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Coexistence of light and heavy surface states in a topological multiband Kondo insulator
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We analyze the impact of strong correlations on the surface states of a three-dimensional topological Kondo
insulator. An important observation is that correlations are strongly increased at the surface, which leads to
an energetical confinement of the surface f electrons into a narrow window around the Fermi energy at low
enough temperature. This correlation effect in combination with the nontrivial topology has two remarkable
consequences: (i) coexistence of light and heavy surface states at low temperatures. While heavy surface states are
formed directly in the surface layer, light surface states are formed in the next-nearest surface layer. Furthermore,
(ii) with increasing the temperature, the heavy surface states become incoherent and only light surface states
can be observed. The coexistence of light and heavy surface states is thereby a remarkable characteristic of the
combination of strong correlations and nontrivial topology. We believe that these results are applicable to the
candidate topological Kondo insulator SmB6.
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I. INTRODUCTION

Strongly correlated topologically nontrivial materials are a
class of materials, which combines two fields of condensed
matter physics recently attracting enormous interest. On the
one hand, strong correlations, which are often found in d- and
f -electron systems, are the origin of intriguing phenomena
such as heavy-quasi-particles, magnetism, unconventional
superconductivity, etc. On the other hand, nontrivial topology
leads to the emergence of symmetry protected surface states
[1,2]. Combining both fields results in highly interesting
and nontrivial systems and raises questions about correlation
effects and ordering of the topologically protected surface
states [3–7].

Candidates for such strongly correlated and topologically
nontrivial materials are, for example, f -electron systems with
strong spin-orbit interaction which are insulating, such as
SmB6 [8–10] or CeOs4As12 [11]. SmB6 is a long-known
Kondo insulator. Strongly interacting f electrons hybridize
with conduction d electrons in a way that a bulk gap opens
at the Fermi energy, which is experimentally confirmed by a
large increase of the resistivity below 40 K [12]. However,
a puzzle has remained since the discovery of this Kondo
insulator, namely the saturation of the resistivity below 4 K
[13]. It has turned out that this saturation can be attributed to
quite robust surface states [14–18]. The existence of these
robust surface states led to the proposal that this material
might be topologically nontrivial [10,19–21], making SmB6

a topological Kondo insulator, which has led to extensive the-
oretical research on this topic [19–37]. Indeed, first principles
calculations seem to confirm this prediction, demonstrating
that SmB6 is a strong topological insulator with topologically
protected surface states at � and X points [10,22], which have
also been found experimentally by ARPES [38–43]. Thus,
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SmB6 might be the model system for a strongly correlated
topological insulator.

The aim of this paper is to study the interplay of strong
correlations and nontrivial topology in three-dimensional (3D)
f -electron materials such as SmB6. We will therefore use
a model Hamiltonian exhibiting a simplified version of the
band structure of SmB6, including all essential orbitals to
describe a topological Kondo insulator with metallic surface
states at the � and X point in the Brillouin zone. This model
will be too simple to explain every detail of SmB6, but it
is a realistic starting point to analyze the interplay between
strong correlations and nontrivial topology. In this paper we
focus especially on the impact of the correlations on the
topological surface states. Related to this topic is an open
question on the group velocities of the surface states in SmB6:
While theoretical calculations predict heavy surface states,
most experiments observe rather light ones. Recent transport
measurements at very low temperature, on the other hand,
indicate the existence of heavy surface states. Alexandrov
et al. [44] proposed a solution to the problem why the surface
states should be light. They assumed layer-dependent Kondo
temperatures and performed model calculations based on the
slave-boson mean field theory. If the Kondo temperature at the
surface is much lower than in the bulk, then there would be
light surface states, if the temperature in the experiments is
larger than the surface Kondo temperature.

We here use dynamical mean field calculations [45] to
analyze the topological surface states in a model Hamilto-
nian describing a strongly correlated topologically nontrivial
Kondo insulator. We demonstrate that due to a significant
increase of correlations directly at the surface, the spectrum
at T = 0 K is composed of light and heavy surface states.
We show that heavy surface states emerge in the outermost
surface layer, where the f electrons are energetically confined
close to the Fermi energy. However, the nontrivial topology of
the system ensures the existence of surface states connecting
the bulk states below the Fermi energy with the states above
the Fermi energy, which cannot be accomplished by the
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outermost surface layer alone. Due to this interplay between
topology and strong correlations, light “surface” bands emerge
in the next-nearest-surface layer slightly away from the Fermi
energy. We furthermore observe in our model that similar to
the calculations by Alexandrov et al. [44] the heavy surface
states vanish when the temperature is increased so that only
light surface states exist.

The remainder of this paper is organized as follows: In the
next section we explain the model and the methods that we use
in our calculations. This is followed by a section analyzing
the topology of the interacting model. Thereafter, we show
results for the momentum-resolved and local density of states
elucidating the correlation effects on the topological surface
states.

