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‘We develop an approach based on edge theories to calculate the entanglement entropy and related quantities in
(241)-dimensional topologically ordered phases. Our approach is complementary to, e.g., the existing methods
using replica trick and Witten’s method of surgery, and applies to a generic spatial manifold of genus g,
which can be bipartitioned in an arbitrary way. The effects of fusion and braiding of Wilson lines can be
also straightforwardly studied within our framework. By considering a generic superposition of states with
different Wilson line configurations, through an interference effect, we can detect, by the entanglement entropy,
the topological data of Chern-Simons theories, e.g., the R symbols, monodromy, and topological spins of
quasiparticles. Furthermore, by using our method, we calculate other entanglement/correlation measures such as
the mutual information and the entanglement negativity. In particular, it is found that the entanglement negativity
of two adjacent noncontractible regions on a torus provides a simple way to distinguish Abelian and non-Abelian

topological orders.
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I. INTRODUCTION

Quantum entanglement plays a central role in character-
izing and distinguishing various phases realized in quantum
many-body systems [1-4]. For example, quantum entangle-
ment as measured by the bipartite entanglement entropy
may be used to distinguish different topological phases, and
to characterize properties of critical points [1-6]. Quantum
entanglement has also been extensively studied in the context
of quantum gravity, in particular in the context of the AdS/CFT
correspondence [7,8].

In this work we will mainly focus on the quantum entan-
glement between spatial regions in topological quantum field
theory (TQFT) in (241) dimensions. TQFTs were extensively
studied after Witten’s seminal work on the Chern-Simons
gauge theory and its relation to the Jones polynomial [9,10].
In particular, in condensed matter physics, TQFTs are widely
used to describe emergent topological phases of matter in
many-body systems, such as the fractional quantum Hall
states [11-13], gapped quantum spin liquids [14], a p, + ip,
superconductor [15,16], and quantum dimer models [17,18].
Quantum entanglement has been verified to be very useful in
characterizing and extracting the topological data of TQFTs.
For example, it was found that the quantum entanglement
can be used to extract the modular S and 7 matrices, which
encode the properties of quasiparticles in topological phases
[19].

There are different measures of quantum entanglement
or correlations, which have their own merits depending
on the case under study. Let us start by listing entangle-
ment/correlation measures of our interest in this work.

A. Different entanglement/correlation measures

First, when the total system is bipartitioned into two
subsystems (regions) A and B, the von Neumann entropy of
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the region A is defined by

SN = —Trpslnpa, (1.1)

where p4 = Trgp is the reduced density matrix of the
subsystem A. Note that when p is a pure state, p = |W) (V|
where |W) is, e.g., the ground state of the total system
SN = §yN.

An alternative measure of bipartite entanglement is the
Renyi entropy

s = In Trp", 1.2)

1—n
which also satisfies S;”) = Sg') when p is a pure state. The
Renyi entropy can provide more information than the von
Neumann entropy, in that, by knowing the Renyi entropy for
arbitrary n, we reconstruct the entanglement spectrum, i.e.,
all the eigenvalues of p4. The von Neumann entropy and the
Renyi entropy are related by S = lim, .1 S ™ or

SN = — lim 3, Trp’;. (1.3)
For a mixed state, it is found that the quantum and
classical correlations cannot be explicitly separated in these
entanglement measures. As an example, let us consider two
subsystems A and A, which are embedded in a larger system.
A; and A, are not necessarily complementary to each other,
and therefore p4,u4, may correspond to a mixed state. In this
case, a useful quantity that can be constructed based on the
entanglement entropy is the (Renyi) mutual information

n)y  _ o) (n) (n)
IAIAZ - SA1 + SAz - SAIUA27 (1.4

which by definition is symmetric in A; and A,. By taking
the n — 1 limit, we define the (von Neumann) mutual
information:

Lsa, = lim 9. (1.5)
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However, it is found that the mutual information does not
have all the proper features to be a quantum entanglement
measure. (See, e.g., Ref. [20], where it is shown that the mutual
information is finite for most of the separable mixed states.) It
will mix the classical and quantum information together, and
can only be considered as a correlation measure.

Yet another quantity, entanglement negativity has been
recently calculated in different many-body systems, such as
conformal field theories and exactly solvable lattice models
[21-24]. The entanglement negativity turned out to be a
computable and useful entanglement measure [25,26]. To be
concrete, given areduced density matrix p4, 4, which describes
amixed state in the Hilbert space H 4, ® H4,, we take a partial
transposition with respect to the degrees of freedom in region
A, as follows:

(62T ) = (e op0ns el (1.6

where T, means the partial transposition on A,, and |e§1)> and
|e§2)) are arbitrary bases in H 4, and H,,, respectively. Then

the entanglement negativity are defined as

Ean, =MTrlpg . (1.7)

The entanglement negativity in quantum field theories can be
computed by using the replica method as [21,22]

Eany = nleiinl InTr(pg 4,)" (1.8)
The trace of the partial transposition of the density matrix on
the replica space Tr(,ogzIU Az)n has different forms depending
on whether n is even or odd. Here we consider the analytic
continuation of the even sequence at n, — 1. The formula
above has been proved to be of great use in the study of the
entanglement negativity in quantum field theories for both
equilibrium cases [21,22] and nonequilibrium cases [27-30].

B. Different entanglement/correlation measures
for a topological quantum field theory

These different entanglement/correlation measures have
been calculated in TQFTs in (241) dimensions. The topo-
logical entanglement entropy (TEE) was first introduced by
Kitaev-Preskill and Levin-Wen [1,2]. First, for topologically
ordered systems in two spatial dimensions, it was shown
that the von Neumann entanglement entropy for a simply
connected region A behaves, in the limit of zero correlation,
as

SN =aL —y, (1.9)

where « is a nonuniversal coefficient, L is the length of the
smooth boundary of A, and —y is a universal negative constant
which is named the “topological entanglement entropy.” For a
general TQFT, y is given by

y=InD=1In /Zdiz,

where d; is the quantum dimension of quasiparticle i, and D
is the total quantum dimension (see Appendix A).

Dong et al. extended the Kitaev-Preskill results to more
general manifolds like torus and a sphere with quasiparticles

(1.10)
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by using the replica trick and surgery method [31]. They
found that the entanglement entropy depends on the universal
data of a TQFT, e.g., the quantum dimensions and the
fusion rules. In certain cases such as the torus geometry, the
entanglement entropy also depends on the choice of ground
state. Later, Zhang et al. studied the entanglement entropy
of topological phases on a torus [19]. By tuning the ground
state and introducing different entanglement cuts, they found
that the modular S and 7 matrices can be extracted from the
entanglement entropy.

Besides the entanglement entropy, other entangle-
ment/correlation measures such as the entanglement negativity
and mutual information which are powerful in the case of
mixed states, turn out to be very useful in characterizing the
properties of a TQFT. Recently, the entanglement negativity
was used to study the topological ordered systems such as
the toric code model [23,24]. It was found that there is
a universal topological entanglement between two adjacent
noncontractible regions on a torus. On the other hand, if
the two regions are disjoint, independent of whether they
are contractible or not, there is no universal topological
entanglement between them. It should be noted that the above
results are obtained based on an exactly solvable lattice model.
It is hence desirable to have more understanding of these
results by studying general TQFTs. The difficulty may be
that the operation of “partial transposition,” which is used in
the definition of the entanglement negativity [see Eq. (1.6)],
is difficult to realize in practice when one considers a general
three-dimensional manifold where a TQFT lives.

Most recently, Ref. [32] used mutual information to study
the topological ordered phases in (2+1) dimensions, as well as
higher dimensions where topological orders are identified as
condensates of membranes. Therein, the mutual information
can be utilized to define the topological uncertainty principle,
which reflects the noncommuting property of nonlocal order
parameters in topological ordered phases [32]. Compared to
the entanglement entropy of topological ordered phases, it
is noted that the mutual information has the merit of being
ultraviolet finite for two disjoint regions.

C. Our motivations

In this work our motivations to revisit the topological entan-
glement entropy and other entanglement/correlation measures
of a TQFT are mainly as follows.

(1) In the calculation of the topological entanglement
entropy of a Chern-Simons theory on a general manifold,
one needs to evaluate the Chern-Simons path integral on a
3-manifold. In particular, when using the replica trick, one
needs to consider a n-sheeted Riemann surface space-time and
glue them together, which may be very complicated. In this
work, we hope to develop an alternative edge theory approach,
which may simplify the calculation. It should be noted that the
edge theory approach to the topological entanglement entropy
of a TQFT on a simple manifold such as a sphere, or a cylinder
with definite topological flux, has been studied in several works
[1,33-36]. However, as far as we know, there are still many
open issues to be understood. For example, how do we use the
edge theory approach to study the topological entanglement
entropy of a TQFT on a general manifold of genus g? How is
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the effect of fusion and braiding of Wilson lines/quasiparticles
reflected in the edge theory approach? How do we extract
topological data of the underlying theory from the edge theory
approach?

(2) Till now, some other entanglement measures such as
the entanglement negativity of a TQFT has not yet been
studied with the field theory approach. Although some results
have been obtained based on the lattice models [23,24], it
is still desirable to understand the general structure of the
entanglement negativity for a general TQFT. Can we use
the edge theory approach to fulfill this aim? Moreover, in
Refs. [23,24], the lattice model under study is in an Abelian
topological ordered phase. Then it is natural to ask what is the
result for a non-Abelian topological ordered phase? Is there
any qualitative difference between Abelian and non-Abelian
theories? We hope to answer these questions in this work.

D. Summary of main results

Using the edge theory approach, we found a systematic
way to study the topological entanglement entropy, mutual
information, and the entanglement negativity for a (241)-
dimensional Chern-Simons theory on a general manifold. The
effect of braiding and fusion of Wilson lines can be straight-
forwardly incorporated in the calculations. In particular, we
have obtained the following results.

(1) On topological entanglement entropy. By using the edge
theory approach, we calculated the entanglement entropy for
given spatial regions in Chern-Simons theories defined on
a general manifold. Our results agree with the path integral
calculations for all the cases considered in Ref. [31]. A
technical advantage of our approach, as compared with the
path integral (surgery) calculations, is that the edge theory
approach greatly simplify the calculation in that we do not
have to consider complicated 3-manifolds which may appear
in the surgery method. The effect of braiding Wilson lines can
be also considered, instead of using skein relation [9,31], by
simply introducing the braiding matrix or R symbols, which
makes the calculation more transparent. We also found that,
in the presence of multiple Wilson lines, by considering a
generic superposition of states, the R symbols, monodromy,
and topological spins of quasiparticles/anyons can be detected
in the entanglement entropy, through an interference effect.
Finally, we also applied our edge theory approach to more
general manifolds of g genus, which may be difficult to handle
in the replica trick due to the complicated 3-manifolds which
may arise as a result of surgery.

(2) On topological mutual information and entanglement
negativity. We gave explicit calculations of the topological
mutual information and the entanglement negativity in Chern-
Simons theories. In particular, to our knowledge, the results on
the entanglement negativity in a Chern-Simons field theory are
given for the first time. Moreover, compared with the previous
works on lattice models, we obtained some new results for
two adjacent noncontractible regions on a torus. In Ref. [23]
it was found that the entanglement negativity in this case is
independent of the choice of ground state. Based on our field
theory result, it was found that the entanglement negativity
is dependent (independent) on the choice of ground state if
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the system is in a non-Abelian (Abelian) topological ordered
phase.

Along with these results, we will also point out that, when
using edge theories to calculate entanglement/correlation
measures, the boundary states must be regularized/normalized
properly. In the previous works [33,34], the proposed state,
which is a superposition of different Ishibshi states, is
regularized as a whole (see next section for details). We found
that this regularization scheme cannot recover the correct
topological entanglement entropy for a Chern-Simons theory
on a general manifold. In this work, we regularized each
Ishibashi state separately. Then a general quantum state can be
expressed as a superposition of different regularized Ishibashi
states. With this new regularized state, we can obtain the
correct topological entanglement entropy as well as other
entanglement/correlation measures for a Chern-Simons theory.

