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We investigate the transmission properties of a spin transistor coupled to two quantum point contacts acting
as a spin injector and detector. In the Fabry-Pérot regime, transport is mediated by quasibound states formed
between tunnel barriers. Interestingly, the spin-orbit interaction of the Rashba type can be tuned in such a way
that nonuniform spin-orbit fields can point along distinct directions at different points of the sample. We discuss
both spin-conserving and spin-flipping transitions as the spin-orbit angle of orientation increases from parallel
to antiparallel configurations. Spin precession oscillations are clearly seen as a function of the length of the
central channel. Remarkably, we find that these oscillations combine with the Fabry-Pérot motion, giving rise
to quasiperiodic transmissions in the purely one-dimensional case. Furthermore, we consider the more realistic
case of a finite width in the transverse direction and find that the coherent oscillations become deteriorated
for moderate values of the spin-orbit strength. Our results then determine the precise role of the spin-orbit
intersubband coupling potential in the Fabry-Pérot-Datta-Das intermixed oscillations.
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I. INTRODUCTION

Spin transistors operate under the action of a spin-orbit-
coupling potential that rotates the electronic spin traveling
along a narrow channel [1]. Semiconductor heterostructures
offer the possibility of generating spin-orbit interactions due to
inversion asymmetry (Rashba type [2]), thus rendering semi-
conductor spintronics a rewarding area for spin information
processing applications [3,4]. Importantly, the strength of the
spin-orbit coupling can be tuned with an external electric field
[5,6], which provides the necessary gate tuning of the transistor
switching mechanism. The last ingredient is the ability to both
inject and detect spin-polarized currents. This can be done
by attaching ferromagnetic terminals to the semiconductor
channel. Yet a series conductivity mismatch owing to unequal
Fermi wave vectors can hamper the system functionality
[7–9]. Although spin-precession oscillations have been de-
tected in ferromagnetic-semiconductor junctions [10] em-
ploying nonlocal voltage detection [11], the spin-injection
efficiency between dissimilar materials tends to be low. The
system performance can also be affected due to the presence
of multiple channels [12–14], additional rotation of the spin
of the traversing electron induced by intersubband coupling
[15], the destructive effect of spin decoherence [16–18], the
influence of gating [19,20], and the fact that the system can
behave as a two-dimensional spin transistor [21–25].

An interesting alternative has very recently been put
forward by Chuang et al. [26]. A pair of quantum point
contacts (QPCs) works as spin injectors and detectors [27,28].
The electric confinement in the point constrictions leads to
an effective magnetic field that polarizes the electrons in
directions perpendicular to the spin-orbit field present in
the central channel. As a consequence, the detector voltage
becomes an oscillatory function of the middle gate voltage
applied to the two-dimensional electron gas. Importantly, the
system is fully nonmagnetic (neither ferromagnetic contacts
nor external magnetic fields are needed for the operation
principle) and relies on a semiconductor-only structure. This

is an appealing feature that has been pursued in different
proposals [29–34].

Consider the case when the conductance of both quantum
point contacts is set below the value corresponding to a fully
open mode. Then, the waveguide potentials can be described as
tunnel barriers and transport across them occurs via evanescent
states [35,36]. Effectively, the system electronic potential is
globally seen as a double barrier with a quantum well of
variable depth. It is well known that these potential landscapes
in general support the presence of resonant scattering due to
Fabry-Pérot-like oscillations arising from wave interference
between the tunnel barriers. But at the same time we have
spin-orbit-induced oscillations due to the precession of spins
traveling between the barriers. Therefore, one would naturally
expect a competition between resonant tunneling and spin-
precession oscillations in a system comprising two serially
coupled QPCs. Below, we show that this is indeed the case
and that the combination of both oscillation modes leads to
rich physics not only in the strictly one-dimensional case but
also when more realistic samples with a finite transversal width
are studied.

The subject of resonant tunneling effects and spin-orbit
fields has been investigated in a number of works, giving rise
to interesting predictions. For instance, Voskoboynikov et al.
find that the transmission probability significantly changes in
the presence of the Rashba coupling [37], while de Andrada e
Silva and La Rocca obtain spin polarizations for an unpolarized
beam of electrons impinging on a double-barrier nanostructure
[38]. Koga et al. analyze spin-filter effects in triple-barrier
diodes [39], whereas Ting and Cartoixà examine the double-
barrier case [40]. The dependence of the electronic tunneling
on the spin orientation is treated by Glazov et al. [41]. These
structures suffer from phase-breaking effects, as shown by Isić
et al. [42].