II. MODEL AND METHOD

Motivated by SmB6, which is a good candidate for a
strongly correlated and topologically nontrivial material, we
use a simplified band structure of SmB6 as the noninteract-
ing part of our Hamiltonian. The band structure is based
on a first principles calculation using the WIEN2K package
[46–49]. Being interested in a simple model Hamiltonian,
which nevertheless can describe the essential properties due to
the interplay of strong correlations and nontrivial topology, we
only use the eg orbitals of the d electrons and the �8 quartet
of the f electrons in our study. Although this simplified band
structure will not be able to describe every detail of the low
temperature physics of SmB6, it provides us with generic
properties inherent in three-dimensional strong topological
Kondo insulators.

Thus, our model consists of a 3D cubic lattice and includes
eight orbitals per lattice site. This model conserves time-
reversal and inversion symmetry and exhibits topological
surface states at the � and X points in the Brillouin zone
similar to SmB6. The spin orbit interaction is fully included.
The band width of the d electrons in our model, which is
approximately 7 eV, agrees with that of SmB6 and sets the
energy scale throughout this paper. The band width of the
noninteracting f electrons is 0.2 eV. We note that presenting
the full Hamiltonian in our effective tight binding model
should include several hundreds of hopping terms, which are
difficult to accommodate in the paper. Instead, we would
like to mention the essential points due to the nontrivial
band structure in Fig. 1, which are relevant to the Kondo
insulator; because of inversion of bands with different parity at
three time-reversal invariant points in the Brillouin zone, the
noninteracting model is topologically nontrivial [19,50–52].
The noninteracting band structure close to the Fermi energy
with open boundaries in the z direction, shown in Fig. 1 (right),
demonstrates the existence of surface states at � and X points
in the Brillouin zone.

In order to study a Kondo insulator, we include a strong
local interaction into the f -electron orbitals, which will lead
to a Kondo effect at low temperatures. The inclusion of
four f -electron bands and especially the coupling between
these bands leads to a strong increase of correlations in the
model compared to single f -electron band models. We use the
following multiband Hubbard Hamiltonian for the f -electron

FIG. 1. (Left) Bulk band structure showing the wide d bands and
narrow f bands. d and f bands are hybridized and form a gap at
the Fermi energy. (Right) Magnification around the Fermi energy
of a noninteracting slab calculation with open boundaries in the z

direction. Clearly visible is the bulk gap and the topological surface
states at the � and X points.

�8 bands,

H�8 = U (n�8,a↑n�8,a↓ + n�8,b↑n�8,b↓ )

+U ′(n�8,a↑ + n�8,a↓ )(n�8,b↑ + n�8,b↓ )

+ J �S�8,a
�S�8,b

,

where n�8,{a,b}σ is the occupation operator for orbital �8,{a,b}
with pseudospin direction σ = {↑,↓}. Finally, �S�8,{a,b} corre-
sponds to the spin operator for the �8,a and �8,b orbitals. We use
the following interaction strengths U = 4 eV, U ′ = 2 eV, and
J = 1 eV, but have confirmed that our results do qualitatively
not depend on these interaction strengths at T = 0. In this
study we fix the chemical potential of the f electrons in a way
that these bands are occupied by nf = 3 electrons and leave
the analysis of different electron numbers as a future study.
For this filling the f -electron bands are more than half-filled,
which qualitatively agrees with the situation of SmB6.

We use the real-space dynamical mean field theory (DMFT)
for a system of 20 layers, where each layer of the system
is mapped onto its own impurity model, which is solved
self-consistently. Nonlocal correlations are thereby excluded
and all self-energies are local. However, local fluctuations are
fully included into this study. This usage of real space DMFT
enables us to study layer-dependent correlation effects and
the impact of these correlations on the surface states. Because
the lattice has translational symmetry in the x-y plane, we
can impose periodic boundary conditions within each layer.
However, due to the open boundaries in the z direction,
the effective impurity models depend, via the bath Green’s
function, on the layer. We have recently used similar methods
to analyze correlation effects in the topologically nontrivial
Hubbard model [53] and f -electron superlattices [54]. We
use the numerical renormalization group (NRG) [55,56] to
solve the resulting impurity models, which is able to calculate
real-frequency spectral function for arbitrary temperatures and
resolve even small structure at the Fermi energy [57,58].
By using the NRG as impurity solver we can provide real-
frequency self-energies and Green’s function without the need
of an analytic continuation of imaginary-time data, and we are
able to analyze details in the band structure from 6 eV (roughly
the band width of the d electrons) to 0.0001 eV (approximately
the Kondo temperature of the surface layer in our calculations).
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FIG. 2. Bulk self-energy in Matsubara frequencies for the f -
electron bands for T = 10−7 eV, which is much smaller than the
coherence temperature of the surface layer.

