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Generation of chiral spin state by quantum simulation
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Chirality of materials in nature appears when there are asymmetries in their lattice structures or interactions in
a certain environment. Recent development of quantum simulation technology has enabled the manipulation of
qubits. Accordingly, chirality can be realized intentionally rather than passively observed. Here we theoretically
provide simple methods to create a chiral spin state in a spin-1/2 qubit system on a square lattice. First, we
show that switching on and off the Heisenberg and XY interactions produces the chiral interaction directly
in the effective Hamiltonian without controlling local fields. Moreover, when initial states of spin qubits are
appropriately prepared, we prove that the chirality with desirable phase is dynamically obtained. Finally, even
for the case where switching on and off the interactions is infeasible and the interactions are always on, we show
that, by preparing an asymmetric initial qubit state, the chirality whose phase is 7 /2 is dynamically generated.
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I. INTRODUCTION

Chirality specifies the properties of materials in which the
mirror image does not coincide with itself by simple rotations
and translations [1]. Recently, chirality has come to play an
important role in the stabilization of skyrmions [2,3], and, in
spintronic devices, chirality is observed in the domain-wall
motion through the Dzyaloshinsky-Moriya interaction [4,5].
When the chirality of a spin system supports a nonlocal
extension of the order parameter, it is called a chiral spin liquid
(CSL), which has attracted much attention in the research of
high 7. superconductors since the 1980s [6—10]. The research
of CSL has been developed in combination with topological
quantum computation [11,12].

The chiral spin state is represented by the chiral interaction
S’i . §j X S’k (i,j,k indicate lattice sites) [8]. In the Hubbard
model, which can abstract the nature of strongly correlated
electrons, the chiral interactions appear only in the higher
order of t/U expansion and are much smaller than the major
Heisenberg couplings 3‘,- .S i [13]. Numerical studies [14,15]
showed the spin-liquid phase appears only in the limited
parameter region of the Hubbard model. On the other hand,
theoretically designed Hamiltonians [11,16] whose ground
states are the CSL are mathematically well established.
However, it is difficult to synthesize corresponding materials.

Instead of finding materials that have target chiral prop-
erties, recent quantum simulation technologies [17-19] can
be applied to dynamically simulate the chirality of a spin
system. Here, we propose practical methods of controlling
the chirality in a spin-qubit system on a square lattice by
switching on and off the interaction between qubits, or initial-
izing the qubit states asymmetrically (spin-up or spin-down).
Spin Hamiltonians have been widely investigated in trapped
ions [17,20], nitrogen-vacancy centers [21], superconducting
circuits [22], and so on. Among them, spin qubits based on
semiconductor quantum dot (QD) systems can describe spin
Hamiltonians directly [23-26]. Each QD includes one excess
electron whose spin degree of freedom plays the role of qubit.
The exchange coupling J is caused by Coulomb interactions
between electrons and is controlled by the gate electrodes. The
switching on and off of the coupling J is more feasible than the
control of the arbitrary rotation of each qubit [27]. In addition,
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because the coherence time is limited, the quantum operations
should be as simple as possible.

In this paper, we provide three methods to create a chiral
spin state in a spin-1/2 qubit system on a square lattice by
switching on and off of the coupling J. As £nen£ionegl above,
it is difficult to obtain the chiral interaction S; - S; x Sy as the
dominant term in the conventional perturbation theory. In the
first method, we show that effective chiral Hamiltonians can
be designed only by switching on and off the Heisenberg and
XY interactions. In the second and third methods, we derive
chiral states with arbitrary phase by preparing appropriate
initial qubit states. Here, we consider product states of spin
up or spin down as the initial qubit states. This is because
preparation of product states is much easier than that of
entangled states. Moreover, focusing on product states makes
the discussion simple and clear. In the second method, we show
analytical forms of chiral states for four qubits on a square
lattice. The third method shows how to control chiralities by
preparing appropriate initial qubit states in an always-on lattice
system. We show that asymmetrically arranged qubit states
periodically generate the chirality whose phase is /2. In this
paper, we would like to describe the clear relationship between
the phase of the chirality and the asymmetric spin state.

This paper is organized as follows: In Sec. II we show
how to generate effective chiral Hamiltonians by switching
on and off the coupling between qubits. In Sec. III, we show
our second method in which analytical form of the chirality
is derived in a four-qubit system. In Sec. IV, we consider the
chiral spin state on the always-on lattice system. In Sec. V, we
mention experimental possibilities. Section VI is devoted to a
summary. In the Appendix, we show detailed derivations of
equations and related numerical calculations.