The rest of the paper is organized as follows. In Sec. II we
start by introducing a new regularized state, based on which
we can calculate the spatial topological entanglement entropy
in a Chern-Simons field theory. Subsequently in Sec. III, we
apply our method to the calculation of the Renyi and von
Neumann entanglement entropy for a Chern-Simons theory
defined on various kinds of manifolds. The effects of braiding
and monodromy of quasiparticles are also studied in this
section. In Sec. IV we study the spatial mutual information
in Chern-Simons theories. We consider different tripartitions
of a torus, and calculate the mutual information accordingly.
In Sec. V we show how to calculate the left-right entanglement
negativity for a general regularized state. Then we apply this
method to the calculation of the entanglement negativity on a
torus with different tripartitions. Finally, we conclude our work
in Sec. VI. We also include several Appendixes containing
a brief review of modular tensor categories (Appendix A),
the topological data of SU(2); Chern-Simons theories, and an
alternative method of calculating the entanglement negativity
for several cases (Appendix B).

II. LEFT-RIGHT ENTANGLEMENT ENTROPY

A. Regularized state at the interface

In this section we introduce basics of boundary states in
(141)-dimensional conformal field theories. These boundary
states will be used later to describe the reduced density
matrices of (241)-dimensional topologically order phases,
but in this section we study boundary states and quantum
entanglement in isolation. In particular, we will discuss how
we need to regularize these boundary states properly.

In the study of quantum entanglement, the regularized
boundary state was first introduced in the quantum quench
problem [37,38]. Later, this concept was used to study the
spatial entanglement entropy of a topological ordered system
[33]. Most recently, the similar idea was used to study the
entanglement entropy between the left- and right-moving
modes of the regularized boundary state [34]. To be concrete, in
Refs. [33,34] the regularized boundary state has the expression

1B) = |B),

@2.1)

5
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where e € is a regularization factor, H is the Hamiltonian,

N3 is a normalization factor, and the conformal boundary
state | B) can be expressed as a linear combination of Ishibashi
states |h,)), which are solutions to the conformal boundary
condition

Lu|b) =L_,|b), VneZ. (2.2)

a in |h,)) is used to label the primary field in a CFT, or the
type of quasiparticles in the corresponding TQFT. L, is the
generator of chiral conformal transformations which is defined
through a Laurent expansion of the stress-energy tensor 7'(z) =
D nez 77" 2L,,and L, is the generator of antichiral conformal
transformations which is defined in a similar way. Note that the
Hilbert space of a CFT can be written in terms of holomorphic
and antiholomorphic sectors, i.e.,

H =iV ® Vi,

h,h

(2.3)

where the non-negative integer n;, ; denotes the number of
distinct primary fields with conformal weight (h,h). For
simplicity, here we only consider the diagonal CFTs with
ny i = 8,;. Then the Ishibashi state |h,)) which satisfies
Eq. (2.2) can be expressed as a linear combination of states
in V, ®V,—,a. By using dj,,(N) to label the dimension of
subspace for level N of the conformal family, we can denote an
orthonormal basis |h,,N; j) for V,,, and similarly |h,,N; j)
for V;la, with 1 < j < dj,(N). Then the concrete form of
Ishibashi state |k,)) can be written as

oo di,(N)

ha)) =Y Y 1ha:N3 j) ® Tha, N J).

N=0 j=I

2.4)

For arational CFT (RCFT), in which there are finite number of
primary fields, the conformal boundary state may be expressed
as

1Bi) =) Wi lha)). 2.5)

The concrete form of ¥/ is related with the modular S matrix
as follows:

Siu
SOa .

In Refs. [33,34] the regularized boundary state in Eq. (2.1)
was suggested to study the spatial entanglement entropy for
a topological ordered system in (2+1) dimensions. As will
be studied in detail later, it is found that this state cannot
recover the topological entanglement entropy for a Chern-
Simons theory on a general manifold. There are mainly two
reasons as follows:

(i) For a conformal boundary state defined in Eq. (2.5), the
amplitude v/ is fixed through the modular S matrix. However,
to study the topological entanglement entropy for a Chern-
Simons theory on a general manifold such as a torus, the
ground state can be chosen as an arbitrary superposition of the
minimum entangled states (MESs) [19]. There is no reason to
fix the coefficient ¥/ as in Eq. (2.5). This indicates that we
should choose a state that can be in an arbitrary superposition
of Ishibashi states |h,)).

vl = (2.6)
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e—eH

(ii) The regularization factor TN in Eq. (2.1) acts on the
state in a “collective” way (i.e., the regularization factor is
not defined for each Ishibashi state independently, but for the
whole superposition thereof). This is, however, not the only
way to regularize the state. We may instead regularize each
Ishibashi state separately. This suggests that we may arrange a
regularization factor 67:: to each Ishibashi state |A,)), with the
normalization factor n, depending on the primary field a. As
will be shown later, this “individual” way of regularization
can correctly recover the spatial topological entanglement
entropy for Chern-Simons theories while the collective way
of regularization cannot.

Based on the above analysis, we consider an appropriate
regularized state as follows:

—eH
) = ;mmm where  [b,)) = eﬁlha)), 2.7
with n, being a normalization factor so that
((Balbp)) = Sap- (2.8)

Note that n, depends on the type of primary field (or
topological sector) a. The amplitude ¥, in Eq. (2.7) is a
complex number which depends on the choice of ground state
of the Chern-Simons field theory on a general manifold. For
the form of the Hamiltonian H, following Refs. [33,34], we

consider
2 — c
H="(Lo+Lo~ 15 )

B (2.9)

where [ is the length of the circle where the state |y/) is defined,
e.g., the interface between the subsystems A and B in Fig. 1(a).
c is the central charge of the underlying CFT. The term
proportional to ¢ arises from the conformal transformation
from the plane to the cylinder. It is also instructive to rewrite
the Hamiltonian in Eq. (2.9) as a sum of “chiral Hamiltonian”
(or left-moving Hamiltonian) and “antichiral Hamiltonian” (or
right-moving Hamiltonian) as H = H + Hg, where Hj =
Z(Lo— &) and Hg = (Lo — £).

Now we are ready to calculate the normalization factor n,
in |h,)) as follows:

1

((harlba)) = ———="((hale > |ha))
Ny /My
1 oo dp,(N) )
= —Su/(l Z e_%(ha_FN_ﬁ)
Via/Ta T T
‘Sa’a _ 8me
= 2 (e7F), (2.10)
Ny
where we have used
Lolha,N; j) = (hg + N)|ha,N; j) (2.11)

and i, = hg. By requiring that ((h,|hs)) = 845, one can obtain
the normalization factor n, as

e = s, (¢ 7). (2.12)

Note that for different primary fields or topological sectors a,
n, are usually different.
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FIG. 1. Various setups discussed in Sec. IIIA. (a) A S? is
bipartited into two subsystems A and B, with the interface labeled
by b. (b) A S? with a quasiparticle a and an antiquasiparticle @. A
Wilson line connecting the two quasiparticles threads through the
interface b. The two quasiparticles correspond to two punctures, and
therefore the geometry in (b) is equivalent to a cylinder in topology.
(c) A S? with two pairs of quasiparticles. (d) A S? with N pairs of
quasiparticles.

For later use, let us introduce the modular transformation
property of the character x in CFT, i.e.,

(2.13)

Xha (6_8776) = Z Saa’Xh(,/ (e_% ) s
a/

which follows from applying the Poisson summation formula
to the explicit expressions of the character y in Eq. (2.10), with
S, being the matrix elements of the modular S matrix [39].
In RCFTs, S is a finite dimensional unitary matrix indexed
by primary fields (or the types of quasiparticles in TQFTs)
{l,a,b,c, ...}, where I = O labels the identity operator. The
antiquasiparticle of a is denoted by @, which is the unique
quasiparticle that can fuse with a into I (see Appendix A for
more details).

To avoid confusion, it is helpful to remind ourselves that we
will use primary fields, quasiparticles, anyons, and topological
sectors back and forth when referring to the label a in
|ha)).

In addition, throughout this work, we are interested in
the spatial entanglement on different closed 2-manifold M.
Following Ref. [31], we consider each two-dimensional spatial
manifold as the boundary of a three-dimensional space-time
manifold B, i.e., M = 01, so that it is convenient to include
the effect of braiding Wilson lines, etc. (See Ref. [31] for more
details.)
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B. Left-right entanglement entropy

We now study the reduced density matrix associated with
the (regularized) boundary states, when we take the partial
trace over the right-moving sector. In particular, we will
compute the “left-right” entanglement entropy associated with
the reduced density matrix. This calculation is a necessary
exercise for later sections where we calculate various entan-
glement/correlation measures in topological quantum liquid.

To see the connection between the left-right entanglement
entropy and the topological entanglement entropy in the
simplest setup, let us consider the geometry in Fig. 1(a) for
example. Following Ref. [33], one can use the “cut and glue”
strategy. By cutting the sphere into two semispheres A and
B, one has a left-moving chiral CFT (with Hamiltonian H})
and a right-moving antichiral CFT (with Hamiltonian Hg)
on the two physical edges of A and B, respectively. In this
case, the left- and right-moving CFTs are the low energy
excitations of the subsystems A and B, respectively. Next,
by turning on a relevant interedge coupling A H;r between
the two edges, the total Hamiltonian for the coupled edge
states is Hy + Hg + AHpr. For a small enough A, the bulk
states in the subsystems A and B are almost not affected.
Therefore, the entanglement between the subsystem A and
subsystem B are reduced to the entanglement between the
left- and right-moving edge states.

Now let us calculate the left-right entanglement entropy
of the regularized state in Eq. (2.7) explicitly. We start by
evaluating the reduced density matrix for the left-moving
sector

Trr(1¥) (¥ 1)

Trg (ZZwam)ﬂhm«m)
=) Wl oL

where we have defined

oL

(2.14)

Pra = Trr(1Ba)) ({al)
1 us3 c
=Y —e TN N ) (hao N3 (215)
n

Nj
(The reduced density matrix for the right-moving part will give
the same final result since S; = Sy for a bipartite system in

a pure state.) To obtain the von Neumann entropy or Renyi
entropy, it is convenient to first calculate Trz (pr)" as follows:

Tro(oL) = ) 1Wal Tri(pr.a)"

a,N,j

2n
_ Z |¢u| X, (e_g"l&)

nl’l
a a

2n
= |wa| Zsaa’)(har (3_%),

a a a’

where in the last step we have used the modular transformation
of the character x;,. By using the explicit form of n, in
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Eq. (2.12), Try(p.)" can be further written as

Trp (o))" =

Z'w 2n Z S‘w 'Xhy (6‘ 7HIE)
[0 Saasn, (e75)]"

= WG (S0 "
a

where in the second line we took the thermodynamic limit
l/e — o0, and noted

im Y Suaxn, (¢75¢) = Swe o, (2.17)

l/e—00

i.e., only the identity field /, labeled by “0” here, survives
the limit. Then based on the definition in Egs. (1.2) and (1.3),
one can immediately obtain the Renyi entropy and the von
Neumann entropy as

s — 1 ! Try(pL)"

n
I1—n  (Trppp)
l+nmcl —
= 2 _mp I ngln
n 48 ¢ + —n HXa:WM ¢
n 2
- l_nanI:hﬁﬂ s
N 2T p y Zalll Indy B e Inil
24 € > 1Vl > o Wl
(2.18)

+1In ) |yl
a

where we have used S,0 = d,/D [see Eq. (A15)]. The first
terms in S;‘") and SZN in Eq. (2.18) are ultraviolet divergent and
nonuniversal, corresponding to the so-called “area law” term
in Eq. (1.9). The left terms in Egs. (2.18) are independent of the
details of the system. They are determined by the topological
property of the system as well as the choice of states, and
therefore are universal.

As a comparison, if one follows the method in Refs. [33,34]
to regularize the state in a collective way [see Eq. (2.1)], then
one gets [34]

l Z Sa0|wa|21n|wa|2
SVN E 1 |wa 28a _ a ,
g Z L Swlval

(2.19)

which will not recover the correct topological entanglement
entropy for a Chern-Simons field theory on a general manifold.
Nevertheless, it is noted that for the specific case |/|*> =
dqa’» Namely the state under consideration, is in a definite
topological sector a, there is no difference between the two
methods of regularization. In this case, both Eqs. (2.18) and
(2.19) will lead to S}N = Z¢L —InD + Ind,.

In the rest of this work, for most cases we have Y [/, |2 =
1, and then the Renyi entropy and the von Neumann entropy
for the left-moving CFT (or the right-moving CFT) can be
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further simplified as

sy =

1nZ|1/fa 2ndl -

cl
SZN—Q-—IHDWLZ'%' Ind, —Zw In [vq].

