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Recent work suggests that a sharp definition of “phase of matter” can be given for periodically driven “Floquet”

quantum systems exhibiting many-body localization. In this work, we propose a classification of the phases of
interacting Floquet localized systems with (completely) spontaneously broken symmetries; we focus on the
one-dimensional case, but our results appear to generalize to higher dimensions. We find that the different
Floquet phases correspond to elements of Z(G), the center of the symmetry group in question. In a previous
paper [C. W. von Keyserlingk and S. L. Sondhi, preceding paper, Phys. Rev. B 93, 245145 (2016)], we offered a
companion classification of unbroken, i.e., paramagnetic phases.
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I. INTRODUCTION

In this, the second of a series of two papers, we continue
our investigation of Floquet drives which are many-body
localized (having a near complete set of bulk integrals
of motion) and which also exhibit eigenstate order thus
sharply defining phases for driven quantum systems. In our
first paper [1], henceforth I, we discussed Floquet drives
with unbroken quantum order, which includes drives with
symmetry-protected topological (SPT) order (see Refs. [2—4]
for closely related work). In this work, we discuss Floquet
drives with spontaneous symmetry-broken (SSB) order.

Here, we briefly summarize the logic that leads to I and
this work; we direct readers to the Introduction to I for
a more complete account of the setting of this work, as
well as indirectly related references. We consider many-body
Floquet localized systems whose eigenstates are nonthermal.
In particular, in part to avoid the runaway heating effect
discussed in Refs. [5-7], we assume that such localized Floquet
systems are characterized by a set of commuting local integrals
of the motion (which we call “/-bits”) of the same form as those
characterizing undriven many-body localized systems [8—10].
Thus, the task of classifying possible Floquet phases reduces
to classifying commuting stabilizer! unitaries much as the task
of classifying possible many-body localization (MBL) phases
reduces to classifying commuting stabilizer Hamiltonians [11].

In this paper, we carry out this task for symmetry-broken
phases. Further, we consider only finite symmetry groups G;
for continuous groups, spontaneously broken states have Gold-
stone bosons which cannot be localized [12]. For simplicity,
we further restrict to finite onsite unitary symmetry groups G,
and assume that G has been completely spontaneously broken.
In this task, we again begin with the results obtained in Ref.
[13] which analyzed one-dimensional (1D) driven spin chains
with Ising/Z, symmetry and showed that they exhibited two
symmetry-broken phases, one of which has no analog in the
undriven setting. While we will improve upon the analysis in

!Commuting stabilizer unitaries are unitaries with an extensive
number of local conserved quantities. See Sec. II for examples.
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Ref. [13] in understanding the structure and generality of the
results obtained there and then generalize to arbitrary finite
groups, we will rely on the computational evidence assembled
there to argue that our classification describes stable Floquet
phases of matter.

We can summarize our main result: We find that for
MBL Floquet drives with a completely (spontaneously) broken
onsite finite unitary symmetry group G, the distinct Floquet
drives are in correspondence with the elements Z(G) of the
center of the group. Unlike in I, where for unbroken (i.e., SPT)
phases we considered systems with edges, our classification
here is done for a bulk system and the presence or absence of
edges is not important. We show that the full period unitary
U(T) has a specific structure that reflects the center of the
group. We also show that the evolution of the correlations
inside the period has a characteristic form that derives from
this structure on the lines discussed in Ref. [13] for the Ising
case.

Table I gives examples of predictions arising from our
framework. Groups G with trivial center, e.g., the symmetric
group S, onn > 3 elements, or the odd dihedral groups Dy +1
for m > 1, have just one Floquet phase with completely SSB
order. The opposite extreme is Abelian G, for which there are
|G| different Floquet fully SSB phases. On the other hand, the
even dihedral groups G = D, have a Z, classification.

This work is set out as follows. In Sec. II, we investigate
Floquet drives with Ising symmetry-broken order, verifying
that there are two qualitatively different such drives. In
Sec. II B, we bring together some of our observations in this
special case, discuss the stability of the Ising Floquet phases,
and generalize them to drives with Z,, completely SSB order,
showing that there are n qualitatively different drives. Then,
in Sec. IV we extend all of these observations to consider
fully symmetry-broken orders for general finite G, and discuss
the stability of these phases in general. Here, we find |Z(G)|
qualitatively distinct Floquet phases. In Sec. V, we give a
general prescription for constructing drives which realize the
predicted Floquet phases. Finally, in Sec. VI we reflect on
the structure of the spectra of these Floquet phases and make
a connection to recent work on “time crystals” [14], before
concluding in Sec. VIL.
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TABLE 1. This table gives examples of our proposed Z(G)
classification scheme for MBL Floquet drives in 1D with finite onsite
symmetry group G, and fully SSB eigenstate order. Z; denotes the
trivial group with one element. Only certain many-body localizable
[11] eigenstate orders are expected to persist in the Floquet setting
[13]. For this reason, we restrict attention to SSB orders with finite
G (see discussion in Sec. I).

G Classification (Z(G))
Zn Z”

Os Z,

Dn>2 7 w

Sys2 Zl

II. MOTIVATING EXAMPLE: ISING CHAINS

We begin with a discussion of our motivating case, that of
spin chains with Ising symmetry. This was first discussed in
Ref. [13] and in more detail in I as the case of class D fermionic
chains. Our discussion will be mostly in the character of a
review, albeit with many details filled in.

A. Solvable binary drives

To this end, we consider a set of binary drives which
are exceptionally convenient and lead to the phase diagram
(Fig. 1) with two paramagnetic and two ferromagnetic phases
[1,13,15]. Indeed, they are spin versions of the class D
free-fermion drives considered in I. The drives are constructed

/2
O0r PM
(u,p), (_uvp)v (u, —p), (—u, —p)
h FM m FM
(u, p), (u, —p) (u,p), (—u, —p)
PM
(u, p)
' 0 to /2

FIG. 1. This shows the phase diagram for the binary drive in
Eq. (1). The red and blue lines separate distinct Floquet phases.
The lists involving (u, p) summarize the protected multiplets in the
spectrum for an open chain, e.g., in the Oz trivial phase, if there
is a state with Uy, P eigenvalues (u, p), then there are guaranteed
to be states at (—u,p),(u, — p),(—u, — p) for the same u, up to
exponentially small corrections in system size.
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from the Hamiltonians

Hy=—=Y hX,, Hi=-=)Y JZZe.,
N N

where X,Z are Pauli-matrix operators and hy,J; are made
random to obtain localization, but for the purposes of obtaining
the phase boundaries will be taken to be (almost) spatially
uniform. Both Hamiltonians commute with a Z, global Ising
symmetry operator P =[], X;.

