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Tunable spin-charge conversion through topological phase transitions in zigzag nanoribbons
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We study spin-orbit torques and charge pumping in magnetic quasi-one-dimensional zigzag nanoribbons with
a hexagonal lattice, in the presence of large intrinsic spin-orbit coupling. Such a system experiences a topological
phase transition from a trivial band insulator to a quantum spin Hall insulator by tuning of either the magnetization
direction or the intrinsic spin-orbit coupling. We find that the spin-charge conversion efficiency (i.e., spin-orbit
torque and charge pumping) is dramatically enhanced at the topological transition, displaying a substantial
angular anisotropy.
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I. INTRODUCTION

Topological insulators, a new phase of matter, have attracted
intense research interest due to their nontrivial physical prop-
erties and potential applications in spintronics [1]. Similarly
to conventional or band insulators they possess a band gap
in the bulk. Yet, differently from conventional insulators
they support time-reversal-symmetry-protected spin-polarized
surface or edge states in the bulk band gap. These materials
may experience a topological phase transition from topological
to band insulator by structural design and manipulations such
as doping with impurities [2,3], applying a strain or pressure
[4,5], and inducing lattice distortion or enhancing spin-orbit
coupling via nonmagnetic substrates [6]. Interestingly, even
without structural manipulation, a topological phase transition
can also be driven by coupling topological insulators with
magnetic substrates. For example, a transition from a band in-
sulator to a quantum anomalous Hall insulator can be achieved
by inducing a magnetic exchange in silicene via a proximate
magnetic layer [7,8]. Among these studies, the influence
of topological phase transitions on Hall conductivities and
spin textures in momentum space has been confirmed [3,9].
From a topological standpoint, a charge or spin current in
a topological insulator is also a topological current. Hence,
unlike semiconductors and metals, charge conductivities and
spin-polarized edge states in topological insulators can be
controlled not only by an electric field but also by topological
phase transitions.

Besides topological phase transitions, charges flowing at
the surface or edge of topological insulators are accompanied
by a nonequilibrium spin polarization due to the large spin-
momentum locking of surface states [10]. Such a magnetoelec-
tric effect can be used to excite and switch the magnetization of
a ferromagnet deposited on the surface, as studied theoretically
[11,12] and demonstrated experimentally [13–15]. This spin-
orbit torque displays a higher electrical efficiency compared
with the spin torque in bilayers involving heavy metals [16,17].
Alternatively, the spin-to-charge conversion present at the
surface of topological insulators can be probed through charge
pumping, i.e., the Onsager reciprocal of spin-orbit torques
[24,25]. In fact, while a charge current creates a torque on the
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magnetization, a precessing magnetization induces a charge
current along the interface. This effect was originally observed
in magnetic bilayers involving heavy metals and attributed
to the inverse spin Hall effect present in the bulk of heavy
metals [18]. This observation has recently been extended to
two-dimensional systems such as hexagonal lattices [19] and
semimetal surfaces [20] and, more recently, to the surface
of topological insulators [21–23]. In these systems, the spin-
charge conversion is attributed to the spin-momentum locking
induced by interfacial (Rashba or Dirac) spin-orbit coupling.
While magnetoelectric effects have been studied in topological
insulators in the metallic regime [11,12], the influence of
topological phase transitions on these mechanisms has been
essentially overlooked. In particular, besides the emergence
of a quantized magnetoelectric effect [10], it is not clear how
topologically nontrivial edge states contribute to spin-orbit
torque and charge pumping.

In this paper, we theoretically investigate both charge
pumping and spin-orbit torque in quasi-one-dimensional
zigzag nanoribbons with a hexagonal lattice in the presence of
intrinsic spin-orbit coupling and magnetic exchange. Depend-
ing on the spin-orbit coupling strength, this system displays
topological phase transitions between trivial (metallic) and
nontrivial (quantum spin–anomalous Hall) phases [7,33].
We demonstrate that spin-charge conversion efficiency is
dramatically enhanced at the topological transition, resulting
in large damping-like spin-orbit torque and dc charge pumping.