In our work, we consider a purely ballistic system. Scatter-
ing is elastic, and the transmission probabilities are determined
within the quantum scattering approach. Scattering can take
place at the interfaces between the quantum point contacts
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and the quantum well or due to interaction between the spins
and the spin-orbit interaction. Importantly and in contrast to
previous works investigating spin-transistor transport proper-
ties, the spin-dependent transmission depends on the relative
angle between the spin-orbit fields in the QPCs. This is an
excellent property that allows us to tune the spin direction
of the electrons impinging on the quantum well [26]. For a
null relative angle, within a purely one-dimensional model
we find that whereas the spin-conserving transmission shows
resonant tunneling peaks as a function of the spin-orbit strength
the spin-flip transmission always vanishes. Furthermore, for
both types of transmissions the spin-precession oscillations
as a function of the spin-orbit strength in the quantum well
appear only when the QPCs have effective spin-orbit magnetic
fields with an angle that differs from the spin-orbit coupling
in the well. This effect can be also seen when the quantum
well length is varied. However, we point out that the QPCs
have an additional effect as tunnel barriers that lead to
Fabry-Pérot resonances which can compete with the Datta-Das
oscillations in the transmission curves, yielding quasiperiodic
patterns. Now, since a realistic sample has a finite width,
we also consider a quasi-one-dimensional system, in which
case the spin-orbit intersubband coupling potential must also
be taken into account. Remarkably, we find that our results
derived from the one-dimensional model are also observable
in two dimensions for moderately low values of the spin-orbit
strength. This implies that the oscillation interplay discussed
here can be probed with today’s experimental techniques.

The content of our paper is structured as follows. Section II
describes the system under consideration in two dimensions: a
semiconductor layer with two quantum point contacts in series
and a spatially inhomogeneous spin-orbit interaction applied
on the QPCs and central region. The strict one-dimensional
limit is addressed in Sec. III, where we have a double-
barrier potential modeling the two QPCs. We determine the
eigenenergies and eigenfunctions in each region, and using
matching methods, we find the transmission probabilities for a
fixed incident spin. We perform an analysis of the transmission
oscillations as a function of the relative orientation between the
QPC effective magnetic fields and the spin-orbit interaction
in the well, the strength of the spin-orbit coupling, and the
width of the middle cavity. We stress that, depending on
the direction of the spin polarization in the QPC regions,
the transitions are dominated by processes that conserve or
flip the spin direction. We also observe the combined effect
of Datta-Das and Fabry-Pérot oscillations and obtain their
characteristic frequencies. We find that modifying the strength
of the spin-orbit coupling and the width of the central region,
we can control the transmission probability for each spin.
Section IV contains our analysis of the quasi-one-dimensional
case. This discussion is important because it quantifies the
role of spin-orbit intersubband coupling effects in both the
Fabry-Pérot and Datta-Das oscillation modes. Finally, our
conclusions are summarized in Sec. V.

II. THEORETICAL MODEL

We consider a semiconductor layer partitioned into five
different regions as in Fig. 1: two reservoirs, two QPCs, and
a quantum well (QW). The blue areas are gate electrodes that

FIG. 1. Pictorial representation of our system. A semiconductor
layer (light gray) with metallic electrodes (blue) shows two quantum
point contacts in a series (QPC1 and QPC2) and a two-dimensional
cavity in between (QW). The spin-orbit coupling differs in each area
(α1 and α2) due to distinct electric fields applied to the electrodes
(lateral in the metallic electrodes, perpendicular in the QW). L1 and
L correspond to the width of QPCs and central region, respectively.

form constrictions in QPC1 and QPC2 between the left and
right reservoirs and the central well. We take x as the transport
direction. The spin-orbit potentials acting on the QPCs (both
with strength α1) and the QW (strength α2) are, in general,
different [26]. Thus, our Hamiltonian reads

H = H0 + HSO1 + HSO2, (1)

H0 = p2
x + p2

y

2m0
+ V (x,y), (2)

HSO1 = α1

�
[(�σ × �p)z cos φ + (�σ × �p)y sin φ], (3)

HSO2 = α2

�
(�σ × �p)z, (4)

where H0 represents the free part of the total Hamiltonian
H, with pi = −i�∂/∂i (i = x,y) being the linear momentum
operator and m0 being the conduction-band effective mass
of the electrons in the semiconductor heterostructure. V (x,y)
confines electrons in the (transversal) y direction and includes
in x two identical constrictions that define an intermediate
region (the cavity or well) of length L. The spin-orbit terms of
H areHSO1 andHSO2, where the first (second) is active on only
the QPCs (QW). Here, �σ = (σx,σy,σz) and �p = (px,py,0) are
the Pauli matrices and the momentum vector, respectively. In
the central region, the α2 spin-orbit field [Eq. (4)] arises from
the confining electric field perpendicular to the QW plane
(the z direction). In the constrictions, there exists in the α1

spin-orbit potential [Eq. (3)] an additional contribution from
the lateral electric field applied to the QPCs along y. This
field couples asymmetrically to the electrodes in Fig. 1 (blue
areas), and as a consequence, a high spin-orbit interaction
emerges in the QPCs, as experimentally demonstrated in Refs.
[26,27]. The spin-orbit strength can be further enhanced by
electron-electron interactions, doping potentials, or exchange
correlations [43,44]. Our goal is not to describe these effects
microscopically but rather focus on the transport properties.
Hence, we lump these effects into the parameter α1, which can
be tuned with the lateral electric field [27].