(2.20)

Before ending this section, it is worth mentioning that we
will come across in a later section the state of the form

=P valba))

in the study of multi-Wilson lines. Then the reduced density
matrix p; can be expressed as p, = P, |¥al?pr.a» With the
same o , defined in Eq. (2.15). It is straightforward to check
that Trz(pr)" has the same expression as Eq. (2.16). This
indicates that our results in Egs. (2.18) and (2.20) still hold
for this case.

2.21)

III. TOPOLOGICAL ENTANGLEMENT ENTROPY

In this section, by using the edge theory approach, we study
the entanglement entropy associated with a given spatial region
in Chern-Simons theories defined on different kinds of two
spatial manifolds.

A. Sphere
1. Sphere

As shown in Fig. 1(a), let us consider a Chern-Simons
theory which lives on the simplest closed manifold in two
spatial dimensions, i.e., a sphere. We are interested in the
entanglement entropy for the subsystem A (B). For simplicity,
let us first assume that there is no quasiparticle on the sphere,
and therefore no Wilson lines thread through the interface b.
In this case, one has |1/,|> = 840 for the regularized state in
Eq. (2.7). Then by using the results in Egs. (2.20), one can
immediately obtain

_ l4+nmcl

sy = ———InD,
A n 48 ¢ n
wel
SN="C"_ID. 3.1
AT g G-I

Based on the equation above, one can find that the topological
entanglement entropy is independent of the Renyi index n, and
only depends on the total quantum dimension D.

The above calculation is based on a S? with a single
interface between A and B. It is straightforward to generalize it
to a S? with multiple (=M ) interfaces between A and B. In this
case, the wave function under consideration can be expressed
as

) = &L [h7)): (3.2)
where i labels the ith component interface, and I refers to the
identity primary operator. By using the method in Sec. II, one
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obtains the Renyi and the von Neumann entropy as

l4+nmc M l;

s = —NY L _MnD,
n 48 — €
TC M l;
SN=""N"2 _ MhD, 3.3
AT gl n (3.3)

i=1

where [; represents the length of the ith component of AB
interface. For the universal part of the entanglement entropy,
one can find that each interface contributes — InD.

2. Sphere with two quasiparticles = cylinder

As shown in Fig. 1(b), let us now consider a sphere with two
quasiparticles, with a in subsystem A and a in subsystem B.
This configuration corresponds to a S with two punctures,
which is equivalent to cylindrical topology. In this case,
there is a Wilson line corresponding to topological sector a
threading through the A B interface. Then one has |/, 12 =844
for the regularized state |¢) =, ¥ |hs)). Then, based
on Eq. (2.20), the Renyi and the von Neumann entropy for
subsystem A have the expressions as follows:

1 !
Tl 6D+ Ind,,

S(") —
A n 48 ¢

s =L 10D 4 nd

4T e “
Again, the universal part of entanglement entropy is inde-
pendent of the Renyi index n. Compared with the results on a
sphere with no quasiparticles, the entanglement entropy here is
increased by Ind,. The physical picture is as follows: For d, >
1, the underlying theory is non-Abelian. The quasiparticle a
and antiparticle a can fuse into, apart from the identity I,
other types of quasiparticles. This increases the uncertainty
that is shared by the two semispheres. If the underlying theory
is Abelian, then d, = 1 and Ind, = 0. This is because in the
Abelian case, a and @ can only fuse into 7, and therefore cannot
increase the uncertainty shared by A and B.

3.4

3. A sphere with N Wilson lines

As a generalization of the previous part, it is natural to ask
what is the entanglement entropy of the subsystem A(B) if
there are more than one Wilson line (or more than one pair of
quasiparticles) on a sphere, as shown in Figs. 1(c) and 1(d). The
strategy we will use is to fuse the quasiparticles (or anyons)
based on the fusion rule:

a®b =N, (3.5)

where the fusion coefficients N, are non-negative integers,
and a,b,c represent the topological or anyon charges. In the
following discussions, for simplicity, we will consider the
multiplicity-free case, i.e., N;, =0 or 1. For the case with
N, > 1, one needs to include an orthonormal set of bases to
count the number of times that ¢ appears by fusing a and b.
As a warm-up, let us first consider the case with two Wilson
lines. As shown in Fig. 1(c), the two Wilson lines are in
topological sectors a and b, respectively. After the fusion,
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the state at the interface may be expressed as

W) = ED Vi lbape)- (3.6)

For the regularized Ishibashi state |h,;—..)), it has the same
expression as |h.)), as defined in Eq. (2.7). However, we
use |hup—c)) instead of |h.)) to emphasize that now the
orthonormal property of |h,,—.)) also depends on the fusion
history, i.e.,

< (bah—w | ba’b’—n" >> = Saa'Opty Occ'

In the surgery method [31], to obtain this result, one needs
to glue Wilson lines a and b with Wilson lines a’ and
b’, respectively, resulting in the factor 8,,8p,. From the
topological field theory, it can be shown that v{, in Eq. (3.6)
satisfies [1] (see also Appendixes)

3.7

2 . d,
|¢;b| = abﬁczNdeadby

where d; is the quantum dimension of the quasiparticle i, and
P, is the probability of fusing a and b into c. It is required
that ) Pay—. = 1, and therefore

dady =Y NGyd..

(3.8)

(3.9)

The density matrix corresponding to the state (3.6) can be

written as
p =P vl e
C

with o = [Bap—e)) ((Dap—sc|. Based on the discussion around
Eq. (2.21), one can directly use the results in Eq. (2.20). Then
the Renyi entropy for subsystem A is expressed as

trnmel ppy ! N I
G.11)

(3.10)

(n) _
S, =

n 48 ¢ 1—n

By using Eqgs. (3.8) and (3.9), one can further obtain

1 l 1 N¢ d,
Sl(:): +nE——]nD+man ab

n 486 - (dadh)n
| !
_ 2Tl Dt ind, +Ind,, (3.12)
n 48 €
sy Dt nd, + Ind
AT 24 T

Based on the above example, now we are ready to study the
more general case with N Wilson lines threading through the
interface, as shown in Fig. 1(d). Suppose that the N Wilson
lines are in topological sectors ay,as, . .. ,ay, respectively, let
us fuse them in the following order. We first fuse a; and a;
into by, and then fuse b; and a3 into b,. By repeating this
procedure, we finally fuse by_, and ay into c¢. The state we
need to consider can be expressed as

) = @ VS G102, by 2)|Dayay ). (3.13)
{bi},c

Note that the direct sum is not only over ¢, but also over
{b;}, which means that the final fusion result also depends on
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the fusion channels {b;} in the middle. For a specific fusion
channel in {b;}, one has

|w;1 a, ...aN(bth,... bN72)|2
N e Ny d,

aNbN 2 tl;h

ddN de72 daz dbl

alazdbl
dg,da,

NL . sz Nbl dc

b : b .
anby-—2 azby” "aa daN . dazdal

(3.14)

Based on the wave function (3.13), and relabeling
sl,az,...,a,v(bl’b% ...,by_2) as ¥(b) to simplify notations,
the Renyi entropy of the subsystem A can be expressed as

1 !
sm_1tnrTel _yp
n 48 ¢

L
1—n c b b

After some simple algebra, one obtains

3 i) dl . (3.15)

by—2

1+nncl
S(’l) — —— —InD E 1 da-’
A n 48 ¢ + , i
VN_ncl
SA _ﬁz—]n'D—i— E lndai. (3.16)

These results (3.16) can be easily understood by considering
the additivity property of entanglement entropy. Each Wilson
line in the topological sector a; increases the entanglement
entropy by Ind,, .

B. Torus

In this part we consider a torus with a two-component A B
interface. There are many ways to slice the spatial surface, and
here we mainly focus on the two slicing shown in Figs. 2(a)
and 2(b), respectively.

1. Connected B region

As shown in Figs. 2(a) and 2(b), for the torus geometry,
the Wilson loop can in general fluctuate among different
topological sectors a with probability |v,|?. In this case, the
ground state may be written as

=D VW), (3.17)
b1
b1 b2
@) (b)

FIG. 2. A T? with a two-component AB interface. The region
B is connected in (a) and disconnected in (b). b; and b, denote
the interface that separates A from B. The red solid line represents a
Wilson loop which may fluctuate among different topological sectors.
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where |W,) represents the state that the Wilson loop is in a
definite topological sector a. In Ref. [19], |W,) are also called
minimal entangled states (MESs). It is noted that here we use
the bulk wave function |WV) to distinguish it from |i¢) which
represents the state at the interface.

For the configuration in Fig. 2(a), the Wilson loop threads
through both b, and b,. Then the wave function at the interface
may be written as

Z Va02)) @ [622)).

e*GH,‘

where  [p%)) = |h%), i=1.2,

a

i

Ny

H_Zn L+ T c
T\ )

_8me

nZ" = Xn, (e li )
[; represents the length of the ith component of interface. Then
by following similar procedures in the case of single interface
on a cylinder, we can get the reduced density matrix for the
subsystem A as

(3.18)

pa =Y |Val’p} . ® Py (3.19)

with

pzl,az bl Ze 11 |ha’N1’]1)<ha ,Nl,JI}
Ma Niji

S W Nas R N ], (320)

@ Ny, ja

bz _
IOA,a -

where we have considered that the chirality of edge states at
b and b, are opposite to each other, if there is a physical cut.
Then one can get

Z |l/f 2n 1_[ [Za,- SaaiXhu, (67%)]
i=12 [Za, Saa; Xh,, (6_7;7)]"

where we have used the modular transformation of characters
Xh,, - In the thermodynamic limit //e — oo, Eq. (3.21) can be
further simplified as

J'r((11+l2)
TrA(pA) —e¢ s G ”)Zw,u Zn(s )2 2n

. (32D

TrA )OA

(3.22)

Then by using the definition in Eq. (1.2), one obtains the Renyi
and von Neumann entropy for subsystem A as follows:

1+n7rcll+12
n 48 €

1 2n 32—2n
1_nln;|m| >,
Ww_ Tehi+h
474 €

+ 2 Wl Ind, = ) [Yal* In |l

—2InD

sV =

+

—2InD

(3.23)
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The first term above is the area law term. The left terms, which
are universal, are exactly the same as the results obtained with
replica trick and surgery method in Ref. [31]. The topological
entanglement entropy in this case depends not only on quantum
dimensions but also on the choice of ground state. On the other
hand, it is noted that the formulas in Refs. [33,34] cannot
recover this result, because of the inappropriate regularization
scheme.

2. Disconnected B regions

As shown in Fig. 2(b), this case is trivial compared with
the configuration in Fig. 2(a), since there is no Wilson loop
threading through the interface b, and b,. In this case, we
simply make [Wal> = 840 in Eq. (3.23). Then one can obtain
the Renyi entropy and the von Neumann entropy for subsystem
A as follows:

1 l l
SX') — Itnmeh+h —2InD,
n 48 €
l l
sN_ZDER oD, (3.24)
24 €

The universal parts of the entanglement entropy in Eq. (3.24)
agree with the results in Ref. [31], as expected. In addition,
by comparing with Eq. (3.3), it is found that the results here
are the same as the entanglement entropy for a S? with a two-
component AB interface. This is reasonable by considering
that the Wilson loop in Fig. 2(b) does not thread through the
AB interface, and therefore has no effect on the entanglement
entropy of the subsystem A (B).

3. Effects of the modular S matrix

Now we consider the bipartition of a torus as shown in
Fig. 3. In this case it is convenient to consider the Wilson loop
that threads through the entanglement cut, i.e., the Wilson
loop threading through the exterior of the torus around the
meridional cycle. As shown in Fig. 3, by labeling the basis of
the degenerate ground state as |W,); and |W,),,, respectively
(I represents “longitudinal” and m represents “meridional”),
where |W,); (|Wp),,) represents the state that the Wilson line
along the longitudinal (meridional) circle carries a definite
topological flux a (b), we can express the state in Eq. (3.17)
with either set of bases. In particular, the two sets of bases are

FIG. 3. A T? with a two-component AB interface labeled by
b, and b,. Compared to Fig. 2, the bipartition is along the other
noncontractible cycle on T2. The red (magenta) solid line represents
the Wilson loop threading through the interior (exterior) of the torus
along the longitudinal (meridional) circle.
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related by the modular S matrix as follows [19,40]:

(Wai =Y Sap| W) (3.25)
b
Then the state in Eq. (3.17) may be rewritten as
W) = > YalWaki
=> (Z mm) | Wo)m
b a
(3.26)

=Y Gl Wohm,
b

where we have defined ¢, = >, ¥;S;,. Then the state at the
interface can be expressed as

W) = dal0l)) © [02)).