III. TOPOLOGICAL STRUCTURE

Because of inversion of bands with different parity at
three time-reversal invariant points in the Brillouin zone, the
ground state of the noninteracting model is topologically
nontrivial. Next, we confirm that even in the presence of
correlations this model is a strong topological insulator.
In the presence of electron correlations, the Z2 invariant
for strong topological insulators is defined in terms of
the single-particle Green’s function, Ĝ(iω,�k). In Ref. [52],
it has been pointed out that the topological invariant for
correlated systems can be obtained from the topological
Hamiltonian ĥ′(�k) := ĥ(�k) + �̂(iω = 0,�k) = −Ĝ−1(0,�k), if
the single-particle Green’s function Ĝ(iω,�k) is nonsingular;
detĜ(iω,�k) �= 0 and detĜ−1(iω,�k) �= 0. ĥ(�k) is thereby the
Fourier transformation of the hopping Hamiltonian and �̂

is the self-energy matrix, which has only nonvanishing
entries at the diagonal elements of the f orbitals. Then
the Green’s function Ĝ(iω,�k) can be continuously deformed
without any singularity to ĝ(iω,�k) := [iωI + Ĝ−1(0,�k)]−1

by using Ĝ(iω,�k,λ) := λĜ(iω,�k) + (1 − λ)ĝ(iω,�k) with
λ ∈ [0,1].

Here we show that Ĝ−1(iω,�k) is nonsingular and thus, we
can use the topological Hamiltonian for the calculation of
the Z2 invariant. First we show detĜ(iω,�k) �= 0. Since the
bandwidth is finite, the only possible way for detĜ(iω,�k) = 0
is a divergence of the self-energy �̂(iω,�k). Because of the
DMFT approximation, the self-energy is momentum inde-
pendent. Furthermore, within the current model off-diagonal
elements of the self-energy between different orbitals vanish.
The diagonal element �(iω) is shown in Fig. 2, and does
not exhibit any divergence. Therefore, detĜ(iω,�k) �= 0 holds
for any �k and iω. Because detĜ−1(iω,�k) = 0 corresponds
to the closing of the bulk gap, we can also rule out
this possibility, because a bulk gap is observed in our
calculations.

Thus, we can obtain the Z2 invariant for the correlated
system from the topological Hamiltonian ĥ′(�k). We note that
our model is inversion symmetric and the following equation

holds:

P̂ ĥ′ (�k) P̂ −1 = ĥ′(−�k),

P̂ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎛
⎜⎝

1 . . . 0
. . .

0 . . . 1

⎞
⎟⎠

eg

0

0

⎛
⎜⎝

−1 . . . 0
. . .

0 . . . −1

⎞
⎟⎠

f

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

because the hybridization between d and f orbitals is given
by an odd function in the momentum space.

Thus, we can apply the simplified formula for inversion
symmetric systems [50,51] and calculate the Z2 invariant via

(−1)ν = ��k∗
i ,α∈occ.δ�k∗

i ,α, (1)

where �k∗
i are the time-reversal invariant momenta [i.e., (0,0,0),

(π,0,0), (0,π,0), (0,0,π ), (π,π,0), (π,0,π ), (0,π,π ), (π,π,π )]
and δ�k∗

i ,α denote the eigenvalues of the occupied orbitals α of

the inversion operator P̂ at �k∗
i .

Taking into account the Kramer’s degeneracy of the system,
we find that δ�k∗

i ,α becomes −1 at (π,0,0), (0,π,0), (0,0,π ) and
+1 at all five other time-reversal invariant points. Therefore,
from Eq. (1), we conclude that our model is a strong topological
insulator [10,22].

IV. RESULTS

We show real-frequency self-energies for several layers in
Fig. 3. The used two-particle interactions lead to two types
of excitations in the f orbitals: an intraband particle-hole
excitation (not shown in Fig. 3) and the Kondo effect close to

FIG. 3. Calculated self-energies of the f -electron quartet.
(Top) Imaginary part of the self-energy for different layers. The
inset shows the layer dependence of the quasiparticle weight z =
1/(1 − ∂Re�(ω)/∂ω) for a slab calculation using 20 layers. Although
the quasiparticle weight is very small at the surface, it does not vanish.
(Bottom) Real part of the self-energy for different layers. The yellow
marked area corresponds to the energies of the noninteracting f

electrons.
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FIG. 4. Momentum resolved spectral functions at T = 0 around the Fermi energy. (a) Spectrum of all layers and all orbitals. (b) Spectrum
of the surface f electrons. (c) Spectrum of the f electrons of the next-nearest surface layer. (d) Spectrum of the f electrons in a bulk layer.
Notice the different energy scales for each panel. In these color plots black corresponds to weak, red to intermediate, and yellow to strong
intensity.