A convenient way of quantifying the strength of the two
different components present in the QPCs (due to either
lateral or perpendicular electric fields) is with the definition
in Eq. (3) of the angle φ. Therefore, we can turn off the
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lateral contribution by setting φ = 0, in which case HSO1

and HSO2 are identical except for the spin-orbit strength. For
φ = π/2 the lateral electric-field contribution to the spin-orbit
potential dominates over that of the perpendicular electric field.
Thus, the ensuing spin-orbit field in HSO1 is orthogonal to
that in HSO2. This ability to manipulate the orientation of
the spin-orbit fields is crucial for the working principle of
our system and has been proven in the experiments reported
earlier [26]. It is a property that makes this device unique
and that is absent in previous spin transistor studies. Another
advantage of the QPCs is to reduce the wave-vector spread
of injected electrons in contrast to extended interfaces [29].
Spin injection and detection with QPCs have been discussed
in Refs. [45,46] in the context of ballistic spin resonance. Here,
we do not consider any external magnetic field, and all the spin
dynamics originates from the effective magnetic fields due to
the spin-orbit interactions present in the system, which makes
our system an all-electric spin transistor.

III. ONE-DIMENSIONAL CASE

Let us, for the moment, disregard transverse channel effects
and consider a purely one-dimensional model. We expect
that this is a good approximation when the point contacts
support only evanescent states. We will later discuss the
more realistic case where the electronic waveguides have a
nonzero transversal width. In this limit we describe the QPCs
electrostatic potential V (x,y) with a double tunnel barrier of
width L1 and height V0 and the in-between cavity with a
quantum well of length L and bottom aligned with that of
the reservoirs energy bands (see the sketch in Fig. 2). We
then set py = 0 in Eq. (1). Since the potential is piecewise
constant, the eigenstates of H are readily found for the five
regions defined in Fig. 2:

�0
�s(x) ≡ �I

�s = �V
�s = 1√

2

( √
1 + s sin φ

−is
√

1 − s sin φ

)
eik

(0)
� x, (5)

�1
�s(x) ≡ �II

�s = �IV
�s = 1√

2

( √
1 + s sin φ

−is
√

1 − s sin φ

)
eik

(1)
�s x, (6)

�2
�s(x) ≡ �III

�s = 1√
2

(
1

−is

)
eik

(2)
�s x, (7)

FIG. 2. Energy diagram of our system. The QPCs are described
with barrier potentials of height V0 and width L1, whereas the size of
the central region is denoted with L. We also plot the energy spectra
in each region. Due to the spin-orbit coupling the band structure
undergoes a spin splitting and an energy downshift ESO .

where s = ± is the spin index. For instance, s = + corre-
sponds to an electron with a spin pointing along −y in the
quantum well. We also label the states with the index � = ±,
which denotes the two possible momenta (i.e., the two possible
wave-propagation directions) for fixed values of spin and
energy E. The wave numbers read

k
(0)
� ≡ kI

� = kV
� = �

√
2m0

�2
E, (8)

k
(1)
�s ≡ kII

�s = kIV
�s = �

√
2m0

�2
(E + ESO1 − V0) − s kSO1, (9)

k
(2)
�s ≡ kIII

�s = �

√
2m0

�2
(E + ESO2) − s kSO2, (10)

with ESOi = m0α
2
i /(2�

2) (i = 1,2) being the downshift of
the energy spectra due to the spin-orbit coupling, which
also causes a horizontal band splitting 	k characterized by
the momentum kSOi = m0αi/�

2. Equations (8), (9), and (10)
depend on the energy of the incident electrons, which in the
following we set equal to the Fermi energy EF . Finally, we
observe that both Eqs. (5) and (6) have the same spinor. Since
the spin-quantization axis in the reservoirs is not fixed, we
select it parallel to the spin direction on the adjacent QPCs.

We are now in a position to solve the scattering problem
in Fig. 2. We focus on the case 0 < E < V0 − ESO1. This
indicates that we are working with evanescent states in the
QPC regions (II and IV). Hence, k

(1)
�s acquires an imaginary

part but generally also possesses a real part. We emphasize that
this differs from the case of tunnel barriers without spin-orbit
coupling [35]. On the other hand, both k

(0)
�s and k

(2)
�s are always

real numbers. The matching method allows us to determine
all reflection and transmission amplitudes for an incoming
electron, which we take as impinging from the left. The
matching conditions are

�(ε) − �(−ε) = 0, (11)

� ′(ε) − � ′(−ε)

= −im0

�2
{−[α2(ε) − α2(−ε)]σy

+ [α1(ε) − α1(−ε)](sin φσz − cos φσy)}�(ε), (12)

where ε is an infinitesimal quantity around each interface.
Equation (11) is a statement of wave-function continuity.
Equation (12) is derived from imposing flux conservation [47].
Notice that in the absence of spin-orbit interaction we recover
the condition of continuity for the wave-function derivative.
In the presence of spin-orbit coupling, this condition must be
generalized according to Eq. (12).