By using the formulas (3.23), one can immediately obtain the
Renyi and the von Neumann entropy of subsystem A as

l4+nncli+1
n 48 €

1
Iny |, d) ",

1—n
VN_JTCll—‘rlz
4724 .

+2) I¢al’Ind, =Y |gal* Inlga’.  (328)

(3.27)

—2InD

(n) _
S, =

+

—2InD

As an example, let us consider the specific case ¥, = §,0 in
Eq. (3.17), i.e., the Wilson loop a in the longitudinal circle
is in the identity topological sector /. For the entanglement
cut in Fig. 2(a), the universal parts of SX’) and SN are both
—21InD, which is in the minimal value. On the other hand,
for the entanglement cut in Fig. 3, we have ¢, = Sy, = d, /D,
and then it is straightforward to check that the universal parts
of $4” and S3N are both 0, which is in the maximal value. This
is as expected by considering that the Wilson loop operators
corresponding to the longitudinal and meridional circles do
not commute with each other.

C. Manifolds of genus g

In this part we consider general manifolds of genus g. As a
warm-up, we will first consider a simple case with g = 2, and
then move on to the general case with arbitrary g.

1. Double torus

Let us consider a double torus with three components of A B
interfaces as shown in Fig. 4. We consider two independent
Wilson loops that thread through the A B interface along the
longitudinal circles [41]. For the configuration in Fig. 4, where
the Wilson loops a and b fluctuate independently, the bulk wave
function may be written as

W) = (Z vfa|wa>> X <; w|wh>>. (329)
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FIG. 4. A manifold of genus g = 2. We have three components
of AB interfaces labeled by by, b,, and bs, respectively. The red
solid lines a and b represent two independent Wilson loops threading
through the interior of the double torus along the longitudinal circles.

Focusing on the A B interface by, b, and b3, the wave function
may be expressed as

W) =D V¥ b)) @ (@cwsy [2_.)) ® [B7)).  (3.30)
ab

where we have used b; with i =1,2,3 to label the ith
component of AB interface. The fusion probability at in-
terface b, has the form |y¢,|> = N%d./d,d,. Then the
reduced density matrix for the subsystem A may be written
as

pa = Trp|) (Y|

1
= Wal' 1Y
a.b gy

x 3 e WO R Ny (R N |
Ny, ji

8me c
=T (hp+N3—757) | 1. b3 . bs .
® Y e nh #hy’ N3 ja){hy N33 s
N3, Jj3
_ 8re(he+Ny—47)

e "

Na,ja

Ng, d.

® | D,
ne dadb

x |2 Nas jo)(h2 N o (3.31)

Note that for the configuration in Fig. 4, imagining a physical
cut along by, by, and b3, then there may be an ambiguity in
defining the chirality of edge states for the subsystem A (B).
Here, for simplicity, we choose all the edge states to be left
moving. In fact, it can be checked that the freedom of choosing
the chirality of edge states has no effect on the entanglement
entropy. In the rest of this work, once there is an ambiguity
in defining the chirality of edge states, without affecting the
results, we may choose it to be left moving.
Based on p4 in Eq. (3.31), one can obtain

ny __ 2n 2n 1 " dL' " c
Tr(ph) = Y [al™ ¥l <—nan,,nc za ) Nev

a,b,c

_ 8mne __ 8mne

s (€ Y xm (e R )on (e B).

(3.32)
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In particular, for n = 1, this reduces to

de ..
db ab

Tr(pa) = D WPl

a,b,c

=" Wal’ 19l
a,b

= (Xajnw) (Xb]wz), (333)

as expected. Here we consider the normalization condition

o, Wal> =3, I¥s|* = 1, and therefore Tr(ps) = 1. By us-
ing the modular transformation property of the character xj,,

Tr(p’) in Eq. (3.32) may be rewritten as

d. \" .
Tr(ph) = ) |wa|2"|wb|2”<m) 5,

a,b,c

nl;

! Sju/ _ﬁ

x l_[ Za X (e_i ) -
i=a,b,c [Za’ Sia' X (e * )]

Taking the thermodynamic limit /; /e — 0o, we obtain

dc n .
Tr(ph) = Y |wa|2"|wb|2"<dadb) N, -

a,b,c

1—
da db dc i e Li+h+i3 (l,n)
X —_—— e48 € n s

(3.34)

DD (3.35)

which, after some simple algebra, can be further simplified as

Tr(p}) = (Z |wa|2”d§2") (Z |wb|2”d§‘2")
a b

¢ [+t
Rl
Dfn

Then the Renyi and the von Neumann entropy of subsystem
A can be obtained as

y (3.36)

SO = II”Z—;llﬂeﬁh —3InD
- 11n1n2a:|¢a|2"d§—2"
+ llnln;w”d,%z",

SXN=%@—3MD

+ 2 WalInd, — ) [l In [yl
+ 2 [WlPInd, — Y [l Iy’ (3.37)
b b

Compared with Eq. (3.23) for a torus with g = 1, the above
result is easy to understand by considering the additivity prop-
erty of the entanglement entropy. Take the Renyi entropy for
example, each component of interface contributes to — In D;
and each Wilson loop contributes to = In >, |y R
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FIG. 5. A manifold of genus g with g = N. We have a (N + 1)-component interface labeled by by,b,, ..

.,by41, respectively. We consider

N independent Wilson loops that thread through the interior of the manifold along the longitudinal circles. Each Wilson loop (red solid lines)

can fluctuate among different topological sectors independently.

2. Manifolds of genus g

Now we study the case of a manifold of genus g withg = N.
As shown in Fig. 5, we consider N independent Wilson loops
labeled by aj,a, ... ,ay threading through the interior of the
manifold along the longitudinal circles. Each Wilson loop can
fluctuate among different topological sectors independently.
Then the bulk wave function may be written as

Now we choose the entanglement cut as shown in Fig. 5, so
that we have a (N + 1)-component interface. Then the state at
the interface can be expressed as

Y VaVe -

ajax--ay

® (GBCZI/IGMZ |ha102%6‘2>)) Q-
® (GacN ay- 1aN|baN laN%CN))) ® \bzxﬂ»’

where the probability of fusing quasiparticles a;— and q;
into ¢; is |Yaa, > = N51121]+1d 21 /dg;dg,.., . Following similar
procedures in the previous part, one can get

| n
2n
29 o
by b
nai naxﬂ

(3.38)

wllzv |hz: ))

(3.39)

= Z |%1|2"|1/fa2|2”---

ar2,..N
Z | a1a2| iwtlza3| ” . ’waN 161N‘
€2,3,....N (ni);) ( IC? )” (nIC’/]\\/,)
X Xha, (6_87%))(;1% (e_’ixj ) 1_[ Xn,, (6787’%).

i=2

By using the modular transformation property of the character
Xn;» and taking the thermodynamic limit /; /e — oo, Tr(p’)
can be simplified as

Tr(oh) = D [Wa " Vo™ |V |
ain,..N
d n . dc n o
) CZ;‘N <da1daz> Nalzaz o <m> NaN—laN

N 1—n
d, d d e T
ay Gay fo T = —7}1)
% (D D I [ D) er (3.40)

The sum Z can be easily done by considering that

..... c

simpllﬁed as

Tr(ph) = 3 Wl " [al” - [V |

ara,..N

—2n

2
N 1—n
1 1rz 1 li
- )
X (l |dai> (D1+N> e®
i=1

I—n N+1,,
Il X e L) e
di a; DI+N ’

i=1

based on which we can immediately obtain the Renyi entropy
and the von Neumann entropy of subsystem A as follows:

o 1+n£l1+"'+11\1+1 _
S = —— - (N + 1)InD
1 N 2 2-2
f | Sl
i=1 a;

w_ meh+ 4y
SN =~ (N + DD

+Z(22|wa,|lnd Z|xpai|21n|¢a,.|2>.

(3.41)

For N =1 and 2 we recover the results (3.23) and (3.37),
respectively. It is found that the coefficient in front of —InD
equals the number of components of the AB interface. For
each Wilson loop a; that threads through the entanglement cut

with probability [y, |2, it contributes to the Renyi and von
Neumann entropy as

N
AS{, =y 2 [Z Vol (daf>2‘2'l],
i=1 a;

2

ASN, = Y In (3.42)

a; | ﬂi|

In fact, we also checked the Renyi entropy and the von
Neumann entropy for a g-genus manifold with replica and
surgery methods. The results we obtained are exactly the same
as the universal parts in Eq. (3.41).
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D. A sphere with four quasiparticles

Although we have studied the entanglement entropy for
several examples in the presence of quasiparticles, it is still
interesting to ask if we can extract more topological data
of Chern-Simons theories, such as the braiding property of
Wilson lines and so on. In this part we demonstrate that our
edge theory approach is powerful enough to study these more
complicated cases.

Following Ref. [31] we consider a S? with four quasi-
particles, with two quasiparticles carrying anyon charge a,
and the other two carrying anyon charge a. According to
different distributions of the four quasiparticles, we need to
study the entanglement entropy case by case, as discussed in
the following.

1. Awithaanda

Let us consider the case where there are two quasiparticles
a and a in the subsystem A, with the other two quasiparticles
a and a in subsystem B. As shown in Fig. 6 (top row) there are
two configurations which correspond to states |\V;) and |\5),
respectively. We want to calculate the entanglement entropy

of the subsystem A for a general state
W) = a|¥) + b|Ws). (3.43)

For W), there is no Wilson line threading through the AB
interface, and therefore the corresponding state at the interface

) )

FIG. 6. Top row: A S? with four quasiparticles, with the sub-
system A containing two quasiparticles a and a. Each red solid
line represents a Wilson line connecting quasiparticles @ and a. The
two configurations represent two states |W;) and |W,), respectively.
Bottom row: A S? with four quasiparticles, with two quasiparticles a
and a in the subsystem A, and the other two quasiparticles a and a
in the subsystem B. Each red solid line represent a Wilson line that
connects @ and a. The two configurations represent two states |¥})
and |W}), respectively.
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is |baa—1)), with I being the identity topological sector. For
| W,), among different fusion channels, there is a fusion channel
a @ a — I. Then the state at the interface may be expressed
as

V) = @D v, haa—e)) (3.44)
where
. |a + bﬁ 2, c=1,
ol =1 (3.43)
N‘j&mwl , c#1.

Note that for a general TQFT, one always has d; = d,. It is

also noted that for the state in Eq. (3.44), . |1//§h|2 # 1, but
has the following expression:

b 1
A +|b|2(1 - E)'

a+ d_a
In this case, to obtain the Renyi and the von Neumann entropy,
we can use the results (2.18) directly. Let us check the von
Neumann entropy first. For convenience, we rewrite S*N in
Eq. (2.18) in the following form:

(3.46)

el > 1l Ind; /1941%) 2
SN="" _ImnD : I i
we P ST th vl
(3.47)
It is found that
1 .
d; farb/ar LT L
L ‘dj”/‘f' (3.48)
[ NG P#T

is independent of d;. Then the von Neumann entropy for
the subsystem A, after some straightforward algebra, can be
obtained as follows:

!
SN =282 D —A1InAy — (&2 — )iy Inhs,  (3.49)
24 €
where A; and A, are defined as
L lady + bP?
"7 Jad, + bP + (@2 = 1)[b?
b|?
Ay = . 3.50
27 Jad, + b2 + (a2 — 1) |b]? (3.50)

One can find that the universal parts of the entanglement
entropy in Eq. (3.49) are exactly the same as the results
obtained with the method of replica trick and surgery in
Ref. [31].

Similarly, we can obtain the Renyi entropy as follows:

s 1rnmel p
48 €
1 b 2n |b| 2n 5
1 = Z) @-1

el (@) @)

n b P b, o,
— 1 — —(d;—1)]. (@3.51
l—nn[a_'_da +da2(“ )] (3.51)
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2. Effect of braiding and R symbols

In this part we will study how the braiding of Wilson
lines can show up in the entanglement entropy. We consider a
generic superposition of two states

(V') = alW]) + b|¥)), (3.52)

where |W}) and |W}) are shown in Fig. 6 (bottom row). In
this case, the two quasiparticles in subsystem A are both in
topological sector a. Compared to the configuration in [¥1),
one can find that there is braiding of Wilson lines in [W}).

