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Current vertex correction (CVC), the backflowlike correction to the current, comes from conservation laws,
and the CVC due to electron correlation contains information about many-body effects. However, it has been
little understood how the CVC due to electron correlation affects the charge transports of a correlated multiorbital
system. To improve this situation, I studied the in-plane resistivity p,, and the Hall coefficient in the weak-field
limit Ry, in addition to the magnetic properties and the electronic structure, for a #,,-orbital Hubbard model
on a square lattice in a paramagnetic state away from or near an antiferromagnetic (AF) quantum-critical point
(QCP) in the fluctuation-exchange (FLEX) approximation with the CVCs arising from the self-energy (X), the
Maki-Thompson (MT) irreducible four-point vertex function, and the main terms of the Aslamasov-Larkin (AL)
one. Then, I found three main results about the CVCs. First, the main terms of the AL CVC do not qualitatively
change the results obtained in the FLEX approximation with the ¥ CVC and the MT CVC. Second, p,, and
Ry near the AF QCP have a high-temperature region, governed mainly by the ¥ CVC, and a low-temperature
region, governed mainly by the ¥ CVC and the MT CVC. Third, in case away from the AF QCP, the MT CVC
leads to a considerable effect on only Ry at low temperatures, although Ry at high temperatures and p,;, at all
temperatures considered are sufficiently described by including only the ¥ CVC. Those findings reveal several
aspects of many-body effects on the charge transports of a correlated multiorbital system. I also achieved the
qualitative agreement with several experiments of Sr,RuQO, or Sr,Rug.975Tig.02504. Moreover, I showed several

better points of this theory than other theories.
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I. INTRODUCTION

Many-body effects, effects of Coulomb interaction between
itinerant electrons beyond the mean field approximation,
are important to discuss electronic properties [1-4]. When
the Coulomb interaction is very small compared with the
bandwidth of itinerant electrons, which is of the order of
magnitude 1 eV, we can sufficiently describe its effects in
the mean field approximation as the static and effectively
single-body potentials [5,6]. However, in correlated electron
systems such as transition metals or transition-metal oxides,
the Coulomb interaction becomes moderately strong or strong,
resulting in the derivations of their electronic properties from
the single-body picture [1-4].

For several correlated electron systems, many-body effects
can be described in Landau’s Fermi-liquid (FL) theory [7-10].
This theory is based on two basic assumptions [10]. One is the
one-to-one correspondence between the noninteracting and
the interacting systems. Because of this assumption, we can
describe low-energy excitations of the interacting system in
terms of quasiparticles (QPs) with the renormalized effective
mass and the renormalized interactions described by the
Landau parameters [10]. The other assumption is lack of the
temperature dependence of the Landau parameters. Because of
this assumption, the temperature dependence of the electronic
properties remains the same as that in the noninteracting
system [10]. Furthermore, as a result of those assumptions,
many-body effects on the electronic properties are the changes
of their coefficients due to the mass enhancement or the FL.
correction or both [10].
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Actually, Landau’s FL theory well describes several elec-
tronic properties of Sr,RuQ,4 at low temperatures. First, this
theory can explain the almost temperature-independent spin
susceptibility [11] and the T2 dependence of the in-plane
resistivity [12]. In addition, the importance of many-body
effects has been suggested in the measurements of the de
Haas—van Alphen (dHvA) effect [13,14] and the Wilson ratio
[11]: the effective mass of the d. /. or the d, orbital measured
in the dHVA becomes, respectively, 3-3.5 or 5.5 times as
large as the mass obtained in the local-density approximation
(LDA), a mean-field-type approximation; the Wilson ratio,
the ratio of the spin susceptibility to the coefficient of the
electronic specific heat, becomes 1.7-1.9 times as large as the
noninteracting value. Note that the enhancement of the Wilson
ratio arises from the FL correction [15].

However, we observe non-FL-like behaviors, the devi-
ations from the temperature dependence expected in Lan-
dau’s FL theory, for correlated electron systems near a
magnetic quantum-critical point (QCP) [3,4]. For example,
SrRug 975 Tl 02504, a paramagnetic (PM) ruthenate near an
antiferromagnetic (AF) QCP, shows the Curie-Weiss—type
temperature dependence of the spin susceptibility and the
T-linear in-plane resistivity [16,17]. Also, Ca,_,Sr,RuOy4
around x = 0.5, a PM ruthenate near a ferromagnetic QCP,
shows the similar non-FL-like behaviors [18,19]. Thus, those
experimental results indicate the importance of many-body
effects beyond Landau’s FL theory near a magnetic QCP.
Note, first, that the wave vector of the spin susceptibility
enhanced most strongly in SrpRugg75Tig.02504 [20] is the
same for Sr,RuO,4 [21], ie., ¢ = (ZT",ZT”); second, that Ti
substitution does not cause any RuOg distortions [16], while Ca
substitution causes RuQOg distortions such as the rotation and
the tilting [22], which drastically affect the electronic structure
[23,24].
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Among correlated electron systems, the ruthenates are
suitable to deduce general or characteristic aspects of many-
body effects in correlated multiorbital systems because of
the following three advantages. The first advantage is that
the ruthenates show the FL or the non-FL-like behaviors,
depending on the chemical composition or the crystal structure
or both [11,12,16—-19]. Due to this advantage, we can study
how the FL state is realized and how the system changes
from the FL state to the non-FL-like state, and we may obtain
their general or characteristic properties. Then, the second
advantage is that the ruthenates are the tg-orbital systems
with moderately strong electron correlation [14,25]. This has
been established for Sr,RuQy by three facts: the Ru #,, orbitals
are the main components of the density of states (DOS) near
the Fermi level in the LDA [26,27]; the LDA [26,27] can
reproduce the topology of the Fermi surface (FS) observed
experimentally [13,28]; the experimentally estimated value
of U, onsite intraorbital Coulomb interaction, is about 2 eV
[25], which is half of the bandwidth for the #,, orbitals in the
LDA [26,27]. In addition to the second advantage, the third
advantage is the simple electronic structure [26,27] compared
with the other multiorbital systems. Due to the second and the
third advantages, we can simply analyze many-body effects of
a correlated multiorbital system, and that analysis may lead to
a deep understanding of the general or characteristic aspects
of the many-body effects.

To describe many-body effects near a magnetic QCP, we
need to use the theories that can satisfactorily take account of
the effects of the critical electron-hole scattering arising from
the characteristic spin fluctuation of that QCP. If the system
approaches a magnetic QCP, we observe the enhancement
of the spin fluctuation for the wave vector characteristic
of that QCP [3,10,29]. That enhancement causes the strong
temperature-dependent critical electron-hole scattering medi-
ated by the spin fluctuation. Then, that critical electron-hole
scattering results in the emergence of both the hot spot
of the QP damping and the Curie-Weiss—type temperature
dependence of the reducible four-point vertex function for
the momenta connected by the spin fluctuation. (Note that
the reducible four-point vertex function describes the multiple
electron-hole scattering [8].) Thus, the emergence of the
former violates the first basic assumption of Landau’s FL
theory since at the hot spot the QP lifetime is not so
sufficiently long as to realize an approximate eigenstate as
Landau’s FL [10]. Furthermore, the latter violates the second
basic assumption because the temperature dependence of the
reducible four-point vertex function and mass enhancement
factor determines the temperature dependence of the Landau
parameter [10]. Thus, many-body effects near a magnetic QCP
may be described by the theories beyond Landau’s FL theory
if the theories can satisfactorily treat the strongly enhanced
temperature-dependent spin fluctuation.

Actually, several non-FL-like behaviors near a magnetic
QCP can be reproduced in fluctuation-exchange (FLEX)
approximation [30-34] with the current vertex corrections
(CVCs) arising from the self-energy (X) and the Maki-
Thompson (MT) irreducible four-point vertex function [35,36]
due to electron correlation [37,38]. For example, this theory
shows the Curie-Weiss—type temperature dependence of both
the spin susceptibility and the Hall coefficient and the 7 -linear
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in-plane resistivity for a single-orbital Hubbard model on a
square lattice in a PM state near an AF QCP, where the spin
fluctuation for ¢ = (;r,m) is enhanced [37]. Those results are
consistent with the experiments of cuprates [39-41]. Since
the powerfulness of the FLEX approximation near a magnetic
QCP arises from its satisfactory treatment of the momentum
and temperature dependence of spin fluctuations [10,29], the
similar applicability will hold even for a multiorbital Hubbard
model on a square lattice.

Since the effects of the CVCs due to electron-electron
interaction in a correlated multiorbital system had been
unclear, I studied several electronic properties of an effective
model of several ruthenates, a #,,-orbital Hubbard model on
a square lattice in a PM state away from or near an AF QCP,
in the FLEX approximation with the ¥ CVC and the MT
CVC [10,38], and then I obtained satisfactory agreement with
several experiments and three important aspects of many-body
effects on the charge transports. First, the results away from the
AF QCP qualitatively agree with five experimental results of
Sr,RuQy: (i) the strongest enhancement of spin fluctuation [21]
atq ~ (%”, 27”), (ii) the nearly temperature-independent spin
susceptibility [11], (iii) the larger mass enhancement [13,14]
of the dy, orbital than that of the d,.,,, orbital, (iv) the T?
dependence of the in-plane resistivity at low temperatures
[12], and (v) the nonmonotonic temperature dependence of the
Hall coefficient [42]. Note that the Hall coefficient observed
in Sr;RuO4 shows the following nonmonotonic temperature
dependence [42]: at high temperatures above 130 K, the Hall
coefficient is small and negative with a slight increase with
decreasing temperature; after crossing over zero at 130 K, the
Hall coefficient becomes positive with keeping an increase, and
shows a peak at about 70 K; below about 70 K, the Hall coef-
ficient monotonically decreases with decreasing temperature.
Then, the results near the AF QCP can qualitatively explain
three experimental results of Sr,Rugo75Tip02504: (i) the
strongest enhancement of spin fluctuation [20] atg ~ (27”, 2?”),
(i) the Curie-Weiss—type temperature dependence of the spin
susceptibility [16], and (iii) the T-linear in-plane resistivity
[17]. In this comparison, I assume that the main effect of
Ti substitution is approaching the AF QCP compared with
Sr,RuQy. Note that the measurement of the Hall coefficient in
SryRuy 975 Tig 02504 has been restricted at very low temperature
[43], which is out of the region I considered. Moreover, I
revealed the realization of the orbital-dependent transports,
the emergence of a peak of the temperature dependence of
the Hall coefficient, and the absence of the Curie-Weiss—type
temperature dependence of the Hall coefficient near the AF
QCP.

However, the previous studies [10,38] contain two re-
maining issues. One is to clarify many-body effects of the
Aslamasov-Larkin (AL) CVC, the CVC arising from the AL
irreducible four-point vertex function [44,45]. In the previous
studies [10,38], I neglected the AL CVC in the FLEX approx-
imation for simplicity since in a single-orbital Hubbard model
[37] on a square lattice, the AL CVC does not qualitatively
change the results of the resistivity and Hall coefficient near
an AF QCP and since the similar property would hold even in
a multiorbital Hubbard model on a square lattice not far away
from an AF QCP. However, it is necessary and important to
analyze the effects of the AL CVC in that multiorbital Hubbard
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model since both the MT and the AL CVCs are essential to
hold conservation laws exactly [15]. In particular, that analysis
is needed not only to check the validity neglecting the AL
CVC for qualitative discussions, but also to clarify many-body
effects of the AL CVC. The other remaining issue is to give
the comprehensive explanations about the formal derivations
both of the transport coefficients in the extended Eliashberg
theory [46] to a multiorbital system and of the CVCs in the
FLEX approximation for a multiorbital Hubbard model. My
previous study [38] reported a microscopic study about the
effects of the CVCs due to electron correlation in a multiorbital
system. In the previous studies [10,38], however, I just gave
brief explanations about those formal derivations. Thus, it is
desirable to explain the detail of those formal derivations since
those will be useful to adopt the same or similar method to the
transport properties of other correlated electron systems.

In this paper, after formulating the dc longitudinal and the
dc transverse conductivities in the extended Eliashberg theory
to a multiorbital Hubbard model in the FLEX approximation
with the CVCs, I study the effects of the main terms of the AL
CVC on the in-plane resistivity and the Hall coefficient for the
quasi-two-dimensional PM ruthenates near and away from the
AF QCP. As the main results, I show the qualitative validity of
the main results of the previous studies [10,38], the existence
of two almost distinct regions of the charge transports near
the AF QCP as a function of temperature, and the different
effects of the MT CVC on the low-temperature values of the
in-plane resistivity and Hall coefficient away from the AF
QCP in the presence of the ¥ CVC, the MT CVC, and the
main terms of the AL CVC. I also present several results of
the magnetic properties and the electronic structure, and show
four main results about each of the magnetic properties and the
electronic structure. Those are useful for deeper understanding
than in the previous studies [10,38].

The remaining part of this paper is organized as follows.
In Sec. II, I explain the method to calculate the electronic
properties of some quasi-two-dimensional PM ruthenates
without the RuOg distortions. In Sec. IT A, I show the Hamil-
tonian of an effective model of some quasi-two-dimensional
ruthenates, explain the parameter choice for the noninteracting
Hamiltonian, and briefly remark on the spin-orbit interaction.
In Secs. IIB 1 and I1B2, I explain the extended Eliashberg
theory to the dc longitudinal and the dc transverse conduc-
tivities for a multiorbital system and give several theoretical
remarks about their general properties. In Sec. II C, I explain
several advantages of the FLEX approximation with the
CVCs, formulate the FLEX approximation for a multiorbital
Hubbard model, and derive the Bethe-Salpeter equation for the
current with the ¥ CVC, the MT CVC, and the AL CVC in
the FLEX approximation. Furthermore, I derive a simplified
Bethe-Salpeter equation by approximating the AL CVC to its
main terms. In Sec. III, I show the results of several electronic
properties of the quasi-two-dimensional PM ruthenates near
and away from the AF QCP in the FLEX approximation with
the ¥ CVC, the MT CVC, and the main terms of the AL
CVC; in addition to that case, I consider three other cases
considered in Ref. [10] for discussions about the transport
properties in order to deduce the main effects of the AL
CVC. After discussing the magnetic properties in Sec. IIT A
and the electronic structure in Sec. III B, I discuss the main
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effects of the AL CVC on the in-plane resistivity and the Hall
coefficient in Sec. III C. Then, I compare the obtained results
with several experiments of Sr,RuQy4 or SryRug 975Tig.02504
in Sec. IV A, and other theories in Sec. IVB. In Sec. V,
I summarize the obtained results and their conclusions, and
show several remaining issues.

II. METHOD

In this section, I explain an effective model of some
quasi-two-dimensional ruthenates and a general theoretical
method to analyze the resistivity and the Hall coefficient for
a correlated multiorbital system in a PM state. In Sec. 1T A,
we see the Hamiltonian of the effective model, determine the
parameters of the noninteracting Hamiltonian, and remark on
the spin-orbit interaction, neglected in the effective model.
In Sec. IIB1, to analyze the resistivity, we explain the
formal derivation of the dc longitudinal conductivity of
a multiorbital Hubbard model in a PM state without an
external magnetic field in the linear-response theory with the
most-divergent-term approximation [46], and show general
properties of the derived longitudinal conductivity and their
consequences for the resistivity. In Sec. II B 2, we derive the
dc transverse conductivity of a multiorbital Hubbard model in
a PM state in the weak-field limit by using the linear-response
theory with the most-divergent-term approximation, and see
general properties of the derived transverse conductivity
and the Hall coefficient in combination with the results for
the longitudinal conductivity. The general formulations in
Secs. IIB 1 and II B 2 are the extensions of the single-orbital
cases for the resistivity [46] and the Hall coefficient [47,48],
respectively. In Sec. II C, we remark on several advantages of
the FLEX approximation with the CVCs, formulate the FLEX
approximation in Matsubara-frequency representation for a
multiorbital Hubbard model in a PM state in the similar way for
Refs. [33,34], and derive the CVCs in the FLEX approximation
by extending the formulation for a single-orbital case [37].

Hereafter, we use the following unit and notations: We
set h=1,c=1,e=1, ug =1, and kg = 1. In the equa-
tions, the d,;, d,;, and d,, orbitals are labeled 1, 2, and 3,
respectively. In Matsubara-frequency representation of several
quantities, we use the fermionic and the bosonic Matsubara
frequencies €,, = 7 T(2m + 1) and 2,, = 27 T'n, respectively.
In real-frequency representation, we use frequency variables
such as € and w and abbreviations such as k = (k,¢) and
q = (q,w), with momenta k and ¢q. We use the abbre-
viations such as D\ =D, a0 Do) = Dsisnsnse @0d
Uiy (kyi€m k' i€ ;0,i2,) = Capea(k,i€n k' i€, 0,iQ2,).

A. Effective model

In this section, I introduce the total Hamiltonian of an
effective model for some quasi-two-dimensional ruthenates
and explain how to choose the parameters in the noninteracting
Hamiltonian. I also give a brief remark about the spin-orbit
interaction.

To describe the electronic properties of several 214-type
ruthenates such as SroRuQy, I use a #,g-orbital Hubbard model
[10,38] on a square lattice because several 214-type ruthenates
are categorized as quasi-two-dimensional #,,-orbital correlated
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systems and Ru ions on a two-dimensional layer form a square
lattice [14]. The Hamiltonian of this model is

H = Hy + Hiy, (D

where I:IO and I:Iim are the noninteracting and the interacting
Hamiltonians, respectively.
First, Hy is given by

;
Bo=>"3" " eaw®)é),,Cuns. ©)

k ab=1s=1,]

Here, ¢i,s and cias are the annihilation and the creation
operators of an electron of momentum k, orbital a, and spin s,
and €4, (k) is given by

A
entk) =— 3’23 — 2t cosk, — 2t cosky, — i, 3)

€nn(k) = €31(k) = 4t'sink, sink,, 4)

A
en(k) =— ;‘“ — 21y cosky — 2ty cosky — p, 5)

ex(k) =

¥
— 4ty cosky cosk, — i, (6)

and otherwise €, (k) = 0, where A,, is the difference between
the crystalline-electric-field energies of the dy, and the d,/,.
orbitals, u is the chemical potential determined so that the
electron number per site n. satisfies n. = 4, and 1y, 1, 3, ta,
and ¢" are the hopping integrals of the #,, orbitals, whose
schematic pictures are shown in Fig. 1. Since I neglect the
effects [23,24] of the RuOg distortions on I:IO, the targets of this
paper are the 214-type ruthenates without the RuOg distortions.

Assuming that the LDA [26,27] for Sr,RuOs gives a
good starting point to include many-body effects in the
214-type ruthenates without the RuQOg distortions, I choose
the parameters in €,,(k) so as to reproduce the electronic
structure obtained in the LDA [26,27] for Sr,RuQ,4. Namely,
Isetty =0.675eV, 1, =0.09¢eV, 13 =045V, 1, =0.18 eV,
' =0.03 eV, and Ay, = 0.13 eV. As explained in Ref. [10],
the obtained electronic structure is consistent with the LDA
[26,27]: the bandwidth for the 1, orbitals is about 4 eV; the
quasi-one-dimensional d,; and d,, orbitals form the holelike «
and electronlike B sheets, and the quasi-two-dimensional d,,
orbital forms the electronlike y sheet; the van Hove singularity

| By
tzI : ly 0P t3|° ./t;- )
== 1} XIiX

—t -t

FIG. 1. Schematic pictures of the hopping processes of the f,,
orbitals on a two-dimensional layer. The difference in the color of
each orbital shows the difference in the sign of its wave function.
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of the d,, orbital exists above the Fermi level; the occupation
numbers of the d,./,. and the d,, orbitals are n,./,, = 1.38
and n,, = 1.25.