the Fermi energy. Exactly at the Fermi energy, the imaginary
part of the self-energy vanishes at T = 0 K, which gives
rise to a highly correlated Fermi liquid, characteristic for
heavy fermion systems. The self-energy around the Fermi
energy is thereby dominated by inter-band correlations in the
f -electron bands. As it is visible from the behavior of the
self-energy around the Fermi energy, ω = 0, and also from the
quasiparticle weight z = 1/(1 − ∂Re�(ω)/∂ω), the surface
layer is much more strongly correlated than all other layers.
This increase in the correlation can be attributed to the open
surface which leads to a change in the hybridization between f

electrons and d electrons [44]. The large slope in the real part of
the self-energy of the surface layer has thereby a very important
consequence: f -electron bands in the surface layer can only
emerge in a very narrow energy region around the Fermi
energy, namely when the equation ω − Re�(ω) − ε�k − μ = 0
can be fulfilled. In the lower panel of Fig. 3 we have marked the
energy region of the noninteracting f -electron bands yellow.
Only for ω for which ω − Re�(ω) is within the marked area,
bands can emerge in the interacting model.

Let us now analyze the impact of these correlations on
the topological surface states. In Fig. 4, we show momentum
resolved Green’s functions for model calculations consisting of
20 layers with open boundaries in the z direction. The inclusion
of correlation effects leads to a reduction of the bulk gap
width from � ≈ 0.1 eV in the noninteracting model to � ≈
0.02 eV in the interacting model. However, a bulk gap still
exists [see Fig. 4(d)]. Besides changing the width of the gap, the
layer-dependent self-energy has strong influence on the surface
states. In Fig. 4(a) we show the whole spectrum of all layers and

all orbitals. We can clearly observe the presence of in-gap states
in this plot, which emerge within the surface layers. These
surface states emerge as light bands from the bulk states below
the Fermi energy and evolve until close to the Fermi energy. At
an energy scale corresponding to the coherence temperature
of the surface layer the energy-momentum dispersion of these
bands changes dramatically; see Fig. 4(a). The light surface
states originating in the bulk states below the Fermi energy
form a narrow and flat band below the Fermi energy. From
this flat surface band heavy Dirac cones are formed around the
Fermi energy. For slightly higher energies, these bands change
again into light surface states which are connected to the bulk
states above the Fermi energy.

How can we understand the simultaneous existence of light
and heavy surface states? The topology of this Hamiltonian
ensures the existence of surface states which connect the bulk
states below the Fermi energy with the bulk states above
the Fermi energy. However, the self-energy of the outermost
surface layer, shown in Fig. 3, effectively confines the f

electrons of this layer into a small energy window around the
Fermi energy. From the real part of the self-energy we can read
off this energy window to be [−8 × 10−4eV,1 × 10−4eV].
In order to confirm this, we show in Fig. 4(b) the spectral
function of the f electrons at the surface. Clear energy bands
are only visible within the above mentioned energy window
and appear as heavy surface states. However, the bulk gap is
wider than this energy region. For the energies lying between
this narrow window of the outermost surface layer and the bulk
states, the surface states ensured by the topology are formed
in the next-nearest surface layer; see Fig. 4(c). Because in this
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FIG. 5. Momentum resolved spectral functions around the Fermi energy for different temperatures. (a) T = 1K , (b) T = 3K , (c) T = 10K ,
(d) T = 30K .

layer, the correlations are not as strong as in the outermost
surface layer, these surface states appear as light surface
states.

The electron number does only weakly depend on the
layer. Due to the Kondo effect, which drives the system
towards an integer number of f electrons, the difference
between the bulk layer and the surface layer is very small:
approximately �n ≈ 0.001 per orbital. Thus, the difference
in the correlation strength cannot be explained by a change
in the particle number. Furthermore, the effects of double
counting due to the combination of an LDA band structure
and DMFT, which are usually taken into account by the
inclusion of Hartree terms proportional to the particle number,
do not influence the layer dependence of the effective electron
mass. The necessary conditions to observe the described
phenomena in a topological Kondo insulator are thereby the
formation of a Fermi liquid state at low temperatures and
a strong enhancement of the effective electron mass at the
surface. Then, the coexistence of light and heavy surface states
naturally follows at low temperatures, which does not depend
on the detail of the band structure.

The emergence of heavy surface states in the outermost
layer and light surface states in the next-nearest neighbor can
only occur due to the layer dependence of the self-energy. We
note here that the layer, in which the light surface states emerge,
depends on how the strength of the correlations changes with
the layer. In our model, correlations are strongly enhanced at
the surface and are already much weaker in the next-nearest-
surface layer, where the light states are observed. If the change
of the correlation strength would occur inside the material,

these light states will also appear inside. Such a drop in the
correlation strength not at the surface but within the solid could
be seen, e.g., in heterostructures of topologically nontrivial
materials.