Since transport is elastic, energy is conserved, and the
transmission T s ′s and reflection Rs ′s probabilities depend on a
given E. However, spin can be mixed after scattering, and an
incident electron with spin s is reflected or transmitted with
spin s ′. First, we analyze in Fig. 3 the main properties of T s ′s

and Rs ′s when we change the relative orientation between the
QPCs and the QW spin-orbit fields. We choose the strength
of the interaction in the QPCs (α1) and in the QW (α2) from
Ref. [26]. We tune φ from zero (spins parallel oriented along
the system) to π/2 (spin axes perpendicularly oriented). In
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FIG. 3. Transmission and reflection probabilities as a function of
the relative angle φ between spin-orbit fields in the QPC and the
QW. T s′s (Rs′s) in the transmission (reflection) probability from an
electronic state of spin s = ± to spin s ′ = ± along the −y direction.
Parameters in (a) are α1 = 20.16 meV nm, α2 = 25.18 meV nm,
L = 440.83 nm, L1 = 28.02 nm, V0 = 4.94 meV, and EF = 4 meV.
In (b) we remove the tunnel barriers (L1 = 0). In (c) [(d)] we cancel
the spin-orbit interaction in the QPCs (QW): α1 = 0 (α2 = 0).

Fig. 3(a) we observe that, independent of the value of φ, the
electrons are reflected in the same spin state as the incoming
one and that the reflection probability is roughly constant as
a function of φ. We understand this effect as being due to
the spin orientations of electrons in regions I and II of Fig. 2,
which are the same. In contrast, the transmission probability
has both spin contributions for all values of φ except for the
parallel configuration, for which T −+ = 0 since there exists
no spin polarization. We also remark that as φ increases,
i.e., as the injected spin direction is rotated from −y to z,
T −+ increases while T ++ decreases since for higher φ the
perpendicular component of the spin direction becomes larger
and its contribution to the transmission thus increases.

Let us further clarify the effects discussed above consider-
ing a few special cases. If we make L1 = 0 (no tunnel barriers),
the reflection probability is trivially zero [see Fig. 3(b)],
and the transmission functions follow the same behavior
as in Fig. 3(a) for which L1 is nonzero. In Fig. 3(c) we
observe that if we turn off the spin-orbit coupling on the
QPCs (α1 = 0), the transmission decreases compared with
the values in Fig. 3(a). As a consequence, we infer that the
spin-orbit coupling enhances the transmission properties of
our double-barrier system. This may seem counterintuitive:
when the spin-orbit interaction is present, one would naively
expect more scattering and smaller transmission. However,
we stress that the spin-orbit coupling lowers the energy-band
bottom of the barrier, thus amplifying the role of the evanescent
states (their characteristic decay length increases) and reducing
consequently the reflection probability. Finally, when we take
α2 = 0 (no spin-orbit interaction in the quantum well), all

transport coefficients become independent of the angle φ

[Fig. 3(d)] since the spin orientation in the central region is
fixed. Furthermore, the reflection becomes higher due to the
particular energy value, which lies around a resonance valley
(see below).

Before proceeding, we notice that the case φ = 0 can be
considerably simplified. The second term on the right-hand
side of Eq. (3) cancels out, and we can write the projection
of the Schrödinger equation (H − E)� = 0 onto the spinor
pointing along the −y direction as[

− �
2

2m0

d2

dx2
− is(α1 + α2)

d

dx
+ V0 − E

]
�s(x) = 0, (13)

where α1 and V0 are nonzero in regions II and IV, whereas
α2 is nonvanishing in only region III (Fig. 2). Now, if
we apply an appropriate gauge transformation �s(x) =
�(x) exp[−is m0

�2

∫
dx ′(α1 + α2)], we can recast Eq. (13) as

(
− �

2

2m0

d2

dx2
+ V1 − V2 − E

)
�(x) = 0, (14)

which is independent of the spin. Here, V1 = V0 − ESO1 in
regions II and IV and is zero otherwise, while V2 = ESO2 in
region III. This potential corresponds to a double barrier of
renormalized height V1 and a quantum well of depth V2 in
the central region. Clearly, the spin-orbit coupling effectively
lowers the top of the barrier potential, as discussed earlier.
Solving the scattering problem, we obtain a resonant condition
that depends on all the parameters of our system,

k
(2)
�s L = nπ + f (α1,α2,L1), (15)

where k
(2)
�s is the wave number in the central region [Eq. (10)],

n = 1,2, . . . labels the different resonances, and f (α1,α2,L1)
is a complicated function of α1,α2, and L1 but independent
of the QW length. The condition given by Eq. (15) can be
numerically shown to hold also for the general case φ �= 0.
However, in this case spin-precession effects must also be
taken into account.