Then, I:Iim is given by

518525384 AT AT oAl
Z : z : Z :Uubcd jaS| Jdmclm.?c]bfz

{a} {s1}
_UZanﬁnjw—f-U Zzznjanjb
J Jj a=l b<a
—Jn Z Z Z (Zsla $jp + ;"Ja”1b>
Jj a=l1 b<a

+J Z Z Z CJuTCJaiclbichT @)

a=1 b#a

Here, U;,>*" is a bare four-point vertex function, U is
intraobital Coulomb interaction, U’ is interorbital Coulomb
interaction, Jy is Hund’s rule coupling, J’ is pair hop-
ping term, Aj, 1S Aja = Y  Ajas =
is §j, = %Zu/ é}asamréjasr with the Pauli matrices oy .

Among the terms of U,;>7*", it is sufficient for a PM

N o
s CjasCiass and §;,

state to use U;bﬁd, Ujbtd, and U;;nd, which are, respec-

Tl Lt T L
thCly, U abed — Uabc Uahcd > Uahcd - Uahcd Uabcd ’

and U= bed = U, aTblCLL U ijfiT In addition, in the absence of
the spin-orbit interaction, it is more useful to introduce bare
four- point vertex functions in spin and charge sectors US ,

and U3, ,, defined as

$1828384 __ B
Uabcd U deO'“AzCIMM U bcdaslsz O sys3- (8)
Namel isuS =ultt + Ul andUS . isUS
y’ abcd abcd — “Yabcd abed? abed abed =

Uabcd Uabcd - Uabcd R
I will explain how to treat the effects of Hj, in Sec. IIC,
and how to choose the values of U, U’, Jy, and J' in Sec. III.
In the effective model, I neglect the spin-orbit interaction
of the Ru #,, orbitals for simplicity. This treatment may be
sufficient to discuss the electronic properties analyzed in this
paper since the coupling constant estimated in local-spin-
density approximation [49] for Sr,RuQy is 0.167 eV, which is
smaller than the main terms of Hy and H,,, and since its effects
will not qualitatively change the results shown in Sec. III.
(The main terms of Hiy are of the order of magnitude 1 eV,
as described in Sec. III.) For several expected roles of the
spin-orbit interaction, see the remaining issues in Sec. V.

B. Extended Eliashberg theory to charge transports
of a multiorbital system

In this section, we derive the dc longitudinal conductivity
without an external magnetic field and the dc transverse
conductivity in a weak-field limit in the linear-response theory
with the most-divergent-term approximation. In Sec. II B 1, we
derive the dc longitudinal conductivity to analyze the resistiv-
ity of a correlated multiorbital system. After deriving the exact
expression in terms of the four-point vertex function or the
three-point vector vertex function, we derive its approximate
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expression in the most-divergent-term approximation [46],
which is appropriate for the metallic systems with long-lived
QPs at (at least) several momenta. We also explain four
general properties seen from the derived expression of the
conductivity and show the properties of the resistivity about
the dominant excitations, the dependence on the QP lifetime,
and the main effects of the CVCs. In Sec. II B 2, to analyze
the Hall coefficient of a correlated multiorbital system for a
weak magnetic field, we derive the dc transverse conductivity
in the weak-field limit. Due to difficulty deriving the exact
expression, I derive only the approximate expression in the
most-divergent-term approximation [47,48]. In addition, after
explaining four general properties of the derived conductivity,
we deduce the properties of the Hall coefficient in the weak-
field limit about the similar things for the resistivity.

Before the formal derivations, I remark on the meanings of
taking the w limit and holding @Ty.,s < 1 in these derivations
[10] with Tyqns, the transport relaxation time [46,47] (of the
order of magnitude the QP damping). First, the w limit, i.e.,
lim,, .o lim, 9, is vital to obtain the observable currents since
the dynamic and uniform field causes the observable currents;
on the other hand, the ¢ limit, i.e., lim,_,¢ lim,_,¢, does not

J

. 1 ‘ . .
Run(i2) = lim / dt & (T, Jpy (1) 0))
q—0 0

kk {a}

k. m {a)

X GdD(k,viem’)GBb(kviém)GCc(k/,iem’Jrn)F{A}(ksiem ,k,,l.ém/;

In Eq. (10), (vky)ap is the group velocity,

(vkv)ab =

and T4y (k i€,k i€, ;0
the Bethe-Salpeter equation [8],

r A}(kviemvk/viem’; OalQn) = F{(L)}(k,l.ém,k/,l.ém/; OviQn) + =

T
= 22 22 e baCieaGaclksi€msn) Gaplhsim) =

aeab(k)
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cause any observable currents as a result of the screening
induced by the modulations of the charge distribution [50].
Then, in taking lim,,_, o, the QP lifetime should hold @Tyans K
1 since the inequality characterizes the relaxation process of
transports; in Wy, <K 1, local equilibrium is realized due to
the rapid relaxation compared with ™!, a typical time scale of
the field, and then the QPs near the Fermi level mainly govern
the electronic transports.

1. Resistivity

For discussions about the resistivity of a correlated multior-
bital system, I use the Kubo formula [51] for the longitudinal
conductivity o, in the @ limit and @ Tyaps K 1,

. K®(g.0) - K®(q.,0)
oy, =2 lim lim
w—>0g—0 iw
K®0,0) — K®(0,0
=2 lim —% ©.0) w ( ), )

w—0 iw

where K®)(0,w) is determined by K®(0,0) = K,,(iQ, —

w + i0+) with K,,(i$2,), being

= Z > f 7 € (Ve )b (Ve (Tl (T)eka(TEY Cra)

2 Z Z Z Z(vkv)ba(vk’u)chaA(k 1€m4n)

k.k' m,m’ {a}

Q). (10

ok, arn

,1€2,,) is the reducible four-point vertex function, which is connected with the irreducible one through

ZZZFABC/D/(IC i€,k i€y;0,i$2,)

K m" {A'}

X GC A/(k le +n)GB D’ (k” iem”)FA 'B’ CD(k”,l.EmH,k/,ié,,,f;O,iQ,l). (12)

The irreducible four-point vertex function can be determined in the way explained in Sec. I C.
To obtain an exact expression of o,,, we carry out the analytic continuations [9,46] of the first and second terms of Eq. (10)
by using the analytic properties of the single-particle Green’s function and the four-point vertex function. As we will carry out

those analytic continuations in Appendix A, we obtain

_ de € ,
ER0.0)= — — Z Z(vmba(vk Wed / o [tanh 7 Kl koK' € 0)
k kK {a}
+ (tanh €TO tanh %)Kgﬁl}(k,k/;e;w) —tanh 2K ® (kK e;w)], (13)
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with K;}T;](k,k'; €; w), being

KiK' €:0) = gracan(k: )8 + — v f e Z};gl anBb (s @) T ay (ks 0)grceap (k' ). (14)

Here, J.(4)(k,k'; w) is connected with the reducible four-point vertex function in real-frequency representation and is determined
by the Bethe-Salpeter equation,

de’
l_7”,;{14}(](’](/;(1)) ‘715’1)14](]( k/ a))+ Z ZZ/ E

1"=1

(k k w)gl’ JCTA B’D’(k w)\j]r/l/ A'B’ CD(kH k/ a)) (15)

with the similar connection between JZE,I ;){ 4k, k’; w) and the irreducible four-point vertex function in real-frequency representation.

We also rewrite K®(0,w) in a more compact form by using the three-point vertex function in real-frequency representation
Avpapk; ) = Ayyap(k,€ + o,k €) (for the detail see Appendix B):

~ 1
RPO.0) = = =373 (Wi /
k {a}

+ (tanh cto

Because of the difficulty solving the exact expression of 0, we use the most-divergent-term approximation, introduced by
Eliashberg [46], in order to derive an approximate expression. In this approximation [46], we consider only the most divergent
terms with respect to the QP lifetime in y;(kg)/T — 0 with y,(kg), the QP damping for band o at Fermi momentum k.
This approximation is based on the limiting properties [8,9] of the pairs of two single-particle Green’s functions with external
momentum and frequency, ¢ and w, in g — 0 and y,(kg)/T — 0. More precisely, utilizing the limiting properties, we can use
the approximation that among the pairs of two single-particle Green’s functions, only a retarded-advanced pair gives the leading
dependence on the QP damping and the external momentum and frequency. Namely, we can approximate the leading dependence
of gt.acan(k; ), g2:acap(k; w), and g3.4cqp(k; @) to [10]

de
tanh — gl acdb(k a))Av I; Ld(k a))
Axi 2T

€ €t+ow
— tanh ﬁ)gZ;acdb(k; w)Av;Z;cd(k; w) tanh ——— T 83 acdh(k a))Av 335 cd(k w)] (16)

zo(k)zp(k)

C o)~ ] T
21.acan(k; ) %j(uwaa(uk)w(uk)dﬂ<Uk>w, e T 0t le — £ T 01T (17)
. ' ()25 (k)3 — Ex(K)]
weap (ks @) ~2 Uao(UDaeUi)ap (U] L)z @ , 18
2acan(k; @) mazﬁk Dae e Ui U o e ey e ) -+ 77 0 (18)
and
DN T 1 Za(k)zg(k)
83uacas (6:0) ~ D (UndaaUpacUidap U)o 7— £~ i0+e — £500 — 07T (19)

op

respectively. Here, &€ (k) is the QP energy, z,(k) is the mass enhancement factor, and (U ), is the unitary matrix to obtain the
QP dispersions. Since this treatment remains reasonable for y(kr)/T < 1, the most-divergent-term approximation is not only
exact in the FL, but also appropriate in the correlated metallic systems having the long-lived QPs at least for several momenta.
To derive an approximate expression of o, in the most-divergent-term approximation [46], we introduce two quantities
jl(O) (k,k'; w) and A vi:ap(ks @), which are irreducible only about a retarded-advanced pair, and rewrite K 515)(0,(1)) by using the

two quantities. First, we define Z(O) (k,k'; w) and Afjof ah(k w) as

Tty kK 0) = T (kK s 0) + — ZZ f Z Tiarcp kK s 0)grcasp ks 0) T s gog k' K1) (20)

l” 1,3

and

de’'
AL ok ) = (Vi apy + Z >N Z / iy Jiraen kK s 0)greasp®'s ) as, 1)

1713

respectively. We can also connect A(v(?;;ab(k; ) With Ay.qp(k; @) as follows:

1 * de’ , ,
Au;l;ab(k;w) = Afj(zl);ab(k; Cl)) + Z N Z/ E*Z(Z%bCD(k’k/;w)gZ:CABD(k ;w)Av;z;AB(k ;a)). (22)
; J—00
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Then, substituting Eq. (22) into (16) and using two equalities,

PHYSICAL REVIEW B 94, 045107 (2016)

de ,
A7 Z Z/ _(Ukv)ba tanh gl ucdb(k 60)— Z Z/ l(g)chD(k,k’;a))gg;CABD(k’;w)Av;z;AB(k ;a))

1 de’ , ,
=——ZZ/ 47”[ ZZ/ o 2(?)baBA(ke ke + o k'€ k'€ +w)gi.ppcalk’ € k'€ —|—a))(vk/v)Dc:|
Ko{ay T

x (tanh €TO tanh %)gmduk; ) A yzealk )
and

N Z Z / _(vkl))ha tanh

(23)

de ’ / /
? gsiacan(k: w)— Z Z / - Treacn ks @)ga:canp (K ©) Avoian ' )

dé ! / ! ’ 7
- __— ZZ] o [ ZZ/ z(g)baBA(k,e,k,e +w,k' €' k'€ + w)gsppcalk’ € k'€ + w)(vk/v)DCi|

tanh @ _ tanh — ) g2.qcan(k; @) A yo.ca(k; )
X T T sac ; ViZiC 9 ’
> > ; w 2 w

(24)

W€ can €Xpress K ,w) as two parts, the part €xclu ing a retarded-advance air an € other part:
press K®(0 two parts, the part excluding a retarded-ad d pair and the other part

K®0,0) = — %Z Z(Ukv)ba /
k  f{a}

de
2 [tanh — 81.acdb(k; w)AUlLd(k;a)) tanh
i

€+w
2T A 83 acdb(k a))Aioé;cd(k; (,z))i|

TN Z Z/ 5;0; ba(k €k, e + a))<tanh ro — tanh %)gz;acdb(hw)[\vﬂ;cd(k; w). (25)

This expression remains exact at this stage. In Eqgs. (23) and
(24), we have used Egs. (A7), (A9), (All), and (A13) and
the exchange symmetry [48] of the four-point vertex function
about its variables.

Adopting the most-divergent-term approximation to
Eq. (25), extracting the w-linear term, and using (9), we obtain
an approximate expression of o,,:

o ——Z }21/ ( 8f(e)>

k

X A 1 (k: 0)g2:0can (ks O)A y2ca(k:0).  (26)

Here, we can regard Af%ba(k; 0) and Ay.cq(k;0) as, re-
spectively, the current inéfuding the CVC arising from the
self-energy and the current including the CVCs arising from
the self-energy and the irreducible four-point vertex function.
This is because Eq. (21) for [ = 2 at w = 0 becomes

dRex M (k)

ok, @7)

AD, (K 0) = (vg)ap +
as a result of a Ward identity [8], and because Eq. (22) for
| =2 at @ = 0 becomes

Av;2;cd(k. 0)
© > de 7
= Aok 0)+ — ZZ i Trzicacn
x (k,k';0)g2.capp(k’ ;O)Av;2;AB(k/;0)v (28)

t

as a result of the disappearance of the second term of Eq. (20),
the higher-order term [46] about @Tyqys than the first term of
Eq. (20). Note that the second term of Eq. (28) plays a similar
role for the backflow correction [8] in the FL theory since that
term connects the currents at k and k'

From Eq. (26), we see four general properties for the dc
longitudinal conductivity of a correlated electron system. (The
following arguments for o, are qualitatively the same even
for oy,.) First, due to the factor (— 3f (6)) in Eq. (26), the
main excitations arise from the QPs near the Fermi level.
This property indicates the importance of the coherent part
of the single-particle Green’s function in discussing pgp.
Such importance holds even if its incoherent part evolves,
as shown in dynamical-mean-field theory (DMFT) [57] for
a single-orbital Hubbard model on a square lattice in a PM
metallic state near a Mott transition. Second, Eq. (26) with
the approximate form of g,.,.4»(k; 0) shows that the intraband
excitations become dominant compared with the interband
excitations. This is because the intraband components of
Eq. (18) (i.e., « = B) give larger finite contributions to oy,
than the interband components (i.e., @ # ) due to the factor
=& (k) + Eg(k) in the denominator of Eq. (18) for w = 0.
Third, combining Eqs. (26) and (18) with the above second
general property, we find that o,, is inversely proportional to
the QP damping. Note that the dependence of oy, on the QP
damping can be determined by the dependence of g2.4.45(k; 0)
since Agg)z;ha(k; 0) and A,...q(k; 0) are independent of the QP

damping [46]. Fourth, due to the CVCs in Aio)z ba(k;O) and
Ax.ca(k;0), oy, is affected both by the CVC arising from
the self-energy and by the CVCs arising from the self-energy
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and irreducible four-point vertex function, and the dominant
effect arises from the magnitude changes of the currents.
This property can be deduced from the following arguments:
Since Ai(g.ha(k;O) includes the ¥ CVC [see Eq. (27)], its
effect is the renormalization of the group velocity, resulting
in a magnitude change of the current [46]. On the other
hand, the effects of the CVCs in A,...4(k;0) are not only
a magnitude change of the current, but also an angle change
since the CVC arising from the irreducible four-point vertex
function connects the currents at k and k', which are not
always parallel or antiparallel [37]. Those effects on o,, can
be described by

A Uk 0)A cizica(k: 0)
= | AR}, (k)] cos g (k)| Anca (k)| cos pea(k)
~ |AD) (k)| cos gy (k)| Anca )|

_ Agord(k) :|

> (29)

X COS <p(3)(k) |:1

where |A2ab(k)| and |Aj.,p(k)| represent the magmtudes
of Aio)z vak:0) and A,...q(k;0), respectively, and %h (k)

and ¢ (k) = <p6(f,)7) (k) + Aggp(k) represent the angles. Thus,
even for the CVCs in A,...q(k;0), the magnitude change is
dominant for o,,.

From those properties, we can deduce the properties of the
resistivity about the dominant excitations, the dependence on
the QP lifetime, and the main effects of the CVCs. Since the
resistivity is the inverse of the longitudinal conductivity, the
dominant excitations and the main effects of the CVCs are
the same for o,,, and the resistivity is inversely proportional
to the QP lifetime (in the same way for the relaxation-time
approximation [6]).

2. Hall coefficient

For discussions of the usual Hall effect of a correlated
multiorbital system for a weak external magnetic field, we
consider a uniform static external magnetic field along the z
direction, which is so weak that the cyclotron frequency w,
satisfies @ Tyans < 1, and derive an approximate expression
of the Hall coefficient in the weak-field limit on the basis
of the linear-response theory in the most-divergent-term
approximation [47,48]. In this derivation, we assume that the

PHYSICAL REVIEW B 94, 045107 (2016)

system has the mirror symmetries about the xz and the yz
planes and the equivalence between the x and the y directions
[48]; these are valid for some 214-type ruthenates without
the RuOg distortions. Because of the mirror symmetries and
the Onsager reciprocal theorem [52,53], we can treat the Hall
coefficient, which is generally a third-rank axial tensor [54], as
a scalar. In addition, because of the equivalence between the x
and the y directions, the Hall coefficient in the linear-response
theory [51] in the weak-field limit becomes

(30)

Since we had derived o, in Sec. II B 1, we need to calculate
limy 022 in the linear-response theory with the most-
dlvergent -term approximation [47,48] in this section.