H, is a paramagnetic fixed-point Hamiltonian; its eigen-
states exhibit zero correlation length in the Ising order param-
eter Z,. It has a complete set of N local conserved quantities
(or [-bits) { X} for a chain of length N, which themselves make
up the terms in the Hamiltonian and are Ising symmetric. On
the other hand, H; is a ferromagnetic fixed-point Hamiltonian.
Its eigenstates resemble classical configurations of the Ising
order parameter Z;, and indeed have perfect long-range
correlations in this order parameter. We say that H; has Z;
SSB eigenstate order because its eigenstates break the Z,
symmetry. H; is somewhat special in that its eigenstates can
be chosen to be eigenstates of the Z;. For a more general
SSB Hamiltonian, the exact eigenstates of the system come
in nearly degenerate doublets of feline/cat states, consisting
(roughly) of symmetric and antisymmetric combinations of
Ising reversed order parameter configurations. Such pairs of
cat states are labeled in part by /-bits of the form B, = Z;Z,,
which track the positions of domain walls. Only N — 1 of these
[-bits are independent for an N site chain. The one additional
integral of the motion needed to specify the eigenstates is
the global Ising generator P which commutes with H; and
all the B—P = %1 determine (roughly) whether or not the
cat state is a symmetric or antisymmetric combination of
spin configurations. The operator Z, for any site r can be
used to toggle between these cat states because it commutes
with H; and anticommutes with P. In summary, By, P are
a complete set of integrals of motion for Hamiltonians with
SSB Ising order, although P clearly cannot appear in any local
Hamiltonian.

Following Ref. [13] (see also Ref. [16]), we now define
binary Floquet drives using the reference Hamiltonians Hy, H;:

—i Hyt

s 0<r<m
U@ = {e—iHl(t—tl)e—iHlto B

fhh<t<ty+H1.
The final Floquet unitaries are of the form
U = U(T) = e Hingmitn, (1)

If we choose spatially uniform couplings i, = J; = 1, the
phase transition lines are easily derived and lead to a phase
diagram with four distinct phases as in Fig. 1. In reality, we
will need disorder for a proper realization of the phases listed
thereon but much can be learned by simply working on the
boundaries of the diagram. For the same reasons as explained
in I, it suffices to consider Floquet drives with #y,#; € [0,7/2]
(see Fig. 1). We will primarily be interested in those regions
labeled FM (ferromagnetic), as our previous work covers the
cases with paramagnetic bulk order, but we discuss the latter
as well for completeness (Sec. IT A 2).
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1. Ferromagnetic phases

In the region labeled FM, all of the eigenstates have
long-range Ising symmetry-broken order. A representative
Floquet unitary is obtained by setting ) = 0,i.e., Uy = e 1",
The eigenstate properties of this unitary are simply those
of the local Hamiltonian H; which is the so-called Floquet
Hamiltonian for this drive, i.e., the logarithm of Uy. Clearly,
the [-bits which commute with Uy are then the set B, and
there is one global integral of the motion P. Note that P
does not appear in Uy. This unitary inherits the spectral
pairing characteristic of the SSB broken order present in the
eigenstates of H;. That is to say, as Z, commutes with H; but
anticommutes with P, eigenstates at a given quasienergy come
in P = %1 pairs. The time dependence of the order parameter
in the Floquet eigenstates is also interesting; it returns to itself
at the end of the period [13].

The mFM phase is unique to the driven setting. To
understand the nature of this phase, we work along the line
to=m/2and 0 < t; < 7 where

Up=e "M T] X, oce P,

s

This Uy looks like the unitary associated with a FM drive
(discussed above) multiplied by P. Observe that U is not
the exponential of a local Hamiltonian although it is a local
unitary generated by a local time-dependent Hamiltonian. The
complete set of integrals of the motion are again the B, and
P but now P does appear in U. The consequence of this last
fact is that whereas in the FM case considered above there was
spectral pairing at any given quasienergy, there is now spectral
pairing between states split by quasienergy 7. That is to say,
as Z, anticommutes with both U, and P, eigenstates come in
(u,p),(—u, — p) pairs as opposed to (u,p),(u, — p) pairs.

The fact that Z; anticommutes with U in the m FM case
can be reinterpreted as a dynamical statement about the order
parameter Z;, namely, that it changes sign over the course
of a Floquet cycle. This observation formed the basis for
the spin-correlation-based diagnostic reported in Ref. [13].
Thinking just about our family of binary drives it would appear
that what is at issue is a rotation of the order parameter
about the x axis and thus there may exist Floquet phases
corresponding to rotation of the Z; order parameter for any
multiple of . However, this is not the case for more general
drives; in Appendix D we show that only the angle of rotation
modulo 27 matters, which is consistent with our seeing only
two distinct Floquet phases. Finally, we note we were able to
distinguish the FM phases by looking just at their bulk spectra;
there was no need to examine their edge spectra. We will later
argue in Sec. IV A in general that for SSB drives there is no
analog of the “pumped charge” appearing at the edges, which
gave rise to protected edge modes in the unbroken SPT ordered
drives examined in 1.

2. Paramagnetic phases

As an aside, we very briefly comment on the paramagnetic
phases. The physics of these regions is covered in I, where we
argued that the Floquet paramagnetically ordered drives with
unitary finite symmetry group G are classified by Clg x Ag
where Clg is the SPT classification for G and Ag are the 1D
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reps of G. In the present case G = Z,, for which Cl = {0} and
A = Z, so that there are two qualitatively different Floquet
drives with paramagnetic (PM) order. In contrast to the FM
case, it turns out that in line with I, both of these drives have
the same bulk spectral properties, and the difference between
them is only visible on a system with a boundary. We present
examples of drives in these two classes in Appendix A.

Two additional observations may interest the reader. First,
as noted in Ref. [13], the PM phases are related to the
FM phases by duality and hence can be diagnosed by bulk
dual order parameter correlations which are nonlocal in the
spin variables. Second, the two PM and two FM phases are
related by Jordan-Wigner transformation to the class D drives
examined in Ref. [1]: the FM regions correspond to those
drives with bulk SPT (Kitaev wirelike order), while the PM
regions correspond to the drives with trivial (non-SPT) bulk
order.