At the interface, the states corresponding to |W{) and |W)
may be expressed as

|¢i> = @cw;amua—w»a
Hbé) = @, gaRga|baa~>c))s (353)

where [Y¢,|> = N¢,d./d?, and R are the so-called R sym-
bols, which describe the effects of braiding of anyons/Wilson
lines (see Appendix A for details). The R symbol is in general
a unitary matrix, but reduces to a collection of phases in a
fusion multiplicity-free theory. In particular, R%’ represents
the phase picked up by exchanging anyons a and b which fuse
into channel c. Then the state at the interface may be written as

l¥') = alyy) + blyy)
Dc(a + DRIV, Daa—c))

= @cPelbaa—c))- (3.54)

Based on the wave function above, we can obtain the Renyi
entropy as well as the von Neumann entropy of the subsystem
A(B) by using Eq. (2.18) directly.

In the following, we are mainly interested in the SU(2);
theory, in which the R symbol has an explicit expression

(3.55)

le’jZ — (_1)]*]\*qu%[j1(j1+1)+]'2(j2+1)*j(j+1)]’
where g = e=271/C+k) and j represents the anyonic charge of
SU(2), theory, which is labeled by integers and half-integers
asC = {0, %, 1,... ,%}. (Here, for the definition of g, we follow
the convention in Ref. [31]. It is noted that in some literatures
q = e*™/C+h) g used, and therefore the expression of R
symbols are slightly modified accordingly.) In addition, the

fusion rule in the SU(2); theory is
min{ji+j2,.k—ji—j2}
Jix = >
[ji—J2l
=lap—pl+li—p+D+---
+min{j; + j».k — ji1 — ja}. (3.56)

Relabeling @ = a = j and using Eq. (2.18), we can imme-
diately write down the Renyi entropy and the von Neumann
entropy for the subsystem A as follows:

s ———InD
A n 48 ¢
min{2j,k—2j} Jjj2n
1 a+bR;
In — 4
+ 1—n ; d;
" min{2j,k—2;} a+ijj 2
— In Z —| d;,
l—n o dj
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[
sN=TC _p
24 €
S o+ bRY Py n | 2 |
+ — - — :
Z;n:u(l){ZJ,kuj} |a + bRiJJ |2di
min{2j,k—2} jj 2
a+bR;
+ In —L | d; 3.57
> 7 (3.57)

i=0
where the quantum dimension d; is defined as

(2j+1)n)
k2 )
sin (kLH)

sin (
= (3.58)
Before we end this part, it is emphasized that the R symbols
usually depend on the choice of bases in the topological Hilbert
space, which indicates that R symbols are usually gauge
dependent. An exception is R7“, which is gauge invariant (see
Appendix A 1). That is to say, our results on the entanglement
entropy in Eq. (3.57) are gauge invariant, as it should be.
Specific case a = a = % In Ref. [31], the specific case

ofa=a= % is studied based on the replica trick and surgery
method. In this part, based on our general formulain Eq. (3.57),
we make a comparison with the results in Ref. [31].

1

For a = a = 5 in a SU(2), theory, the fusion rule of two

anyons a is simply

1
1®1=0@1. (3.59)

For convenience we label the quasiparticles with j = O,%,l
as w,a, and o, respectively. Based on Eq. (3.58), it can be

— — T _ 2
checked that d, =1, d, = 2cos yan and d, = 2cos T+
1 =

s o)

Neumann entropy may be expressed as follows:

Z?:ig{Zi,k—Zi} |a + bR;i*i |2di In |a+(zf1e{" |2

—— —
S a+ bR d;

i 3
sin ==
T

. From Eq. (3.57), the universal parts of the von

Shep = —InD+

min{2j,k—2j} Jji
a+bR;
+ ln v
2 d;
i=0

= —InD — dw)\l ln)q - dg)uz lnkz,

2
d;

(3.60)
where A, and A, are defined as
. la + bR
dy|a + bRe|” + dy |a + bRe

-

’a+bR§‘°‘|2

2= 2 2
do|a +bR2*|" +d,|a + bR |

(3.61)

For a SU(2),, theory, one has

RZO( — _q3/47 Rgo‘ = C]_]/4~ (3.62)

Therefore, | and X, in Eq. (3.61) can be rewritten as
_ Ia _ bq3/4|2

 dyla —bg 2 4 dyla + bgT VAP

_ ja +bg ™42

dyla = bgP* 4 dyla + bg VA2

Al

Ao (3.63)
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which agrees with the result in Ref. [31]. It is noted that if
we focus on either | W) or |[W)) separately, the universal parts
of the Renyi entropy or von Neumann entropy are simply
Sﬂop = —1InD + 2Ind,. Hence, the R symbols cannot be
detected. In other words, the effects of braiding or R symbols
can be detected only through the interference effect in the
entanglement entropy.

3. Effects of monodromy and topological spin

The effect of monodromy, or double braiding, of two
quasiparticles/Wilson lines a and b is governed by the
monodromy equation or ribbon equation as follows:

a a 0
2/\: [Rcb]ux [Rf ]kv = (ga_;b‘sw“

(3.64)

which is associated with the mutual statistics of a and b fused
into channel c. For the multiplicity-free case we are interested
in here, Eq. (3.64) reduces to

RO RN = e b

=: M.". 3.65
C C 9[19}) C ( )

The topological spin 6,, also known as twist factor, is related
to the spin or conformal scaling dimension #, of a as
0, = &>, (3.66)
Therefore, M in Eq. (3.65) can be rewritten as M =
e/?mhe=ha=hs) "To see the effect of the monodromy on the
entanglement entropy, we consider a general state |W) =
a|V) + b|¥,), where |V;) and |W,) are shown in Fig. 7
(top row). It is noted that for the configuration in |W3),
the two Wilson lines braid for two times. Compared to the
configuration in Fig. 6, this double braiding of two Wilson
lines allows us to study the case a # b.
At the interface, the states corresponding to |W;) and |W,)
may be written as

|1//1> = G%‘/&f;;”)ab»c)),

[V2) = BV S, M apse)), (3.67)

based on which one can write down the state corresponding to
|W) as

V) = alyn) + blyn)

= @C(a —+ beb)w;bmab—»c))

Oc
@C<a +b )w;hm)

0.6

= @chclbab—c)), (3.68)

where |y, =N opdc/dqdp. Then one can immediately obtain
the Renyi entropy and the von Neumann entropy of the
subsystem A(B) by using the results in Eq. (2.18).

Now we are interested in the SU(2); theories, where the
topological spins are expressed as

iy JU+D
9] — ezer 2,

(3.69)
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|wr) |W2")

FIG. 7. Toprow: A S? with four quasiparticles, with two quasipar-
ticles @ and b in subsystem A, and the other two quasiparticles a and
b in subsystem B. The red solid lines are Wilson lines which connect
a(b) and a(b). The two configurations represent two states |¥,)
and |W,), respectively. Bottom row: A §? with four quasiparticles,
with two quasiparticles @ and @ in subsystem A, and the other
two quasiparticles a and a in subsystem B. The two configurations
correspond to the two states |¥]) and |W}), respectively.

Relabeling the anyonic charges as @ = j; and b = j,, then we
have

1 l
SX” _tnxel —InD
n 48 ¢
1 min{ji+j2,k—j1—j2} 9. 2n d:
+ In Z a+ b J n—j”
t=n j=li—l 0105 | djdj,
min{ji+j2,k—j1—ja2}
n 0; d;
— In ‘a +bh—1 /
1—n j:‘; il 0,051 djdj,
(3.70)
and
wel
SN="" _InD
AT "
min{ji+jo.k—ji—j2} 0 |2 djdj,
L=l @b | 4 s T
+ min{ji+/2,k—j1—j2} b 6; .
2 it a+ by |d;
min{ji+j2,k—j1—j2} 9 2 d:
+1In a+b——| —L— (371
Z 9]1 9/2 djl djz

Jj=lii—pl
Similar with the previous calculation involving the R
symbols, the effects of monodromy can be detected only

through the interference effect. One can check that for either
|W;) or |W,) separately, the universal parts of the Renyi entropy
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(n) — SVN —

and the von Neumann entropy are simply S, htop =

—InD +Indj, +1Ind;,.

As aspecific example, it is interesting to check the case with
anyonic charges j; = jp = % As before, we label the anyons
with j = 0,%,1 as w,u, and o, respectively. Then based on
Eq. (3.71), one can obtain

Sihiep = —InD —dyAiInky — derzIn ks, (3.72)
where A; and A, are defined as
0, |2
= |a + baé
1 = )
dyla+ bl |* + dyla + by |
2
|a + baag
Ay = N RTL (3.73)
dyla + bos: "+ dofa + b5
which may be further rewritten as
o |a + bq3/2|2
"7 dyla+ b + dyla+ bg 212
2
a+bg?
" jatbq 2| (3.74)

" dyla+bg 22 +dyla+ bg 22

where g = ¢=27/2+h)_Before we end this part, it is noted that
M@ = R4 Rbe in Egs. (3.70) and (3.71) is a gauge invariant
quantity, although RZ” for a #b is not gauge invariant
itself (see Appendix A 1). This is expected since that the
entanglement entropy should be gauge independent.

4. Discussion: Relative phase in interference effect

From the discussions above, it is found that both the
R symbols and the monodromy can be detected through
the interference effect, in which the R symbols and the
monodromy appear as relative phases between two sets of
bases in [i) and [y,). To understand this interference effect
better, let us consider another state

W'y = a|W)) + b|W)), (3.75)

where |W{) and |W;) are shown in Fig. 7 (bottom row). In
particular, the two Wilson lines are braided once in |¥) and
twice in |W}). Then the corresponding states at the interface
can be written as

W{) = ®ngaRgu|haa~>c>)s

[¥3) = @V M Baa—c))s (3.76)
where V¢, 1> = N&,d./d?, and M is defined through
Eq. (3.65),1.e., M{* = R%“ R4, Note that for the multiplicity-
free case we consider here, both R and M are simply

complex phases. Then the state at the interface can be written
as

s

-~

= alyy) + bly)
= @R (a + bR)YS,Daasc))
= ®c¢c|ha0—>6>>'

By comparing the states in Eqgs. (3.77) and (3.54), it is
straightforward to check that SX') and S} corresponding to
the state in Eq. (3.77) have the same expressions as those in

(3.77)
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T m
5|
=

(a) (b)
b1 b1 bz
b3¢ ba “
A&
\n A
(c) (d)

FIG. 8. Four setups in calculating the mutual information and the
entanglement negativity. Two adjacent noncontractible regions A;
and A, on a torus with noncontractible [(a) and (b)] and contractible
(c) B. (d) Two disjoint noncontractible regions A; and A, on a torus

with noncontractible region B. The red solid line represents a Wilson
loop threading through the interior of the torus.

Eq. (3.57). This is as expected because what we detect in the
interference is the relative phase.

IV. TOPOLOGICAL MUTUAL INFORMATION

As mentioned in the Introduction, the Renyi and the von
Neumann entropy are good measures for bipartite entangle-
ment. For a tripartite system, or more generally a mixed state,
it is convenient to introduce other entanglement/correlation
measures such as the mutual information and the entanglement
negativity. Since the mutual information is expressed in terms
of the entanglement entropy, one can directly use the results in
the previous section. In the following, we will give several
examples on the mutual information between two spatial
regions on a torus for Chern-Simons theories.

A. Two adjacent noncontractible regions on a torus
with noncontractible B

Let us consider two adjacent noncontractible regions A
and A, on a torus with their compliment B which is also
noncontractible. Here we mainly consider two nontrivial cases,
shown in Figs. 8(a) and 8(b). The two regions A; and A;
share a one-component A A, interface in Fig. 8(a) and a two-
component A;A; interface in Fig. 8(b). In the following we
will calculate the mutual information between A; and A, for
these two cases respectively.