To calculate limg_.¢ %’ we need to derive the H-linear
terms of oy,. For that purpose, we use the vector potential A
instead of H itself, and derive the g-linear and A-linear terms.
Thus, the Kubo formula for limg_, % becomes [47,48]

GXV 1
lm — =2 lim lim .
-0 H  0>04-0i[gxAy(q) — qyA(q)]e'?”
PR)(g,0) — PR 0)
X 7. 7 3D
iw
where <I>§C1§,)(q,w) is obtained by ¢§C1§)(q,w) =d,,(q,iQ2, -
o 4+ i0+) with
T -1 -1
D.y(q,i€2,) :—/ d‘L’/ dr' e =)
’ N Jo 0
x (T, /M (q.0)J(0.7)),
= Kon(g,iQ)A Q). (32)

~H i .
Here, J (0) within the linear response becomes

70 = J0) == 3" AW@) - Viwionblylna  (33)

k ab

and K&)(q,w) is obtained by K& (q,®) = K.y (q,iQ2 —

Xyv

 +10+), where K,,(q,i$2,) is given by

l)

r r i (t—1) a(vk»)ba N
K @,190) = —8,+- / dr/ dr' e (T, j(q, r)ZZ &L (T )k (7

7! 7! 7!
Nf dt/ dr/ dt" e TNT, J (g,7)4,(0,7) ], (—q,7")). (34)

Furthermore, using the three-point vector vertex function and introducing the irreducible six-point vertex function [47,48], we

can rewrite Eq. (34) as

KX.Vv(qviQn) = 51},y§ Z Z Z a(gl;;)ba G

k m ab,AB

uA(k—’ifm)Ax;AB(k—siEm’k+,i€m+n)GBb(k+vi€m+n)

+ = Z Z Z Z Gfb(k A €m)Axpa (K- i€m k1 i€ 10)Gaa(k i, i€pin)

m {a} f.g
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(a)

PHYSICAL REVIEW B 94, 045107 (2016)

FIG. 2. Diagrammatic representations of (a) the first, (b) the second, (c) the third, and (d) the fourth terms of Eq. (35). x in panel

(a) represents the momentum derivative.

X Nygp(kysi€n ke i€n)Geg(hy,i€n) A yac(ky i€pnky i€y)

F TN TN Gulhienen Al ki )Gk i)

k m f{a} fg

X Av;g_)"(k+si6m+n 7k—viem-‘rn)Gfd(k—7i6m+n)Ay;dc(k—’i€m+n ,k_,iém)

(1) X X XY T Gutk Atk ienkpicnn)Gaalksicns)

kK K" mm' m" {a} {A} f.g.F.G

X GGg(kZ.’iem”)Av;gf(kZ_’iem”akzJ.Em”)GfF(k/i,iem”)GDd(k/aiGm’-&-n)Ay;dc(k/’iEm/+n 7k/7i6m/)

7. (1) . . o) 7 Ry R/ )
x Geclk vlEm’)r3;ABCDFG(k+sl6m+n’k—,15m9k i€m Kk i€ s k_vlem/”k+’16111//)’ (35)

with ky+ = k £ q/2. The terms of Eq. (35) can be represented
by the diagrams shown in Fig. 2. Thus, the remaining tasks are
to derive the g-linear terms of Ky, (q,i€2,), to carry out its
analytic continuation, and to combine the result with Egs. (31)
and (32).

We first derive the g-linear terms of Eq. (35) in the most-
divergent-term approximation [47,48]. As I will explain in
Appendix C in detail, the g-linear terms are given by

nyu(q’ign)

1 T
= E(Clxav,y - ‘Iy‘sv,x)ﬁ Xk: Z Z

m  {a}

<>

d
X I:Ax;ba(k»ifmyk»ifm+n)

aTyAy;dc(kviemen ’kyiem)i|

Kl
X I:Gch(kaiem)ﬁGad(kai€m+n):|~ (36)
We can show the four terms of Eq. (36) as the diagrams in
Fig. 3.

Then, we carry out the analytic continuation of Eq. (36).
This procedure can be done in the same way for o,, in
Sec. II B 1 since the relevant parameter for analytic continua-
tions about frequency is the frequency dependence and since
the frequency dependence of Eq. (36) is the same as K, (i$2,)
expressed in terms of the three-point vector vertex function,

kvv(lQn) = - Z (vkv)baAv;cd(k’iEm;O,iQn)
N
k. m {a}

X Gac(kvi6m+l1)Gdb(k7i6m)- (37)

[
Thus, we obtain AK ) (q,@) = K&)(q,0) — K&)(g,0)inthe
most-divergent-term approximation [47,48] within the linear
order of w/T:

1 *® de af(e)
AK® (g.0) = — ~(q:8, y — ,5”/ £, (— )
o(d,0) 2(61 .y~ qy0v.x) e 5e

<>
! a
gy Z[Am;””(’“ 05, Avauaelks o)}

k {a}
FY
x [Gf,‘j}(k)%Gﬁf;)(k)}. (38)

As described in Sec. IIB 1, in the most-divergent-term ap-
proximation [46], the contribution from a retarded-retarded
or an advanced-advanced pair of two single-particle Green’s
functions is negligible compared with the contribution from a
retarded-advanced pair.

Combining Eq. (38) with Egs. (31) and (32), we finally
obtain an approximate expression of the dc transverse conduc-
tivity in the weak-field limit within the most-divergent-term
approximation:

" 1 *d b
lim & Z_Zf _e<_ f(e))
H—»0 H N ) 2w de

<>
ad
X Z |:Ax;2;ha (k;0) Ey Ay;2;dc (k3 O):|
la}

<>

x Im[G;‘j)(k) ai G(C’,f)(k)}. (39)

045107-9



NAOYA ARAKAWA

PHYSICAL REVIEW B 94, 045107 (2016)

FIG. 3. Diagrammatic representation of each term of Eq. (36). The minus signs of the diagrams in panels (b) and (c) are not explicitly

written. x represents the momentum derivative.

Adopting the similar arguments for o, in Sec. IIB1 to
Eq. (39), we see four general properties for limg_, ¢ % First,
the QPs near the Fermi level give the main contributions due
to the factor (—%). This is the same for o,. Second, the
dominance of the intraband excitations also holds because of
the similar reason for o,,. Note that we can obtain the finite
intraband components in limy_ o 22 since the quantities in
the former square brackets in Eq. (39) are odd about k, and

even about k, due to the combination of the k, derivative

in Axopa(ks 0), - T and the k, derivative in A,..4.(k;0), and
since the quantities in the latter are odd about k, and even about

ky due to the combination of - T and a product of the retarded
and the advanced single- partlcle Green’s functions. Third, in
contrast to oy, limg .o % 2 s inversely proportional to the
square of the QP dampmg This is because the momentum
derivative in a retarded-advanced pair leads to an additional
factor of the inverse of the QP damping [47,48]. Fourth, the
CVCsin Ayppa(k; 0) and Ay.p.40(k; 0) affect limpy_,o %‘, and
the dominant effects are an angle change, which is different
from the fourth property for o, . This property arises from the
dependence of the following quantity on the magnitude and
angle changes of the currents:

(—)

[ x2a(k; 0) Ayoac(k; O)]

(k
= | Asipa (k)] 08 Qg (k)| Ao (k)| cOS e (k) 22222 *”d ®

8Qolm (k)

+ [Aopa (k)] sin @p, (k) ok,

| AZ;dc(k)l sin (Pdc(k)

3<Pd¢(k)

.\'

~ | A2pa(K)] €08 92 (k)| Aege (k)| cos 92 (k) 222

(pba (k )

Y

+ [ A (k)] sin @) (k) =22 | Ay g ()| sin @) ().

(40)

or 2h)

Thus, due to the appearance of "“’"‘(.k)

the angle
change of the current causes a more drast1c effect on
limgy 0 %‘ than o,,. Actually, the importance of such drastic
effect has been obtained in a single-orbital Hubbard model on
a square lattice [37].

Combining those properties with the four properties for
oy, we can deduce the properties of Ry about the dominant
excitations, the dependence on the QP lifetime, and the main
effects of the CVCs. First, the dominant excitations are the
intraband excitations near the Fermi level. Second, the depen-
dence of the numerator and denominator of Ry on the QP
lifetime cancels each other out in the absence of the band
dependence of the QP lifetime, while the cancellation is not
perfect in the presence of the band dependence. This is because
limg_,¢ (%’ or oy, consists of the sum of the corresponding
intraband components, each of which has the dependence
of the QP lifetime for the band. Note that the nonperfect
cancellation is the origin of the temperature dependence of
Ry of a multiorbital system in the Fermi liquid. Third, the
main effects of the CVCs on Ry are the magnitude change
of the current due to Aiq)z.ba(k;O) in the denominator of
Ry and the angle change of the current due to Ax2:pa(k; 0)
or Ay.qc(k;0) in the numerator since there is the nearly
perfect cancellation between the magnitude changes due to
Ax:pa(k;0) and A y5.40(k; 0) in the numerator and due to the
square of A,...q¢(k;0) in the denominator.

C. FLEX approximation with the ¥ CVC,
the MT CVC, and the AL CVC

In this section, after explaining several advantages of
the FLEX approximation with the CVCs arising from the
self-energy and irreducible four-point vertex function, I
formulate the FLEX approximation in Matsubara-frequency
representation for a multiorbital Hubbard model in a PM state
and derive the CVCs arising from the irreducible four-point
vertex function in the FLEX approximation. In the latter
derivation, we first derive the irreducible four-point vertex
function in Matsubara-frequency representation; second, we
convert it into a real-frequency representation by using the
analytic continuation; third, we calculate part of the kernel
of the CVCs arising from the irreducible four-point vertex
function; fourth, we derive the Bethe-Salpeter equation for
the current including the CVCs. Furthermore, I introduce a
simplified Bethe-Salpeter equation by approximating the AL
CVC to its main terms.

To describe the electronic properties near or away from
a magnetic QCP, I use the FLEX approximation with the
CVCs arising from the self-energy and irreducible four-point
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vertex function since its following three properties are the
advantages in describing the electronic transports. One is that
this approximation is one of the conserving approximations
[30-32] that automatically satisfies conservation laws [55,56].
This is powerful to describe transports since the treatment
in keeping conservation laws is essential in transports [32].
Another advantage is that this approximation can take account
of the many-body effects due to the self-energy itself and the
CVCs arising from the self-energy and the irreducible four-
point vertex function [3,10]. In particular, this approximation
can sufficiently treat the effects of spatial (i.e., momentum-
dependent) correlation even near a magnetic QCP [3,10,29].
Due to this advantage, the FLEX approximation with the
CVCs can analyze how those many-body effects influence
the electronic properties beyond random-phase approximation
(RPA), a mean-field-type approximation, and the relaxation-
time approximation [6], where all the CVCs are neglected [3],
and improve several unrealistic results in the RPA; examples
of the improvements are a reasonable value of U for a
magnetic transition and the Curie-Weiss—type temperature
dependence of the spin susceptibility near an AF QCP [10,29].
(As described in Sec. IIB, the CVCs are vital to satisfy
conservation laws [3,10,15].) The other advantage is that the
FLEX approximation can sufficiently describe the coherent
parts of the single-particle Green’s function for a moderately
strong electron correlation [3,10,29,32]. Actually, the FLEX
approximation for a single-orbital Hubbard model on a square
lattice at U being a half of the bandwidth is in satisfactory
agreement with the quantum Monte Carlo calculation about
the imaginary-time dependence of the single-particle Green’s
function for several momenta [32]. Although it has been
proposed in a diagrammatic Monte Carlo calculation [58] for
the same model that diagrammatic expansions based on the
Luttinger-Ward functional [55] break down at a large U, I be-
lieve the above satisfactory agreement [32] remains valid since
ithas been shown [59] that this proposal results from an artifact
of the technical pathological treatment of the noninteracting
single-particle Green’s function in the diagrammatic Monte
Carlo calculation. This sufficient description of the coherent
part is very useful to analyze the electronic dc transports since,
as described in Sec. II B, the coherent parts almost dominate
the electronic dc transports.

We start to formulate the FLEX approximation for a
multiorbital Hubbard model in a PM state in a similar way
for Refs. [33,34]. A set of the equations in this approximation
can be obtained by choosing the form of the Luttinger-Ward
functional as the bubble and the ladder diagrams of the multiple
electron-hole scattering and deriving the effective interaction
and the Dyson equation. First, we can derive the effective
interaction in the FLEX approximation by considering the
bubble-type and the ladder-type multiple electron-hole scat-
tering. Since we focus on a PM state, it is sufficient to consider
the following three components:

. 1
Valﬁd(q )l Q”) =5 (Uasbc'd + Ut?bcd)

2

1 .
+ 5 Z UasbABX/SXBCD(qJQn)UgDcd
{A}
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1 .
) Z Uzg:bABXgBCD(qlen)UgDcd’ (4D
{A}

. 1
VaTbI-d(q’lQ”) = 5(_Uasbcd + Ugpea)

1 .
2 Z UaSbABXiBCD(q,l Qn)UgDcd
{4}

l .
) Z USoas Xs5en@ iU pgs  (42)
{A}

and
Ve a(g,i)

= _Uasbcd - Z Z UaSbABX/S\BCD(q’iQ")UgDcd’ (43)
{A} s
with

T
Xabed(q,120) == kZ Gaclk + @ i€nn)Gap(k,i€y),

(44)
Xasbcd(qvigzn) = Xabcd(qaiszn) + Z XabAB(q,iQn)
{A}
X U3 pepX&ped@si€), 45)
and
XSea @-12) = Xabed (@-120) = D Xabas(q.i )
{A}
C C .
X UgpcpXcpea(d-iSen)- (46)

In deriving the effective interaction, we do not need to
explicitly consider the ladder-type contributions in equal-spin-
scattering case since those are included in part of Eq. (42)
as a result of the relation between the nonantisymmetrized
and the antisymmetrized bare four-point vertex functions [60].
Combining the three components and using JgSz, GS(iS3, 0550
and g ,,,,, we can express the effective interaction in the FLEX
approximation as the following single equation:

818528354 .
Vibed  (q,i52,)

1 C C C . C 0 0
= 5 |:Uabcd - Z UabABXABCD(q’lQﬂ)UCDcd O—X|S20’S4S3
{A}

1 .
_E |:Uasbcd + Z UaSbABXZBCD(q’lQH)UCS‘Dcd]asl-Yz " Osys3e
{A}
47

Then, using Eq. (47) and excluding the double counting of the
topologically equivalent term in the self-energy, we can derive
the Dyson equation,

Gap(k,iey) = G (ki)

+Y GO k.ien)Sap(k.ien)Gp(kiicy), (48)

A B
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where GS »(k,i€,,) is the noninteracting single-particle Green’s
function,

. 1 ot
Goy(kien) =" (U,?)wm(Uk w49

o

and X, (k,i€,,) is the self-energy in the FLEX approximation,

. T . .
Eac(k’lem) = N Z Z Vabc‘d(qlen)de(k - qalEm—n),
q.n bd
(50)

with (U ,?)m, being the unitary matrix to diagonalize €,(k),
and Vabcd(qvign), being

Vabcd (¢I ) i S-Zn )

= -V g.i) — Vi (q.i)

— Y Usasxancp(@iQ)Uepey
{A}

3 .
3 I:Uasbcd + Z UaSbABXiBCD(qJQn)UgDcd}
{A}

1 .
+ 5 I:_chacd + Z UfbABXSBCD(q,lQn)UgDcd]
{4}

- Z Ul bys xa8en(q.i)UL L, 51D
{A}

The reasons why the double-counting term is the last term

of Eq. (51) are that the second-order terms in VaTbtj,T(q,iQn)

and V;bﬁy(q,iﬂn) lead to the topologically equivalent con-

tributions to the self-energy, and that Vabey(q,iQ,,) contains

a relative 1 factor arising from the coefficient 0,7 o in
152 8483

Oy, * 0,5 Solving a self-consistent set of Egs. (44), (45),
(46), (48), (50), and (51) with Eq. (49) and the equation to

J
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determine i,

2 2T
ne =ﬁ;;f[ea(k)]+ WZ;Z

k a=1
X [Gaa(kaiem) - Gga(k,iém)], (52)

we can determine the single-particle or the two-particle
quantities in the FLEX approximation. Its technical details for
the numerical calculations will be described in Appendix D.

We turn to the Bethe-Salpeter equation for the current with
the CVCs in the FLEX approximation. The derivation consists
of four steps. The four steps are to derive the irreducible
four-point vertex function in the FLEX approximation in
Matsubara-frequency representation, to convert it into in
real-frequency representation by the analytic continuations,
to calculate part of the kernel of the CVCs, and to combine the
part and Eq. (28).

First, we derive the irreducible four-point vertex function
in the FLEX approximation in Matsubara-frequency repre-
sentation. Since the irreducible four-point vertex function is
generally determined by [56]

3 ap(k,i€n)
(Sch(k,viem’)
we adopt this equation to the self-energy in the FLEX approxi-
mation. For the actual calculation, we calculate the right-hand
side of Eq. (53) at ¢ =0 and €2, = 0, and then we label ¢
and €2, so as to represent the electron-hole scattering process
among an electron of orbital b with (k,i€,, ), a hole of orbital d
with (k',i€,,), an electron of orbital a with (k + q,i€,, +iS2,),
and a hole of orbital ¢ with (K’ + q,i€,, +iS2,). After the
actual calculation explained in Appendix E, we obtain the
irreducible four-point vertex function in Matsubara-frequency
representation in the FLEX approximation:

Ft(tlb)cd(kviemak/»iem’;q,iQn) = B (53)

T ki€ K i€ q,iS2) = TGN (ki€ K i€y q,iQ) + T (ien K i€ q,i2) + T 2 (kyicn K i€ q,iS2),

(54)

with
T o i€ K i€ q.i2%) = 84,0000 Vacha(k — K i€y — i), (55)

F((llb)iiLl(k,ién,,k/,ié,,lr;q,iQn)
2" /o ! . / /. !l -
== 22D Wikinacsn@ — 41 —q'. ~ i)Gea + 4 iew ) Grok + g den),  (56)
¢ n {A}
and

DAL2,;, - . .
Ft(zb)cd (kvlem»k/,lfm/;q,lﬂn)

7“ / . . . .
- _N Z Z Z WfBLAd;chD(—‘I s T lQn’; —-q — 11/, - lQn-‘rn’)GAC(k/ —q ’lem’—n’)GBD(k + q + q/,lEm-s-n-m/), (57)
q

n'  {A}

AL . . . .
where Wabcd;ABCD(ql,lin,qz,anz) is

. . 3. . ~ . I - . - .
W;‘ZIZd;ABCD(qllem;q2’lQﬂz) = ‘Nasbcd(q17’Qn1)N§BCD(‘12Jan) + ENaCbcd(qllenl)NgBCD(qZ’lan) - Ua%dU/IéBDv

2

(58)
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with
Nipea @ siQu) = Uy + Z UnpcpXepas@ iU pea
) )
and
Neoea@ i) = Ugyy — Z UshepXEpan @' iU Speq-
" (60)

We can represent the terms of Egs. (55), (56), and (57) as the
diagrams of Figs. 4(a), 4(b), and 4(c), respectively.