II. THEORETICAL PROCEDURE

A. Spin-orbit torque and charge pumping

Let us first formulate the reciprocity relationship between
spin-orbit torques and charge pumping (see also Refs. [24] and
[25]). We start with the definitions of magnetization dynamics
and charge current,

∂tm = γ m × ∂mF + χ̂ · E, (1)

Jc = σ̂ · E + ξ̂ · ∂mF, (2)

where −∂mF = −∂m�/Ms is the effective field that drives
the dynamics of the magnetization in the absence of charge
flow. γ is the absolute value of the gyromagnetic ratio,
� is the magnetic energy density, m is the unit vector
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of the magnetization direction, and Ms is the saturation
magnetization. Equation (1) is defined in the absence of
magnetic damping, for simplicity. E is the electric field that
drives the charge current through the conductivity tensor σ̂ in
the absence of magnetization dynamics. χ̂ and ξ̂ are the tensors
accounting for current-driven torques and charge pumping,
respectively. We can rewrite these two equations in a more
compact form,(
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where we define the ith component of the particle current
∂tni = SJc,i/e and the j th component of the electric and
magnetic forces f
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Here, we consider a magnetic volume of width W , thickness
d, and section normal to the current flow S = Wd. Applying
the Onsager reciprocity principle [24,26],

L
ni,f

j
m
(m) = −Lmj ,f i

e
(−m), (5)

and we obtain ξ ij (m)/μB = −χji(−m)/d. In two-
dimensional magnets with interfacial inversion asymmetry, the
spin-orbit torque T = χ̂ · E can be parsed into two components
(see, e.g., Refs. [12] and [46]),

T = τDLm × ((z × E) × m) + τFLm × (z × E), (6)

referred to as the damping-like (τDL) and field-like (τFL) torque.
Hence, by definition,

χij (m) = τDL[m × ((z × ej ) × m)] · ei

+ τFL[m × (z × ej )] · ei . (7)

Then, applying Onsager reciprocity, we obtain the charge
pumping coefficient

ξ ij (m) = − (μB/d)τDL(−m)[m × ((z × ei) × m)] · ej

+ (μB/d)τFL(−m)[m × (z × ei)] · ej . (8)

And, finally, the charge current induced by the magnetization
dynamics reads

Jc = − μB

dγ
τDL(−m)z × (m × ∂tm)

+ μB

dγ
τFL(−m)z × ∂tm. (9)

This equation establishes the correspondence between the
current-driven spin-orbit torque and the charge current pumped
by a time-varying magnetization. In the following, we compute
the current-driven spin density δS from the Kubo formula
[Eq. (11)]. The torque is simply T = (2Jex/�)m × δS, so that
the conclusions drawn for spin-orbit torques equally apply to
charge pumping.

B. Model and method

Let us now consider a single-layered zigzag nanoribbon
with a hexagonal lattice (e.g., silicene, germanene, stanene)
deposited on top of a ferromagnetic layer. The ferromagnetic
layer may be chosen as EuO [27] or YIG [19,28] and induces a
weak exchange coupling on the spin-polarized carriers as well
as Rashba spin-orbit coupling.

In a tight-binding representation, the Hamiltonian for
silicene-like material can be described by [29]

Ĥ0 =
∑
〈i,j〉

t ĉ+
i ĉj + i
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(10)

where ĉ+
i = (ĉi,↑,ĉi,↓)+, and ĉ+

i,α creates an electron with
spin α at site i. 〈i,j 〉 (〈〈i,j 〉〉) runs over all the possible
nearest-neighbor (next-nearest-neighbor) hopping sites, and
dij is the position vector between site i and site j . tR (tso) is the
Rashba (intrinsic) spin-orbit coupling and Jex is the exchange
energy. ŝ is the vector of Pauli spin matrices for spin-1/2 and
vij = ±1 when the trajectory of electron hopping from site j

to site i is anticlockwise (clockwise). The first term denotes
the nearest-neighbor hopping, the second term denotes the
intrinsic spin-orbit coupling, and the third one represents
the extrinsic Rashba spin-orbit coupling. The fourth term is
the exchange interaction between the spin of the carrier ŝ
and the local moment of the ferromagnet m.