II. CONSTRUCTION OF EFFECTIVE CHIRAL
HAMILTONIAN

The chirality is defined around the loop with gauge-
invariant form following Ref. [8]. When %;; = ZS:N 61.@]-5,
(Cis 1s the electron annihilation operator), the chirality of a
square lattice is defined by

W34 = (K12 X23 X34 Ka1)- (D
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In this definition, qubit 1 is the origin and end of the loop. Thus,
the asymmetry is discussed from the view of qubit 1. The chiral
spin state is defined as a state where the imaginary part of w34
has a finite phase (w234 = |wia34|expi¢p and ¢ # 0). The
phase ¢ of the loop is proportionate to the area of the loop and
is important for the topological aspect of the qubit system [28—
30]. We treat a spin-1/2 model S; = (1/2)c;, where o; =
(6i,0],07) (o, 0, and o7 show the Pauli matrices of the
lattice site i), focusing on the phase of the chirality rather
than the properties of the spin liquid. The expectation value of
Ep3 = (01 - 02 x 03) has a simple relation with the chirality
of the loop [8]: for the square lattice, we have

Ei34 — Eips + Epz4). 2)

Here, the asymmetry of the spin system is introduced
by the asymmetric switching of the nearest-neighbor qubit-
qubit interaction and the asymmetric spin configuration on
the square lattice. First, we show how to obtain the chiral
interaction &7 - 0 x 03 by switching on and off the nearest-
neighbor interactions between qubits. For the Heisenberg
model, we use the basic relation between three spins given
by

1
Imwizzs = g(—Ei3 —

[01 - 62,0, - 03] = 2i6, - 01 X 03. 3)

The point is that the left commutation relation of this equation
is obtained by 51mp1y multiplying the time-evolution operators
UIJ"IS(I) = ¢H;" = =exp{iJ16; - 6;} in the Baker-Campbell-
Hausdorf formula given by
ULS (1)U (1) = expliJ (1161 - G2 + 15 - 53)
— J*t1/2[6, NG

This type of formula is useful and widely applicable in the field
of quantum information processing [20]. Figure 1(a) shows this
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FIG. 1. Dynamical creation of chiral interaction. (a) Schematic
illustration of generating the chiral interaction 1,3 = 07 - 6, X 03 by
switching on and off the Heisenberg interactions between qubits. In
the first step, the Heisenberg interaction is switched on between qubits
2 and 3. In the next step, after switching off the interaction between
qubits 2 and 3, the interaction between qubits 1 and 2 is switched
on. Then, the effective interaction X,3 is generated in addition to the
Heisenberg couplings. (b) Generating process of the chiral interaction
of the form of (— X123 — X134 — X124 + X234), the expectation value of
which corresponds to Eq. (2), assuming that spin qubits are placed on
each node of the square lattice. The interactions between two qubits
are switched on and off in the order of A - B — C — D, where
A ~ D indicate the interactions between two qubits.
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process: the first step is switching on the interaction between
spin 2 and 3, and the next step is, after switching off this
interaction, switching on the interaction between spin 1 and 2.
This process is generalized to obtain the chiral interactions as
the next dominant terms of the effective Hamiltonian:

Her = Z 566+ Y Jy6i 6y x5, (9)

ijk

where J/ ik = = J;jJjrto under the condition of J;;#p < 1 when
t) = t, = typ in Eq. (4). As an example, the Hamiltonian whose
chiral interaction has the form of Eq. (2) is realized by the serial
operations given by U5 () USS () U S (1)U L3 (). Figure 1(b)
shows this process graphically.

For the XY Hamiltonian HY =3}, H} =
i Iz [0/ a + o; O’y ] we can generate the pure chiral
Hamiltonian H & 01 - 02 X 03 by using the equation given by

03, = (U] (oo} + 07Ut = Loi(oio) —o'o),

where Ul] = expl(n/4) o} +a a ?]. The chiral Hamil-
tonian H o« 0y -0y X 03 18 obtalned by the sequence of
switching on and off the XY interactions: 0}5; 053, 031,-

III. CONSTRUCTION OF CHIRAL SPIN STATE STARTING
FROM PRODUCT STATES

The above-mentioned method is effective when the target
Hamiltonian is not complicated. Here, we provide a simpler
method to obtain the chirality directly. When we look at the
process of Fig. 1(a), itis found that switching on one interaction
can realize the finite chirality That is, the expectation
value, w1234(t) = (\IJ0|U23 (t)x(1234)U S@)|Wy)  with
)2(1234) = X12X23X34X41 and |‘-IJ()) = |S‘1S2S3S4>, is given
by wi3, () = (1 + Z2Z3)(nynay + niynay) /4 — 2> +
Z3 +i Sin(4]l)(22 — Z3)](n1¢n4¢ — n1¢n4¢)/4, where
Z; = (siloils;), and n;s(€ {0,1}) is the number of the s
spin for the site i (see Appendix A and Refs. [31,32]).
When Z3 = —Z,(s5 =1, 53 =, or s, =], s3 =1), we have
wm4(t) = —isin(4Jt)Zy(n14ng, — nyynay)/2. This means
that switching on one interaction itself generates the chirality
of a phase m/2. The same form is obtained for the XY
interaction. The chirality of the Ising XX interaction has a
similar form except for sin(2J¢) instead of sin(4J¢).