Second, we carry out the analytic continuations of
Egs. (55)—(57) to convert these into real-frequency representa-
tion. This is because the irreducible four-point vertex functions
in real-frequency representation are necessary to calculate part
of the kernel of the CVCs, Ty ;¢ (k,k';0) [see Eq. (28)].
Carrying out the analytic continuations, we obtain the MT, the
AL1, and the AL2 terms for regions 22-1I, 22-III, and 22-1V
(see Appendix F).

|
Tyypeak-K':0) =I5 000 (k k' 0) +

with
gmt

Tiraped k-3 0)

A ’. —iy 1 oo ’ 1 ’. . ’ (R) / [R)
= FAt(e,e’; T)(?) 5 > f_w do FM (e,€,0's YW, gepaicon(—a's —a)ImG g (K" + ¢)ImG g (k + ).

q {A}
and
DAL2
\72(2;)ahcd(k7k/; 0)

e}

PHYSICAL REVIEW B 94, 045107 (2016)

(@) MT term (b) AL1 term (c) AL2 term
k+ga  k'+g,c  k+ga . k+g,c  k+q,a K+q, c
fentiQn e +iQ, fentiQn 979 ey +iQ, ientiQ,  -q° e i
iQ,—iQy —iQy
B A B A
k+q’ v k+q' k+9-q }; kg
IR . 1 q—q Lie,—iQny
ientiQy iem +iQy iem+i$'lri§2nf‘ +
D C
’ D C
. -9q > -9-q°
k, b . ,
. K, d k b —iQy Kk, d kb _io_ia. k,d

iem fem’ iem em’ m i

FIG. 4. Diagrammatic representations of the irreducible four-
point vertex functions in the FLEX approximation. Neglecting orbital
indices and relabeling momentum and frequency variables, we can
show that each diagram is equivalent to the corresponding diagram
in Ref. [37].

Third, using the MT, the AL1, and the AL2 terms in regions
22-I1, 22-11I, and 22-IV, we can calculate Jz(zlgchD(k,k/;O)
in the FLEX approximation. Since the irreducible four-point
vertex function is the sum of the MT, the ALI1, and the AL2
terms, »72(21;)L-dc plk,k’;0) in the FLEX approximation is given
by

Tk k'50) + T2 (k k' 0), (61)

ey (kk'50) = FNT(e,€'s T)2i IV, (k — k), (62)
AL(RA) (63)

do/ F{2 (e e, s YW gy n(—a's —g MG R (K — gHNImG Gk +¢'),  (64)

= Fﬁﬂ@g’;ﬂ(%)%;Z/

where  FMT(e,e’;T), FiMl(e,e;T), Fil(e,e,0';T),
FA2(e,€'; T), and FAM(e,€','; T) are, respectively,

FMT(e,e’; T) =( coth €€ + tanh £ , (65)
2T
FAU(e,e's T) =(coth € € tanh 6—), (66)
2T
/ / !
thu(e,e’,w/; T) =| tanh @ te tanh @ te . (67)
2T
F(e,e'; T) =( coth €te_ tanh —— , (68)
2T 2T
and
FA2 ¢ o T) = (tanh ©2€ —anh @< ). (69)
t 2T 2T

(

In Egs. (62)-(64), we have used the relations of the effective
interaction and the single-particle Green’s functions due to
the time-reversal and the even-parity symmetry; in f more
general case, we should not use the relations suchas V,  ,(k —
Ky — VS (k= k) =2i ImVE (k — k') and Gk + ') —
GW (k4 ¢q') = 2i InG'Y) (k + ¢'), and should retain the dif-
ferences between the retarded and the advanced quantities.

Fourth, substituting Eqgs. (61) with Egs. (62), (63), and (64)
into Eq. (28), we obtain the following Bethe-Salpeter equation
with the CVCs in the FLEX approximation:

Avpiea(k; 0) =A) (k;0) + AAMY (k5 0)

+ AADSL (k;0) + AADS ,(k;0),  (70)
where AAE’;IzT;Cd(k; 0) is the MT CVC,
MT 1 *de'
ANYS (k5 0) =NZZ o Falees )
KAy YT
x ImV 3y ptk — k)R yocp®'50), (71
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ANSS! ,(k;0) is part of the AL CVC,

PHYSICAL REVIEW B 94, 045107 (2016)

1 o o ,
AN (K 0) = TIIN? 2.0 Z/ dé// do F3 (6,6 s T)F (e, 0 s TYW e perap (—a': =)
—00 —0Q

K.q' (A} (A7

x ImGR), (k' + gHNImGE), (k + )& 2.0 (K5 0), (72)

and AAAS2 (k;0) is the other part of the AL CVC,

v3;2;5¢

1 o o0
ANk 0) = — = >0 Z/ df// do/ F(e.€  T)F(e.€ o s YW percap (—a's —q)
K.q (A} (a0 77 -

x ImG YL (k' — gHImGS ), (k + ¢")A e p(K'5 0), (73)

with
Avocp(k';0) = Z 82.cagp(k';0)0A 0.5 (K'50).  (74)

AB

Equations (71)—(73) show that the MT and the AL CVCs
connect the currents at different momenta; for example,
the MT CVC connects the current at k with the current
atk'.

In the actual numerical calculations, instead of the above
Bethe-Salpeter equation, I use the simplified Bethe-Salpeter
equation where the AL CVC is simplified by only its main

(

terms. The main terms of the AL CVC can be determined
by using the following two properties satisfied in the present
model: The terms arising from U are dominant compared
with the terms arising from the other interactions in a
realistic parameter set (i.e., U > U’, U > Jy, and U > J');
the intraorbital components of the current are larger than the
interorbital ones due to the large intraorbital hopping integrals
compared with the interorbital hopping integrals (i.e., the
larger intraorbital components of the group velocity). Namely,
the main terms of the AL CVC are given by the sum of the
following two quantities:

J
AAALI (kO) P 1 E > de’ > d /FALI T FALI "W T WAL(RA) e
v;2:cd \" - C,d47_[2N2 € w ct (E’E ’ ) tt (G’E W5 ) c ( q; 4)
k/,q’ —00 —00

x ImGR(K' + ¢NImGR(k + ¢)A .00 (K';0) (75)

and

1 oo o0
ANDSE 4k 0) = —5c,dm Z/ df// do FA(e,e/s TYFM (e, s TYWAS RN (—g's —¢")
g >® —00

x INGR R — ¢NMGD(k + ¢') A zice (k' 0), (76)

where WALRA)(—g’; —g') is given by
WARN (—g's —g") = 3NR(—qN3R (=4

ceee ceee

+ 3 NG (4Nl (=q) = U2,

cccece cecee

(77)
with

Newd (=4 = U + U xoel (=4 (78)
and

NE®(—g) = U — U xSR(—¢"). (79)

More precisely, by using the former of the above two properties
(corresponding to considering only the terms arising from
U), we can replace WS;“,(CR/ﬁ?Dc,dD,(—q’;—q/) of the ALI1
term and ng%f,g);c,cw,(—q’;—q/) of the AL2 term by,
3p.c0¢c.c0ar.c0p.abcabpr a Wf;g@lm(—Q’; —q')
and 53/,c3A/,c-3D,c5c',d5c,d50/,dWcﬁlgc(ifzzjd(—ql;—q/); further-
more, using the latter property, we obtain Eqgs. (75) and

respectively,

(

(76). Solving Egs. (70), (71), (75), and (76) with Eq. (27)
self-consistently, we can determine the current including the
CVCs arising from the self-energy and irreducible four-point
vertex function in the FLEX approximation. I will describe
the technical remarks to numerically solve those equations in
Appendix G.

III. RESULTS

In this section, I show the results of the magnetic properties,
the electronic structure, and the transport properties for a PM
state of the multiorbital Hubbard model away from or near the
AF QCP. In Sec. IITA, I present the results of the magnetic
properties in the FLEX approximation. From those results, we
discuss the dominant fluctuations, the static and the dynamic
properties of the spin susceptibility, the role of each #,, orbital,
and the effects of the spin fluctuations on the imaginary part
of the retarded effective interaction. In Sec. III B, to discuss
the effects of the self-energy on the electronic structure, [
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FIG. 5. Momentum dependence of A3 (¢)~! and 1S,
show the results of the FS, the mass enhancement factor, the
unrenormalized QP damping, and the QP damping in the FLEX
approximation. In Sec. III C, we discuss the main effects of the
AL CVC on the in-plane resistivity p,; and the Hall coefficient
in the weak-field limit Ry in the FLEX approximation with
the X CVC, the MT CVC, and the main terms of the AL CVC
and more simplified three cases. In addition to the temperature
dependence of those transport coefficients, I show the orbital
dependence of o,, and limg_,q %‘ in order to determine the
role of each 1,, orbital.

I obtained the results of this section by the numerical
calculations using the techniques explained in Appendixes
D and G and converting the quantities obtained in the
FLEX approximation in Matsubara-frequency representation
to the corresponding quantities in real-frequency represen-
tation by the Padé approximation [61,62]. In the numerical
calculations, I used N = 64 x 64 meshes and M = 1024
Matsubara frequencies, set Ae; = Ae}, = Aw; = 0.0025¢V,
e.=02eV,J = Jy, U =U — 2Jy, and chose Jy, U, and
T as parameters. (A€, Ae},, and Aw},, are the intervals of
the discretized real-frequency integrals, and €. is the cutoff
frequency in the discretized real-frequency integrals.) The
parameters of Jy, U, and T were chosen as follows: I put

Ju = % except the analysis of the dominant fluctuation, in

which the value of Jy was chosen in the range of 0 < Jy < %;
I considered the case of U = 1.8 or 2.1 eV as, respectively,
case [10,38] away from or near the AF QCP except the results
in noninteracting case; I considered several values of 7' in
the range of 0.006 eV < T < 0.03 eV. In addition, in the
conversion by the Padé approximation, I numerically solved
its recursive procedure [61,62] using the quantities at the
lowest four Matsubara frequencies; for example, we obtained
Eg)(k,e) by adopting that recursive procedure to a set of
Yapk,ie,)atm = 0,1,2,3 in the FLEX approximation. Note
that the advanced quantities are obtained by using the relations
such as Ziﬁ)(k,e) = Ei?(k,e)* due to the time-reversal and
the even-parity symmetries.

A. Magnetic properties

In this section, I show four main results about the
magnetic properties. First, the dominant fluctuations are the
spin fluctuations. Second, an increase of electron correlation
leads to the enhancement of low-energy spin fluctuation
at ¢ = Ocar E(%—;Tt’,g—;ﬂ). Third, the diagonal and the

nondiagonal components of x aS ;IZ,),(q) atqg = Qyc.y contribute

to the enhancement of the spin fluctuation at ¢ = Qc_ap,
and the diagonal component of the d,, orbital is largest.

(g)~"at T =0.006eV and U = 1.8 and 2.1 eV for several values of Jy.

Fourth, the orbital dependence of the effective interaction is
determined by the orbital dependence of the spin fluctuation.

We first determine the dominant fluctuations in the present
model. For that purpose, we analyze the effects of electron
correlation on A3 (g)~! and AS, (g)7!, the inverses of the
maximum eigenvalues [63,64] of x5,.,(¢,0) and x5 ,(q.0).
respectively. This is because by analyzing the dependence of
A5.(@ " and AS, (¢)7! on U and Jy, we can determine
the dominant fluctuations among four kinds of fluctuations,
i.e., charge fluctuations, spin fluctuations, orbital fluctuations,
and spin-orbital-combined fluctuations [65,66] (for more
details see Appendix H). I show A3 (g)~! and 1S, (¢)~!
at T =0.006 ¢V and U = 1.8 eV for several values of
Ju in Figs. 5(a) and 5(b), respectively. We see that as Jy
increases, A>. (¢)~! monotonically decreases and AS, (q)~!
monotonically increases. This behavior is characteristic of the
enhancement of spin fluctuations and the suppression of the
charge fluctuations [65,66] (see Appendix H). The similar
results are obtained at U = 2.1 eV, as shown in Figs. 5(c)
and 5(d). Since approaching the inverse of the maximum
eigenvalue towards zero characterizes the enhancement of the
susceptibility, the results in Figs. 5(a)-5(d) show that spin
fluctuations are dominant at U = 1.8 and 2.1 eV in the present
model. This can be understood by considering the following
three facts: the noninteracting susceptibility for @ = ¢ and
b=d,x ‘Eg)ab(q,i 2,,), becomes very large in the present model
since GO(k,iw,,) is larger than Gfgj)(k,iwm) for b # a due
to the large intraorbital hopping integrals compared with
the interorbital ones; the interactions between the different
kinds of fluctuations may be generally very weak in the
FLEX approximation due to lack of the vertex corrections
of the susceptibilities; the terms arising from U cause the
strongest enhancement of the susceptibilities. Namely, due to
those facts, the intraorbital components of x as,,c 2(q,i92,), 1.e.,
x> ..(q,iS,), are strongly enhanced, resulting in the larger
enhancement of spin fluctuations than the other fluctuations.
Hereafter, we fix the value of Jy at Jy = <.

Then, for a deeper understanding of spin fluctuations in the
present model, I analyze the static and the dynamic properties
of the spin susceptibility as a function of w, x3®(q,0w) =
D b ng‘;;(q,a)). For the analysis of the static property, I
show the momentum dependence of x5(g,0) = x3®)(q,0) at
T = 0.006 eV for U = 1.8 and 2.1 eV in Fig. 6(a). The result
shows that as U increases, the spin fluctuation at ¢ = Qqc_ar
is most strongly enhanced and the enhancement at ¢ = (0,0) is
much weaker. That strongest enhancement can be understood
as the combination of the merging of the nesting vectors of
the d,;/,; and d,, orbitals around q = Qcar due to the
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FIG. 6. (a) Momentum dependence of x5(¢,0) = x5®(g,0) at T =0.006 eV, U =0, 1.8, and 2.1 eV, and Jy = ¥, and frequency
dependence of ImXS(R)(q,a)) for ¢ = Qic.ap- QiC-AF = (ﬂ,%ﬂ), and Qpy = (0,0) at 7 = 0.006 eV and Jy = % for (b) U = 1.8 eV and

c)U =2.1eV.

mode-mode coupling for the spin fluctuations around ¢ =
Oic.ap and the nesting instability at ¢ = Qjc.ap due to
the RPA-type scattering process, as explained in Ref. [38].
Next, for the analysis of the dynamic property, I show the
frequency dependence of ImyS®(g,w) for several values of
q at T = 0.006 eV for U = 1.8 and 2.1 eV in Figs. 6(b) and
6(c). These figures show that low-energy spin fluctuation at
q = Qic.ap 1s dominant in the dynamic properties at U = 1.8
and 2.1 eV, and that the intensity at ¢ = (0,0) is very small.
Moreover, I analyze the role of each f,, orbital in discussing
the spin fluctuations. Figures 7(a)-7(d) show the frequency
dependence of ImXaS;}EZ(QIC_AF,w) at Jy = % for (T,U) =
(0.006,1.8), (0.006,2.1), (0.02,1.8), and (0.02,2.1) eV. We
see that not only the diagonal, but also the nondiagonal
components are enhanced, and that the largest component is
the diagonal one of the d,, orbital. First, the enhancement of
the diagonal components arises from the combination of the
large diagonal components of the noninteracting susceptibility
of the #), orbitals around g = Q¢ g, the merging of the
nesting vectors of the d.;/,, and the d,, orbitals around
q = Qic.ap> and the larger enhancement due to the terms
arising from U than the other terms. Next, the nondiagonal
components are enhanced due to the terms including Jy
and the diagonal components since x5, (q,iS2,) for a # b

(@) (b)
10 T 10 T
. 1111/2222 — . 1111/2222 —
3 1122/2211 3 1122/2211
< 1133/2233/3311/3322 — s 1133/2233/3311/3322 —
gi 3333 — § 3333 —
o2 5F T=0006ev { % 5 T=0006ev -
¢ U=18ev & U=21ev
c B J=U/6 c L=U/6
y |
0 L 0 I
0 0.05 0.1 0 0.05 0.1
(V) (V)
(@ (d)
10 T 10 T
. 1111/2222 . 1111/2222
3 1122/2211 3 1122/2211
y 1133/2233/3311/3322 — Iy 1133/2233/3311/3322 —
g 3333 g 3333 —
e e
= 5¢f T=002ev | 5L T=002ev -
3 U=18ev 3 U=21ev
I W=U/6 IS h=U/6
e Y EE—————
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FIG. 7. Frequency dependence of Imxff;;(QIC_ AP @) at Jy = %
for (T,U) = (a) (0.006,1.8), (b) (0.006,2.1), (c) (0.02,1.8), and (d)

(0.02,2.1) eV.

are enhanced mainly through Xauua(q7iQn)UXaSah}7(qsiQn) +
Xaaaa(q,iQn)Jng’bbb(q,iQn) [see the second term of Eq. (45)].
Then, the diagonal component of the d,, orbital becomes
largest due to the following three properties: the diagonal
components of the noninteracting susceptibility are larger
than the nondiagonal components due to the large intraorbital
hopping integrals; the noninteracting susceptibility of the d.,
orbital is larger than that of the d, . orbital due to the larger
DOS [10] of the d,, orbital; the enhancement due to the terms
arising from U is largest in the terms arising from the Hubbard
interaction terms.

Finally, we see the effect of the spin fluctuations on the
imaginary part of the retarded effective interaction of the
FLEX approximation. The reason why that effect is analyzed
is that its understanding is useful to understand the effect of
the spin fluctuations on the MT CVC since the imaginary
part of the retarded effective interaction is part of the kernel
of the MT CVC [see Eq. (71)]. For that analysis, it is
sufficient to present ImVa(gb)b(q,w) since the other orbital
components are much less important. This is due to the fact
that the dominant fluctuations are the spin fluctuations and that
their contributions to the effective interaction, V,.5s(q,i<2,),

are given by ZA,C Ur?cAAngCC(q’iQ”)Ungd = 8a,c0p.a
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()
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FIG. 8. Frequency dependence of ImV.%) (Qc ap.) at Jy =
for (T,U) = (a) (0.006,1.8), (b) (0.006,2.1), (c) (0.02,1.8), and (d)
(0.02,2.1) eV.
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@ (b)
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: N
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FIG. 9. FSsatT = 0.006 eV and Jy = % for (a) U = 1.8 eV and
(b) U = 2.1 eV. In panels (a) and (b), the FS sheets at U = 0 eV are
shown by the dotted lines for comparison.

Yonc UsaanXiancc(@-i)Ugcy, [see Eq. (S1)]. Figures 8(a)-
8(d) show the frequency dependence of Im V‘f‘]}b)b( Oic.ap>w) for
(T,U) = (0.006,1.8), (0.006,2.1), (0.02,1.8), and (0.02,2.1)
eV. The obtained orbital dependence is similar to that for
Imxjﬁ,),(q,w). Thus, the spin fluctuations lead to the main
contributions to the MT CVC in the present model, and the
orbital dependence of the MT CVC is determined by the orbital

dependence of the spin fluctuations.

B. Electronic structure

In this section, I show four main results about the electronic
structure. First, the topology of the FS remains the same as the
noninteracting one even including the FS deformation due to
the real part of the self-energy in the FLEX approximation.
Second, the mass enhancement of the d,,, orbital is larger than
that of the d, /. orbital in a wide region of the parameter space
in the present model. Third, the unrenormalized QP damping
of the d,, orbital becomes larger than that of the d,,,, orbital.
Fourth, the orbital dependence of the QP damping is mainly
determined by the orbital dependence of the unrenormalized
QP damping.

I begin with the effects of the real part of the self-
energy in the FLEX approximation on the FS and the mass
enhancement factor. I determine the FS by diagonalizing
[ean(k) + Rezg) (k,0)], where w in €,(k) has been deter-
mined by Eq. (52).