We assume that the nanoribbon is uniform and periodic
along the transport direction. A super unit cell is chosen
as shown by the red rectangle in Fig. 1(a). To compute
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FIG. 1. (a) Top view of zigzag silicene-like nanoribbons switched
by a nonmagnetic topological insulator and a magnetic topological
insulator. The super unit cell is indicated by the red rectangle.
(b) Band structure for different magnetization directions m. (c) Phase
diagram as a function of Rashba spin-orbit coupling and magnetic
exchange. (d) Density of states for different magnetization directions.
The current is directed along the x axis. Parameters are tso = 36 meV
and Jex = 10 meV.
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the spin torques and charge pumping, we first evaluate the
nonequilibrium spin density δS using the Kubo formula [30],

δS = e�

2πA
Re

∑
k,a,b

〈ψkb|ŝ|ψka〉〈ψka|E · v̂|ψkb〉

× [
GR

kbG
A
ka − GR

kbG
R
ka

]
, (11)

where E is the electric field, v̂ = 1
�

∂H
∂k is the velocity operator,

and GR
ka = (GA

ka)∗ = 1/(EF − Eka + i).  is the energy
spectral broadening, and A is the unit cell area. EF is the
Fermi energy, and Eka is the energy of electrons in band a.
The eigenvector |ψk,a〉 in band a can be found by diagonalizing
Eq. (10). Equation (11) contains both intraband (a = b) and
interband (a �= b) contributions to the nonequilibrium spin
density (see the discussion in Ref. [46]). The former is
related to impurity scattering and the latter only includes
intrinsic contributions related to the Berry curvature at  = 0.
We ignore the vertex corrections, as they only result in a
renormalization factor of the order of unity in two-dimensional
hexagonal lattices [31].

For a nanoribbon in the absence of spin-orbit couping,
the eigenvalues and eigenvectors around the Dirac point
are independent of the magnetization direction. However,
when intrinsic spin-orbit coupling is present, it acts as a
valley-dependent antiferromagnetic effective field along the z
direction. In the low-energy limit, it reads ∼τλsoσ̂z ⊗ ŝz. When
the magnetization is directed along the x axis, the cooperation
of magnetic exchange and Rashba spin-orbit coupling can
open up a band gap turning the system into a (trivial) band
insulator, as shown in the left panel in Fig. 1(b) (see also
Ref. [32]). The corresponding density of states, in the left
panel in Fig. 1(d), displays an evident gap. In contrast, when
the magnetization is directed along the z axis, the system
evolves towards the quantum spin Hall regime (insulating
bulk and conducting spin-polarized edges) as shown in the
right panel in Fig. 1(b). This is related to the fact that the
magnetic field couples with the intrinsic spin-orbit coupling
and leads to the redistribution of ground states [33]. Unlike
the band insulator, the corresponding density of states shows
a parabolic dependence on the energy as shown in the right
panel in Fig. 1(d). For silicene-like materials, the exchange
coupling is about 30 meV [34]. In this parametric range, there
are only two topological phases: trivial band insulator and
quantum spin Hall insulator, as shown in Fig. 1(c). The others
topological phases such as quantum anomalous Hall insulator
stand beyond this parametric range.

Note that our model assumes an effective exchange Hamil-
tonian, the last term in Eq. (10), and disregards the actual
impact of Coulomb interactions on the band structures. This
assumption is expected to have a limited impact on the spin-
charge conversion efficiency in the metallic regime where bulk
electrons dominate the transport properties of the nanoribbon.
Nonetheless, Coulomb interactions are known to massively
affect the topological phase transition in honeycomb systems
[35]. Indeed, in graphene-like nanoribbons such interactions
induce edge magnetism [36–38] and strong band structure
distortion [39–41]. Most importantly for the present study,
the interplay between Coulomb interaction and spin-orbit
coupling dramatically alters the nature of edge states and,

thereby, the transport properties at the topological phase
transition (see, e.g., Refs. [42,43]). A thorough examination of
the impact of strong Coulomb interaction on the spin-charge
conversion efficiency in graphene-like nanoribbons would be
highly valuable but remains beyond the scope of the present
study.