B. Generalizing to the MBL regime

We have examined two idealized Floquet drives (FM and
FM) with Ising ferromagnetic order, and shown that they have
markedly different spectral structure. The goal of this section is
to argue, based on assumptions to be stated, that the differences
between these Floquet drives is robust to adding interactions
and strong disorder, in other words, to show that the FM and =
FM drives are representatives of two sharply defined phases.
We then attempt to distill the previous section’s observations
into a more readily generalizable framework, which we apply
to drives with spontaneously broken Z, eigenstate order in
Sec. III. Building on this in Sec. IV we present the general
case of Floquet drives with spontaneously broken non-Abelian
symmetry.

Recall that the idealized drives in Sec. II have Floquet
unitaries with a set of exactly local bulk /-bits of the form
Z;Zs+1. How might this picture change away from the ideal
point, in the presence of strong disorder and interactions?
Returning to the discussion of the Ising ordered drives in
Sec. IT A 1, recall that the Ising order parameter Z, operators
can be used to toggle between the degenerate (or & quasienergy
split) Ising even/odd eigenstates. Using the specialized drives
[Eq. (1)], these degeneracies (or 7 quasienergy pairings) are
exact. Perturbing symmetrically away from the fixed point,
and in the presence of sufficiently strong disorder, we expect
the degeneracies (or w quasienergy pairings) to be exact up
to exponentially small corrections in system size [17]. In line
with the expected behavior of MBL phases in the undriven
setting [10,17], and the observed behavior of the Floquet
spectra in numerics [13], we will henceforth assume that upon
perturbing symmetrically away from the fixed point the SSB
ordered Floquet drives obey the following conditions: There
exist smeared out (but local) analogs of Z; (which we continue
to denote Z;) which are Ising odd, obey ZS2 = 1, and which
commute amongst themselves all up to exponentially small
corrections in the system size. In particular, the operators
ZsZ¢1 continue to be Ising even, and are the [-bits of the
new system, also up to exponentially small corrections in the
system size. The upshot is that we are working now with [-bits
and order parameters very like those in the idealized models,
but many of the previous relations between these operators
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hold only up to exponentially small corrections in system size,
which we henceforth ignore.

With these assumptions in place, we can constrain the
general form of an Ising symmetric Floquet unitary U, with
full SSB eigenstate order. Such a Floquet unitary has a set
of [-bits By = Z;Z4, only N — 1 of which are independent.
Note, however, that P, B gives asetof N independent integrals
of the motion. By this we mean there is a complete eigenbasis
labeled by P = p,B; = b;:

Uslp.Abs}) = us(p.{bsDIp.{bs}), @

where the eigenvalues uy depend on the p,b; eigenvalues.
It follows straightforwardly that we can write Uy entirely in
terms of operators By, P:

U = Up(P{B,)). 3)

We now use the locality of the instantaneous drive Hamilto-
nians H(t') to constrain the functional dependence on P. To
begin, note that Uy commutes with Z; Z, for any /,r. In other
words, using notation [A : B] = ABA~'B~! for unitaries
A, B we have

Wy:Z1Z]=1. “

As Uy is a local unitary, U Z/U;' = Z,6, and Uy Z,U; ' =
6,Z,, where 6;, are unitaries with exponentially localized
support near [,r, respectively, using Lieb-Robinson bounds
[18]. However, Eq. (4) implies that 6, = 6, ! for I,r arbitrarily
distant from one another. The only possible resolution is that
6 = 67! = ¢'“1 for some phase ¢¢. This phase is moreover
constrained to be €'Y = £1, using Z7 = 1 and the resulting
equality 1 = U;Z7U;" = 671. Tt follows that

ZUp(PABNZ ' = Uy(—P{B}) = £U;(P,{B}), (5)

where the second equality reflects the conclusion e’¥ = +1 in
the paragraph above, while the first equality follows from the
fact that Z; anticommutes with global Ising generator P. In
the +1 case, Uy is independent of P, while in the —1 case, it
isoddin P, i.e.,

Uy = U}({Bs}) or PU({B))

for e/ = +1, respectively, where U }({BS}) is some unitary
depending only on the bond operators B. These two distinct
types of Floquet unitaries are consistent with the different
structures of the FM and Or FM examined in the examples
in Sec. I A 1. Indeed, by the same reasoning as in Sec. [T A 1,
they have the same spectral properties, namely, labeling the
eigenstates of U, P by pairs (u, p): In the e’¥ = 1 case there
are protected doublets of eigenstates with (u, + 1),(u, — 1),
while in the e’ = —1 example there is a 7 quasienergy
spectral pairing, i.e., doublets of states with (u,1),(—u, — 1).

In summary, we have argued that there are two fundamen-
tally different kinds of Ising symmetric Floquet unitary with
FM Ising order, distinguished by their commutation with the
Ising order parameter [Uy : Z;] = 1. The FM and O FM
Floquet drives examined in Sec. II are idealized examples
of these two kinds of unitary. We have not yet argued,
however, that these distinct kinds of Floquet unitary define
genuinely distinct Floquet phases stable to sufficiently small
perturbations to the unitary. We will return to this issue when
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we treat the general case, but we give a summary of the
argument here.

We now argue that the eigenstate properties of the Floquet
drives constructed above are stable to sufficiently small Ising
symmetric changes to the Floquet drive. Assuming a small
change in U leads to a small change in the Z; operators, then
[Uy : Z;] must change by a small amount as well. However,
we have argued that this quantity is independent of [ and
discrete; above, we argue it is equal to 1. Hence, it cannot
change continuously, so it does not change at all. In this
way, making the stated assumptions about the forms of the
[-bits and their dependence on Uy, we have argued that our
diagnostic [Uy : Z;] = £1 distinguishing different Floquet
drives is robust. Hence, we expect the two distinct drives
constructed in Sec. II correspond to genuinely distinct Floquet
phases. Having discussed the Ising case in general, we now
examine more briefly how these results generalize to Floquet
drives with Z,, completely SSB order.

IIL. Z, SSB DRIVES

Here, we extend the results in the previous section to
theories with completely broken Z, symmetry, and introduce
a notation which more readily generalizes to the non-Abelian
cases studied in Sec. IV. In the Ising case, our onsite Hilbert
space consists of Z = %1 onsite Ising degrees of freedom. In
the rest of the paper, we consider the more general Hilbert
space H, where the onsite Hilbert space consists of g, € G
degrees of freedom, where G is an onsite unitary global
symmetry group.