First, we see from Figs. 9(a) and 9(b) how the FS is modified
with increasing U. Those figures show that the modification
is slight. Thus, the real part of the self-energy in the FLEX
approximation does not change the topology of the FS sheets
(i.e., whether each sheet is electronlike or holelike). This result
can be understood by considering two facts that the occupation
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numbers of the d,/,. and the d,, orbitals do not become very
close to integers, and that the van Hove singularity of the d,,
orbital does not cross over the Fermi level. Note, first, that the
occupation numbers of the dy,,. and the d,, orbitals are 1.36
and 1.28, respectively, at U = 1.8 and 2.1 eV; second, that if
the van Hove singularity crosses over the Fermi level, the y
sheet touches the boundary of the Brillouin zone at k = (77,0)
or (0,m).

Next, we show the mass enhancement factor z,(k)~! =
1— Mg{j”“‘méo, at U = 1.8 and 2.1 eV in Figs. lO(a)—
10(d). From those figures, we find three properties about the
orbital, temperature, and momentum dependence of z,(k)~!.
The first property is that the mass enhancement of the d,,
orbital is always larger than that of the d,,,, orbital for all
the temperatures considered. This arises from the stronger
spin fluctuations of the d,, orbital than those of the d,./y.
orbital, as explained in Ref. [38]. Combining this result with
the similar orbital dependence [38] of z, (k)" as a function
of Ju (in0 < Jy < §atT =0.006eVand U = 1.8eV), we
deduce that the larger mass enhancement of the d,, orbital
is realized in a wide region of the parameter space of the
present model for a PM state in the FLEX approximation.
It should be noted that although the spin fluctuations of
the d,, orbital enhance za(k)™" of not only the dy, orbital
but also the d,./,, orbital, the enhancement for the d,, is
larger in a realistic set of the Hubbard interaction terms.
This is because the spin fluctuations of an orbital cause the
enhancement of z,(k)~! of the orbital proportional to the U 2
terms of % doAB US iax5a55@iQ0)Us 00 i0 Vaaaa(q,i )
in X..(k,iey), and the enhancement of z,(k)~! of another
orbital proportional to the JE{ terms. Then, the second property
found in Figs. 10(a)-10(d) is that the temperature dependence
is weak other than the case for the d,, orbital at U =
2.1 eV. This results from the more significant enhancement
of the spin fluctuations of the d,, orbital with decreasing
temperature [see Figs. 7(a)-7(d)], and suggests that the mass
enhancement of the d,, orbital may remain larger even at
lower temperatures than the temperatures considered. The
third property of Figs. 10(a)-10(d) is that the momentum
dependence is negligible for the d,,,, orbital, while the d,,
orbital has the weak momentum dependence. This is due to
the difference between the quasi-one-dimensionality of the
dy;/y; orbital and the quasi-two-dimensionality of the d,,
orbital: only the d,, orbital has the van Hove singularity due
to the saddle points at k &~ ( ,0) and (0, 3271) resulting in
a larger mass enhancement [67] Since this result shows that
the momentum dependence of the mass enhancement factor
is not important to discuss the magnitude difference of the
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FIG. 10. Temperature dependence of z,(k)™' =1 —
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FIG. 11. Temperature dependence of y,(k) = —ImZ®(k,0) for several k at Jy = ¢ for (a) a =d.. and U = 1.8 eV, (b) a = d,, and
U=18¢eV,(c)a=d,, and U =2.1¢V, and (d) a =d,, and U = 2.1 eV. The inset in panel (a) or (b) shows y,(k) against T? below
T = 0.01 eV, and the inset in panel (c) or (d) shows y, (k) against T°> below T = 0.01 eV. YVay. (k) is given by yu . (ki ky) = va,. (ky ko).

mass enhancement, the present analysis is sufficient for that
discussion.

Then, we turn to the effects of the imaginary of the
self-energy on the unrenormalized QP damping y,(k) =
—ImE®(k,0). From the results shown in Figs. 11(a)-11(d),
we see three main features. The first one is about the orbital
dependence: the magnitude for the d., orbital is about three
times as large as that for the d,,/,, orbital. This arises mainly
from the larger DOS and stronger spin fluctuations of the
dy, orbital. Note, first, that a ratio of the noninteracting
DOSs of the dy, and the d,;/,, orbitals on the Fermi level
is about 2.3 [10]; second, that due to the similar reasons for
z4(k)™', the spin fluctuations of the d,, orbital cause a larger
enhancement of y, (k) of the d., orbital in a realistic set of the
Hubbard interaction terms. The second main feature is about
the temperature dependence: the unrenormalized QP dampings
of the d,/y, orbital at U = 1.8 eV show the 72 dependence
at low temperatures; the 7°° dependence of y,(k) for the
dy/y. orbital is realized for k = (%n, %n) atU = 2.1¢eV;the
unrenormalized QP damping of the d,, orbital at k = (%n,O)
is proportional to T linear at U = 1.8 and 2.1 eV. The T?
dependence is due to the formation of long-lived QPs [9]; the
7% dependence results from the hot-spot structure [68] due to
the enhanced AF spin fluctuation, as explained in Ref. [10]; the
T -linear behavior emerges as a result of the existence of the
van Hove singularity [68]. The third main feature is about the
momentum dependence: the unrenormalized QP damping of
the d,, orbital depends weakly on momentum; the momentum
dependence for the d, ./, orbital is negligible. This arises from
the considerable difference in the momentum dependence of
the single-particle spectrum function due to the existence of
the van Hove singularity only for the d,, orbital.

Finally, we analyze the effects of the combination of
the real and the imaginary parts of the self-energy on the

QP damping, y, (k) = z,(k)y,(k). From the results shown in
Figs. 12(a)-12(d), we see that even for the QP damping, the
larger magnitude for the d,, orbital is realized. This is due
to the larger difference in the unrenormalized QP damping
compared with the difference in the mass enhancement factor,
and suggests that the QPs of the d, . /., orbital are more coherent
than the QPs of the d,, orbital in the present model. In
addition, we find the T* dependence for the d/y, orbital
at low temperatures at U = 1.8 eV, the deviation from the
T? dependence for the d,, /y- orbital at U = 2.1 eV, and the
similar momentum dependence of the QP damping to that of
the unrenormalized QP damping.

C. Transport properties

In this section, I show three main results about the
transport properties. First, the main results in the previous
studies [10,38] remain qualitatively unchanged even including
the main terms of the AL CVC. Second, the temperature
dependence of p,, and Ry near the AF QCP consist of two
regions, high-temperature region, where only the ¥ CVC is
sufficient, and low-temperature region, where only both the X
CVC and the MT CVC are sufficient. Third, in contrast to the
case near the AF QCP, the effects of the MT CVC on p,;, and
Ry at low temperatures are different in case away from the AF
QCP: only for Ry, the effects are considerable.

To analyze the main effects of the AL CVC on p,; and Ry,
we consider four cases, named MT + AL CVC case, MT CVC
case, ¥ CVC case, and No CVC case. In the MT + AL CVC
case, we take account of the ¥ CVC, the MT CVC, and the
main terms of the AL CVC: A,...4(k; 0) in Eq. (70) includes
those CVCs, and A}, (k; 0) in Eq. (27) includes the T CVC.
Inthe MT CVC, we fleglect only the AL CVC and take account
of the other CVCs: the change from the MT 4+ AL CVC case
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FIG. 12. Temperature dependence of y (k) = z,(k)y,(k) for several k at Jy = % for (a) a =d,; and U = 1.8 eV, (b) a =d,, and
U=18¢eV,(c)a=d,;andU =2.1eV,and (d) a = d,, and U = 2.1 eV. y, (k) = T are shown by the dotted lines to discuss whether the QP
damping is cold-spot type or hot-spot type, and the insets show y,* (k) against 7> below T = 0.01 eV. Ya,. (k) is given by yd*yz (ky,ky) =y (ky k).
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FIG. 13. Temperature dependence of p,, at U = 1.8 eV and
Ju = % in the four cases. The inset shows p,;, against T2 below
T =0.01eV.

is neglecting the AL CVC in A,..4(k;0). In the ¥ CVC
case, we take account of only the ¥ CVC among the CVCs:
Ay.cqa(k; 0) becomes the same as A(O)2 (K 0). Inthe No CVC

case, we neglect all the CVCs: A,...q(k;0) and A(O)2 (K 0)
are determined only by the noninteracting group ve1001ty

1. In-plane resistivity

We begin with p,,(= o' =0 1) away from the AF QCP.
We show the temperature dependence of pyp at U = 1.8 eV
in the four cases in Fig. 13, and find two main features. One
is that the 7% dependence below T = 0.008 eV holds even
in the MT + AL CVC case. This can be understood that the
CVCG:s little affect the power of the temperature dependence of
the resistivity. This is because the main effects of the CVCs
on the resistivity arise from the magnitude changes of the
current (see Sec. IIB 1) and because the magnitude changes
appear in the equation of the resistivity as —5———————— ~

[AS (01 +AlAzea )]
\A‘f’f[,(kﬂ( - Alkz(i;g;‘)' —A\/‘\[;‘;;g:‘ is not large. The other
main feature is that the value of p,;, in the MT + AL CVC case
becomes smaller than that in the MT CVC case and nearly the
same as that in the ¥ CVC case. This is due to the small
effects of the MT and the AL CVCs; for high-temperature
region, the small effects arise from the dominance of the QP
damping compared with the spin susceptibility in determining
the kernels of those CVCs; for low-temperature region, the
small effects arise from the combination of the not large spin
susceptibility and the partial cancellation between the effects

), where
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of the MT and the AL CVCs. The more detailed explanations
about those are as follows: In discussing the effects of the MT
and the AL CVCs, the relative values of the spin susceptibility
and the QP damping are important since the kernels of the
MT and the AL CVCs contain the spin susceptibility and
the inverse of the QP damping [see Eqs. (70)-(73)]. Due to
this property, at high temperatures, the kernels become small
since the QP damping is large; thus, the effects of the MT
and the AL CVCs are small for high-temperature region.
Furthermore, although the effects of the MT and the AL CVCs
are separately non-negligible at low temperatures since with
decreasing temperature the QP damping decreases and the
spin susceptibility remains almost unchanged, the effects of
the AL CVC reduce the effects of the MT CVC as a result
of the difference in the momentum dependence; due to this
reduction, the total effects of the MT and the AL CVCs are
small. Such property due to the difference in the momentum
dependence can be easily seen from a simple and sufficient case
of the second-order perturbation theory for a single-orbital
system since the momentum structure of each diagram of
the MT, AL1, and AL2 terms remains the same as in the
FLEX approximation: in this case, the MT CVC is given by
Zk, Ao(k,k' k" + q.k — q)®i_q(€), and the AL1 and AL2
CVCS are > . Aolk, K kK +q.k - q)[<I>kf+q(e) — @y (e)]
(for more details, see Ref. [15]); since ®g(€) is odd about
momentum, the difference in the sign of ¢ leads to the partial
cancellation of the effects of the MT and the AL CVCs.

We next discuss the role of each #,, orbital in determining
pap away from the AF QCP. For that purpose, I show
the orbital-decomposed components of oy, the dy; +d,.
component, and the d,, component; the former is obtained
by replacing Z?a}:l in Eq. (26) by Z{za}zl, and the latter
is obt.aineq by replacing Z?a}:l in Eq. (26) by )3 .As
explained in Ref. [10], only those components are sufficient
in the present model since those (diagonal) components are
larger than the nondiagonal ones due to the large intraorbital
hopping integrals compared with the interorbital hopping
integrals. First, we see from Fig. 14(a) that o, /, is determined
almost by the component of the d,./,, orbital, and that the
contributions from the component of the d,, orbital are very
small. Namely, the d,; + d,; component remains dominant
even with the main terms of the AL CVC. We also see from
Figs. 14(b) and 14(c) that the values in the MT + AL CVC
case are nearly the same in the ¥ CVC case. Thus, the ¥ CVC
is sufficient for discussions about the orbital dependence away
from the AF QCP.

(©) (b) (©
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FIG. 14. Temperature dependence of (a) o,, and orbital-decomposed components in the MT + AL CVC case at U = 1.8 eV and the
orbital-decomposed components of (b) the d,, and d,, orbitals and (c) d,, orbital in the four cases at U = 1.8 eV.
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From the results at U = 1.8 eV, we deduce, first, that the
main results obtained in the previous studies [10,38] away from
the AF QCP, the T2 dependence of p,, at low temperatures
and the dominance of the d,,,, orbital, remain qualitatively
the same even with the main terms of the AL CVC; second,
that the resistivity away from the AF QCP can be almost well
described by taking account of only the ¥ CVC.

Then, I turn to p,, near the AF QCP. From its temperature
dependence shown in Fig. 15, we see three main features about
pap in the MT 4+ AL CVC case. First, p,, in the MT + AL
CVC case shows the T-linear dependence, which is similar
for the other three cases. This origin is the same for the
other three cases [10,38], i.e., the 703 dependence of the
unrenormalized QP damping of the d,./,, orbital around
k= (%n,%n), since the CVCs little affect the power of
the temperature dependence of p,, and since the d,; +d,,
component remains dominant even with the main terms of
the AL CVC [see Fig. 16(a)]. Second, the values of p,
in the MT + AL CVC case at high temperatures are nearly
the same as those in the ¥ CVC case at the corresponding
temperatures. This is due to the same reason as that away
from the AF QCP. Third, as temperature decreases, the value
of pup in the MT 4+ AL CVC case approaches the value in
the MT CVC case. This can be understood by combining
two facts that the MT and the AL CVCs separately become
non-negligible at low temperatures, and that the AL CVC
near the AF QCP is negligible compared with the MT CVC
in the presence of the even-parity symmetry and rotational
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FIG. 17. Temperature dependence of RyatU = 1.8eV and Jy =
Y in the four cases.

symmetry. The mechanism of the former fact explained above,
and the mechanism of the latter explained by the authors of
Ref. [37]. The explanations about the latter are as follows:
When the system approaches an AF QCP characterized by
spin fluctuation at ¢ = Qqcp, that spin fluctuation gives
the leading contributions to the MT, ALI1, and AL2 CVCs
through ImV.%), , (k — k') in Eq. (71) and WALRA(—g/; —g")
in Egs. (75) and (76), respectively. Then, although the MT
CVC becomes more important near the AF QCP, the AL1 and
AL2 CVCs become little important compared with the MT
CVC near the AF QCP due to the cancellation between the
contributions from k" and —k’ arising from the spin fluctuation
at ¢ = Qqcp- This cancellation is because in the terms of the

ALl or AL2 CVC only ]\v;Z;cc(k,; 0) is odd about momentum
(i.e., the others are even) due to the even-parity symmetry
and because the states at —k’ + Qqcp and —k' — Qqcp are
equivalent due to the rotational symmetry.

Moreover, we determine the role of each #,, orbital in
determining p,; near the AF QCP from the results of the
orbital-decomposed components of o,,. Figure 16(a) shows
that the main terms of the AL CVC keep the dominance
of the d,; + d,; component unchanged. Furthermore, from
Figs. 16(b) and 16(c), we see a similar behavior for p,;, at low
temperatures, i.e., an approach of the value of the d,; +d,.
component or the d,, component in the MT + AL CVC case
towards that in the MT CVC case with decreasing temperature.

Combining the results at U = 2.1 eV, we find that the T-
linear p,;, and the dominance of the d,.,,, orbital which are
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FIG. 16. Temperature dependence of (a) o,, and orbital-decomposed components in the MT + AL CVC case at U = 2.1 eV and the
orbital-decomposed components of (b) the d,, and d,, orbitals and (c) d,, orbital in the four cases at U = 2.1 eV.
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orbital-decomposed components of (b) the d,, and d, orbitals and (c) d,, orbital in the four cases at U = 1.8 eV.

obtained in the MT CVC case are qualitatively unchanged
even in the MT + AL CVC case, and that there are two almost
distinct regions of the temperature dependence of p,;,. Those
regions consist of high-temperature region, governed mainly
by the ¥ CVC, and low-temperature region, governed mainly
by the ¥ CVC and the MT CVC.

2. Hall coefficient

We start discussing Ry(= 0,,” limy_¢ %) away from the
AF QCP. We show its temperature dependence in the four cases
in Fig. 17, and see from that figure three main features in the
MT + AL CVC case. First, at high temperatures, the values of
Ry in the MT + AL CVC case are close to the values in the X
CVC case. This origin is the same for p,;, at high temperatures,
i.e., the small effects of the MT and the AL CVCs due to the
large QP damping. Second, when temperature is low, the value
of Ry in the MT 4+ AL CVC case becomes almost the same as
that in the MT CVC case. This result can be understood that
the main effects of the MT CVC on Ry at low temperatures
remain leading even including the main terms of the AL
CVC. Its mechanism is as follows: As shown in Ref. [38],
the main effects of the MT CVC on Ry at low temperatures
are the decreases of the negative-sign contributions of the
dy; +d,, component of the transverse conductivity around
k= (%n,%n) as a result of the magnitude changes of the

currents of the d. ./, orbital around k = (%n, %n) due to the
MT CVC arising from the spin fluctuations of the d, ., orbital
around ¢ = Qjc_sg- Although the currents of the d, ., orbital
around k = (%n, %n) are affected by the AL1 and AL2 CVCs
arising from the above spin fluctuations, the main effects of
the MT CVC persist in the MT 4+ AL CVC case due to the
cancellation of those AL1 and AL2 CVCs in the presence of
the even-parity and the rotational symmetry. (The mechanism
of this cancellation [37] was explained in Sec. III C 1.) It should
be noted that we can understand why only for Ry the main
effects of the MT CVC survive at low temperatures even with
the main terms of the AL CVC by considering the difference
between the important factors for o,, and limy_.¢ % since
the important factor for o, is the unrenormalized QP damping,
the effects of the MT CVC on the currents of the d./,, orbital
around k = (%n, %n) are little important for p,, away from
the AF QCP due to the large unrenormalized QP damping;
on the other hand, since not only the unrenormalized QP
damping, but also the momentum derivative of the angle of
the current becomes important for limg_.¢ %, the effects

of the MT CVC on the currents of the d,/,, orbital around

k= (%n, %n) become considerable for Ry due to the large
momentum derivative. Third, three specific features of Ry
obtained in the MT CVC case survive even including the main
terms of the AL CVC; the three specific features are emerging
apeak, crossing over zero, and increasing monotonically in the
high-temperature region. This can be understood that at high
temperatures the effects of the AL CVC are small due to the
large QP damping, and that the main effects of the MT CVC
at low temperatures remain qualitatively unchanged.

Next, we analyze the orbital-decomposed components of
limg_,¢ % away from the AF QCP to determine the role
of each 1, orbital. Due to the same reason for o, we
consider only the dy; + d,,; component and d,, component

of limy_,¢ %, the former and the latter are defined as the
equations that Zi;]:] in Eq. (39) are replaced by, respectively,

Zfal:] and ), ,,_3. From Figs. 18(a)-18(c), we find three
main properties: at high temperatures, the effects of all
the CVCs on those components are very small; in the
low-temperature region, the temperature dependence in the
MT + AL CVC case is qualitatively the same for the MT
CVC case; a peak of the d,; + d,; component survives even
with the main terms of the AL CVC. Those results can be
understood in the similar way for Ry. It should be noted that
the difference in the important factor is the origin why the d.,
orbital gives considerable contributions to only limy_.¢ %,
although its contributions to oy, are negligible.