Figure 4 shows how our system reacts to changes applied
to the spin-orbit strength in the central region α2. The parallel
configuration (φ = 0) is plotted in Fig. 4(a), where we observe
resonance peaks for certain values of spin-orbit interaction and
a fixed Fermi energy. As the spin-orbit coupling increases, the
quantum well becomes deeper, and as a consequence, there
appear new quasibound states between the two barriers that
fulfill Eq. (15). When the energy of the incident electron hits
one of these states, the transmission probability is maximal.
Therefore, the spin-orbit interaction acts in our system as
a gate voltage by shifting the resonances of the quantum
well [48]. Our system then behaves as an analog of a
Fabry-Pérot resonator tuned with a spin-orbit potential. Note
that the resonances appear for only T ++ since for φ = 0
the spins are parallel and one always obtains T −+ = 0. This
can be better understood if we take L1 = 0, in which case
the double-barrier potential disappears, and we obtain an
almost transparent system independent of the depth of the
quantum well [Fig. 4(b)]. Here, the energy of the electron is
sufficiently high that its wave is mostly unaffected by the well
discontinuity. Only for strong enough spin-orbit strengths does
the transmission show weak oscillations (Ramsauer effect). We
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FIG. 4. Transmission probabilities as a function of the spin-orbit
strength in the central region α2 for α1 = 20.16 meV nm, L =
440.8 nm, V0 = 4.94 meV, and EF = 4 meV. The left panels have
L1 = 28.02 nm, while the right panels have L1 = 0. The orientation
angle is varied from top to bottom: φ = 0 for (a) and (b), φ = π/4 in
(c) and (d), φ = π/2 for (e) and (f).

also find that the off-diagonal transmission coefficient is zero.
This originates from the fact that in the parallel configuration
the spin cannot be flipped, in agreement with the case φ = 0
in Fig. 3(d).

In Figs. 4(c) and 4(d) we take φ = π/4; that is, the wave is
spin polarized 45◦ with respect to −y. Let us first eliminate the
double-barrier potential (L1 = 0) and focus on the effects from
only the central region [see Fig. 4(d)]. We observe that both
T ++ and T −+ are nonzero and oscillate out of phase. These
oscillations are a consequence of the spin-transistor effect
predicted by Datta and Das [1]. We find T ++ = 1 and T −+ = 0
for α2 = 0, but then both transmissions become modulated as
we increase the spin-orbit strength since the QW energy bands
show a larger spin splitting 	k = m0α2/�

2. For certain values
of α2, T ++ (T −+) attains its minimum (maximum) value of
0.5. Importantly, the nature of these transmission oscillations
fundamentally differs from the resonances in Fig. 4(a). To see
this, we next obtain the spin-precession frequency from the
relation [1]

T ++ ∝ cos2(	kL). (16)

This expression implies that the maximum condition is reached
at 	kL = n′π (n′ = 1,2, . . .). For the parameters in Fig. 4(d)
this corresponds to α2 	 13.6n′ meV nm.
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FIG. 5. Transmission probabilities as a function of the central
region width L for α1 = 20.16 meV nm, α2 = 25.18 meV nm, V0 =
4.94 meV, and EF = 4 meV. The left panels have L1 = 28.02 nm,
while the right panels have L1 = 0. The orientation angle is varied
from top to bottom: φ = 0 for (a) and (b), φ = π/4 in (c) and (d),
φ = π/2 for (e) and (f).

More interestingly, we now turn on the double-barrier
potential and allow for the interplay between Fabry-Pérot and
Datta-Das oscillations. The superposition of the two effects can
be seen in Fig. 4(c). We observe that (i) the resonance peaks
for T ++ become somewhat quenched and (ii) the off-diagonal
coefficient T −+ shows an irregular series of oscillating peaks.
The effect is more intense in the perpendicular configuration
(φ = π/2) [see Fig. 4(e)]. Both transmissions oscillate now
between 0 and 1 with opposite phases [Fig. 4(f)], and the
combination of both types of oscillations yields the curves
depicted in Fig. 4(e).

It is now natural to ask about the effect of tuning the QW
length L. We show this in Fig. 5 for the same orientation angles
as in Fig. 4 but fixing the spin-orbit strength α2. When φ = 0,
Fig. 5(a) presents for T ++ narrowly spaced oscillations since,
as we increase the width of the central cavity, there appear more
internal modes that, at fixed values of L, are resonant with the
incident wave (Fabry-Pérot effect). The resonant condition
from Eq. (15) implies that the transmission is peaked at
L 	 (47.5n + 8.3) nm (n = 1,2, . . .). For φ = 0 spin flipping
is not possible, and T −+ = 0. When the constrictions are
turned off (L1 = 0), we have a completely open system,
and the transmission stays constant at its maximum value
[see Fig. 5(b)]. As we increase the spin orientation angle
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[φ = π/4 in Figs. 5(c) and 5(d) and φ = π/2 in Figs. 5(e)
and 5(f)], the spin-transistor effect begins to contribute as we
observe a spin precession for both T ++ and T −+, modulated
by their characteristic frequency, namely, L 	 237.6n′ nm
(n′ = 1,2, . . .). We find that when L1 = 0 (no tunnel barriers),
the Fabry-Pérot resonances disappear, and only the Datta-Das
oscillations are present [Fig. 5(d) and 5(f)], as expected.

Remarkably, when both oscillation modes are present, we
find that the transmission becomes quasiperiodic [Fig. 5(c)
and 5(e)]. This effect arises from the combination of at least
two oscillations whose characteristic frequencies are incom-
mensurate [49]. In our system, the Fabry-Pérot frequency is

given by fFP = 1
π

√
2m0
�2 E + k2

SO2, whereas that of the spin
precession motion is expressed as fsp = 2kSO2/π . Clearly, its
ratio fFP /fsp is quite generally an irrational number. In related
systems, quasiperiodic oscillations have been predicted to oc-
cur in double quantum dots with incommensurate capacitance
couplings [50] and in ac-driven superlattices where the ratio
between the ac frequency and the internal frequency is not a
rational number [51]. Importantly, in our case the origin of
both oscillations is purely quantum (wave interference and
spin precession).