It is convenient to view G = Z, as a subset of U(1)
generated by w = ¢?™/". Let us now define some useful linear
operators [which live in L£(H)]. First, there are the global
Z, symmetry generators V : G — L(H) of form V(g) =
[1, V.(g) where

V,(0)l{gs}) = x> gs}) ©6)

for any x,g, € G. In the Ising problem, V.(£l)=1,X,,
respectively, and V(%1) = 1, P, respectively. Additionally,
define a unitary operator

gr|{gs}> = gr|{gs})a

where g, € G is taken to be an nth root of unity. Inthe G = Z,
case, g, = Z,. The commutator

[V,(x):g1=x""eUQ) (7)
follows from these definitions, as does
[V(x):g]l=x""eUQ). ®)

At this point, let us describe more precisely what we mean
by SSB eigenstate order. It is useful to give an example of a
fixed-point Hamiltonian with SSB Z,, order

Hi =Y J(glar+1), ©)

where J, is some disordered Hermitian function of the Z,
variables. Note that H; commutes with the global symmetry
generators V(x) using Eq. (8). We interpret g, as our new
Z,, valued order parameter, and as in the Ising case we will
assume that away from the fixed-point model Hamiltonian
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(9), there are smeared out analogs of g, which commute
amongst themselves, obey Eq. (8) with the global symmetry
generators V(x), as well as g’ = 1, all up to exponentially
small corrections in system size which we ignore. As a

corollary, B, = g:[g,H are a set of [-bits. These we take to
be the defining features of Z,, eigenstate order.

We now investigate unitaries Uy with the aforementioned
eigenstate order, i.e., with a set of g, operators, and a set of local
integrals of motion B, = g;l gr+1. The variables B,,V (w)
constitute a complete set of conserved quantities which all
commute with the global symmetry generators: there are N —
1 independent [-bits, taking n possible values, and the global
symmetry generator V (w) taking n possible values. The set is
complete because the total degrees of freedom N" coincide
with the total Hilbert space size. Note that we call the 8, =

gi gr4+1 variables [-bits, even though they take values in the
nth roots of unity. Just as was argued in the Ising case [near
Eq. (2)], the unitary must have functional dependence

Ur= Uf({gighq 1, V(w)).

Using a straightforward extension of the argument below
Eq. (3) where we showed [Uy : Z;] = %1, it follows that
[Us: gl = w* e 7, for some k. This in turn ensures that
the Floquet unitary takes the form

Uy =Us({glgs1 )V (@) (10)

for some k =0,1,...,n — 1. In fact, we can readily con-
struct any such unitary taking local Hamiltonian Hy =
> In[V,(»*)] and combining it with H, defined in Eq. (9)
according to the prescription Eq. (1). We are thus led to the
conclusion that there are n distinct Z, completely symmetry-
broken drives.

Let us briefly mention the kinds of spectral pairing in
this model. Fixing k in Eq. (10), we find the Floquet
spectrum has degenerate multiplet of n states at each
quasienergy. This follows from choosing a simultaneous eigen-
basis of U,V (w) labeled by (u,v). Applying the operators
La,..., gf'*l to this state generates a multiplet of states
w,v),wo* vo™h), ..., (uw ¥ ye==D) So, for k =0
the eigenstate order is simply that of a SSB undriven Z, state,
exhibiting the characteristic n-fold degeneracy. For k # 0
mod n there is no undriven analog: we find a multiplet of
n states with protected quasienergy gaps. We can also argue
that no protected edge modes arise when we restrict such a
unitary to a system with edges (see Sec. IV A).

Last, we argue that the eigenstate properties of the newly
predicted Floquet drives constructed above are stable to small
symmetric perturbations. If we assume that the operators g,
change continuously as we perturb U, symmetrically, then
[Uy : g-] changes continuously too; the analog of this quantity
in the Ising case was [Uy : Z,]. However, we have argued that
this quantity is a pure phase and discrete: it is an nth root of
unity. Hence, it cannot change continuously. So, it does not
change at all. In this way, with some assumptions about how
the /-bits vary with small changes in U, we have argued that
our diagnostic distinguishing different Floquet drives is robust.
Hence, we expect that the n types of Floquet unitaries, listed
in, and constructed explicitly below Eq. (10), correspond to
distinct and stable Floquet phases. We have extended many of
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the arguments of Sec. II B to drives with Z, SSB eigenstate
order, paving the way for the case of general finite G.

IV. GENERAL FINITE G SSB ORDER

Here, we classify Floquet unitaries with SSB eigenstate
order, for general potentially non-Abelian G. This section is
structured as follows. After setting up some notation, we state
more comprehensively what we mean by SSB eigenstate order
for general G. Using this definition, and certain more technical
locality arguments in Appendix B, we constrain the form of a
Floquet unitary to Eq. (19), showing that the different classes
of fully SSB ordered Floquet unitaries U, are labeled by the
elements of Z(G), the center of the group G. Thus, we predict
a Z(G) classification for completely spontaneously broken
Floquet drives. Last, in Sec. IVA we argue that there are
no protected edge modes for the predicted fully SSB Floquet
phases.

Consider a Hilbert space with onsite g, € G degrees
of freedom, with G potentially non-Abelian. It is useful
to identify each such g, with its matrix {g,;;} taken in
some complex faithful representation of G (e.g., the regular
representation always works) so that in particular

d
> gichiy = (gh)i;. (1)

k=1

where d is the dimension of the representation. As in Eq. (6),
we define onsite symmetry generator V,(x)|{gs}) = |{x% g},
and right multiplication VPOHgs)) = 1{gsx®}). As for the
Z, case, we define “order parameter” operators g,, except
these operators are matrix valued with

grijl{gs}) = grijligs)), (12)

where i,j = 1,...,d. It follows from Eq. (11) that g, is a
unitary matrix in the sense that

d
Z giykigr,kj = (Sij L.
k=1
Similarly, we obtain commutation relations
Vo@)gri V) = 007 0 (13)
k

V@i V) =Y () 8- (14)
k

To describe more precisely what we mean by SSB eigenstate
order for non-Abelian G, it is useful examine the fixed-point
Hamiltonian

Hy =" J(glgr41), (15)

where the matrix indices on g, are leftimplicit. Here, J, : G —
R is some random set of functions associated with the r,r + 1
bond. Equation (15) is our prototypical example of SSB for
general finite group G. Using Eq. (13), H; is G symmetric.
Note too that

B, =001 (16)
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is a near complete set of local conserved quantities, which
entirely determine the positions of domain walls in a “spin-
glass” configuration of a group valued order parameter g,;
specifically, these operators tell us how the order parameter
changes as we hop across the bond. Now, pick a particular site
r = 1. The operators B,,g; give a complete set of labels on
the whole Hilbert space. That is, a spin-glass configuration is
completely specified by the order parameter at a particular site
g1 = g1 and the manner in which the order parameter changes
site to site B, = B,. In analogy with the results in the previous
section, perturbing symmetrically away from the fixed-point
model, we expect a smeared out analog of the g, operators
obeying commutation relation (14) with the global symmetry
generator V(x). Additionally, we expect modified [-bits of
form ‘B, = gIng, with B, = B,, g; = g; giving a complete
set of conserved quantities (all commuting up to exponentially
small corrections in system size).