Thus, we deduce from the results at U = 1.8 eV that the
qualitative behavior of Ry away from the AF QCP can be
captured by taking account of the ¥ CVC and the MT CVC.
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]
R .
0 0.01 0.02 00
T(eV)

FIG. 19. Temperature dependence of RyatU = 2.1eV and Jy =
% in the four cases.
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FIG. 20. Temperature dependence of limy_,¢ (%‘ and the orbital-decomposed components in the MT + AL CVC case at U = 2.1 eV and
the orbital-decomposed components of (b) the d,. and d,, orbitals and (c) d,, orbital in the four cases at U = 2.1 eV.

Then, we go on to analyze the temperature dependence
of Ry near the AF QCP. The results at U = 2.1 eV in the
four cases are shown in Fig. 19. We see that even including
the main terms of the AL CVC, Ry shows three specific
features (emerging a peak, crossing over zero, and increasing
monotonically in high-temperature region), and that Ry has
two almost distinct regions as a function of temperature.
The former result can be understood in the same way as the
explanations about the third result of Ry away from the AF
QCP, and the latter can be understood in the same way for the
similar property of p,;, near the AF QCP (see Sec. III C 1).

Moreover, we determine the orbital dependence of
limg_,q (%‘ near the AF QCP by the analyses of the tem-
perature dependence of the dy; +d,, component and d,,
component. From Figs. 20(a)-20(c), we see three features the
same as those obtained away from the AF QCP. Furthermore,
comparing the results away from and near the AF QCP, we
find that the difference in the d,; + d,; component or d,,
component between the MT CVC case and the MT + AL CVC
case becomes smaller near the AF QCP than away from the
AF QCP. This results from the more importance of the MT
CVC near the AF QCP.

Thus, the results at U = 2.1 eV show the validity of the
qualitative behaviors of Ry near the AF QCP in the MT CVC
case and the existence of the two almost distinct regions of the
temperature dependence of Ry near the AF QCP, which are
the same for p,;, near the AF QCP.

IV. DISCUSSIONS

In this section, I compare the results obtained away from
or near the AF QCP with several experimental or theoretical
results. The discussions in Sec. IV A are for the comparisons
with several experiments, and the discussions in Sec. IV B are
for the comparisons with other theories.

A. Comparisons with experiments

In this section, we compare the results obtained away from
or near the AF QCP with several experiments of Sr,RuQOy
or SrRuy 975 Tl 02504, respectively, and see that the obtained
results are qualitatively consistent with these experiments. In
the comparisons with SrpRug 975Tig.02504, I believe that the
physical origins of several behaviors observed experimentally
can be deduced by comparison with the results obtained
near the AF QCP. This is because the main effect of the
Ti substitution may be the system approaching towards the

AF QCP compared with SrpRuQy; this main effect can be
treated by increasing the value of U in the model of Sr,RuOy.
Although the microscopic mechanism why the Ti substitution
causes approaching towards the AF QCP is unclear, we can
qualitatively understand several differences between Sr,RuQO4
and SryRug 975Tig 02504 as a result of the difference in the
distance from the AF QCP, as I will show below.

We begin with the comparisons about the magnetic proper-
ties. The enhancement of the spin susceptibility atg = Qc_sp
away from the AF QCP agrees with the neutron [21] or
the nuclear-magnetic-resonance (NMR) [69] measurement of
Sr,RuQy, and the similar enhancement near the AF QCP is
consistent with the neutron [20] or the NMR [70] measurement
of Sr,Rug 975Tig,02504. Also, no sizable commensurate ferro-
magnetic spin fluctuation obtained away from the AF QCP is
in agreement with the neutron measurement [21] of Sr,RuQOy.
Thus, several magnetic properties can be well described in the
FLEX approximation, as explained in Ref. [38]. It should be
noted that to discuss the anisotropy between the in-plane and
the out-of-plane spin susceptibilities, the spin-orbit interaction
is necessary [71].

Then, we turn to the comparisons about the electronic
structure. As discussed in Ref. [38], the larger mass en-
hancement for the d,, orbital than for the d,,,, orbital away
from the AF QCP is consistent with an experiment [13,14]
in Sr,RuQy. In addition, the topology of the FS away from
the AF QCP agrees with the measurement of the dHvA effect
[13] or the angle-resolved photoemission spectroscopy [28].
However, there is a quantitative difference in the location
of the FS sheet of the d, orbital near k = (37,37): in my
result, that FS sheet is very close to the inner FS sheet of
the d,./,, orbital [see Fig. 9(a)]; in the experiments [13,28],
that FS sheet is not very close to the inner FS sheet. That
difference exists even in the LDA [26,27], as described in
Ref. [38]. To improve that difference, the spin-orbit interaction
of the Ru ions will be necessary since the small spin-orbit
interaction leads to the weak hybridization of the bands near
k = (%n, %n) [49]. Actually, that difference is improved in the
local-spin-density approximation [49] including the spin-orbit
interaction. Although that result indicates the importance
of the spin-orbit interaction for quantitative discussions, the
qualitative agreement of the FS is meaningful since that
qualitative agreement suggests that the present theory can
capture the aspects of many-body effects on the FS of Sr,RuQO4
at least on a qualitative level. In addition, that qualitative
agreement supports the suitability of the expectation that the
electronic structure of Sr;RuQOy4 in the LDA [26,27] may
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be regarded as a good starting point to include many-body
effects. This is another meaningful aspect of that qualitative
agreement since electron correlation sometimes modifies the
FS drastically, resulting in the deviation of the FS from
the experiment even on a qualitative level [72]. From those
comparisons, we deduce that the FLEX approximation can
qualitatively well describe the electronic structure of SrpRuQOy.

Finally, I compare the obtained results with the experi-
mental results about the transport properties. As described in
Ref. [38], the T2 dependence of p,; at low temperatures and
the nonmonotonic temperature dependence of Ry away from
the AF QCP are qualitatively consistent with the experiments
[12,42] of p,p and Ry of Sr,RuOy, and the T -linear p,;, near
the AF QCP can qualitatively explain the experimental result
[17] in SryRug975Tip 02504. (The detail of the temperature
dependence of Ry in Sr,RuO4 was described in Sec. I.)
Although the spin-orbit interaction generally leads to an
additional contribution to Ry through the anomalous Hall
effect [73], it has been experimentally confirmed that such
contribution is small [19]. Thus, neglecting the spin-orbit
interaction will be sufficient for at least qualitative discussions
about Ry. Combining those discussions, we find that the
successful descriptions of the transport properties qualitatively
hold in the FLEX approximation with the ¥ CVC, the MT
CVC, and the main terms of the AL CVC.

B. Comparisons with other theories

In this section, we compare the results of this paper with
other theoretical studies and show several better points of
this theory. First, we focus on the comparisons with the
DMEFT [74,75] for a model of Sr,RuQy, and show that several
electronic properties can be better described in the method I
used due to a sufficient treatment of the spatially modulated
spin fluctuations. Then, we compare my results with the trans-
port properties of Sr,RuQ,4 obtained in the phenomenological
Boltzmann theory within the relaxation-time approximation
[76], and point out the importance of the MT CVC arising
from the spin fluctuations of the d,/,, orbital in order to
naturally obtain the nonmonotonic temperature dependence of
Ry without any ad hoc parameters of the unrenormalized QP
damping. Finally, we discuss the similarities and differences
between the main effects of the AL CVC on the charge
transports in my case and the case [37] of the single-orbital
Hubbard model near an AF QCP on a square lattice, and
conclude that the existence of the two almost distinct regions
of the charge transports near an AF QCP as a function of
temperature is one of the important findings of this paper.

We begin with the comparisons about the magnetic prop-
erties, the orbital dependence of the mass enhancement, and
the modification of the FS sheets due to electron correlation
in the DMFT [74,75] for a model of Sr,RuQy4 in more detail
than Ref. [38]. First, in the DMFT, spatial correlations, the
momentum-dependent fluctuations, are completely neglected
[77], and the effects of only local correlations are taken into
account [78,79]. On the other hand, I have shown that not local
but spatially modulated spin fluctuation with ¢ = Qc_sp 18
important to discuss the magnetic properties of Sr,RuQOy. As
explained in Sec. IV A, the neutron [21] and the NMR [69]
measurement for Sr,RuQ,4 have observed the enhancement of
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that spatially modulated spin fluctuation. Thus, the magnetic
properties can be better described in my case. Second, in the
DMEFT, the locations of the FS sheets are more drastically
modified due to electron correlation than in my case: on
ky =k, line, the y sheet of the d,, orbital becomes the most
inner sheet in the DMFT [75], while the most inner sheet in
the LDA [26,27] or my case is the 8 sheet of the d,,, orbital.
Since the experimental results [13,28] are consistent with the
result in the LDA [26,27] and my case, the agreement about
the FS is better in my case than in the DMFT [75]. Third, in
the DMFT, the mass enhancement of the d,, orbital is larger
than that of the d,_,,. orbital for finite values of Jy [74]; e.g.,
the former and the latter become 3.2 and 2.4 at U = 2.3 eV
and Jy =0.3eV(~0.13U)or4.5and3.3atU = 2.3eV and
Ju = 0.4eV (~ 0.174U). Thus, the larger mass enhancement
for the d,, orbital than for the d,./,. orbital is obtained in
both the DMFT [74] and the FLEX approximation, although
the large mass enhancement of the d,, orbital is realized in
a wider region of the parameter space in my case than in the
DMFT [74]; in particular, that larger mass enhancement of the
dy, orbital is obtained even at Jy = 0 eV in my case [38].
It should be noted that it is important and necessary to check
whether spatial correlations, neglected in the DMFT [77], keep
the orbital dependence of the mass enhancement qualitatively
the same since the spatial correlations sometimes drastically
change the results obtained in the DMFT (e.g., see case [80] of
a single-orbital Hubbard model on a square lattice). Actually,
even in a two-orbital Hubbard model [81] on a square lattice,
spatial correlations included by considering a cluster cause the
almost perfect disappearance of the unusual Jy dependence of
a critical value of U for a Mott transition, which is obtained
in the DMFT. Combining the discussions of this paragraph,
I conclude that several electronic properties of Sr,RuO,4 can
be better described in my case than in the DMFT [74,75].
In particular, it is significant to find the importance of the MT
CVC for obtaining the nonmonotonic temperature dependence
of Ry of SrpRuQy in this paper since in the DMFT the CVCs
are neglected due to lack of the momentum dependence of the
self-energy [82,83].

I turn to the comparisons about the transport properties
of SrpRuO4 with the phenomenological Boltzmann theory
in the relaxation-time approximation [76], in which all the
CVCs are neglected [3]. In the relaxation-time approximation
for SroRuQy, the unrenormalized QP damping 7, lis given
by 7, ''= 9, + a,T? with the ad hoc parameters 7, and o,
which are chosen as 14, =14, =2.75,n4, = 3.25, oy, =
0.035,a4,, = 0.04, and a4, = 0.06; this form of ra’l as a
function of temperature is typical of the FL [9,10,84]. In
addition, only for the calculation of the in-plane resistivity, the
authors of Ref. [76] added 0.6T to 7, 3 since they assumed
that Sr,RuO4 were close to a ferrémagnetic instability.
Although that assumption is experimentally incorrect [21,69],
their results at low temperatures will remain qualitatively
unchanged since the contribution from the d,,,,, orbital is
more important than that from the d,,, orbital due to the smaller
7! of the d,, /yz orbital. Adopting the phenomenological
Boltzmann theory in the relaxation-time approximation with
those expressions of the unrenormalized QP damping to p,;
and Ry, the authors of Ref. [76] obtained the T2 dependence
of p,p at low temperatures and the nonmonotonic temperature
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dependence of Ry, which are consistent with the experiments
[12,42]. However, as they pointed out in Ref. [76], the result of
Ry is very sensitive to the small relative variation of o, and
ag,., and the sign change of Ry disappears in some cases. In
addition, oy, and @y, should be the same due to the tetragonal
symmetry of the crystal. Thus, although the results obtained in
the relaxation-time approximation [76] seem to be reasonable,
the validity of the choice of the ad hoc parameters is unclear.
On the other hand, I have shown in Ref. [38] without any ad
hoc parameters of the unrenormalized QP damping that the MT
CVC arising from the spin fluctuations of the d./,. orbital is
essential to obtain the nonmonotonic temperature dependence
of Ry. Furthermore, in this paper, I show that the importance of
that MT CVC remains unchanged even if we consider the main
terms of the AL CVC. From those arguments, I propose the
importance of the MT CVC arising from the spin fluctuations
of the dy,y orbital to understand the temperature dependence
of Ry of Srp,RuOy.

I close this section with the comparisons about the main
effects of the AL CVC with the case [37] of the single-orbital
Hubbard model near an AF QCP on a square lattice. In that
single-orbital case, the authors of Ref. [37] analytically or
numerically studied the effects of the AL CVC on p,, and
Ry near the AF QCP where the spin susceptibility at ¢ =
(r,7r) was most strongly enhanced. Then, their analytic study
revealed the cancellation of the leading contributions in the
AL1 or the AL2 CVC near the AF QCP, whose details were
explained in Sec. III C 1, and their numerical study considering
only the contributions of the MT CVC and the AL CVC from
the states on the Fermi level revealed the qualitative validity
of the results obtained without the AL CVC. However, due to
neglecting the other contributions near the Fermi level, they
did not obtain the existence of the two almost distinct regions
of the transport properties near the AF QCP as a function
of temperature, which is revealed in this paper. It should be
noted that I obtained the similar results [37] to those they had
obtained, a decrease of the value of the in-plane resistivity
due to the AL CVC and a larger decrease of that at high
temperatures than at low temperatures (see Fig. 15). Thus, the
aspects of the AL CVC in my case are qualitatively consistent
with those in the single-orbital case [37]. In addition, it is one
of the important findings of this paper to reveal the existence
of the two almost distinct regions of the charge transports near
an AF QCP.

V. SUMMARY

In summary, after explaining the formal derivations of
Pab> Ru, and the FLEX approximation with the ¥ CVC, the
MT CVC, and the AL CVC, I studied p,, and Ry for a
fo-orbital Hubbard model in a PM state near or away from
the AF QCP on a square lattice in the FLEX approximation
with the X CVC, the MT CVC, and the main terms of the AL
CVC, and then found the three main results about many-body
effects. The first main result is showing that the results of
the previous studies [10,38] remain qualitatively unchanged
even with the main terms of the AL CVC. This indicates the
qualitative validity of the arguments in the previous studies
[10,38]. The second main result is finding the two almost
distinct regions of the charge transports near the AF QCP:
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pap and Ry in the high-temperature region are described by
including only the ¥ CVC, while the ¥ CVC and the MT CVC
are necessary for their descriptions in the low-temperature
region. The third main result is clarifying the difference of
the effects of the MT CVC between p,, and Ry away from
the AF QCP at low temperatures: the MT CVC leads to
the considerable effect only on the latter, although at high
temperatures only the ¥ CVC affects p,;, and Ry. Thus, the
second and third main results highlight the important aspects
of many-body effects on the charge transports. I also showed
several results of the magnetic properties and the electronic
structure for that model in the FLEX approximation. Those
support a deeper understanding than in the previous studies
[10,38]. Then, comparing the obtained results with several
experiments, I achieved the qualitative agreement about the
momentum dependence of the spin fluctuation in Sr,RuQO4
[21,69] or SryRug 975 Tig.02504 [20,70], the orbital dependence
of the mass enhancement in Sr,RuQOy, [13,14], the topology of
the FS of Sr,RuOy [13,28], the T2 dependence [12] of p,; at
low temperatures in Sr,RuQy, the nonmonotonic temperature
dependence [42] of Ry in Srp,RuQy4, and the T-linear pgp
in SrpRug 975 Tig.02504 [17]. Furthermore, by the comparisons
with other theories, I showed several stronger points to discuss
the electronic properties of Sr,RuO4 than other theories
[74-76], and clarified the similarities and differences of the
main effects of the AL CVC between the present multiorbital
case and a single-orbital case [37].

Several important issues remain for further study. One is the
extension of the present method to the case with the spin-orbit
interaction. In particular, it is desirable to study the anisotropy
between the in-plane and the out-of-plane susceptibilities, the
quantitative effects on the FS deformation including many-
body effects, and the charge Hall effect including both the
usual Hall effect and the anomalous Hall effect. It is also
important to extend the present method to case [18,19] with
the RuQOyg distortions near the ferromagnetic QCP since its
results and the present results lead to deep understanding of
the similarities and differences between many-body effects
on the charge transports near the ferromagnetic and the AF
QCPs. Furthermore, the study about the charge transports of
the 3D ruthenates [85] using the extended method is useful to
clarify the role of the dimensionality in the charge transports
of a correlated multiorbital system. Then, another important
issue is the extended study about the charge or heat transports
of Sr,RuQy in a superconducting phase [86,87] since it may

(a) (b)
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FIG. 21. Contours used for the analytic continuations of Eq. (10).
Contour shown in panel (b) is one of the possibilities.
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TABLE I. Relation between the additional subscripts of the four-point vertex function and the inequalities of its frequency variables.
Because of Imw > 0 and the analytic properties of the four-point vertex function, there are 16 possibilities.

Region Ime Ime + Imw Ime’ Ime’ 4+ Imw Ime + Ime’ + Imw Ime — Ime’
11-1 >0 >0 >0 >0 >0 >0
11-11 >0 >0 >0 >0 >0 <0
21 <0 >0 >0 >0 >0 <0
31-11 <0 <0 >0 >0 >0 <0
31-1 <0 <0 >0 >0 <0 <0
32 <0 <0 <0 >0 <0 <0
33-1 <0 <0 <0 <0 <0 <0
33-11 <0 <0 <0 <0 <0 >0
23 <0 >0 <0 <0 <0 >0
13-11 >0 >0 <0 <0 <0 >0
13-1 >0 >0 <0 <0 >0 >0
12 >0 >0 <0 >0 >0 >0
22-111 <0 >0 <0 >0 >0 >0
22-11 <0 >0 <0 >0 >0 <0
22-1 <0 >0 <0 >0 <0 <0
22-1V <0 >0 <0 >0 <0 >0

clarify the role of each 1,, orbital in the superconducting phase.
Finally, it is challenging and important to study the charge
transports of other transition-metal oxides [4] or the heavy-
fermion materials such as CeColns [88] and UPt; [89] or
the organic conductors [90] by extending the present method
and adopting that to other multiorbital Hubbard models or
the multiorbital Anderson models. Their achievements may
provide deeper knowledge about ubiquitous or characteristic
properties of many-body effects on the charge transports of a
correlated multiorbital system.
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APPENDIX A: DERIVATION OF EQ. (13)

In this appendix, we derive Eq. (13) from Eq. (10). In
this derivation, we use the analytic properties of the single-
particle Green’s function and reducible four-point vertex
function in terms of frequency variables. The former becomes
singular for Ime = 0 with € being its frequency variable. The
analytic property of the latter is the same for the two-particle
Green’s function [46]: it becomes singular when the frequency
variables €, €, and w satisfy Ime = 0 or (Ime + Imw) = 0 or
Ime’ =0 or (Ime’ + Imw) = 0 or (Ime + Ime’ 4+ Imw) = 0
or (Ime — Ime’) = 0, where we consider case for Imew > 0 to
take iQ2, — w + i0+. As aresult, there are 16 possibilities of
the four-point vertex function in real-frequency representation,
as shown in Table I.