IV. QUASI-ONE-DIMENSIONAL CASE

The above discussion demonstrates that two types of
transmission oscillations can coexist in a double-barrier spin-
orbit-coupled resonant tunneling diode. However, the results
were strictly limited to the one-dimensional (1D) case. We
now consider the more realistic situation of a double QPC
embedded in a quantum wire of finite width. The problem
is not a mere extension that takes into account transverse
channels since these channels become coupled via the Rashba
intersubband mixing potential. This term causes spin-flip
transitions between adjacent channels and generally destroys
the spin-coherent oscillations [14]. Furthermore, it yields
Fano line shapes [52] that dramatically alter the conductance
curves [48,52–55]. We note that there exists another type
of intersubband spin-orbit-coupling potential that occurs in
coupled wells with two subbands [56]. Here, we consider the
case of an intense confinement in the growth direction such
that only the lowest subband is populated.

We consider the planar waveguide formed in a two-
dimensional (2D) electron gas lying on the x-y plane as in
Fig. 1. In the numerical simulations we consider a hard-wall
confinement potential along y and two square quantum point
contacts in the x direction. The system parameters are depicted
in Fig. 6.

We take a given quantization axis n̂ for the spin in the left
and right contacts. The spin eigenfunctions are then denoted
with χs(η), with s = ± being the eigenstate label and η =↑ , ↓
being the discrete variable. The full wave function �(x,y,η)
is expanded in spin channels ψs(x,y) as

�(x,y,η) =
∑
s ′

ψs ′ (x,y)χs ′ (η) . (17)

FIG. 6. Sketch of the double-quantum-point-contact system with
a finite width Ly . Electrons can move in the white areas whereas
forbidden regions are depicted in grey. The height of the constriction
barriers is L0

y . The rest of the parameters are defined as in the purely
1D case (Fig. 2).

Projecting the Schrödinger equation on the spin basis, we
obtain coupled-channel equations,

[
−�

2∇2

2m
+ V (x,y)

]
ψs(x,y)

− i�

2

∑
s ′

〈s|σy |s ′〉
(

VA(x)
∂

∂x
+ ∂

∂x
VA(x)

)
ψs ′ (x,y)

− i�

2

∑
s ′

〈s|σz|s ′〉
(

VB(x)
∂

∂x
+ ∂

∂x
VB(x)

)
ψs ′ (x,y)

+ i�

2

∑
s ′

〈s|σx |s ′〉VA(x)
∂

∂y
ψs ′ (x,y) , (18)

where the potentials VA(x) and VB(x) are responsible for
the coupling between the different spin channels s = ±. In
general, the Pauli-matrix elements in Eq. (18) depend on n̂.
To connect with the 1D case discussed in Sec. III we take
n̂ = −ŷ, which makes the σy term diagonal, but those with σx

and σz remain nondiagonal. Coupling between opposite spin
states is therefore always present in the quasi-1D case when
(VA,VB) �= 0 [57,58].

In Eq. (18) the potentials VA and VB read

VA(x) = α1 cos φ P1(x) + α2P2(x) + α1 cos φ P3(x), (19)

VB(x) = −α1 sin φ P1(x) − α1 sin φ P3(x), (20)

where the projectors Pi(x) partition the x domain in regions
i = 1 (left QPC), i = 2 (QW), and i = 3 (right QPC). These
two potentials yield qualitatively different spin-flip couplings
since VB only appears with ∂/∂x, while VA appears with both
∂/∂x and ∂/∂y. As before, φ is the angle defining the relative
orientation of the Rashba fields. Notably, VB(x) vanishes with
φ = 0, and then, for the quantization axis along y, the only
spin-flip coupling in Eq. (18) is via the last term depending

075402-6



INTERPLAY BETWEEN RESONANT TUNNELING AND SPIN . . . PHYSICAL REVIEW B 94, 075402 (2016)

T
++

T
-+

0

0.25

0.5

0.75

1

T

0 20 40 60 80
α

2
 (meV nm)

0

0.25

0.5

0.75

1

T

0

0.25

0.5

0.75

1

T

0 20 40 60 80
α

2
 (meV nm)

(a) (b)

(c)

(e)

(d)

(f)

FIG. 7. Transmission probabilities for a quasi-one-dimensional
double-quantum-point-contact system as a function of the spin-orbit
strength in the central region α2. Parameters: α1 = 20.16 meV nm,
L = 440.8 nm, L1 = 10.91 nm, L0

y = 39.29 nm, Ly = 87.29 nm,
and EF = 4 meV. The left panels have L1 = 10.91 nm, while the
right panels have L1 = 0. The orientation angle is varied from top to
bottom: φ = 0 for (a) and (b), φ = π/4 in (c) and (d), φ = π/2 for
(e) and (f).

on ∂/∂y. To be effective, this spin-flip coupling requires that
at least two transverse modes (differing in the nodes along y)
are propagating in the asymptotic leads [52]. Otherwise, as we
show below, there is no spin-flip when n̂ lies along y.