Having defined SSB order, we move to the Floquet problem.
Consider a local symmetric unitary Uy which has SSB ordered
eigenstates as per the above specification. The unitary U ; must
commute with all of the /-bits B,, implying

Up = w8 .9)lg (B} {g.{BI.
8.8

where g,g’ is the value of the group element at site 1 and
we have chosen to label our basis states by g; = g1, B, = B,.
We are interested only in some such operators which commute
with the global symmetry generators V (x). This imposes con-
dition uj,(g',8) = u(p,(xg’,xg) forany x, which is equivalent
to the statement that

Up =Y um(g™'g)lg' (B (g.(B)

=YY 8 =g ¢ um)lgx. {B))(g. (Bl

8.8 X

=Y um) Y lex {Bh (g (Bl (17
X 8

0(x)

where uiB}(g/,g) = up) (g~ 'g’) defines u. In the original
convention for labeling basis vectors with their g, eigenvalues,
this newly defined operator Q acts like

0)l{g ) = [{g1xg g })- (18)

For x € Z(G), the center of G, Q(x) just acts like the global
left symmetry action V(x), and in particular Q(x) is a local
circuit. For noncentral x, this operator is not low depth (see
Appendix B). Moreover, we show in Appendix B that Uy is
local only if up(x) vanishes except for x = z, where z is a
particular element in the center. In other words,

%r}V(Z), (19)

where g} is some unitary function of the /-bits and z €
Z(G) is a particular element of the center. We thus arrive
at the conclusion that Floquet unitaries with full SSB order
are characterized by some z € Z(G). Using the methods of 1,
s, can be argued to be a local functional of domain-wall
configurations.

Ur =1y
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Last, we might ask if there is an operator diagnostic allow-
ing us to discern the value of z appearing in Eq. (19). Indeed,
there is. Let gixj be a matrix presentation of g € G within
irreducible representation x of G, with i,j €1,...,dim,.
Define, in analogy with Eq. (12),

918 = gljlgr)- (20)

Using Eq. (13), and the fact that z € Z(G) acts like a phase in
any irreducible representation, it follows that

1 x(2) X

=2"Zg% . 21
@ =" 1% @1
where yx is the irreducible character, and x(z)/x (1) is a pure
phase again because z € Z(G). Multiplying Eq. (21) by gi, i
setting i = 1, and summing over j gives

V(Z)giijv_

ZV(Z)Q,UV (z )9,11 = XEi;

Now using the orthogonality of the character table

G
Zx (C)X(C)—5cc'||c|| (22)

for conjugacy classes C,C" we find that for any 7' € Z(G),
Gl ZV(zm, LV @l @) = 8.

Using this 1dent1ty, and the fact that gX commute with the
[-bits, we extract z from U in Eq. (19) using operation

G ZUfg,l, P IV COE (23)

Having argued that U, takes canonical form (19) for some
z € Z(G), we now argue that the Floquet drives corresponding
to different z correspond to distinct stable Floquet phases.
We argue for the stability of these phases much as we did in
Sec. I11. In the present case, the quantity (23) forany z’ € Z(G)
entirely determines the z € Z(G) characterizing the Floquet
unitary (19). It is discrete (either O, 1), and appears to depend
continuously on U s, so by the argument in Sec. Il itis expected
to be stable to sufficiently small symmetric perturbations.

A. Absence protected edge modes in SSB ordered drives

Having classified completely SSB Floquet phases accord-
ing to their bulk spectra, we now argue that they have no
protected edge modes; this is in contrast to the unbroken
examples in I, where the nontriviality of the Floquet drives
manifested itself through the presence of additional (or
modified) edge modes. Consider an SSB drive on a system
with boundary. Using arguments like those in I (Appendixes
A and B), together with Eq. (19), we can argue that the Floquet
unitary on a system with large number N sites takes the form

Uy =vevge 'V (2), (24)

where z € Z(G), f is a local function only of bulk /-bits,
and vy ,vg are unitaries local to the L,R edge of the system
which commute with all the bulk /-bits. As in I, we can show
that vy, vg commute with global symmetry V(g) up to some
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phase characterized by a pumped charge [V (g) : vp] = k(g)
for some 1D representation x of G. However, it turns out
that due to the bulk SSB order, the pumped charge is just an
artifact of the particular way we have decomposed the unitary
in Eq. (24), rather than a robust feature of the unitary.

To see why, form operators g corresponding to the 1D
representation k. As « is a 1D representation, g is a scalar
unitary operator with eigenvalues which are roots of unity
(as opposed to a matrix valued operator like g, ;;). Now,
redefine vy g by multiplying them with g* operators based at
the left/right of the system, respectively: v; = v gTL’K,vR gk
Simultaneously, redefine f by adding a local Hermitian
functional of the [-bits f' = f +1i Z;:LI In(gk gifl). Using
the identity

R—1
R-1 PR . N
Xt M@ i) = [ gbalt o gf gl 25)
=L

together these modifications leave Uy unchanged, but v p
now commute with the global symmetries. Therefore, we
may as well assume v ,vg are symmetric. This means we
can exchange them for any local symmetric edge unitaries
while preserving the symmetry of Uy. In particular, there are
no protected edge states. The physical intuition behind this
calculation is as follows. In the dual language, we can view
SSB order as a condensate of particles carrying representations
of G, e.g., in dual variables, the Ising ferromagnet is a
condensate of Ising odd particles. In such a situation, there
is no solid notion of pumped charge; any charge pumped into
the edge is immediately screened by the delocalized soup of
charges in the bulk.

