charge fluctuations in Hie.

and assuming that there are no interaction vertices for the
charge fluctuation in Hy, the vertex function IT obeys the
equation

(71,71 — 1) = 8(11)d(12)

[ 7 7 7
2 l / 1 1
—A / d‘lfl/ dfzf dr3/ dr,
0 53 0 0

x [Ga(r] — )Ga(t1 — ) xc(t1 — 7))
x M(t5, 75 — t)I(T) — 7,75 — ©)]. (F2)

This is shown diagrammatically in Fig. 6.
The leading correction is obtained from the first iteration
[shown in Fig. 2(d)]

2u(t) = =2 2Ga(D)xc(7)
Y / dr, / dnlxe(@xe(t — o)
0 0

x Ga(t — 11)Ga(12)Ga(11 — ).

Assuming that G4(t) = g4(t) is the bare propagator and we
use the forward-time approximation, the second term becomes

T T
M ga(r) f dr, f desxe(@)xe(t — )
0 0

T T
%k“gd(f)xC(r)/ dn/ duaxc(ty),
0 0

where we have approximated xc(t — 72) = xc(7)+---.
Assuming that xc(t) has a time scale of 1/T", we obtain

Ta(t) = =2 (1 = 2%/ THga()xc (1), (F3)

resulting in the leading vertex correction A2 — A%(1 — x?).
Again we see that the fast fluctuation case (x < 1) is not
affected by the vertex corrections. In the opposite limit of fast
fluctuations, the result is negative suggesting the break down
of the leading order calculation.
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