Equation (18) is solved with the quantum-transmitting
boundary method [59] on a uniform grid. The resulting
transmission probability as a function of the middle spin-orbit
strength α2 is shown in Fig. 7. We recall that the transmission
is expressed in the −y-direction basis. Like in Fig. 4 we
distinguish the case with the constrictions (left panels) from
the case without the QPCs (right panels). For φ = 0 [Fig. 7(a)]
we quench the spin-precession oscillations since the injected
spins are parallel to the Rashba field. Then, the cross
transmission T −+ vanishes identically. The resonant tunneling
peaks qualitatively agree with the 1D case [see Fig. 4(a)].
Likewise, the Ramsauer oscillations that arise when the QPCs
are absent [Fig. 7(b)] are visible at large values of α2 [see
Fig. 4(b)]. The agreement in both cases is good for small values
of α2. This is reasonable since Rashba intersubband coupling
is negligible if α2 � �

2/mLy [1]. For larger α2 we observe in
Fig. 7(b) sharp dips that originate from the Fano-Rashba effect
[52] and that are unique to quasi-one-dimensional waveguides

with nonuniform spin-orbit coupling as in our case. Strikingly
enough, as α2 increases we detect in Fig. 7(a) more resonant
peaks than in the strict 1D case. We explain this effect as
follows. For α1 = α2 = 0 the cavity works as a resonator
with multiple resonances. If the cavity is closed, the bound
levels can be described with a pair of natural numbers (n1,n2)
since its potential corresponds to a 2D infinite well [60]. To a
good approximation, the electronic scattering when the cavity
is open obeys a conservation law that fixes the transversal
component of motion [61]. Accordingly, n2 is conserved upon
traversing the cavity, and the transmission shows less peaks
than bound states in the closed cavity. In the presence of
spin-orbit coupling, the conservation law does not have to
hold and more resonances then emerge.

For φ = π/4 the injected electrons are spin rotated with
regard to the α2 field, and spin-precession oscillations of the
Datta-Das-type are expected. This can be more distinctly seen
in Fig. 7(d), where the QPC widths are set to zero. Up to
α2 	 30 meV nm the oscillations are smooth as in Fig. 4(d).
For larger α2 the subband mixing potential starts to play a
significant role. As a consequence of the spin mixing induced
by the py term, the precession oscillations become irregular
[14], and the transmission curves can no longer be determined
by a single frequency. When combined with the Fabry-Pérot
oscillations, the transmission line shapes are transformed into
nonharmonic functions of α2 [see Fig. 7(c)], and our previous
1D analysis in terms of quasiperiodic oscillations does not
hold. For completeness, we also show the case φ = π/2 for
which the Data-Das frequency is higher (the spins are injected
perpendicular to the Rashba field), but the spin oscillations turn
out to be nonuniform as α2 grows, as illustrated in Fig. 7(f).
The overall transmission curves [Fig. 7(e)] qualitatively follow
the pattern observed in the case φ = π/4.

In Fig. 8 we analyze the dependence on the central-cavity
width L. We set the spin-orbit strength α2 to a moderate
value to highlight the effects due to the Rashba intersubband
coupling term. Figure 8(a) shows the transmission for L1 = 0
and φ = π/2. This implies that only oscillations from the
spin dynamics are present since resonant tunneling effects
are not allowed. Unlike Fig. 5(f), here the oscillations are
not uniform for both transmission probabilities, T ++ and
T −+. The Fabry-Pérot peaks are more regular, as shown in
Fig. 8(b), where L1 is nonzero and φ = 0 in order to forbid
spin-precession oscillations. This suggests that the Rashba
intersubband potential has a stronger impact on the Datta-Das
oscillations than on the Fabry-Pérot peaks. In Fig. 5(c) we
show characteristic transmission curves for nonzero L1 and
φ = π/2, in which case both oscillation modes come into
play. Compared to the 1D case in Fig. 5(e), the oscillations are
now more intricate: their amplitudes strongly fluctuate with
increasing L, and their frequency cannot be described in terms
of combinations of individual frequencies.

In order to complete the analysis of our system we present
in Fig. 9 the transmission probability as a function of the
Fermi energy for the same parameters as above. In Fig. 9(a)
we consider the case without the QPCs (L1 = 0 nm) and
apply a spin-orbit interaction in the central region such that its
direction lies orthogonal to that of the leads (φ = π/2). We find
an approximate transmission quantization of T = T ++ + T −+
(black line) whenever a new propagating channel opens up as
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FIG. 8. Transmission probabilities for a quasi-one-dimensional
double-quantum-point-contact system as a function of the width of the
central region L. Parameters: α1 = 20.16 meV nm, α2 = 65.47 meV
nm, L0

y = 39.29 nm, Ly = 87.29 nm, and EF = 4 meV. Additionally,
we set in (a) L1 = 0 nm and φ = π/2, in (b) L1 = 10.91 nm and
φ = 0, and in (c) L1 = 10.91 nm and φ = π/2.