V. CONSTRUCTING DRIVES

The explicit Ising symmetric drives we examined at the
start of this work inspired a more general classification of SSB
Floquet phases. We saw that Floquet MBL phases with a fully
spontaneously broken finite symmetry group G are classified
by Z(G). We now construct explicit (fixed-point) drives for
each of the new predicted phases. Pick a z € Z(G) labeling
the desired phase and let

K:==) ilV,@)]. (26)

As V,(z) is a unitary operator, a logarithm In V,(z) exists; for
concreteness, we define this explicitly in Eq. (C1). Now, take
the random SSB spin-glass Hamiltonian H; from Eq. (15).
The unitary circuit

—iK.t

e , 0<r<1
U@ = {eiHl(tl)eiKz _

1<t<1+4 27

has Floquet unitary

Up=e""V(),

where V(z) is a global symmetry generator, and H; has a
fixed-point spin-glass order and is a functional only of the ‘B,
operators from Eq. (16). This unitary explicitly has the form
(19), for the phase corresponding to z € Z(G).
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VI. STRUCTURE OF THE FLOQUET SPECTRUM
AND TIME CRYSTALS

The Floquet phases predicted above are characterized by
a central element. The spectral properties of these drives are
obtained by considering a subspace corresponding to some
fixed configuration of domain walls { B}. We wish to consider
the possible values of Uy on this subspace. We can certainly
decompose this subspace into irreducible representations of G.
Starting in a state which is a singlet under global symmetry, we
can toggle to a state living in irreducible representation x using
operator g, ;. However, U g}; Uj?l = %95 where x(z) is the
character evaluated at z € Z(G) corresponding to irreducible
representation yx . In other words, the Floquet evolution flips our
non-Abelian generalization of a spin-glass order parameter gf;
We see that states living in irreducible representation x have
their spectra shifted by x (z)/x (1) relative to the original state;
this is a pure phase because y is an irreducible representation
and 7 € Z(G).

With the basic structure of the spectra in place, we note
a connection between our work and time crystals [14].
The Hamiltonians H(¢) for the Floquet phases considered
above not only have an onsite symmetry group G, but also have
a symmetry under time translation H(t + T) = H(¢). In this
sense, the total symmetry group is G x Z, where Z represents
time translation. As stated above, the additional information
characterizing the drives is an element of the center z, or
equivalently a homomorphism from the Abelian group of time
translations to the global symmetry group ¢ : Z — G.

The drives above spontaneously and completely break
the symmetry G, but there is also a sense in which they
spontaneously break the Floquet time translation symmetry
t — t + T, in a manner characterized by the central element
z alluded to above. For z # 1, the order parameter oscillates
nontrivially:

0
x(1)

with period larger than T, even though the Hamiltonian
has period T. In other words, the order parameter time
dependence does not enjoy ¢ — t 4+ T translation symmetry.
In the 7w FM Ising case of Sec. II, this is the statement that the
order parameter oscillates Z(nT) = (—1)"Z(0) with period
2T oven though the underlying Hamiltonian has period 7.
The connection between this statement, and time crystals was
pointed out to us by Altman.? This oscillation is detectable
if one prepares a spin-glass configuration state and measures
the SG order parameter stroboscopically, although the full time
dependence of spins in such systems is much more complicated
as we will discuss elsewhere.* This notion of time crystal is
close in spirit to the attempted definition in Ref. [19], where a
no-go theorem was proved concerning spontaneous breaking
of continuous time translation symmetry. This no-go theorem

%mn=[ }%mx

2z gives rise to a unitary automorphism of irreducible representation
space corresponding to x, so by Schur’s lemma acts like a phase ¢/ 1.

3Private communication.

*C. W. von Keyserlingk, V. Khemani, and S. L. Sondhi (unpub-
lished).
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is inapplicable to the present systems for a number of reasons,
in particular our Hamiltonians explicitly break continuous time
evolution symmetry.

VII. GENERALIZATIONS AND CONCLUSION

We have put forward a classification scheme for 1D
many-body localized Floquet SPT states with completely
spontaneously broken onsite symmetry G, and with onsite
group valued degrees of freedom. We conjecture that there
are |Z(G)| different possible Floquet drives, each of which
can be brought into a canonical form (19). We have argued
that these putative Floquet phases are stable to sufficiently
small modifications to the unitary U s in the bulk, although our
arguments are only heuristic and make certain assumptions
about the behavior of /-bits away from our exactly solvable
fixed points.

This work can be extended in several directions. Although
we have focused on 1D, none of the arguments seem specific
to 1D, so we tentatively conjecture a Z(G) classification for
higher-dimensional completely symmetry-broken phases too.
However, with the nature and stability of MBL order in higher
dimensions currently in question, we make this proposal very
tentatively. As in our previous work I, there remains the
challenge of understanding the dynamical stability of these
new phases for realistic drives, and the need for proposals for
realizing and detecting them in experiments.
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APPENDIX A: ISING PARAMAGNETIC REGIONS

In this Appendix, we investigate binary drives of form (1)
corresponding to the PM regions in Fig. 1. To distinguish the
two possible Floquet unitaries, we will need to consider the
drives on a system with boundary. We will here demonstrate
the existence of two distinct such paramagnetic Floquet drives
by looking at specific points on the Fig. 1 phase diagram. The
two distinct drives correspond to two possible phases of the
Clg x Ag = 7Z, classification for G = Z, in 1.

In the region labeled PM in Fig. 1, all of the eigenstates
have paramagnetic order. A representative unitary is obtained
by setting t; =0, ie., Uy = e~ in which case that the
eigenstate properties of this unitary are simply those of the
topological Hamiltonian H, with /-bits of form X;. Note that
a such a PM Hamiltonian (in the disordered setting) does not
have the spectral pairing present in the FM problem.

Finally, consider the Or (PM) on an open system. For ease
of explanation, set J; = 1 and &, disordered. As an example,
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TABLE II. This table shows the structure of the spectrum of an
Ising symmetric Floquet drive with paramagnetic order.