1. One-component interface

As shown in Fig. 8(a), the two adjacent noncontractible
regions A; and A, share a one-component A;A, interface.
This case can be easily studied based on our previous results
on the bipartite entanglement of a torus. To be concrete, let us
consider the Renyi mutual information defined in Eq. (1.4). For
the two adjacent regions A and A, as shown in Fig. 8(a), the
subsystem A = A; U A, has the same topology as A; (A»),
which is simply a cylinder. Therefore, for a general state in
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Eq. (3.17), i.e.,
4.1

= ValWa),
one can directly use the result in Eq. (3.23), and the Renyi
mutual information can be obtained as
1+n22ncl

— = —-2InD
n 48 €

1
1 a2nd2—2n’
- nXajww ;

(n)
[AIAZ -

+

4.2)

where [, is the length of the interface b,. And the von Neumann
mutual information has the following expression:

I (n)

IAlAz = lim A1A,

n—1
2nc 12

ZZ _2mD+2 212 1nd,
e Pt Xa:“M n

=D ARCIAR

4.3)

For a later comparison with the entanglement negativity, it
should be noted that If\'i) 4, and 14,4, depend on the choice of
ground state for both Abelian and non-Abelian Chern-Simons
theories.

2. Two-component interface

As shown in Fig. 8(b), let us consider the two adjacent
noncontractible regions A; and A, which share a two-
component AjA; interface. In this case, the subsystem A,
itself is composed of two disjoint regions. To obtain the mutual
information between A; and A,, we need to calculate the
entanglement entropy of the subsystem A, first.

For the general ground state in Eq. (4.1), the state at the
interface (including the components by, by, b3, and b4) has the

following expression:
=2 Ve & [ou)

.....

4.4)

Following similar procedures in the previous sections, one can
obtain the reduced density matrix for the subsystem A, as
follows:

i=1,....4 :
® > e Bl Ny )Rl N ] (4.5)
i=l,...4 Ni,ji
based on which one can get
nl;
o Saa; Xn,, (€77
Tr(p}4,) leﬂ” ]_[ Lo ot () (4.6)

..... [Zfll Saa, Xh,l ( gl; )]n

where we have used the modular transformation property of the
character x, . In the thermodynamic limit/; /e — oo, Eq. (4.6)
can be further simplified as

el + +3+,
TI'(,O;;Z) — Hfs: 3+4>( L_p) Z |wa|2n(8a0)474n_ 4.7
a
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Then one can obtain the Renyi and the von Neumann entropy
of A, as

1 hth+ls+1
s = TRTCNTRYSTE 4D
2 n 48 €

1

1 a2nd474n’
— n; Yl d
W _ %ll +hLh41l4+1
A2 48 €

+ 4> Wl Ind, = Y [Yal* In |yl

—4InD

(4.8)

Based on the results in Eqgs. (3.23) and (4.8), one can obtain
the mutual information between A; and A, as follows:

1+n2ncli+1L

() _
Iy/a, = T3 < 4InD
1
1 a2nd474n’
+ n;hﬁl b
2ncli 4+ 1,
Inw ==, —41n1>+4za:|¢a|21nda

AR AR (4.9)

Similar with the one-component A;A, interface case, the
mutual information in Eq. (4.9) depends on the choice of
ground state for both Abelian and non-Abelian Chern-Simons
theories.

B. Two adjacent noncontractible regions on a torus
with contractible B

In this part, as shown in Fig. 8(c), we will calculate the
mutual information of two adjacent noncontractible regions
A; and A, with a contractible region B. In Sec. III, the
entanglement entropy of A = A;U A, has already been
calculated [see Eq. (3.24)]. To calculate the mutual information
between A and A,, one only needs to further calculate S4,(4,)
as follows.

Given the ground state in Eq. (4.1), the state at the interface
(including the components by, b,, and b3) can be written as

) = [57) ® D valbl)

Then it is straightforward to check that the reduced density
matrix for A; has the expression

pa, = Taupl¥) (Y|
b
= pA3|,I (29 Z |1/fa|2pzl, 0 ® pA| ar
a

® |b22). (4.10)

4.11)

where pZ”iya has the form

- Y e

N, ji M

o Tha+N=57)

pf{l a hY Nis jil(h%  Ni il

4.12)
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Then one can obtain
nelly Hy+l)

]—Vl —n n —zn
Tr(p) = & G7(S00)' ™Y [Wal ™ (Sa0)* "

(4.13)
where we have used modular transformation of the character
Xx», and taken the thermodynamic limit /; /e — oc. Based on
Tr(p},) in Eq. (4.13), we can obtain the Renyi entropy and the
von Neumann entropy of subsystem A as follows:

n) _1 +I’l7TC11 +12+l3
AT n 48 €

1 2n 32—-2n
l_nln;wm ;"
VN:EZI—FZZ—'—ZS

Al 48 €
+ 2> [l ind, = Y [Wal Infyal’.  (4.14)

—3InD

+

—3InD

The same results can be obtained for SX’Z) and S;"Ij by simply
replacing I3 with I4. Then based on Egs. (3.24) and (4.14),
one can obtain the mutual information between A and A, as
follows:

_ 14+n2ncli+1

(n)
Iya, = T —4InD
2 2n 32—2n
+ l_nln;w ;>
drwel; +1
IA,Az:_48 16 2 _ 4D

+ 4 WalInd, —2) [l In|yl’.  (4.15)

It is found that the mutual information in Eq. (4.15) does not
change if we take B — &, which corresponds to the bipartition
of a torus (see Fig. 2).

C. Two disjoint noncontractible regions on a torus

In this part we consider two disjoint noncontractible regions
A; and A, on a torus, as shown in Fig. 8(d). For this
case, the mutual information between A; and A, can be
easily calculated based on our previous results. First, it is

straightforward to check that Si‘") = Sg'), with A = A; U A,.
This can be understood based on the fact that the torus is
bipartited into A = A; U A, and B. Then, based on Egs. (3.23)
and (4.8), one can immediately get the Renyi and von Neumann
mutual information between A; and A, as follows:

. 2 5 da 2—-2n
IAIAZ = 1—n 1nZ|Wﬂ| n(B)

1 d 4—4n
2n a
ek 3id (3)

N O
n
> [Wal?rdy ™

Ina, ==Y [l In 9.

’

1—n

(4.16)
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Some remarks on the results of mutual information in
Eq. (4.16) are in order.

(1) For both [Xl])fh and 14, 4,, the area law term disappears.
That is to say, short-scale degrees of freedom cancel in the
mutual information of two disjoint regions. This is very helpful
for numerical calculations, because one needs not to calculate
the entanglement entropy for different lengths of interface. It is
noted that for the mutual information of two adjacent regions
in Egs. (4.2) and (4.3), the short-scale degrees of freedom does
not cancel.

(2) The universal parts of IX'])AZ and 14, 4, result from the
fluctuations of the Wilson loop. If we set ¥, = 8,4/, i1.€., the
Wilson loop stays in a definite topological sector a, then both
IX)AZ and 14, 4, vanish.

(3) The result of mutual information /4,4, in Eq. (4.16)
was also obtained in Ref. [32] by using the surgery method.
In that work, the mutual information /4,4, was considered
as a unified quantity to describe both conventional orders
and topological orders. For conventional orders which are
characterized by the spontaneous symmetry breaking, it is
found that the mutual information has the same expression as
Eq. (4.16). Here we emphasize that this is not the case for
the Renyi mutual information If,”l)Az with n > 1. As shown in
Eq. (4.16), the Renyi mutual information depends on both the
choice of ground state and the quantum dimensions d, which
are absent in conventional orders. In short, the Renyi mutual
information contains more information than the von Neumann
mutual information. On the other hand, if we focus on the
Abelian Chern-Simons theories, Eq. (4.16) can be further
simplified as

n 1 n
I = 1) Ial™ 4.17)

which can still be used as a unified quantity to describe both
conventional orders and Abelian topological orders.

V. TOPOLOGICAL ENTANGLEMENT NEGATIVITY

In this section we will study the entanglement negativity
defined for two spatial regions in Chern-Simons theories. Note
that both the mutual information and the entanglement nega-
tivity are useful for understanding the entanglement property
of a mixed state. As will be seen later, however, compared
to the mutual information, the entanglement negativity may
provide different information on the underlying theory. At the
technical level, the calculations of the entanglement negativity
require a new layer of complexity—taking partial transpose of
the reduced density matrix—as compared to the entanglement
entropy or mutual information.

A. Left-right entanglement negativity

In this part, for illustration purpose, we will calculate the
entanglement negativity between the left-moving modes and
the right-moving modes of the general state in Eq. (2.7), i.e.,

W) =" Yalba). (5.1)
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We start from the density matrix as follows:

p =Yyl = Zwax/f:,mm«baw

Zwa

S/
x 303 e N g N )
NN
X |ha,N; j) ® [ha, N5 j) (ha' N5 j'| @ (ha' N5 j|.

(5.2)

Next, without loss of generality, let us take partial transposition
over the right-moving modes. Then one can obtain

E Va,
\/_ NG
x Y 3 o= T+ N=5) y= B (hy+N'—57)

N.jN'.J'
X |ha,N3 j) ® [ha,N's j) (hat ,N's j'1 @ (ha' N3 1,
(5.3)

where Tg(;) represents the partial transposition over the
right(left)-moving modes. To calculate the entanglement neg-
ativity €., we can use the definitions either in Eq. (1.7) or
in Eq. (1.8). In the main text of this work, we will use the
definition in Eq. (1.8). For the readers who are interested in
the calculation of £, g based on Eq. (1.7), one can find the
explicit calculation in Appendix B.
Based on the expression of p’#

2
o, n 1 _4mnee
Tr(p™) _[Xaj|wu| oy (e )}

in Eq. (5.3), one can get

2
— |:€246 e 4)Z|wa n((SaO)l_:| , (54)

where we take the thermodynamic limit in the second line.
Therefore, by using the definition in Eq. (1.8), one can
immediately obtain the entanglement negativity between the
left-moving modes and the right-moving modes as follows:

ELr = lim] In Tr(pTr )"
(5.5)
48 €

3mcl
=2 WD +2In (Z |xpa|,/da).
By comparing with S,(jl) in Eq. (2.20), it is found that &g
equals to the 1/2 Renyi entropy, i.e.,

Ep =87 =50/, (5.6)
This is actually a property of the entanglement negativity for a
general pure state [22]. Here we demonstrate it for the left-right
entanglement negativity through an explicit calculation. It is
noted that for ¥; = §;,, the universal parts of the entanglement
negativity are

EF =—InD+1nd,, (5.7
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which are the same as the universal parts of the Renyi/von
Neumann entropy.

Before we end this part, the readers may be curious to ask
what is the result of Tr(p’®)" if we choose n to be odd in
Eq. (5.4). After some simple algebra, one has

!

Tr(p™*)™ =Y [val™™ (5.8)

1
()"

By comparing with Eq. (2.16), it is found that Tr(p"%)" =
Trp,°, and therefore lim,, | Tr(o"*)" = Trp;, = 1, which is
trivial.

B. Bipartition of a torus

For the bipartition of a torus in Figs. 2(a) and 2(b), £4p can
be immediately obtained by considering the property of the
entanglement negativity for a pure state, i.e., Eap = S(l/ 2

Sg/ % Then the entanglement negativity £4 5 corresponding to
Figs. 2(a) and 2(b) has the following form:

£y = (s9)"

3rcl + 1
=" —2InD +21 1d. ),
_ nD + n(;lwl )

48
3wely +1
ey = (s0)"? = 1= 2 oo, (5.9)

From the above analysis, one can find that for a pure state,
the entanglement negativity cannot provide more information
than the Renyi entropy. As mentioned in the Introduction,
the entanglement negativity becomes more useful for a mixed
state. In the following parts, we will mainly focus on the
entanglement negativity for different cases of mixed states.

C. Two adjacent noncontractible regions on a torus
with noncontractible B

For two adjacent noncontractible regions on a torus with
noncontractible B, similar with the discussion on the mutual
information, we mainly focus on the two cases in Figs. 8(a)
and 8(b). In Fig. 8(a) the two adjacent regions A; and A,
share a one-component A;A; interface, and in Fig. 8(b) the
two adjacent regions share a two-component A A, interface.
In the following, we will study the entanglement negativity
between A; and A, for these two cases separately.