Next, we want to analyze the effects of temperature on this
strongly correlated topological state. The coexistence of light
and heavy surface states rests in the formation of strongly
layer-dependent Fermi liquids. If the temperature is increased
above the coherence temperature of the outermost surface
layer, the f electrons in this layer will become incoherent. In
Fig. 5 we show the combined momentum dependent spectrum
of all layers for different temperatures. At T = 1K , Fig. 5(a),
the temperature is below the coherence temperature of the
surface and the bulk, and we thus observe light and heavy
surface states as described above. At T = 3K , Fig. 5(b), the
surface f electrons become incoherent. At this temperature,
the flat f -electron band, which is visible in Fig. 5(a), has
vanished. Instead, only light surface states, which cross the
Fermi energy, exist in the spectrum. This situation has been
predicted in Alexandrov et al. [44]. When further increasing
the temperature, the bulk gap begins slowly to close; see
Figs. 5(c) and 5(d). For T = 30K , Fig. 5(d), the width of the
bulk gap has decreased below � = 0.005 eV. However, the
light surface states are still clearly visible at this temperature.
For temperatures of approximately T = 50 K, the bulk gap
is closed in our calculations and thus also the surface states
vanish from the spectrum.

As observed by Alexandrov et al. [44], the surface states
exactly at the Fermi energy change from heavy to light,
when the temperature is increased. However, as a further
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FIG. 6. Local density of states of the f electrons in the surface
layer around the Fermi energy depending on the temperature.

consequence of the large effective electron mass at the surface,
the surface electrons become incoherent slightly away from
the Fermi energy, which leads to the emergence of light
surface states at low temperatures away from the Fermi energy.
The imaginary part of the self-energy, which leads to the
incoherence of the surface f electrons away from the Fermi
energy, is essential for the observation of this phenomenon.

The appearance of heavy surface states in the outermost
layer and light surface states in the next-nearest surface layer
can also be directly observed in the local density of states
(DOS) (Figs. 6 and 7). In the DOS of the surface layer,
Fig. 6, we observe at T = 1K a strong peak close to the
Fermi energy, ω = 0. This peak corresponds to the flat band in
the momentum-resolved spectrum close to the Fermi energy.
The spectrum of the surface layer around the Fermi energy is
strongly temperature dependent. Increasing the temperature,
the f electrons become incoherent and the peak in the DOS
quickly vanishes, which leads to a decreasing spectral weight.
However, the temperature dependence of the next-nearest
surface layer shows the opposite behavior. When increasing
the temperature, the DOS around the Fermi energy increases
in this layer. This can be understood by two effects: (i) the

FIG. 7. Same as Fig. 6 but for the next-nearest surface layer.

f -electron band located at ω = −0.01 eV is broadened by the
temperature, and (ii) due to the nontrivial topology, the light
surface states in this layer exist in the whole gap.

V. CONCLUSIONS

We have analyzed the impact of strong correlations on the
topological surface states of a multiband Kondo insulator. We
have elucidated a striking feature of the combination of strong
correlations and nontrivial topology: Due to a strong increase
of correlations at the surface, the f electrons are confined at
the surface close to the Fermi energy forming heavy surface
states. However, because the bulk gap is larger than this region,
metallic states emerge in the next-nearest surface layer, which
appear as light surface states. Thus, the spectrum consists of
a combination of light and heavy surface states. Furthermore
we confirm that when the temperature is increased above the
coherence temperature of the outermost layer, the electrons of
the surface layer become incoherent, so that the heavy surface
states vanish and the spectrum consists only of light surface
states. This leads to an opposite temperature dependence of
the local density of states of the surface layer and the next-
nearest surface layer. While for increasing temperature, the
DOS decreases in the surface layer around the Fermi energy,
it increases in the next-nearest surface layer.

Finally we want to discuss the relevance of our results
to SmB6. First, our calculations have confirmed the previous
results by Alexandrov et al. [44] about the Kondo breakdown
scenario for SmB6, which leads to a change from heavy
surface states to light surface states, when the temperature is
increased. Moreover, we have shown that the heavy topological
surface states become light slightly away from the Fermi
energy. This indicates that experiments need to access lower
temperatures below the surface Kondo temperature and resolve
small energies very close to the Fermi energy in order to
observe heavy surface states.

We note that our theoretical calculations in this paper have
assumed a perfect surface of SmB6, while some experiments
have shown that the surface of SmB6 is often reconstructed
[59,60]. The surface of SmB6 that is most frequently observed
in experiments has a 1 × 2 reconstructed structure, where
one-half of the Sm atoms are missing. This reconstruction
will affect the band structure at the surface, and thus will
modify the surface Kondo temperature. In Ref. [61], it has
been pointed out that the reconstruction of the surface could
decrease the surface Kondo temperature. This would have
two effects: the characteristic temperature, below which heavy
surface states emerge, would be decreased, and also the energy
region around the Fermi energy, where the heavy surface states
can be observed, would be reduced. Thus, due to surface
reconstruction, it may be necessary to cool the samples down
to lower temperatures, in order to experimentally observe the
described interplay between nontrivial topology and strong
correlations, which leads to a coexistence of heavy and light
surface states.