Thus, the chiral spin states can be dynamically created by
directly manipulating the interactions between qubits. This is
because the basic Eq. (3) appears many times in the calculation
of the expectation value wjz34. Moreover, switching on two
interactions enables the generation of the chiral state with a
phase in the range of —7 to 7, as shown in Table 1. The case
on the left in Table I shows the process shown in Fig. 1(a). The
time-saving method is shown in the case on the right in Table I,
in which the interaction between 1 and 4 and that between 2
and 3 are simultaneously switched on (the general expressions
are shown in the Appendix). For example, the flux state whose
phase is 7 [8,9] is given periodically when 4Jt = 7 /2 for the
Heisenberg interaction.

235137-2



GENERATION OF CHIRAL SPIN STATE BY QUANTUM ... PHYSICAL REVIEW B 93, 235137 (2016)

TABLE I. Switching on two interactions to create the chiralities with desired phases. The chirality on the square lattice for the three
interactions is shown. For simplicity, we show the cases of Z3 = Z; = (si|o{|s1) and Z4 = Z, = (sz]o5|s2) (s; € {1, D). Z; =1 fors; =1

and Z; = —1 for s; = . The general form of the left switching pattern is shown; see Appendices B and C for detail.
=9 25 11 2
Chirality of S Chirality of 14 8
@ ¢ [
Ising XX {e*t — 1 —2isin(2J1)Z,Z,}/8 e MINZ) + Zre"I)[Zy — Z1]/8
XY ie'sin(4Jt)[Z, — Z,1%/8 ie ™ sin(4J1)[Z, — Z,1%/8
Heisenberg ie"!sin(4Jt)[Z, — Z,1%/8 ie ™ sin(4Jt)[Z, — Z11%/8

IV. CHIRAL SPIN STATE WITH ALWAYS-ON
INTERACTIONS

Finally, let us consider a case of more restrictive condition in
which the interactions between qubits are always on [Fig. 2(a)].
This happens when the distances between qubits are small
in order to reduce decoherence. For this case, we generate
the chirality only by preparing asymmetric initial qubit
states. Because of the commutability of the Ising interactions
[0/ 0,0 0F] =0, the time-dependent chirality of the XX
interaction can be derived analytically. On the other hand,
the time-dependent chiralities of the XY and the Heisenberg
interactions are obtained by numerical calculations.

The chirality of the XX interaction on the square lattice
wikX (1) = (Wo| U (1)1 (123D U (1)|Wp) with U™ () =

exp{iJt ;25" X; X} and |Wo) = |s1525354) is given by
wiE (1) = {cos? 2Jt[Z3(Zpe™" + Zye ™71
—Zo(Zy — Z4) — Z1(Z3 + Z4)
— cos?2J1Z,7Z,7574] + 1}/8. (6)
Note that wi5%, () is irrelevant to the spin configurations of the
qubits around. Thus, when Z, = —Z4 [the colored patterns

shown in Fig. 2(b)], we have w5y, () —> iZ3Z,Jt at t ~ 0,
which means that the chirality of the Ising interaction has

(a) mirror-plane (b)1 9
w/ 6 7 Oo—QO 0—0 O0—O®
O—O O0—0O 0O0—0O 0O
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0100 0101 0110 0111

~ -

12

11

FIG. 2. Configuration of spin qubits for the always-on interaction.
(a) The 12 qubit sites for numerical calculation of the chirality
wiz3s. The sites are connected by the always-on interactions. The
dashed line shows the mirror plane when the chirality is defined by
Eq. (1). (b) There are 2* = 16 initial states for the spin configurations
for the four qubits. Half of the spin configurations of the initial
states are illustrated. Other configurations have the same results
because of the symmetry. The circle and the double circles indicate
the spin-up (1) and the spin-down (| ) states, respectively. Colored
patterns (0010,0011,0110,0111), the spin configurations of which are
asymmetric to the mirror plane of panel (a), have a phase w/2 att ~ 0
(see Fig. 3).

a phase w/2 at t ~ 0. Because of the uniform interactions
between qubits, the asymmetry is introduced by the asym-
metric configuration of the qubit state seen from qubit 1.
Figures 3(a) and 3(b) show the time-dependent amplitude and
phase of wi53, of Eq. (6). Compared with the switching on one
interaction mentioned above, we need to control the four qubit
states to obtain the /2 phase.