1. One-component interface

Let us start with the entanglement negativity 4, 4, between
two adjacent noncontractible regions A; and A, on a torus, as
shown in Fig. 8(a). Given the general ground state in Eq. (4.1),
the state at the interface (including the components by, b, and

b3) can be written as
Z va Q) [b2))-

i=1,2,3

(5.10)

Then it is straightforward to check that the reduced density
matrix for A = A; U A, has the expression

b;
paua, = Trply) (Y] = Zm Q) 4w

i=1,2,3

(5.11)
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where
by 1 =85 (h+ N1 = £) | 7 b L \/1h .
Paa = T3 e |ha' N ji)(ha' . Nus i),
N Ji
by __ § fre 2= (hatN3—357) . \[7.b; .
IOA,a - h-‘ e = ‘ha 9N3’ ]3>(ha.‘7N37 J3 E)
N N3, Js

by e 4“(h +Ny— 24) J"f(h +Ns—£)
'OA»a - bz

N N,y Nj, j}
x |h22, No, jo) [R5 Nos ja)(RE2 NG 3| (Rl NS 3.
(5.12)

By taking partial transposition over the subsystem A,, one
obtains

PRus, = Z Wal?h s ® (0220)" ® (P5.)"
—le/falzpﬁ‘a (o) @ ok, (513)
where
N Ny Ny

x |B02No, jo)lha? N3 j)h22 N3 s (a2 Nos ),

with T, representing the partial transposition over the sub-
system A,. After some algebra, one obtains, by taking the
thermodynamic limit,

_ 8anee 87nee

2anh( ") xne” 5)
waa T

()"
BV
()"
UMD (L _p,)

o S (S e
a

T
Tr(,oAzl UAZ

% Xha (8

mel; 4
X (Sa0)? e 5 e, (5.14)
Based on the definition (1.8), one can immediately obtain the
entanglement negativity as

Eaa, = lim lnTr(,oA]UAz)ne

ne—>

37TC12 2
= ——=—InD+1 <°ds . (5.15
5 < H(Xa:W > (5.15)

It is noted that the first term, which is the area law term, is
proportional to the length of the interface between A; and
A,, but has nothing to do with the interface between A;(A;)
and B, as expected. The second and third terms are related
only to the quantum dimensions and the choice of ground
state, and therefore are universal. We call the second and
third terms in Eq. (5.15) “topological entanglement negativity.”
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In particular, the third term is very useful since it can
distinguish Abelian and non-Abelian theories. For an Abelian
Chern-Simons theory, we have d, = 1 for each topological
sector a, and therefore In (3, [¥,*d,) = In Q- VAREL)
For a non-Abelian Chern-Simons theory, however, we have
d, # 1 for at least one topological sector, and therefore
In(}_, |Wal?d,) # 0 for a general ground state. In practice,
one can tune the ground state of a topological system, and
observe if the topological entanglement negativity changes
accordingly or not. This provides us a convenient way to
distinguish an Abelian theory from a non-Abelian theory.

In Ref. [23] the entanglement negativity for a toric code
model was studied. For the case of two adjacent noncon-
tractible regions as discussed in this part, they found that
the entanglement negativity is independent of the choice of
ground state. This may be easily understood based on our
result in Eq. (5.15) considering that the toric code model is in
an Abelian phase.

As a comparison, it is noted that the mutual information
14,4, for two adjacent noncontractible regions on a torus
depends on the choice of ground state for both Abelian and
non-Abelian phases [see Egs. (4.2)—(4.3)]. In other words, the
mutual information of two adjacent noncontractible regions
on a torus cannot distinguish an Abelian theory from a
non-Abelian theory. From this point of view, the entanglement
negativity is more useful in distinguishing different topological
phases.

2. Two-component interface

Let us now consider the set up in Fig. 8(b), where now
the two adjacent noncontractible regions A; and A, share a
two-component Aj A, interface. For the general ground state
(4.1), the state at the interface (including the components b,
by, b3, and by4) has the expression

Zwa & b))

i=1,2,3,4

(5.16)

The reduced density matrix for A; U A, can be expressed as

paua, = Traly) (Y] = wau Q) o (5.17)
i=1,2,3,4
where
b — B (hatNi=57) = € (ha+N{=5;)
Paa = b Z Z B e 17z

Na' NN
x [R5 Ny, iRl N )RS N | (BB
(5.18)

by _ 4”6(}!(‘+N2 ) B (ha+ N 53)
IOA,a - b2

Na N2, j2 Nj, j}

s 122 N o) 0 N 2 N3 3| N

(5.19)
1 —Bre - . 3 .
Pha=— > e 0 M Ny )R Nas sl
4 N3, js
(5.20)
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and
1 __ 8me
b ha+N.
phia = o 3 € O N i Ve o
4 Nija
5.21)
Taking a partial transposition over region A,, one can get
T, b Tz by \I2
Paua, = Z Yral? pAlu ('OAza) ® p «® IOA a’
(5.22)
where
S ha+Ni—57) =€ (ha+N{ = 57)
(Aa b]ZZell 172370 172

Na Ny, ji Nl j1
x |hat Nu, i) RS N R N (RS Ny
(5.23)
and

471( 4re ’
_ N> —59) = B (hatNj—57)
()= T e

N N2, j2 N3, j5
B N, o) 7 N5 ) N5 3| N o],
(5.24)

Then one can obtain, by taking the thermodynamic limit,

87rn¢e

Z e TT 2 (e

i=3,4

T pA]UAz

s ( *)x(*)
<« T1 o

i=1,2

me(lz+y) ( 1 _n )

2n, 2725
—>Z|wa|"<sao) g e G
a

w<11+/2)(7 —n. )

X (Sa0) e (5.25)

J

3
N,j 1

by _ L e n—£) (10
"AJ—ZHTE g |n'y N

iy = X e O N YN .

N.j M

The explicit expression of p4,u4, is as follows:

PAUA, = PA1®p ®Zw" \/nTl;‘\/Tl\/nTa”\/Tz

Ny, ji N] j1

@[> D e

Na, j2 N}, j;

x| 303 e M B NS b N BN G N (N

%(hu-FNz—zﬁ)e—%(ha’-FNz'—fj) hbz
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Therefore, one can obtain the entanglement negativity between
A1 and A, as follows:

Ean, = lim lnTr(pAluA )"

ne—>

3mcly + 1 )
= 2InD +1In (;WM du>. (5.26)
Similar with the result of one-component A;A; interface in
Eq. (5.15), one can find that £4, 4, is dependent (independent)
of the choice of ground state for non-Abelian (Abelian)
theories.

Therefore, the entanglement negativity of two adjacent
noncontractible regions for both configurations in Figs. 8(a)
and 8(b) can serve as a quantity to distinguish an Abelian
theory from a non-Abelian theory.

D. Two adjacent noncontractible regions on a torus
with contractible B

In this part we study the entanglement negativity of two
adjacent noncontractible regions A and A, with a contractible
region B, as shown in Fig. 8(c). For the general ground state in
Eq. (4.1), the state at the interface (including the components
by, by, b3, and by4) can be expressed as

vy =br)e o) e vdue) @) 627

Then the reduced density matrix for A = A; U A, can be
obtained as follows:

_ b3 by
PAUA, = PA B Py

® > vay 020 | @ (o], (5.28)
aa’
where
F) AN
(5.29)
P Noi jo)| 22, Nos o)l N3 3| (22 N (5.30)
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Next, we take partial transposition over A; on the reduced density matrix p4,u4,. Then one can get

T
Paua, = PA 1 ® :0

®Zwaa/m\/—b]mﬁ

Z Z e — R ha N e ~ e N~ 24)|hb1 N1,]1>|h ,,N{,h)(hbf,N{;j{|<hZ‘,N1;j1|

Niji N{, i

33 e E e TR N e N [l N )L NG (Bl N o]

N, j2 N3, j5

After some tedious but straightforward algebra, one can get

Te 1 __ 8mne 1

= (nb3)n(, Xhl(e s )(n )m Xh,
a a

Tr(p:?l UAz)

— e 48

Then the entanglement negativity between A; and A, can be
expressed as

Ean, = lim lnTr(,oA qu)nF

ne—1

3ncly + 1
= —21nD+21n(Xa:|wa|da), (5.33)

which is the same as the result in Eq. (5.9) for a bipartited
torus. For this case, the entanglement negativity depends on
the choice of ground state for both Abelian and non-Abelian
Chern-Simons theories.

E. Two disjoint noncontractible regions on a torus

In this part we consider the entanglement negativity €4, 4,
between two disjoint noncontractible regions A; and A, on a
torus, as shown in Fig. 8(d). For the general ground state in
Eq. (4.1), the state at the interface (including the components
b1, by, b3, and by) can be written as

(5.34)

.....

where i = 1,2 correspond to the interface between A; and B,
and i = 3,4 correspond to the interface between A, and B. It
is straightforward to check that

PAauA, = Z |wa|2pA],a ® PAsas (5.35)
where
e—87ré/ll - -
Para = — > |nl Ny i) re Ny i
@ Nij
—87‘[6/12
> | Nyl Nz i | (5.36)

na Nij

2
m(l;+l4)( _n ) 272’12 "T"(’IHZ)(L_”L) n 2n
ne SOO e 24 ne 4 leal F(SaO) e .
a

(5.31)
87/16 N ( 47[”:56) Xh“ (674”;’_1’(6)
Z |Wa| )nk/2 (nzz)ng/Z
(5.32)
[
and
6787%/[3 b ,
Prra=—5— D |h Nsi s’ Nas s
Ma N, j3
o—8me/ls
® —5 > |hat Nos ja){hat Nas ju] . (5.37)

Na, ja

In this case, the partial transposition of p4,u4, over A, can be

expressed as
= Wal’01,.a®
a

= Z |wa|2pA|,a ® PAs,a
a

’Oizlqu (IOAz,a)T

= PAUAss (5.38)

based on which one obtains Tr(p/?lUAZ)"“ = Tr(pa,ua,)" for
two disjoint regions. Then the entanglement negativity simply
reads
. T ne

Ean, = nle1g11 InTr(p4 )" =0. (5.39)
In Ref. [23] the same conclusion was obtained based on the
toric code model. Here we demonstrate it for a general Chern-
Simons field theory.

VI. CONCLUSIONS

In this work we develop an edge theory approach to study
the topological entanglement entropy, mutual information, and
entanglement negativity in Chern-Simons theories. Compared
to prior works, we propose a new regularized state to describe
the spatial quantum entanglement in Chern-Simons theories.
An advantage of our approach, as compared to, e.g., the
surgery method [31], is that there is no need to consider the
three-dimensional space-time manifold which may be quite
complicated. For all the cases studied by the replica and
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surgery method, our edge theory approach reproduces the same
results.

In addition, our edge theory approach is very flexible to
include various factors in the calculation of entanglement,
including the choice of ground state, the fusion and braiding of
Wilson lines, and so on. In particular, through an interference
effect, we can detect the R symbols and the monodromy of
two quasipartilces/anyons in the entanglement entropy. We
also generalize our edge theory approach to the calculation of
entanglement entropy for a manifold of genus g.

Furthermore, our edge theory approach is also applied
to the calculation of topological mutual information and
entanglement negativity in a mixed state. To our knowledge,
this is the first calculation of the entanglement negativity for a
general Chern-Simons theory. It is found that the entanglement
negativity between two adjacent noncontractible regions on a
torus provides a simple way to distinguish an Abelian Chern-
Simons theory from a non-Abelian Chern-Simons theory. To
be concrete, for two adjacent noncontractible regions on a
tripartited torus, the entanglement negativity is independent
of the choice of ground state for an Abelian Chern-Simons
theory. On the other hand, for a non-Abelian Chern-Simons
theory, the entanglement negativity depends on the choice of
ground state. In the previous works [42,43], to distinguish a
non-Abelian phase from an Abelian phase for a microscopic
model, one needs to tune the ground state to find out the MESs,
based on which one can further obtain the quantum dimension
corresponding to each anyon. With the method in our work,
we only need to check whether the topological entanglement
negativity is dependent on the choice of ground state or not,
which is much easier in practice.

There are also some future problems we are interested in.
For example, in this paper we mainly focus on the quantum
entanglement in Chern-Simons theories. It is interesting to
generalize our approach to nonchiral TQFTs. In addition, it
is also interesting to apply the concept of charged and shifted
topological entanglement entropy that was proposed recently
[44] to a general TQFT based on the edge theory approach
developed in this work.
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APPENDIX A: ON MODULAR TENSOR CATEGORIES

In this Appendix, for the completeness of this work, we
give a short review of the modular tensor category (MTC)
description of a (24-1)-dimensional topological quantum field
theory. We will mainly review the properties of MTCs that
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are frequently used in this work. For more details and other
interesting properties of MTCs, the readers may refer to
Refs. [45-48].