Uf.edge Pedge
[1,1) 1 1
X|1,1) -1 1
Zi1,1) 1 -1
X1Z4|1,1) -1 -1

setfo < Fand t = 7/2:

N-1
. . N—-1
Up =[] 2Zepre™™ — z,Zye 02 0%,

s=1

(AD)

where we performed a local symmetric unitary change of
basis to simplify the unitary near the edges. Now, in the
bulk (s =2,...,N — 1), the U, eigenstates are eigenstates
of the local bulk integrals of motion X;. In total Uy looks
like a bulk PM drive multiplied by an Ising tunneling operator
Z1Zy. Note that the edge degrees of freedom are completely
decoupled from the bulk so we can separately diagonalize the

bulk Hamiltonian e~ = X and the two-site unitary
Uf,edge =Z\Zy.

This two-site Hamiltonian has two useful independent inte-
grals of motion U f,eqge = Z1Zy and Pegge = X X y; note these
are also integrals of motion of the original unitary U ;. Picking
a reference eigenstate |1,1), we can toggle between the four
eigenstates of U cqee as demonstrated in Table II.

Combining these edge results with the bulk unitary, we
conclude that for the drive in question, eigenstates of the full
unitary |u,p) of the Floquet drive come in quadruplets with
Uy, P eigenvalues (u,p),(u, — p),(—u,p),(—u, — p).

APPENDIX B: LOCALITY ARGUMENTS

In this Appendix, we assume Uy is local and has a full
set of [-bits of the form explained in Sec. IV. Using these
assumptions, we will show first that the operator Q(x) defined
in Eq. (18) is local iff x € Z(G). We then show that the
full Floquet unitary takes the form Uy = uyp)(z0)V (zo) where
z0 € Z(G). The reader should be aware that these two target
equations, and many others in this Appendix, will hold only
up to exponentially small corrections in system size.

1. O(x)localiff x € Z(G)

We argue now that Q(x) as defined above in Eq. (17) is
local iff x € Z(G). If x is central, the conclusion follows
readily from the fact that Q(x) = V(x) =[], V,(x), which
is manifestly local. If x is not central, consider the operator
Vi(y) which has support on site 1. Were Q(x) local, a Lieb-
Robinson bound would imply that [Q(x) : Vi(y)] commutes
with operators based at sites s very distant from 1 (up to
exponentially small corrections in |s|). Let F be an operator
Fl{gr}) = 8(gs,1)|{g/}); clearly, the operator has support only
at site s. We will show that the commutator [[Q(x) : Vi(¥)], F]
does not decay with s. It suffices to show that some matrix
elements of the commutator do not decay with s. Thus, we
will have shown that Q(x) is not a local unitary if x ¢ Z(G).
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First, let us look at the matrix elements of [Q(x) : Vi(¥)].
For clarity, we will calculate these step by step. First, recall

0m)ligh) = [{g1xgr e }),
Q' Wl{er)) = {erx "1 e })
so that 0~ !(x) = Q(x~1). Next, note that
Vi Dlgi g )
=y e de)),
o' @V Wlgrde})
=y ey e g ve ),
Vi~ @V g {eg))
= ey gy ye ),
VI Q™ )V lgi.{g-})
=g {gixgr 'y g1ix g e},

where the notation |g;,{g,}’) isolates the group element on site
1 from all of the labels on other sites {g,} = {g, : r # 1}. This
allows us to calculate a group commutator between kets

({g Q@) : Vi1 Fli{g})

=[F(g,) — F(gixg; 'y 'gix'g7 " vgo)]
X 8 1)

(BI)

(B2)

8181
Using F(gs) =3J,,1 and taking matrix elements be-
tween some state with gi =g, =1, gg=1, and g =
glxgl_ly’lglx’lgl_lyg, forr > 1, we get

{g Q) : Vi, Fll{g:})
= (1 - (Sxy’]x’]y,l)'

This latter expression is equal to 1 provided we can find
a y which fails to commute with x. This statement is true
regardless of how large we choose s. Hence, the operator norm
of the commutator does not decrease exponentially with s.

g.g1xgr vy Tgix gy e,

2. Uy local only if ugy(x) o< Upy(20)dyx,., Wwhere zg € Z(G)

Given a local unitary of form

Up =) up(Qs, (B3)

we wish to show that uggy(x) = up)(20)dy, holds up to
exponentially small corrections in system size, where zg €
Z(G). We prove this statement in two steps. We first show that
uypy(x) must vanish if x ¢ Z(G). We then show that there can
only be one term in the superposition Eq. (B3).

The first part of the proof begins by examining the
commutator of Uy with V|(y) as in the previous subsection.
As Uy is unitary, Ql = Q;l, and the {B} operators commute
with all Q,,

[[Us : Vi), F]
= > e Ous OOV QL VT (). F1. (B4)

x,x'
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where again F is chosen to be a function with support on
some distant site s. As Uy is local, any matrix elements of this
commutator (with respect to some local basis) should tend to
zero exactly or exponentially fast for large s. Examine matrix
elements {g/,},{g,} where g| = g1 = a. Such matrix elements
disappear on terms in the double sum (B4) unless x = x':

<a,{g;,}/|[[Uf : Vl(y)]aFlla’{grv},>
=Y lwm e (g, Y10 Vi) QL V(). Fla.{g,.})

= lws I’ [F(g) — Flaxa™'y 'ax"a " yg,)]

x
X (Sg;,axa’ly’lax’la*‘yg,» (BS)

where again the notation |g;,{g,}’) isolates the group element
on site 1 from the group labels on other sites {g,} = {g, :
r # 1}. We now show that |ug(x)| must vanish for x = xq
non-Abelian. Choose

F|{gr}> = 8g.\-,t|{gr}>

for some fixed r € G, noting F is clearly an operator localized
to site s. Then, the a = 1, g, =t component of Eq. (B5)
becomes

Z |U{B}()C)|2(1 - 8xy*‘x*‘y,l)‘sg,/.,xy*'x*'yg,~
x

1

Further restrict attention to the g/ = xoy ™ X, 'yg, component

of Eq. (BS), obtaining

Z |Ll[3](x)|2(1 o 8*’)”’*”1}’,1)8xuy"x§1y.,x}”‘x*'}"
X

The second delta function is nonvanishing only for a certain
subset of those x (which includes xg) which fail to commute
with y, hence, the expression further simplifies to

D s,y ety (B6)
X

Using a Lieb-Robinson bound, this expression (a matrix
element of a commutator) should tend to zero exponentially
fast as |s| — oo. But, Eq. (B6) bounds |u.{B}(x0)|2 above, so
that |uy B}(xo)|2 also tends to zero exponentially fast as we
send |s| — oo. But, Eq. (B6) is actually independent of s, so
[y 1,>}(xo)|2 must be exponentially small in the system size for
any non-Abelian xy. Hence, all x appearing appreciably in the
expression for Uy must be in Z(G), i.e.,