III. RESULTS

A. Nonequilibrium spin density and torques

In order to understand the influence of the topological phase
transition on the spin-orbit torque, we first investigate the in-
fluence of intrinsic spin-orbit coupling on the nonequilibrium
spin density in a nonmagnetic nanoribbon. In this system,
Rashba spin-orbit coupling enables the electrical generation
of a nonequilibrium spin density, δSy , an effect known as
the inverse spin galvanic effect [44] and studied in detail in
bulk two-dimensional hexagonal crystals [31,47]. In Fig. 2
we present the intraband [Figs. 2(a) and 2(c)] and interband
[Figs. 2(b) and 2(d)] contributions to the nonequilibrium spin
density in a nanoribbon as a function of the Fermi energy
without [Figs. 2(a) and 2(b)] and with [Figs. 2(c) and 2(d)]
intrinsic spin-orbit coupling. When the intrinsic spin-orbit
coupling is absent [Figs. 2(a) and 2(b)], the system is metallic
and the intraband component dominates the spin density,
indicating that carriers at the Fermi surface dominate the
transport. The intraband component [Fig. 2(a)] is one order
of magnitude larger than the interband component [Fig. 2(b)],
in agreement with the results obtained for two-dimensional
graphene-like materials or two-dimensional electron gases
[45–47]. When the intrinsic spin-orbit coupling is turned on
[Figs. 2(c) and 2(d)], it opens up a bulk band gap and induces

FIG. 2. Intraband and interband components of the spin density as
a function of the Fermi energy in a nonmagnetic nanoribbon without
(a, b) and with (c, d) intrinsic spin-orbit coupling. The electric field
is directed along the x axis. Parameters are tso = 0, Jex = 0, tR =
20 meV, and  = 0.3 meV.
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FIG. 3. (a) Intraband spin density, (b, c) interband spin density,
and (d) conductance as a function of the Fermi energy without and
with intrinsic spin-orbit coupling. The magnetization is directed along
the z axis. The exchange coupling is fixed at Jex = 10 meV and other
parameters are the same as in Fig. 2.

spin-polarized edge states. In the quantum spin Hall regime
(low Fermi energy, no bulk transport), the intraband and inter-
band contributions are of the same order of magnitude, while
beyond the quantum spin Hall regime (high Fermi energy,
edge and bulk transport coexist), the intraband contribution
dominates the spin density.

Let us now turn our attention to the case of a magnetic
nanoribbon. In our configuration, E = Ex, and the nonequi-
librium spin density can be parsed into two components,

δS = δSDLy × m + δSFLy, (12)

referred to as the damping-like (δSDL) and field-like (δSFL)
spin densities. We plot the field-like and the damping-like
spin densities with and without intrinsic spin-orbit coupling
in Fig. 3. When the intrinsic spin-orbit coupling is absent and
the exchange interaction is present, the intraband component
dominates the field-like spin density in Figs. 3(a) and 3(b),
similarly to the case without exchange interaction displayed in
Figs. 2(a) and 2(b). Moreover, the damping-like spin density
[Fig. 3(c)] is lower than the field-like spin density [Fig. 3(a)]
because the former is a correction arising from the precession
of nonequilibrium spin density around the magnetization
caused by the acceleration of carriers in the electric field
[30,46,48]. When the intrinsic spin-orbit coupling is turned
on, the nanoribbon enters the quantum spin Hall regime:
transport occurs only through spin-polarized edge states,
resulting in quantized conductance [Fig. 3(d)]. The intraband
and interband field-like spin densities [Figs. 3(a) and 3(b)]
become of comparable magnitude, while the damping-like
spin density is significantly enhanced [Fig. 3(b)]. As a result,
the damping-like spin density dominates over the field-like
spin density. Furthermore, since the conductance is due only
to edge states, the overall electrical efficiency of the torque
(=torque magnitude/conductance) is dramatically enhanced
in the quantum spin Hall regime.

FIG. 4. Intraband and interband spin density as a function of
the magnetization angle for different Fermi energies: (a–c) without
intrinsic spin-orbit coupling and (d–f) with intrinsic spin-orbit
coupling.