the Fermi energy surpasses the values En = �
2π2n2/2m0L

2
y

with n = 1,2, . . . (recall that the confinement along the
transverse direction is described with a hard-wall potential).
We also observe in Fig. 9(a) the spin dependence due to
the spin-orbit interaction in the middle region (solid red and
dashed blue lines). The Fabry-Pérot peaks form when φ = 0
and L1 �= 0 [see Fig. 9(b)]. Here, the transmission is zero
until the Fermi energy is such that the first propagating state
is allowed in the leads, which corresponds to EF > E1 =
1.23 meV. At the same time, in the QPCs we have evanescent
states below the energy value E

QPC
1 = 4.93 meV. Then, the

resonances ranging between these two energies are due only to
tunneling transmission across the QPCs. The second channel
in the leads opens up at E2 = 4.93 meV, but the transmission
does not exceed 1 because we have just one open channel
in the constrictions. When the third channel in the leads
opens up, EF > E3 = 11.10 meV, we observe dips in the
diagonal transmission probability which correlate with peaks
in the off-diagonal transmission. This effect originates from
the coupling between propagating states in the system and
quasibound states in the cavity. Finally, Fig. 9(c) shows the
combination of Fabry-Pérot peaks and Datta-Das oscillations
when the spin-orbit fields are perpendicular. Its behavior is
similar to the Fabry-Pérot-Datta-Das oscillations discussed as

FIG. 9. Transmission probabilities for a quasi-one-dimensional
double-quantum-point-contact system as a function of the position
of the Fermi level EF . Parameters: α1 = 20.16 meV nm, α2 =
65.47 meV nm, L0

y = 21.82 nm, Ly = 87.29 nm, and L = 440.8 nm.
Additionally, we set in (a) L1 = 0 nm and φ = π/2, in (b) L1 = 10.91
nm and φ = 0, and in (c) L1 = 10.91 nm and φ = π/2.

a function of the spin-orbit coupling [Fig. 7(e)] and cavity
length [Fig. 8(c)].

V. CONCLUSIONS

To sum up, we have investigated a spin-orbit quantum wire
coupled to quantum point contacts. We have found that both
resonant tunneling and spin-precession oscillations combine
into complex patterns that can be explained with the aid of
quasiperiodic modes in the strict 1D case. For the more realistic
setup where the conducting channel has a finite width (2D case)
we have discussed the important role of the Rashba intersub-
band coupling term as the spin-orbit strength increases.

We have used in our numerical simulations realistic
parameters taken from the sample and measurements of Ref.
[26]. Therefore, our predictions are within the realm of
today’s techniques. The angle between the spin-orbit fields
in the QPCs and the quantum well can be tuned with lateral
electric fields, while the spin-orbit strength can be manipulated
with a gate terminal on top of the middle cavity. We have
focused on the transmission, from which the two-terminal
conductance G, which is experimentally accessible, readily
follows in the zero-temperature limit. For finite temperatures
we expect thermal smearing effects, but we have in mind low
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temperatures as in Ref. [26] (0.03 K). Thus, phonon effects can
be safely neglected. Another detrimental effect would be the
presence of disorder since we consider only ballistic systems
and our predictions rely on quantum interference. Therefore,
samples with large enough coherence length and mean free
path would be needed, which are now routinely available [62].
Measurement of diagonal and off-diagonal conductances can
be achieved, e.g., with ferromagnetic electrodes whose relative
magnetization can be changed from parallel to antiparallel
orientation in response to a small magnetic field [10]. The
results regarding the length variation can be tested with
different samples. Finally, the resolution of the conductance
peaks would lie in the sub-meV range (see Fig. 9), which
can be achieved by tuning an external back-gate electrode
capacitively coupled to the sample.

Further extensions of our work could address high-field
transport properties, in which case inelastic transitions in three-
dimensional resonant tunneling diodes can change the current-
voltage characteristics [63,64]. Another important issue for
future works is the role of electron-electron interactions,

which may lead to instabilities and hysteretic curves in
double-barrier systems [65]. Furthermore, magnetically doped
resonant tunneling devices are shown to be quite sensitive
to external magnetic fields [66–68]. In the presence of a
spin-orbit coupling, beating patterns are predicted to occur
in double-barrier resonant tunneling structures [69]. Finally,
we would like to mention the closely related systems known
as chaotic dots [70] since they are built as semiconductor
cavities between a pair of quantum point contacts, similar
to the two-dimensional cavities considered in the last part
of our work. In contrast, our cavities have a regular shape.
Interestingly, closed chaotic dots exhibit Coulomb blockade
peak fluctuations [71], and subsequent discussions might then
consider how these fluctuations are affected by the presence
of spin-orbit interactions.
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T. F. Boggess, Nonmagnetic Semiconductor Spin Transistor,
Appl. Phys. Lett. 83, 2937 (2003).

[31] B. Wang, J. Wang, and H. Guo, Quantum spin field effect
transistor, Phys. Rev. B 67, 092408 (2003).

[32] D. Awschalom and N. Samarth, Spintronics without magnetism,
Physics 2, 50 (2009).

[33] J. Wunderlich, B.-G. Park, A. C. Irvine, L. P. Zârbo, E.
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