Using those analytic properties, we can carry out the
analytic continuations of the first and the second terms of
Eq. (10). This is because we can rewrite the summation about
the Matsubara frequency as the corresponding contour integral
[9]. Using the contour C shown in Fig. 21(a), we can carry out
the analytic continuation for the first term:

T
=5 22 2 2 Wk )eaGaclksiem ) Gap (K i€n)
k

m  {a}

de

1
- _N ;/C At tanh i %(Ukv)ba(Ukv)chac(kse + iQn)Gdb(k’E)

Ami 2T

€+

— ! E / e E (Viv)ba (Ve )ea | tanh € (k; w) + [ tanh @ tanh ¢
- . Ukv )ba\Vkv )c A & Lac N - Py
N ) 4mi o kv bal Chv Jed 2Tg1’ b 2T 2T

€+ w
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where — represents the replacement of i €2, by @ + i0+-, and g;.4ca»(k; @) are

(A1)
Sracar(k; 0) = GR(k,e + 0)G'}) (k,€), (A2)
Qacark; 0) = GR(k,e + )G (k,€), (A3)
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and
Sacar(k; ) = GD (ke + 0)GY) (k,€). (A4)

Next, by replacing 7 ), and 7' ), , in the second term of Eq. (10) by the contour integrals with the contour C in Fig. 21(a) and
the contour C’ such as Fig. 21(b), respectively, we can similarly carry out the analytic continuation of the second term:
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where Jyp.(ay(k,k"; w) are

I
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2T 2T T

€ +w €+e+tw
tanh —coth ——— | Toaviar(k,k'; w), A10
+ ( anh —- co T ) naviayk.k'; w) (A10)

€ +w
To3ay(k,k'; ) = — tanh oz (kK w), (A11)
’ € / €+ € + o ’ ’
J31;44)(k,k"; ) = tanh ﬁra-l;{m(k,k ; ) + coth T[F31-II;[A}(/€J< ;) — Dappay (kK w)], (A12)
, € +w €' ,
J32,44)(k,k"; w) = | tanh — tanh ﬁ Capqay(k k' ), (A13)
and
, €+ ow , € —¢ , ,

J33,44)(k,k"; ) = — tanh 331,04y (k,k'; @) — coth [[33.m04) (kK" @) — Tz pay(k, k' w)]. (Al14)

In Eq. (AS), I have not explicitly written whether the integral is the principal integral (containing a hyperbolic cotangent of
frequency). Combining Eqgs. (A1) and (AS5), we finally obtain Eq. (14).

APPENDIX B: DERIVATION OF EQ. (16)

In this appendix, we derive Eq. (16) after defining the three-point vector vertex function in Matsubara-frequency representation
and carrying out its analytic continuation.

We can express Eq. (13) in a more compact form since Jj;.14)(k,k’; w) are connected with the three-point vector vertex function
in real-frequency representation. We begin with the definition [91] in Matsubara-frequency representation A .4 (k,i€,; q,i<2,) =
Av;AB(k + qviem+n7kai€m):

! T-!
3 Guath + ienen) MvanChieni 0.1 Gnthiien) = [ dre [ dr'e ™ (e (0l )l B
A.B 0 0
After some algebra for Eq. (B1), we obtain the Bethe-Salpeter equation to determine A,.4p(k,i€,;q,i82,):
T
Avap (i’ 4,i20) = Ve )ay + - kZ ; {XA}j Lapcp(k i, k' icn; q,iQ2)Gcak’ + g, i€ )G pp(K ien)py)ap. (B2)

Since the second term of Eq. (B2) has the similar analytic property for the second term of Eq. (10), we can similarly carry out
the analytic continuation of the former as follows:

T . /. . ’ . /.
N Z Z Z FabCD(kvlem,k L€p/; qlen)GCA(k + qvlem’Jrn)GBD(k ’lem’)(vk/v)AB
Koom (A}

=—ZZ[ 4—tanh Capcp(kien, k' €' q,iQ)Gealk' +q.€ +iQ,)Gpp k' €)
Tl

+ TFabCD(kviem’k ’iem;qlen)GCA(k/ + q,iém + iQn)GBD(k/aiem)

+ TFabCD(k’iemsk/s - i€m - iQn;qviQn)GCA(k/ + q, — iem)GBD(k/v - iem - iQn)iI(vk/v)ABv (B3)
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FIG. 22. Contours used for the analytic continuations of the three-point vector vertex function. Ime > 0 and Ime + Imw > 0 are satisfied
in panel (a), Ime < 0 and Ime + Imw > O are satisfied in panel (b), and Ime < 0 and Ime + Imw < O are satisfied in panel (c).

where the contour C’ is the contour shown in Fig. 22(a) or 22(b) or 22(c), depending on the values of Ime and Ime + Imw for
the second term of Eq. (B2). Thus, the three-point vector vertex function in real-frequency representation is given by

Aviap(ksq) = (Vw)ap + ZZZ/ _u7ll’abCD(k k' @)gr.cappk’s ) (vp) ap, (B4)

14 I'=1

where the case for [ = 1 or 2 or 3 corresponds to case of Fig. 22(a) or 22(b) or 22(c), respectively. Using Eqs. (13), (14), and
(B4), we can rewrite Eq. (13) as (16).

APPENDIX C: DERIVATION OF EQ. (36)

In this appendix, I explain the detail of the derivation of the g-linear terms of K,,,(q,i€2,) in the most-divergent-term
approximation [47,48].

We start to show the leading-order ¢ dependence of each quantity appearing in Eq. (35). First, G a(k_,i€,,)G gp(kt,i€n1n)
is approximated within the linear order of ¢ as

(—)
GaA(k—’iEm)GBb(lﬂ—aiem-&-n) ~ GaA(k,iEm)GBb(k’iEm-&-n) + Z 6]2 |: aa(k, lem) GBb(k l€m+n)i| (C1)
n
where we introduce a quantity,
Kl ah( ) ah( )
X X
[g(X)a—h(X)] = g(x) h(x). (€2)
X
Second, Ay.gc(k+,i€p4n,k+,i€y) is approximated as
(kssi€mon ke i€m) ~ Ayaclk,ic kle):l:Z 4 (Kk,i€mink,i€n) (C3)
ydc 5t Cm4n KMt Em yidce m-+n» m ) ak y;dc W Cmtn N lEm ).
Third, the leading-order ¢ dependence of A, ap(k_,i€, k4 ,i€,4,) is given by
Ax;AB(kfviemkarviEmen) ~ Ax;AB(kaiemaksieern) + AAX;AB(kaiEmskaiEern)v (C4)
with the equation derived from Eq. (B2):
AAX;AB(kviemskvieerl‘l)
<>

T . . /. /. q /. a /. /. /.
=N Z Z Z Fitpeakicm Keicnpn K i€ K i€y ) an > [Gm(k e 5 Gualk ,zemf+n)} Acccap(K i€ K i€ i)

+ = Z Z Z F‘(Algcd(k i€m K i€mnin; K i€y k' i€, +n)de(k L€y +n)Gca(k/aiem’)AAx;ah(k/viem/’k/’iém’+n)- (C5)

m’

In Eq. (C5), we have neglected the g-linear term arising from the irreducible four-point vertex function because that is
negligible compared with the main terms in the most-divergent-term approximation [47,48]. Fourth, due to the same reason,
we can neglect the g-linear term arising from the irreducible six-point vertex function [47,48]. Fifth, the ¢ dependence of
> fe Grpk_jien)A gk i€y k_i€,)Gq(k, i€,) is negligible in the most-divergent-term approximation [47,48] since we
can neglect the g-linear term arising from a pair of two single-particle Green’s functions whose frequencies are the same
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in the most-divergent-term approximation [47,48]. More precisely, ‘e Grplk_jiep)Nygrky i€y k_,i€,)Geolky i€y,) is
approximated as '

3Gy (kic,,
76 e iem) Aasgs (i ke ien)Gegsien) ~ 3 G py(Ksien) Masgy (s Kin) Geg (i) = o 2Etm) -

1.8 f.e akoz

In the final line, we use one of the Ward identities [47,48].
Using the ¢ dependence of the quantities appearing in Eq. (35), we obtain the g-linear terms of K,,(q,i£2,) in the most-
divergent-term approximation [47,48]:

T 9(Vky)ba , . . .

KX}’V(q’iQ”) = av,yﬁ Z Z Z (lz;k—]év)bGaA(k»lem)AAx;AB(kslemsksl€m+n)GBb(ksl€m+n)
k m ab,AB

(—)

9(Vky)ba
+ 5vyN ZZ Z kV i xAB(k lém,k lem+n)z 61n|: aA(k lem) GBb(k l€m+n)]
m a,b,A,B v
G, k €m , .
+ — ZZZ AAx ba(K,i€n K, l€m+n)Gad(k lem-&-n)M y;dc(k,lem-k—nakylem)

. . 4y 0Gaa(k,i€p 1) 0G p(k,i€y) . .
+ N Xk:;{(lszx;ba(k,lém,k,lem+n)Z 5 ok, ok, Aygclk,i€pnin b i€y)

0Gp(k,i€y,) Z qn aA» ac(k, lEernsk i€n)

+ = ZZZAX ba(k lEm,k le;n+n)Gad(k l€m+n) ok ok
v n

aGu k m+n . .
M y;dc(k’lem-wtsk»lem)

+ = Z Z Z AAX ba(k lém,k lEm-H'L)Gcb(k lem)

m  {a} kv
G p(k,i€,) 0G q(k i€ in)
- —;;{%}:Ak pa(k,i€y k, zem+,,)zq" Cbakn dakv A yaei€mn K i€n)
aGad(k lEm+n) 6],, 8Ay dc(k l€m+n,k i€,)
_ _;;%:Ax pa(k,i€m ki€ 1n)G ek, lem)a—kvz %

( ) > ZZZGBb(kzem)AAxba(kzem,kzem+n>GaA(kzem+n>

k.k k" m.m' m" {a} {A}
G Gr(k",i€,) . . . :
TGDd(k/alEm’+n)Ay;dc(k/alem’-&-n ak/alem’)GcC(k/»lem’)
v

1 . . . ; . .
X Fg,LBCDFG(k i€man ki€ K i€y K i€y n; k" iy k" i€m)

( ) >y ZZZAxba(kzem,kzem+n)z"”[c;3b<kzem) aA(k,iemﬂ)}

kk k" m.m' m" {a} {A}

0Gr (k" i€y)
, ;. , . ’ . /an

X TGDd(k alem’+n)Ay;dc(k ’lém’-&-n’k J€m)Gec(K i€y)

v

x D (k,i kjien K ien K i ki€ ki C7

3;ABCDFG L E€min K, 1€ K 1€y K 1€y 1p; SL€mr alem”)~ ( )

The above ninth and tenth terms can be rewritten in a simpler form by using Egs. (B2) and (C5), the exchange symmetry [48]
of the four-point vertex function, and the relation [48] between the irreducible four-point and the irreducible six-point vertex
functions:

0] d
<ak ok’ >F1(41;Dc(k7i€m+”’k’i€m; k,aiem’+n ,k/,iém/)

) GGk ien)

T
. .o i L s "o
- N ZZZF3;ABCDFG(k116ernvkvl€m,k ,lem’sk slem’+nsk ,lém”,k ,lém") ak” : (CS)
¥ m' F.G v
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Namely, the ninth and tenth terms become

2
T ..
(ﬁ) Z Z Z Z GBh(kaiém)AAx;ha(kaiem akai€m+n)GaA(kaienH—n)GDd(k alem’+n)

kK mm' {a} {A}

3 9
x Ay;dc(k’,iemurn,k',iemr)GCC(k/,iem/)(ak + 87)FZ';?;DC(’M'GM,k,iem;k’,iew,k’,l'e,w)

<>

< )ZZZZAxba(kzem,kzem+,,)Z [GB,,(k,iem)%

GaA(ksi€m+n):|GDd(k,aiem’-&-n)
k.k' m.m’ {a} (A} n

a2
x Ay;dc(k’,iemurn,k',iemr)GCC(k/,iem/)(a T )FS};DC(k,iemH,k,iem;k’,iem%k’,iemf)

=3 ZZ Z Gpi(k, lem)AAx pa(k i€y k, l€m+n)GaA(k l€m+n) [Ay as(k, l€m+nvk i€y) — (ka)AB]
k m abAB

2
_ (%) Z Z Z Z GBb(k,iEm)AAx;bu(k7iem’k7i€m+n)GuA(kvi6m+”)

kK mm’ {a} {A}

_[GDd(k lEm+n)Avdc(k lem-Huk L€y )GLC(k/ L€ )]FAgpc(k 16m+n:kl€m;k 16m+n9k i€y)

ak),
Kl
Ax a k mak m—+n G ka. m _Ga ka. m-+n
+— Z;EEB va(k i€ ze+)2 [ so(k,ie )ak,, A( le+)}
X _[A)';AB(k’i€m+n ,k,l.ém) - (Uky)AB]
Kl
( );%;Zmbamzem,kmmmz [GBAk,iem)a—k”GaA<k,iem+n)}

ad
ak/ [GDd(k lem +n)Av dc(k lem +ilak lem )G(C(k/ lem )]FABDC(k l€m+n»k lem’k lem +n»k lem)

= N Z Z Z {AAx;ba(kviEmykviem-‘rn)GBb(ksiem)GaA(k’iEm-HL) + Ax;ba(kviemvkviem-‘rn)
k m ab,AB
<>

a
<3 %[Gm(k,iem)ﬁ

n n

GaA<k,iem+n>“ [Ayap(kicnpn ki ien) — (vaB]——ZZ Y AAwnc

k m c¢dC,D

X (k,,l.ém/+n,k/,l.€m ) [GDd(k le +n)Ay dc(k lem +nak lem )G(‘C(k lem )] (C9)

ok,

Thus, replacing the ninth and tenth terms of Eq. (C7) by the terms of Eq. (C9), we can rewrite Eq. (C7) in a simpler form,

nyv(qvign)
T . . q aGad(kaieern) aGcb(kviém) . .
= NZZZAx;ba(k,leak,léern)Z?ﬂ 8](,7 Bkv Ay;dc(k,ZGern;k,lém)

Kk m {a)

+ = ZZZAX ba(k lém,k lEm-Ht)Gad(k 16m+n)

aGcb(k lem) Z CIr] aAy dL(k 16m+n7k lEm)
ok,

0Gp(k,ie,) 0G4k, i€, n)
- = ZZZAX ba(k i€y k, l€m+n)Z Qn i ad + vdc(k l€m+nvk i€n)

e ok, dk,
0Ga(k,i€p1n) qn 8A) dc(le,i€myn k,i€y)
I Xk:;%}:[\x ba(k lém,k l€m+n)Gcb(k lem) 8](1, Z 31(,,
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<>
r . . qn . 0 . aAy;dc(k’iem-&-nakaiem)
+ ¥ DL L domlhienkieni) 2 % Ganthien) - Guathoiens | i

m
T . . . .
= NZZZAx;ba(k’lem’k’leern)Ay;dc(k’leJrn»k»lem)
k m {a}

« Z q_n 8Gad(kviem+n) 8Gcb(kvi€m) . 8Gud(kvi€m+n) aGcb(kviEm)
2 ok, ok, ok, ok,

n

<>
T . . Qr] . ad . aAy;dc(ksiem-ankviEm)
+ N zk: ; %}: Ax;ba(kvlémvkaleern) ; ?{ [Gcb(kvlém)a_knGad(ksl€m+n)] 8](1,

K
- [Gcb(kaieln)ﬁ Gad(kaienH—n)

v

3Ay;dc(k,i€m+n,k,i€m)
ok,

<>
1 T . . . 0 .
= E(qx(?v,y — qy(SU’X)N ; ; % Ax;bu(kalem’k’lem-ﬁ-n){ [Gc'b(k’lem)ﬁGud(k’lem+n)

X

aAy;dc(k’iEm+n’kvi6m)
ok,

<>

. 0 . BA},;dC(k,ieern,k,iem) 1 T
- [Gcb(k,zema—kyGad<k,zem+n)} o + 3 (@:bay = 0y80) 5 ; ; [Z}: Asba

8Gcb(ksiem) 8Gad(kvi€m+n) 8Gcb(kyiem) 8Gad(kvi€m+n)
ok, ok, ok, ok,

X (kviemakviem+n)< )Ay;dc(kaiem+n;ksi€m)- (CIO)
In the above derivation, we have used the fact that the surface terms arising from the partial integrations about & or k, become
zero due to the periodicity of the Brillouin zone, while I have not used the replacement used in Refs. [47,48].

Finally, we can rewrite Eq. (C10) as Eq. (36) by using the equivalence between the x and the y directions.

APPENDIX D: TECHNICAL DETAILS ABOUT THE NUMERICAL CALCULATIONS OF THE FLEX APPROXIMATION

In this appendix, I remark on several techniques about the numerical calculations to solve a set of the equations of the FLEX
approximation self-consistently by iteration using the fast Fourier transformation (FFT) [92].

To use the FFT for the quantities as a function of fermionic Matsubara frequency, we need to use the zero padding [92]. This
is because of the antiperiodicity in terms of fermionic Matsubara frequency [60]. For example, when the number of Matsubara
frequencies is 2M, the noninteracting single-particle Green’s function should satisfy

GO, (k,iey) for0<m < M,
GO (kie,) =10 for M < m < 3M, (D1)
ng(k,iem,4M) for3M < m < 4M.

The similar property is satisfied for G, (k,i€,,) and 2., (k,i€,,). Furthermore, due to this property, the quantities as a function of
bosonic Matsubara frequency such as x,»cq(q,i€2,) satisfy the following property:

Xabed(q i $2,) for0 < n <2M,
Xahcd(q’ign) =10 forn =2M, (D2)
Xabed (@12 _ay) for2M < m < 4M.

Using the above properties, we can utilize the FFT to solve the set of the self-consistent equations of the FLEX approximation
by iteration. First, using the input of the self-energy, which is zero for the first iteration, we determine G ,;(k,i€,,) from the Dyson
equation [i.e., Eq. (48)]. Second, we calculate the chemical potential from Eq. (52) by the bisection method; in this calculation,
to reduce the numerical error arising from the cutoff frequency, we use Eq. (52) instead of the equation where only G, (k,i€,,;)
appears, and we set the chemical potentials in f[€,(k)], G,»(k,i€,,), and ng(k,i €,,) the same. Third, we carry out the Fourier
transformations of G, (k,i€,,) about momentum and frequency:

4M—1
1 . —im 2 m
Gaplr.m) == > ke T > e~ Gy (ki€,). (D3)
k

m=0

Fourth, using Eqgs. (D3) and (44), we determine y,pcq(q,i€2,) from the equation,

4M—1

. g 1 pil
Xabea(q.i0) = = Y e 17 7 M Gelr 1)1 — ). (D4)
r =0
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Fifth, from Eqs. (D4), (45), and (46), we calculate becd(q,i ,) and xacbcd(q,i Q,). Sixth, by solving Eq. (51), we obtain
Vavea(q,i$2,). Seventh, we carry out the Fourier transformations of V,;.4(q,i€2,) about momentum and frequency to determine
Yac(k,i€y) from the following equation obtained from Eq. (50):

4M—1

. —ik-r 1 im LT,
Baclhoien) =) e ™ 37 e Vapea(r 1) Gia(r. 1), (D5)
r =0 b,d

At this stage, we obtain the output of the self-energy. If the sum of the difference between the absolute values of the output and
the input becomes less than 10~#, T assume that the solution is obtained; otherwise, we replace the input of the self-energy by the
average of the input and the output, and solve the above procedures again. Note that if we use the relations about the symmetry
of the system such as time-reversal symmetry and even-parity symmetry and utilize the arrays efficiently, we can reduce the
memory of the arrays and the time of the numerical calculations.