The topological phase transition can be induced not only
by tuning the intrinsic spin-orbit coupling but also by rotating
the magnetization as shown in Figs. 1(b) and 1(c). In Fig. 4,
we plot the intraband and interband contributions to the spin
density as a function of the magnetization angle for different
Fermi energies in the absence [Figs. 4(a)–4(c)] or presence
[Figs. 4(d)–4(f)] of intrinsic spin-orbit coupling. Dramatic
features can be observed depending on whether or not the
nanoribbon experiences a phase transition.

When intrinsic spin-orbit coupling is absent [Figs. 4(a)–
4(c)] or when intrinsic spin-orbit coupling is present and the
Fermi energy is high enough [>10 meV in Figs. 4(d)–4(f)],
the nanoribbon remains metallic independently of the magne-
tization direction. The spin density adopts the form given in
Eq. (12) and commonly observed in two-dimensional Rashba
gases [49]. Minor angular dependence is observable due to the
small distortion of the Fermi surface (see also Ref. [50]). In
contrast, when intrinsic spin-orbit coupling is turned on and the
Fermi energy is low enough [<10 meV in Figs. 4(d)–4(f)], the
nanoribbon experiences a topological phase transition from
the metallic (θ ≈ 0,π ) to the quantum spin Hall (θ ≈ π/2)
regime. This transition is clearly shown in Fig. 4(d), where
the intraband field-like spin density decreases dramatically
(but does not vanish) upon setting the magnetization away
from θ ≈ 0,π . Correspondingly, the interband damping-like
and field-like contributions display an abrupt and dramatic
enhancement when the magnetization angle is varied through
the topological phase transition.
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B. Charge pumping

By virtue of the Onsager reciprocity, the results obtained
above for the current-driven spin densities apply straight-
forwardly to the charge pumping through Eq. (9). From
the definition of the torque, τDL = 2JexδSDL/E and τFL =
2JexδSFL/E, and henceforth the charge current pumped by
a precessing magnetization reads

Jc = − 2JexμB

dγ

δSDL

E
z × (m × ∂tm)

+ 2JexμB

dγ

δSFL

E
z × ∂tm. (13)

The first component gives both ac and dc signals [51], while
the second term is purely ac. The study of nonequilibrium spin
density reported above indicates that the second component,
∼z × ∂tm, dominates in the metallic regime (since δSFL >

δSDL), while the first component, ∼z × (m × ∂tm), can be
dramatically enhanced in the quantum spin Hall regime
(δSDL > δSFL). Furthermore, because changing the magneti-
zation direction can induce topological phase transitions, one
expects that charge pumping with the magnetization lying out
of the plane of the two-dimensional nanoribbon is much more
efficient than when the magnetization lies in the plane. A
high charge-pumping efficiency is expected at the topological
phase transition. Note, however, that the dc charge pumping
vanishes when the magnetization precesses around the normal
to the plane as 〈m × ∂tm〉 ≡ z.

IV. DISCUSSION AND CONCLUSION

In summary, we have investigated the impact of the
topological phase transition on the nature of the spin-orbit
torque and charge pumping in quasi-one-dimensional hexag-
onal nanoribbons. Tuning the magnetization angle or the
intrinsic spin-orbit coupling can change the system from a
band insulator to a quantum spin Hall insulator. We find that the
spin-charge conversion efficiencies (i.e., damping torque and
charge pumping) are significantly enhanced in the quantum
spin Hall regime.

Recently, a gigantic damping torque has been reported at
the surface of topological insulators, with electrical efficiencies
about two orders of magnitude higher than in transition metal
bilayers [14]. To the best of our knowledge, no theory is
currently able to explain this observation (see discussion in
Ref. [12]). Although the present model does not precisely
apply to the experimental case, it emphasizes that close to or
in the quantum spin Hall regime, (i) the electrical efficiency
of the spin-orbit torque is dramatically enhanced due to the
reduction of the conductance, and, most remarkably, (ii) the
damping-like torque dominates over the field-like torque. This
effect, properly adapted to the case of topological insulators,
could open interesting perspectives for the smart design of
efficient spin-orbit interfaces through manipulation of the
topological phase transition.
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