In this paper, we have studied only Sm-terminated surfaces.
Boron-terminated surfaces, which have also been analyzed
in experiments and theory, will exhibit different surface
properties. This issue will be addressed in a future study.
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[47] J. Kuneš, R. Arita, P. Wissgott, A. Toschi, H. Ikeda, and K. Held,
Comput. Phys. Commun. 181, 1888 (2010).

[48] N. Marzari and D. Vanderbilt, Phys. Rev. B 56, 12847
(1997).

[49] I. Souza, N. Marzari, and D. Vanderbilt, Phys. Rev. B 65, 035109
(2001).

235159-7

http://dx.doi.org/10.1103/RevModPhys.82.3045
http://dx.doi.org/10.1103/RevModPhys.82.3045
http://dx.doi.org/10.1103/RevModPhys.82.3045
http://dx.doi.org/10.1103/RevModPhys.82.3045
http://dx.doi.org/10.1103/RevModPhys.83.1057
http://dx.doi.org/10.1103/RevModPhys.83.1057
http://dx.doi.org/10.1103/RevModPhys.83.1057
http://dx.doi.org/10.1103/RevModPhys.83.1057
http://dx.doi.org/10.1038/nphys1606
http://dx.doi.org/10.1038/nphys1606
http://dx.doi.org/10.1038/nphys1606
http://dx.doi.org/10.1038/nphys1606
http://dx.doi.org/10.1103/PhysRevLett.106.100403
http://dx.doi.org/10.1103/PhysRevLett.106.100403
http://dx.doi.org/10.1103/PhysRevLett.106.100403
http://dx.doi.org/10.1103/PhysRevLett.106.100403
http://dx.doi.org/10.1103/PhysRevLett.107.010401
http://dx.doi.org/10.1103/PhysRevLett.107.010401
http://dx.doi.org/10.1103/PhysRevLett.107.010401
http://dx.doi.org/10.1103/PhysRevLett.107.010401
http://dx.doi.org/10.1088/0953-8984/25/14/143201
http://dx.doi.org/10.1088/0953-8984/25/14/143201
http://dx.doi.org/10.1088/0953-8984/25/14/143201
http://dx.doi.org/10.1088/0953-8984/25/14/143201
http://dx.doi.org/10.1103/PhysRevB.85.125113
http://dx.doi.org/10.1103/PhysRevB.85.125113
http://dx.doi.org/10.1103/PhysRevB.85.125113
http://dx.doi.org/10.1103/PhysRevB.85.125113
http://dx.doi.org/10.1016/0921-4526(94)00588-M
http://dx.doi.org/10.1016/0921-4526(94)00588-M
http://dx.doi.org/10.1016/0921-4526(94)00588-M
http://dx.doi.org/10.1016/0921-4526(94)00588-M
http://dx.doi.org/10.1143/JPSJ.80.123710
http://dx.doi.org/10.1143/JPSJ.80.123710
http://dx.doi.org/10.1143/JPSJ.80.123710
http://dx.doi.org/10.1143/JPSJ.80.123710
http://dx.doi.org/10.1103/PhysRevB.85.165125
http://dx.doi.org/10.1103/PhysRevB.85.165125
http://dx.doi.org/10.1103/PhysRevB.85.165125
http://dx.doi.org/10.1103/PhysRevB.85.165125
http://dx.doi.org/10.1103/PhysRevLett.22.295
http://dx.doi.org/10.1103/PhysRevLett.22.295
http://dx.doi.org/10.1103/PhysRevLett.22.295
http://dx.doi.org/10.1103/PhysRevLett.22.295
http://dx.doi.org/10.1103/PhysRevB.20.4807
http://dx.doi.org/10.1103/PhysRevB.20.4807
http://dx.doi.org/10.1103/PhysRevB.20.4807
http://dx.doi.org/10.1103/PhysRevB.20.4807
http://dx.doi.org/10.1103/PhysRevB.88.180405
http://dx.doi.org/10.1103/PhysRevB.88.180405
http://dx.doi.org/10.1103/PhysRevB.88.180405
http://dx.doi.org/10.1103/PhysRevB.88.180405
http://dx.doi.org/10.1103/PhysRevX.3.011011
http://dx.doi.org/10.1103/PhysRevX.3.011011
http://dx.doi.org/10.1103/PhysRevX.3.011011
http://dx.doi.org/10.1103/PhysRevX.3.011011
http://dx.doi.org/10.1038/srep03150
http://dx.doi.org/10.1038/srep03150
http://dx.doi.org/10.1038/srep03150
http://dx.doi.org/10.1038/srep03150
http://dx.doi.org/10.1126/science.1250366