In the above iterative procedures, we should increase the Hubbard interaction terms so slowly as to keep the susceptibilities
finite [31] since the calculations are restricted to a PM phase. For example, if we analyze case at U = 1.8 eV, Jy = J' = 6 , and
U=U-2/y= %U, we begin with U = 0.2 eV and then increase the value of U slowly after several iterations.

APPENDIX E: DERIVATION OF EQS. (54)-(57)

In this appendix, we derive the set of Eqgs. (54)-(57) by adopting Eq. (53) to Eq. (50). Using Eq. (53) in the FLEX
approximation, we obtain F;L)C gk, €n, k' i€, q,i2,) in the FLEX approximation. Setting ¢ = 0 and 2, = 0 in Eq. (53) and
substituting Eq. (50) into (53), we have

. . T . SGBD(k q lem n' ) SVaBbD(q lQn ) .
T (kip.k i€,:0,00= — v, i, — k—qiem )
) ki, K i ) NZZ 5o0(q i) o= ZZ Gk ey Caok =4 ien-)

q'.n’ B,D q n' B,D
(ED)
The first term of Eq. (E1) gives the MT term,
TN ki€ K i€ 0,0)= Voepa(k — k' i€y — i€w), (E2)

and the second term gives the AL1 and the AL2 terms,

FELL’ZL(k,iem,k’,iemf;0,0)
§ D D3 St e+ 3 S U e
v o 3G e Vi B 3G oa K i) P

SXav ’d/(q S2) .
- Z Utliai’Bb’#U:’lid’D Geplk —q' i€n_)
{a'}

8G ca(k i€y

Sxapcp(q i) o
—ZZZ[ Z}N“BA/B/(‘I O GeaWiey 090 )

Sxapcp(q i) -
8G (K Jiey)

+5 Z ZBAB(q ZQ ) NC/DbD(q IQ )

Sxamcp(q i)
i Xapcp\g,lidy 1 /.
o Z UaTA’BB/ 5G.a (K iey) Ug'bD'D]GBD(k —qi€n_n)

1
:__ZZZ[ BcA(q 182y )NdCbD(q Ay) + = NBCA(q 182y )NdCbD(q i82y) — UJC%AUCJTI}CD}
X GCA(k —q aiem’—n’)GBD(k - q/,iem—n’)
- — Q)N Q, Ly i QNS (@ i) — UL UL
ZZZ Nogaa(@ iu)NS 4p(q i )+ Nepaa@'si)NEyp(q' i) aABd"Y CbeD
X GAC(k +‘I iEin’-‘rn’)GBD(k_q/’iem—n’)

:__ZZZ BLAdCbD(q A2y »‘I i, )GCA(k _q P — )GBD(k ‘I A €m_p)
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T . 7 . / . .
N N Z Z Z WfB}Ad;chD(q/,lQn’; q len’)GAC(k + ql’lem’+n’)GBD(k - q/vlem—n’)
g n (A}

= TV i€,k i€ 0,0) + TN (i€, k' i€y; 0,0). (E3)
In the derivation of Eq. (E3), we have used several equations: the second line of Eq. (E3) is obtained by using

SXera (@' 1 ) _ o OxXaBep(qi2) .
s be'd Sy—1 s s
Udaw SGG:d(k o) USawp = Z asaty Mgy ap/(@ i) 3Gk ien) Neprea @ iU g

Sxapcop(q i)

ZNS IR’ /,'Qn
v IS G W i)

Nc pun(@ i) (E4)

and

Sxapcp(q i)
8ch(k/ai€m’)

SxSpea(q i)
8ch(k/ai€m’)

C C _ C Cy—1 /] C /s C
US,. USanp = O USpary M) gy a5 (q i) NE prea @ i2DUS

(A}

Sxapcp(q i) -

=Nup(q i) 5CF ie) N& pop (@i Q) (ES)
where N5, (q',iQ,) and NS, _,(q',iS2,) are
Nipea@ i) = 80,4808 + ) UspepXpap@ i Q) (E6)
c.D
and
Nepea@'siQu) = 84,88 — Z shepXcpas@' i), (E7)
c.D

respectively, and (Ms) 4(q',iQ,) and (MC)

respectively, with

4(q',i2y) are the inverse matrices of Mabcd(q’,iQn/) and M abcd(q i2,),

abc abc

M,ed(@' i) = 8a.c8pa — Y Xaba(q i3 peq (E8)
A,B
and
MGea(@' i) = 8a.cSpa + Y Xaban(q iU g5 (E9)
A,B

to obtain the third line of Eq. (E3), we have used

Sxamcp(qi )
Sch (k ) i Em )
where we have used Eq. (44); we have introduced Eq. (58) at the final line of Eq. (E3).

Finally, we can obtain Eqs. (54)-(57) by labeling g and i €2, correctly as the electron-hole scattering with the momentum
transfer ¢ and the frequency transfer i €2,,. For the correct labeling, see Figs. 4(a)—4(c).

—84,c8¢.aGpp k' —q i€w_p) —8p 85 aGac (k' + q' i€ in), (E10)

APPENDIX F: ANALYTIC CONTINUATIONS OF EQS. (55)—(57)

In this appendix, we explain the details of the analytic continuations of Eqgs. (55)—(57) in case that their frequency variables
satisfy the inequalities for region 22-II or 22-III or 22-IV of Table 1.

First, we can easily carry out the analytic continuation of Eq. (55). Namely, since Ime — Ime’ is negative for region 22-II and
positive for regions 22-IIT and 22IV (see Table I), the MT terms in regions 22-1I, 22-III, and 22-1V are

Félz)ll\gbcd(kak/§ q) = 34,000,0V, ¢bd(k K, (F1)
Fg;ll\ﬁrabcd(kvk/; fZ) = 8%0860 0 Vacbd(k k ) (FZ)
and
F;12)11\/\I/Tabcd(k kKiq) = 212 l;;IIT avea kK5 0), (F3)
respectively.

045107-33



NAOYA ARAKAWA PHYSICAL REVIEW B 94, 045107 (2016)

(@) (b) (@ (d)
124 o ' '
-.Q ......... i, _.Q ......... Q5 I_ I_
L/ %
e e —lem LDt EELEE R e
---------------------- gy mmmmmmmo-fro--------—ig,
[ ™ [ ™ I T
N Qv N
~ i e Loy, ey - i)
e I——’Em jQ, TToTosoofroe—o----- i€m
o -iQ, S A -iQ,

FIG. 23. Contours used for the analytic continuations of the AL1 term in (a) region 22-II and (b) region 22-III or 22-IV and of the AL2
term in (c) region 22-1I or 22-11I and (d) region 22-1V.

Second, we can obtain the AL1 terms for regions 22-11, 22-III, and 22-1V after several calculations for the analytic continuations
by using a similar way for the analytic continuations in Sec. II B 1. Replacing the sum about bosonic Matsubara frequency
by the corresponding contour integral [93] and using the analytic properties of the single-particle Green’s functions and
Wi isasep(@1-in,: 42,12,), we obtain the AL1 term in region 22-I1:

a

IS kK q) = — —ZZ/ —coth—GCA(k +qiew +)Gppk +q i€y + o)
-

XWBcAdCbD(q q.,iQ, —o's—q', — o)

N LS ST Gealk + g ien)Gsnthk + ' ien Wik s cop@ — 451%: —4'0)
q {A}

T . . - . / o
-V Z Gealk' + ¢ iew +iQ)Gppk + g in + i Q)W pacon(@ — 4.0, —q', — i)
"

q__;zf 9 ann &

1 ® do' o' +e€ w,, , ®) AL(RA) / /
- NZZ 7, tanh —— Gep(k' +gHImG g (k + "YW, genacon@ — 43 —q")

ImG%ii(k’ +q)GEpk+ g Wosanesna — a's—q)

g {a) 77 2m
+ (principal integral terms), (F4)
- . AL(RA
where we have used the contour C shown in Fig. 23(a) and introduced W, bcfi A;C p(q1;92):
ALRA CR
Wabc(d;A)BCD(ql’qz) abcd(ql’wl)NABCD(q27w2)+ N b(cd)(qlv 1) ABCD(qZ’wZ) acdeACBD (F5)

Furthermore, we have not exphcltly written the terms of the prlnc:lpal integral since those terms exactly cancel out the terms of
the principal integral for region 22-III or 22-1V; due to this cancellation, such terms are unnecessary to calculate the kernel of

the CVCs since part of the kernel, jz(zl;)cdc p(k,k’;0), is proportional to the difference between the ALI1 terms for the different
regions [see Eq. (A10)]. In deriving Eq. (F4), we have used a relation of the single-particle Green’s function as a result of the
time-reversal and the even-parity symmetry, Gilz)(k) = G;Ab)(k)*; as described in Sec. II C, for more general derivation, we should
replace ImG(R)(k) by 5- [G(alz)(k) ng)(k)]. (The similar remark holding in the other cases of the AL term is not described

below.) Then, in the similar way for region 22-II by using the contour C shown in Fig. 23(b), we obtain the AL1 term in region
22-1I1 or 22-1V:

()ALI
FZZIIlabcd(kk q) = ——ZZ/ —t h
7

1 * do’ o +€ (A) 11 , ®) AL(RA) , /
— N Z Z g tanh TGCA(]C +q )ImGBD(k +4q )WchA dCbD(q —q:=9)
(A} =

ImGg{i(k’ +q)Gyhk+ g Wognesna — a's—q)

q/
+ (principal integral terms) (F6)
and
1ALI / 1ALI ,
I3 Wapea kK 1) = T ea (kK2 ). (F7)
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Third, carrying out the analytic continuation of the AL2 term in the similar way for the AL1 term by using the contour C
shown in Fig. 23(c) or 23(d), we obtain the AL2 term for region 22-1I or 22-III or 22-IV. Namely, the AL2 terms in regions 22-II,
22-1I1, and 22-IV are given by, respectively,

j— 6/ ,
POA K == 3 Z f 9 tan & 7 [FIMGRK — )] GEpk +q + W54l p (4" —a — )
-

do’ o +etw
N Z Z/ 5 tanh —————GLe (K — gHmGiy(k +q + 4 WWshicen(—a's—a —4)
q/ A] —0o0

+ (principal integral terms), (F8)
Ty Mrabea ook’ @) = T3 fea (k. K'5 @), (F9)
and
) Naea kiK' 14) = = = ZZ/ —t nh < 7T [—ImGiRé(k/ —d)]Gptk+a + 4 Wogigewn(—4':—4 — ")
N ZZ/ _t nh % Gie(K = gHmG ik +q +¢W,piicen(—4's—a = 4)
+ (principal integral terms). (F10)

APPENDIX G: TECHNICAL DETAILS ABOUT NUMERICALLY SOLVING THE BETHE-SALPETER
EQUATION FOR THE CURRENT

In this appendix, I give several technical remarks about the numerical calculations to self-consistently determine the current
from the Bethe-Salpeter equation. Before the remarks about the iterative self-consistent procedures of the Bethe-Salpeter equation,
I remark on how to numerically calculate the frequency integral. We calculate the frequency integral by discretizing it with finite
interval such as Ae; and approximating the upper and the lower values of the integral by the finite cutoff values such as €. and
—€., respectively; those values can be appropriately chosen within the numerical accuracy. (In the similar way, we numerically
calculate the frequency integrals of the conductivities.)

We can self-consistently solve the Bethe-Salpeter equation for the current including the ¥ CVC, the MT CVC, and the AL
CVC by iteration in the following procedures.

First, we determine the MT CVC in the presence of the ¥ CVC. Using the input of the current, which is AV 2 g(k.€;;0) for
the first iteration, we determine AU;Z;ab(k,e ;3 0) from Eq. (74). After carrying out the Fourier transformations of Au,z,c p(k,€;;0)
and ImVC(gZI plk—k e — e},) about momentum, we calculate AAE’;IZT;C 4(7,€;;0) as follows:

AAMT (r.€j30) = ZZ i FMT(e,-,e;.,;T)Imvchf,D(r,ej — €/ ) Rvacp(r.€;;0). (G1)
C,D ¢ b

Since FMT(e j,e}/; T) includes the hyperbolic cotangent [see Eq. (65)] and its principal integral has the 0/0 structure due to
ImVL.(CR‘), p(r,0) = 0, the principal integral can be calculated as follows [10]:

A T L N /
> = coth ————=ImV, ¢y (r.€; =€) Ruacn(r,€; 0)

’
€.
j

/

Ae}, N € — e},I y® i 0 Aej -
= cot mV,. r.,e; 6 r, € I
62 27 2T ccan(T-€j HAvzenl )= 2r €,
J17

e, —€;

x[(e’r + DImVE) J(re; — €NAvacn(r.e;;0)]| (G2)

e},:e i
After the Fourier transformation of AA}Y. /(r,€;;0) about r, we obtain the MT CVC, AA)Y. ,(k,€;;0), and then add this to the

input of the current. (If we consider only the MT CVC, i.e., neglect the AL CVC, we skip the following second and third steps,
and the sum of the input and the MT CVC becomes the output.)
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Second, we turn to the calculation of the AL1 CVC. Carrying out the Fourier transformation of InG® (k,e ;-,) about k and using
[\v;z;w(r,e ;3 0), which is the same for the calculation of the MT CVC, we calculate [ImG[\]C(—k; e}a);) from the equation,

ImG Al (—k;€),0),) = Z e T ImGR (r €, + &) A ypice(—1,€)5 0). (G3)

After calculating NS(R)(q,a)j) and NC® (q,»;) from Egs. (78) and (79), respectively, and using Eq. (77), we determine

ceee . ceee
XA (ks e; ;) from the following equation:

XA () €, ) _Z Ae FALl(ej,e’

@l T)FC‘?Ll(ej,e;/; TYWALRA) (.

— &) IMGAL(—k; €0 (G4)

6],

In the above equation, we can calculate the principal integral of the hyperbolic cotangent of F4! (e, ,e},; T) in the similar way
for the MT CVC since that principal integral also has the 0/0 structure due to F*M (¢ €, a)’], T) =0 [see Eq. (67)]. Carrying
out the Fourier transformation of XM (k; ¢, @) about k and using the equation,

AN (k,ej;0) =

v;2;cc

e Z —iker Z A, IMGR(r € + 0 )X (rie.00)), (G5)

we obtain the AL1 CVC, AASS! (k.€;;0). At this point, we add the AL1 CVC to the sum of the input of the current and the MT
CVC.
Third, we calculate the AL2 CVC. Using [ImG A] (k; €’ i a);) and WCAL(RA)(k,

above second step), we calculate X22(k; €, '.,) from the following equation:

— a);) (which have been determined in the

XALZ(k €, ) = Z A€, FALZ(ej,E;,,w;,,; T)FC/?LZ(GJ-,E;,; T)WCAL(RA)(k,

€
i

— &, )[ImGAL(k; €}, — ).

, (G6)

Since FAM(e j.— € j,w},,; T) = 0 is satisfied in the above equation [see Eq. (69)], we can calculate the principal integral of the

hyperbolic cotangent of F2"*(e;,€’,; T) in the similar way for the MT CVC. After the Fourier transformation of X*(k; €,
about k, we obtain the AL2 CVC, AAAL2 (k,€;30):

v;2;cc

AL2
AA (k, €5 =

v;2;cc

ik R AL2
o Z ! ’ZAw AmG®(re; + o XA e,0).

w//

(G7)

Adding the AL2 CVC to the sum of the input of the current, the MT CVC, and the AL1 CVC, we obtain the output of the current
for the Bethe-Salpeter equation with the ¥ CVC, the MT CVC, and the AL CVC.

Finally, estimating the sum of the difference between the absolute values of the output and the input of the current, we judge
whether the output can be regarded as the solution of the Bethe-Salpeter equation within the numerical accuracy: if the difference
becomes less than 107, the solution is assumed to be obtained; otherwise, after replacing the input by the output, we solve the

above procedures again.

APPENDIX H: METHOD TO DETERMINE THE
DOMINANT FLUCTUATIONS IN A MULTIORBITAL
HUBBARD MODEL

In this appendix, I explain how to determine the dominant
fluctuations in a multiorbital Hubbard model among the four
kinds of fluctuations. To discuss the dominant fluctuations
in a multiorbital Hubbard model, we need to consider
charge fluctuations, spin fluctuations, orbital fluctuations, and
spin-orbital-combined fluctuations [65]. This is because the
Hubbard interaction terms can be expressed in terms of
their operators [65]. Then, spin and spin-orbital-combined
fluctuations are described by Xasbcd(q,i 2,), and charge and
orbital fluctuations are described by th)c 4(4,182,) [65,66]. For
example, spin fluctuations are characterized by x5(q,i%2,) =
Db x5 0o(@,i2,) [65,66]; spin-orbital-combined fluctua-
tions are characterized by the correlation function between
the products of the spin and the orbital operators, e.g.,

Y0 300 Q) + X3 03(q,iS2,)] [65,66].

Since those four kinds of fluctuations have the different
dependence on Jy or U, the dominant fluctuations can be
determined by analyzing Jy and U dependence of A max(q)’1
and A, (¢)~". The difference in the Jiy or U dependence arises
from the difference in the dependence of the bare four-point
vertex function characterizing the fluctuation. For example,
in case [66] of a fy,-orbital Hubbard model with J' = Jy
and U’ = U — 2Jy, the bare four-point vertex function for
charge fluctuations is —U — 4U’ 4+ 2Jgy = —5U + 10Jy; that
for spin fluctuations is U + 2Jy; that for orbital fluctuations is

—ZJH—J/IU—SJH or U/—2]H+J/=U—3JH or
—U 42U’ — Jg = U — 5Jy; that for orbital-spin-combined
fluctuations is U' +J' =U —Jgor U —J =U — 3Jg or
U — Jy. Thus, if orbital or spin-orbital-combined fluctuations
are dominant, we obtain nonmonotonic Jy dependence of

maX(q) Uor A5, (q)7", respectively, with increasing Jy
since the bare four-point vertex function characterizing those
fluctuations changes from repulsive to attractive at a critical
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value of Jy as a function of U; if spin fluctuations are dominant,
we obtain monotonic Jy dependence of AS. (g)~! with

increasing Jy due to the always repulsive bare four-point vertex

PHYSICAL REVIEW B 94, 045107 (2016)

function characterizing those. Note that charge fluctuations are
always suppressed in a realistic set of the Hubbard interaction
terms.
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