U= > wp@V@), (B7)

z€Z(G)

where we used the fact Q(z) = V(z) for z € Z(G) alluded to
in Sec. IV. We show that as a consequence of U being local,
u;p}(z) is nonvanishing for only one z = zg € Z(G). Recall
that the operators g, j defined in Eq. (20) obey commutation
relations ’

@,
x (D) i

because z € Z(G) acts like scalar multiplication in all irre-
ducible representations x. Using Lieb-Robinson bounds, and

VeV () = (B8)
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the form of Eq. (B7), it follows that

Urely i Us' =6l iy, (B9)

where 7, ; is an operator that depends only on x and is

localized around s. However, it follows immediately from
Eq. (B8) that g J g7+ commutes exactly with U s for any sites
l,s however widely separated. In conjunction with Eq. (B9),

this implies
T Xt X — T X
03080950y Mx.s = 81,9507+
Using the mentioned locality properties of the operators, and
> gf;.,tglxkj = §,;, it is readily verified that

ni,snx,l =L

But, as these two operators are localized very far from one
another, yet inverse to one another, they must act by scalar
multiplication up to exponentially small corrections in system
size. Dropping the s site label for now we find therefore that

—1 i
UrgiUs' = "]

for all i, j and irreducible representations x where e’% e U(1),
from which it follows

Y oiluraly = alilol e Uy
k k

= €i9X Uf.

But, we can evaluate the left-hand side of this expression using
Egs. (B7) and (B8) to find
x(2)

; U{B}(Z)V(Z)m = ; wp (2)V (2)e'.

Now, each nonvanishing term in the sum is orthogonal [use
usual inner product for operators (A|B) = Tr(A'B)], so the
two sums must be equal componentwise, i.e.,

x(2) io, | _
“{B’@[m e } =0

forall z € Z(G) and all irreducible representations x . Suppose
up is nonzero for some zy. Then, we have

(B10)

(B11)

x(zo0) i
= e X
x (D)
for all x. Substituting this back into Eq. (B11) we find

u ()X (2) — x(z0)] =0

for all z € Z(G) and all x. Now, suppose z; # zo is also in
the center. Multiplying by x*(z;) and summing over y gives
[using the orthogonality relation (22)]

wpy(2)8;,;, = 0.

Hence, u(y(z;) = 0 for any z; # z¢ as required. It follows
therefore that

Ur = upy(z0)V(20),

as required.
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APPENDIX C: LOGARITHMS OF V(g)

Suppose V is a unitary operator with finite order g. Let w
be a primitive gth root of unity. Here, an explicit expression
for the logarithm of this operator log will take the form (for an
order N character)

9 10V) _osv = 1)+ 18(V = o)
2mi

(g — DSV =0
q—1 1 q—1

=) js(V=o)==>Y" jVie
j=0 q k,j=0
g—1

=) Vke, (C1)
k=0

where

o g = Do) — gt + of]
£ glo~* — 1)

APPENDIX D: ORDER PARAMETER CORRELATIONS

In this Appendix, we argue that FM ordered binary drives of
the form (1) which involve a 27 rotation of the order parameter
can be continuously deformed to drives which involve no
rotation of the order parameter, without encountering an
eigenstate phase transition or breaking Ising symmetry. To
this end, it is convenient to specialize to a system with an even
number of sites. We show that a unitary of form

Uty = e "2 X

for 0 < ¢ < 7 can be tuned to a constant path continuously
while maintaining Ising symmetry and fixing the end points
U(0) = U(wr) = 1. This implies that binary Floquet drives of
the form
—it Ziv: X, <
U(t)zie 1A 0<t<m

. . N
e—lH](T—JT)e—Nf Zr:1X77 T < t <7 + tl

where H, is potentially disordered, can be continuously tuned
fixing the value of Uy, to

Ui)=e M 0<r<n.
As the system has an even number of sites, we can split
U@y =[] e,
r odd

It suffices to show that for each pair of sites, we can
continuously deform

U.(t) = e*if(XHer)

to a constant unitary in an Ising symmetric manner, fixing the
end points U, (0) = U, () = 1. Pick an explicit basis for this
two-site system (WLOG r = 1):

Xi®l,=

coo~
cor~o
I
o—oco
— o oo
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L ® X, =

|
—_
= =)

X=X1®X,=

S OO~ OO O~
o

The basis is labeled by X;,X, eigenvalues in order
11,11,11,11 where 1 = —1. At this point, it is convenient
to change basis slightly (2 <> 4 swap) to give

1 0 0 O
won-(s L 00)
0 0 0 1
1 0 0 0
wox-() 10 8)
0 0O 0 -1
1 O 0 0
exenfs ] 00
0 0 0o -1

The basis is now ordered 11,11,11,11. We wish to find all
unitaries which commute with the two-site Ising symmetry X.
Such a unitary must take block-diagonal form

)

with the only requirement being A,D € U(2). Now, con-
sider the unitary U(¢) which in the current basis takes the

D)
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form
U(Z) — 67”){]67”)(2
e !t 0 0 e !t 0 0
_ 0 et 0 0 0 e'’ 0 0
- 0 0 ¢ 0 0 0 e 0
0 0 0 e 0 0 0 et
et 0 0 0
_ 0 e 0 0
o 0 0 1 0
0 0 0 1

To see whether U(t) is deformable to a constant in the space
of unitaries of the form (D1), we need only decide whether

—2it 0
A = (6 0 ezi,)

can be deformed to a constant, fixing its end points A(0) =
A(mr) = 1,, within U(2). But, note that A(¢) lies entirely in
SU(2) c U(2) because det A(¢) = 1. As SU(2) is a simply con-
nected space, i.e, 71 [SU(2)] = {1}, it must be the case that A(f)
can be continuously deformed to a constant while fixing its
end points. In other words, the closed loop defined by A(z) lies
entirely in simply connected space SU(2), and can thus be de-
formed to a point. We can WLOG reparametrize this unitary as

a0=(%" 5

0<t<2n. To deform this to a constant path, use an
interpolating family of unitaries

(™" =2 +1
—cs(1—€')

Do as(l—e™)
Al Y = ( (" — 12 + 1)’

where A € [0,1], ¢;, = cos(wA/2), and s, = sin(wA/2). Then,
A(t,0) = A(t) while A(t,1) = 1 as required.
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