http://dx.doi.org/10.1126/science.1250366
http://dx.doi.org/10.1126/science.1250366
http://dx.doi.org/10.1126/science.1250366
http://dx.doi.org/10.1038/nmat3913
http://dx.doi.org/10.1038/nmat3913
http://dx.doi.org/10.1038/nmat3913
http://dx.doi.org/10.1038/nmat3913
http://dx.doi.org/10.1103/PhysRevLett.104.106408
http://dx.doi.org/10.1103/PhysRevLett.104.106408
http://dx.doi.org/10.1103/PhysRevLett.104.106408
http://dx.doi.org/10.1103/PhysRevLett.104.106408
http://dx.doi.org/10.1103/PhysRevB.85.045130
http://dx.doi.org/10.1103/PhysRevB.85.045130
http://dx.doi.org/10.1103/PhysRevB.85.045130
http://dx.doi.org/10.1103/PhysRevB.85.045130
http://dx.doi.org/10.1103/PhysRevLett.111.226403
http://dx.doi.org/10.1103/PhysRevLett.111.226403
http://dx.doi.org/10.1103/PhysRevLett.111.226403
http://dx.doi.org/10.1103/PhysRevLett.111.226403
http://dx.doi.org/10.1103/PhysRevLett.110.096401
http://dx.doi.org/10.1103/PhysRevLett.110.096401
http://dx.doi.org/10.1103/PhysRevLett.110.096401
http://dx.doi.org/10.1103/PhysRevLett.110.096401
http://dx.doi.org/10.1103/PhysRevB.85.125128
http://dx.doi.org/10.1103/PhysRevB.85.125128
http://dx.doi.org/10.1103/PhysRevB.85.125128
http://dx.doi.org/10.1103/PhysRevB.85.125128
http://dx.doi.org/10.1103/PhysRevB.88.035113
http://dx.doi.org/10.1103/PhysRevB.88.035113
http://dx.doi.org/10.1103/PhysRevB.88.035113
http://dx.doi.org/10.1103/PhysRevB.88.035113
http://dx.doi.org/10.1103/PhysRevB.89.085110
http://dx.doi.org/10.1103/PhysRevB.89.085110
http://dx.doi.org/10.1103/PhysRevB.89.085110
http://dx.doi.org/10.1103/PhysRevB.89.085110
http://dx.doi.org/10.1103/PhysRevB.89.245119
http://dx.doi.org/10.1103/PhysRevB.89.245119
http://dx.doi.org/10.1103/PhysRevB.89.245119
http://dx.doi.org/10.1103/PhysRevB.89.245119
http://dx.doi.org/10.1103/PhysRevB.90.081113
http://dx.doi.org/10.1103/PhysRevB.90.081113
http://dx.doi.org/10.1103/PhysRevB.90.081113
http://dx.doi.org/10.1103/PhysRevB.90.081113
http://dx.doi.org/10.1103/PhysRevB.90.195144
http://dx.doi.org/10.1103/PhysRevB.90.195144
http://dx.doi.org/10.1103/PhysRevB.90.195144
http://dx.doi.org/10.1103/PhysRevB.90.195144
http://dx.doi.org/10.1103/PhysRevB.90.235107
http://dx.doi.org/10.1103/PhysRevB.90.235107
http://dx.doi.org/10.1103/PhysRevB.90.235107
http://dx.doi.org/10.1103/PhysRevB.90.235107
http://dx.doi.org/10.1103/PhysRevB.90.165127
http://dx.doi.org/10.1103/PhysRevB.90.165127
http://dx.doi.org/10.1103/PhysRevB.90.165127
http://dx.doi.org/10.1103/PhysRevB.90.165127
http://dx.doi.org/10.1103/PhysRevB.90.155314
http://dx.doi.org/10.1103/PhysRevB.90.155314
http://dx.doi.org/10.1103/PhysRevB.90.155314
http://dx.doi.org/10.1103/PhysRevB.90.155314
http://dx.doi.org/10.1103/PhysRevB.90.115109
http://dx.doi.org/10.1103/PhysRevB.90.115109
http://dx.doi.org/10.1103/PhysRevB.90.115109
http://dx.doi.org/10.1103/PhysRevB.90.115109
http://dx.doi.org/10.1103/PhysRevB.90.201106
http://dx.doi.org/10.1103/PhysRevB.90.201106
http://dx.doi.org/10.1103/PhysRevB.90.201106
http://dx.doi.org/10.1103/PhysRevB.90.201106
http://dx.doi.org/10.1103/PhysRevB.91.245127
http://dx.doi.org/10.1103/PhysRevB.91.245127
http://dx.doi.org/10.1103/PhysRevB.91.245127
http://dx.doi.org/10.1103/PhysRevB.91.245127