The MTCs are also known as anyon models in physics. For
an anyon model, one has a finite set C of superselection sectors
which are called topological or anyonic charges. These anyons
are usually labeled by a,b,c, . . ., and they satisfy the so-called

fusion algebra
a®b= @ N, c,

ceC

(AD)

where the fusion coefficients N, are non-negative integers,
which denote different ways that the anyon charges a and b fuse
into c. Here we use the direct sum & to emphasize that different
anyons lie in different Hilbert spaces. For each anyon model,
there exists a trivial vacuum charge I € C, or the identity. Each
charge a has its own conjugate charge @ € C so that NI, = 1.
For each fusion product in Eq. (A1), we may assign a fusion
vector space V. which is spanned by the orthonormal set
of basis vectors |a,b; c,u), with u =1, ..., N, . If the fusion
coefficients N7, are equal to 0 or 1, we call the fusion rules
multiplicity free.

The fusion rules in Eq. (A1) are commutative and associa-
tive. For commutative, it means a ® b = b ® a, and therefore
N;, = Nj,. Forassociative, it means the results of (¢ ® b) ® ¢
and a ® (b ® c) should be equivalent to each other. Then it is
required that

ZNade;c:ZN;ngc' (A2)
d,e d,e

Another quantity we frequently used in the main text is the
quantum dimension d,, which reflects the nontrivial internal
Hilbert space of the anyon a. It may be found by considering
the dimension of the fusion space of n anyons a with large n,

dim(Z v;raa) = Y NGND, N, ~
Cp 2

For arbitrary anyon models, one has d, > 1. If the quantum
dimensions of all the anyons in a TQFT are equal to 1, then
the theory is Abelian. On the other hand, if there exist anyons
with quantum dimensions > 1, then the theory is non-Abelian.
The total quantum dimension of a TQFT is defined as

D= |y d.

With the quantum dimension introduced, the probability of
fusing two anyons a and b into anyon ¢ can be expressed as

d,

(A3)

(A4)

Pupc=N¢ . A5
b ab dadh ( )
The constraint ) . P, = 1 indicates that

(A6)

dady =Y NGyd..

Another useful concept in a TQFT is braiding. The effect of
switching two anyons a and b adiabatically is described by
the braiding operator R ;. It acts on the Hilbert space VC“b as
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follows:
Rapla.bic.p) = [R],,,1b.asc.v), (A7)
or diagrammatically
b a b a
> b
=Y [rRY],, \/ (A8)
12 v 1%
c ¢

where Rgb are the so-called R symbols, which are unitary
matrices satisfying

(RN, =[(R)1],, = [R]:,

For a fusion multiplicity-free theory, the R symbol reduces to
a phase.

Based on R symbols, one can study the effect of double
braiding of two anyons a and b, which is governed by the
monodromy equation, or ribbon property

Y[R (R, =

—4 Vo
3 0(1917 :

(A9)

(A10)

where 6, is a root of unity called the topological spin of anyon
a. It is related to the spin, or the scaling dimension /, in CFT

as
0, = e'*ha, (Al11)

Alternatively, the topological spin 6, can be expressed in terms
of R symbols as follows:

= % Z d.Tr.[R*].

Furthermore, given the R symbols, one can also construct
the modular S and 7 matrices as follows:

Sup = Z ¢ Tr[RPRM]d,. = Z “beé de  (A13)

(A12)

and

Top = 04841 (A14)

In MTCs, the modular S and 7 matrices are unitary matrices
satisfying STS = SST = 1and 777 = 77T = 1. In addition,
from Eq. (A13), it is straightforward to check that

SaO SOa 1

dj=—=— and D= —.

Soo Soo Soo
Other useful quantities such as the F symbols will not be
reviewed here, and one can refer to Refs. [45-47] for more
details.

(A15)

1. Gauge freedom

For any anyon models, there is a gauge freedom coming
from the choice of bases in the fusion vector space V2. We
can always apply a unitary transformation in the vector space
V4b without changing the theory. By using the notation where
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[u4?] .,v Tepresents the unitary transformation of bases, i.e.,
labie) = 3 [ul’],, Jabiew).  (Al6)
p
the R symbols transform as
(R = D010, IR, [, (a1

TRy

For simplicity, let us consider the multiplicity-free case. Then
the unitary transformations u‘”’ are simply complex phases. In
this case, the R symbols transform as

ba
_ u; Rab
uab

[R*] = (A18)
It is found that the R symbols are gauge dependent for a #
b. For a = b, however, one always has [Rf“]’ = R¢%, which

means RJ¢ is a gauge invariant quantity.
The double braiding defined in Eq. (A10) transforms as

[Mab] [Rab] [Rba]/ _ “fd Rab “ab Rba
el u‘gb ube ¢

= RRM = M, (A19)
which indicates that M“? is gauge invariant for arbitrary a and
b. In a similar way, one can check that all the nontrivial F
symbols are gauge choice dependent [47].

2. Topological data for SU(2); theories

In this part we give a brief review of the topological data
of SU(2) anyon theories [47]. The SU(2); anyon theories are
g-deformed versions of the usual SU(2) for g = e~ 27/(k+2),
In other words, the integers in SU(2) are replaced by the

n2_
g numbers [n], = L 9

W These anyon theories describe
SU(2); Chern-Simons theories, WZW CFTs, and the Jones
polynomials of knot theory. The anyonic charges of a SU(2)y
anyon theory is given by C = {0,1 Sreeean)e

The fusion rules are given by a general version of the
addition rules for a SU(2) spin:

. . amin{ji+jak—ji—ja} .
N® =8 _j />

(A20)
with j € C. The fusion rules can be alternatively written as

J1® 2= GB,N

Jljz
=lh—pl@lh—-pl+16---
®min{j, + j2.k — j1 — jo}. (A21)
The R symbols are given by the general formula
Juja _ J—ir=i2 o 5L G D4 G+ D= G+ D]
le 2 — (_1)1 J1 qu_ Jiln J20J2 JU R (A22)
based on which we can get the topological spins
122'[ ](j+l|
0; = + (A23)
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In addition, based on the R symbols, one can also obtain the and the total quantum dimension is

modular S matrix and 7 matrix according to Egs. (A13) and
(A14), respectively. The quantum dimension for anyon j has 2 ,/ &2
the expression / Z d; (A25)
sin ( ) +2
sin ((Ziﬂ) For other topological data such as the F' moves (or F symbols),
dj = —+2, (A24) one can refer to, e.g., Ref. [47].
sin (75)

|
APPENDIX B: ALTERNATIVE CALCULATIONS OF ENTANGLEMENT NEGATIVITY FOR DIFFERENT CASES

1. Left-right entanglement negativity

In the main text we calculate the left-right entanglement negativity £,z based on the definition in Eq. (1.8). In this Appendix
we give an explicit calculation of £; g based on the definition in Eq. (1.7), i.e.,

Err = InTr|p|. (B1)

For the state in Eq. (5.1), |p"*| can be evaluated as follows:

o™ = v/(pTr)pTk, (B2)

where
(pTR)T Tr _ Z |1/fa| [ | L Z Z x;lre(ha-&-N—ﬁ) — 3¢ (hyy +N—*)|h N/ i) ® |—]’la,N;j)(ha/,N/;j/| ® <—hu,N;j|,
NN

(B3)

which is of the diagonal form. Then one can get

=220 D Wallvwl —— *ﬁi(ha*N*ﬁ)e*“%"a'*N’*ﬁ)|hu/,N’;j’> ® [ha, N3 ) (hat,N's j'1 @ (I, N j .
aa’ N,j N',j

(B4)

Then the left-right entanglement negativity may be expressed as

4me
T i e 3mcl
Er = InTr|p™| =2In iZ nm%} ~2In (Z |wa|8362634524> = s —ID+2In (Z |¢a|\/da>, (BS)

where we recall that n, is expressed in Eq. (2.12), and take the thermodynamic limit. This is exactly the same as the result in
Eq. (5.5).

2. Entanglement negativity of two noncontractible regions on a torus

In this part we calculate the entanglement negativity of two noncontractible regions on a torus (see Fig. 8) based on the
definition of entanglement negativity in Eq. (1.7). Following the structure in the main text, we study these cases one by one, as
follows.

a. Two adjacent noncontractible regions with noncontractible B

As shown in Fig. 8(a), we study the entanglement negativity between A; and A, on a torus with a one-component A; A,
interface. We may start from the partially transposed reduced density matrix pizlu 4, InEq. (5.13), i.e.,

b T b
Priva, = Zlvfalsz'a (0%)" ® Pl (B6)

where p Aas (PZ{Q)T% and p . are defined in Egs. (5.12)—(5.14). Next, let us calculate |,o A,u4,| as follows:

|PZUA2| = (pgleAz)T/’?]quf B7)
where
(p,?lqu IOAIUAZ ZWa IOAa [(pz%a)Tz]T(pZ%a)Tz ®(Pi",a)2- (B8)
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In particular
y 1 _8x _cy _8x [ I\ 1.0r A7 . 11D A7 . .
(%) ] (P2.)" () 303 e N N e NG B N o) N (e Nos ol (BO)
a ) NajaNb.jh
Then one can get

= D @ 5 ® e 3 3 ¢ B O N N e N

Mg N;, ]7N/ j2

AIUA7

(B10)

Then, by using the definition in Eq. (1.7), one can obtain the entanglement negativity as follows:

e 3a 371
5,4],47 ll’lTI"pA UAz‘ =1In Z“/fa Xh :ﬂf)] } T 2 <Z|I/fa 25a0> = _77_2 —In D—i—ln (Z'wﬂzda),

Xn (e ")
(B11)

which is exactly the same as Eq. (5.15).

b. Two adjacent noncontractible regions with noncontractible B

As shown in Fig. 8(b), we study the entanglement negativity between A; and A, on a torus with a two-component A;A;
interface. We may start from the partially transposed reduced density matrix p?lu 4, in Eq. (5.22) directly, i.e.,

PR oA, = Zm P(eh )" @ (02) " @ o, @ ol (B12)

where the definition of (,oA‘a)T2 (,o )T2 pfﬁa, and ,oﬁ‘ta can be found in Egs. (5.18)—(5.24). Based on pXZIUAZ in Eq. (B12), one
can get

(Pxun) Prios, = PBLZRICY )T (o) @ [(05) "] (022) " @ (p5)" @ (1) (B13)
In particular, one has
()] )" = ey 30 37 ¢ M0 B 0t v o N e N (W N | (B4
Na ) Nijv NyLji
and

[(P2) "] (050" = = e Do Y e TR D e N ) N A N 3| (BE Nz ol (BLS)

Ny Na,ja N3, j;

It is noted that now (,ojbf a)z, (pfﬁa)z, (0% )TZ] (Y '), and [(pZZa)TZ] (/OZZQ)T2 are all of the diagonal form. Then one can easily
check that

|p£2]UA2| = (pi’_}[UAz ’OAIUAZ Z |¢a|2pz3a ® )OA a

- Z Z 41]7(hl,Jer*ﬁ)e*‘;T"(haJrN[*ﬁ)’hgl7N1/;jll)’hZI7Nl;jl)(hZI’Nl/;jl/’(hzl’Nl;jl’

‘ﬂa N2, j2 N}, j

hatNa— <) —2Z(hy+N,— < . b R . b .
- Z Z ( +N, 24)e 1y (hatNy 24)},’12271\6;]5)}]’1;,1\]2;]2)(h22’N£;J£|(ha2,N2;J2|» (B16)
Ila N, ja N2 17
Then, one can obtain the entanglement negativity between A; and A, as follows:

__d4ne __4ne

Xha( § )]Z[Xha( o )]2 3mc ll +12 272
Eaa, =InTr|pg .| =1n § [Val? = - < g —2hD+n > WalPdr).  B17)
G A CaY € :

which agrees with the result in Eq. (5.26).
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¢. Two adjacent noncontractible regions on a torus with contractible B

As shown in Fig. 8(c), we study the entanglement negativity between two adjacent noncontractible regions A; and A, with a
contractible region B. We may start from the partially transposed reduced density matrix P?.u 4, in Eq. (5.31), based on which

we can get
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Then, the entanglement negativity between A; and A, can be obtained as follows:
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which is the same as Eq. (5.33).
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