http://dx.doi.org/10.1103/PhysRevLett.112.226402
http://dx.doi.org/10.1103/PhysRevLett.112.226402
http://dx.doi.org/10.1103/PhysRevLett.112.226402
http://dx.doi.org/10.1103/PhysRevLett.112.226402
http://dx.doi.org/10.1103/PhysRevB.87.165109
http://dx.doi.org/10.1103/PhysRevB.87.165109
http://dx.doi.org/10.1103/PhysRevB.87.165109
http://dx.doi.org/10.1103/PhysRevB.87.165109
http://dx.doi.org/10.1103/PhysRevB.93.045138
http://dx.doi.org/10.1103/PhysRevB.93.045138
http://dx.doi.org/10.1103/PhysRevB.93.045138
http://dx.doi.org/10.1103/PhysRevB.93.045138
http://dx.doi.org/10.1038/ncomms4010
http://dx.doi.org/10.1038/ncomms4010
http://dx.doi.org/10.1038/ncomms4010
http://dx.doi.org/10.1038/ncomms4010
http://dx.doi.org/10.1038/ncomms3991
http://dx.doi.org/10.1038/ncomms3991
http://dx.doi.org/10.1038/ncomms3991
http://dx.doi.org/10.1038/ncomms3991
http://dx.doi.org/10.1103/PhysRevB.88.121102
http://dx.doi.org/10.1103/PhysRevB.88.121102
http://dx.doi.org/10.1103/PhysRevB.88.121102
http://dx.doi.org/10.1103/PhysRevB.88.121102
http://dx.doi.org/10.1103/PhysRevLett.111.216402
http://dx.doi.org/10.1103/PhysRevLett.111.216402
http://dx.doi.org/10.1103/PhysRevLett.111.216402
http://dx.doi.org/10.1103/PhysRevLett.111.216402
http://dx.doi.org/10.1103/PhysRevX.3.041024
http://dx.doi.org/10.1103/PhysRevX.3.041024
http://dx.doi.org/10.1103/PhysRevX.3.041024
http://dx.doi.org/10.1103/PhysRevX.3.041024
http://dx.doi.org/10.1038/ncomms5566
http://dx.doi.org/10.1038/ncomms5566
http://dx.doi.org/10.1038/ncomms5566
http://dx.doi.org/10.1038/ncomms5566
http://dx.doi.org/10.1103/PhysRevLett.114.177202
http://dx.doi.org/10.1103/PhysRevLett.114.177202
http://dx.doi.org/10.1103/PhysRevLett.114.177202
http://dx.doi.org/10.1103/PhysRevLett.114.177202
http://dx.doi.org/10.1103/RevModPhys.68.13
http://dx.doi.org/10.1103/RevModPhys.68.13
http://dx.doi.org/10.1103/RevModPhys.68.13
http://dx.doi.org/10.1103/RevModPhys.68.13
http://dx.doi.org/10.1016/j.cpc.2010.08.005
http://dx.doi.org/10.1016/j.cpc.2010.08.005
http://dx.doi.org/10.1016/j.cpc.2010.08.005
http://dx.doi.org/10.1016/j.cpc.2010.08.005
http://dx.doi.org/10.1103/PhysRevB.56.12847
http://dx.doi.org/10.1103/PhysRevB.56.12847
http://dx.doi.org/10.1103/PhysRevB.56.12847
http://dx.doi.org/10.1103/PhysRevB.56.12847
http://dx.doi.org/10.1103/PhysRevB.65.035109
http://dx.doi.org/10.1103/PhysRevB.65.035109
http://dx.doi.org/10.1103/PhysRevB.65.035109
http://dx.doi.org/10.1103/PhysRevB.65.035109


PETERS, YOSHIDA, SAKAKIBARA, AND KAWAKAMI PHYSICAL REVIEW B 93, 235159 (2016)

[50] L. Fu and C. L. Kane, Phys. Rev. B 76, 045302
(2007).

[51] L. Fu, C. L. Kane, and E. J. Mele, Phys. Rev. Lett. 98, 106803
(2007).

[52] Z. Wang and S.-C. Zhang, Phys. Rev. X 2, 031008
(2012).

[53] Y. Tada, R. Peters, M. Oshikawa, A. Koga, N. Kawakami, and
S. Fujimoto, Phys. Rev. B 85, 165138 (2012).

[54] R. Peters, Y. Tada, and N. Kawakami, Phys. Rev. B 88, 155134
(2013).

[55] K. G. Wilson, Rev. Mod. Phys. 47, 773 (1975).

[56] R. Bulla, T. A. Costi, and T. Pruschke, Rev. Mod. Phys. 80, 395
(2008).

[57] R. Peters, T. Pruschke, and F. B. Anders, Phys. Rev. B 74, 245114
(2006).

[58] A. Weichselbaum and J. von Delft, Phys. Rev. Lett. 99, 076402
(2007).
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