Figures 3(c)-3(f) show the numerically calculated time-
dependent chiralities of the XY and the Heisenberg
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FIG. 3. The time-dependent behavior of the chirality wis34,
Eq. (1), of the square lattice. Always-on interactions are assumed
for the configuration of spin qubits shown in Fig. 2. The left and
right figures show the numerical results for the amplitudes |w234]
and the phases ¢ of w34 = |wi234] €Xp i@, respectively. (a), (b) The
results for the Ising interaction calculated from the analytic form of
Eq. (6). (c),(d) The results of the average w34 for the XY interaction
numerically calculated from Eq. (7). (e),(f) The results of the average
w4 for the Heisenberg interaction numerically calculated from
Eq. (8). For the XY and the Heisenberg interactions, after obtaining
w34 for all 212 configurations, the average values of w34 are taken
over the spin states of sites 5-12. See Appendix D for details. As
seen from panel (b), the colored patterns (0010,0011,0110,0111) in
Fig. 2(b) have a phase /2 at r ~ 0.
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interactions given by

with () = (WolU™T (1) £ (1234) U ()| W), @)
wibs, (1) = (W|UTST(1) 1230 U5 ()W),  (8)

with U"y(t)—exp{ztzlq12 H”} UHS@t) =

exp{thKl12 H/T®), and |Wy) = |s1525354) including the 12
spin qubits [Fig. 2(a)]. The number of qubits included in
these calculations comes from the limitation of the calculation
resource, and the calculated chiralities of all the states of
qubits 5 to 12 in Fig. 2(a) are summed and divided by 28. We
can see that when Z, = —Z, the chirality has the finite phase.
The /2 phases around ¢ ~ 0 are analyzed by the expansion
w1234(t)~(\110|x(1234) + lt[X(1234),H] + O(t?)|¥y), with
H=Y’_|Hy for Hj=HS or Hj=H; . Because
(‘Ifolx(1234)|‘lfo) =0 and (Wollx(1234), H]| Vo) =
(1/2)Z5(Zy — Z4), wipza(t) has a m/2 phase around
t ~ 0. Thus, even in the case of the always-on interaction, the
chirality with finite phase can be obtained dynamically for
asymmetrical spin configurations.

V. DISCUSSIONS

The chiralities calculated here include no relaxation pro-
cess. In reality, qubit systems couple to the environment and
decohere. In the case of GaAs QDs, the coherence is lost
mainly through the interaction with the nuclear spins. For
J ~ 0.1-1ueV [23], the coherent change of the chirality is
expected to be in the period of (2J)~! & 2.0-20 ns, which is
in the range of the experimental coherence times (<50 ns [24]).

As shown in Ref. [8], there is a relationship between the
expectation value E; j; and the Berry phase B;j,given by B3 —
B3z = (i /2) E123. Thus, when the Berry phase can be detected
as shown in Refs. [33,34], it might be possible to compare the
calculated results here with experiments based on Eq. (2).

In this paper, we considered only product states as the initial
states of the qubits. The time-dependent chirality of entangled
states is interesting and important. However, because there
are many types of entangled states, the chirality of entangled
states should be discussed in a separated paper for the sake
of clarity. Even if we focus on some specific entangled states,
there are still a lot of things to classify the results. As an
example, let us consider the chirality of the ground state of the
Ising ZZ interaction on a square lattice. The ground state of
the four qubits on a square lattice is a degenerated state given
by A|0101) 4+ B|1010) with an eigenvalue of —4J (A and
B are arbitrary constants). Then the chirality is calculated as
—(A*B + AB*) = —sin(2p) cos(q) when A = cos(p), B =
sin(p) exp(ig). Thus, depending on the coefficients A and B,
the chirality changes variously.

VI. SUMMARY

In summary, we have shown simple methods to generate
the chiral spin Hamiltonian from conventional spin-spin
interactions. We have also shown that, even for the always-on
interaction (the conventional spin system), the chiral spin state
is realized if the initial state is appropriately prepared.
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APPENDIX A: DERIVATIONS OF CHIRALITIES
AND BASIC RELATIONS

The formulation of the chirality, Eq. (1), is derived by
assuming the half-filled case (one spin per site). The electron
annihilation operator ¢;; (s € {1, |}) and the Pauli matrices
have the relationship given by

o} =clyeiy +claiy,

O’l-y = —l'(C,-TTCu — CiTLCiT)’

o = c;r¢ci¢ - C;r¢ci¢’
with o/ = %(O’ +io]) = CTTCw, and o/" = l(al?‘ —io}) =
C,‘|¢CiT-

The explicit form of the chirality w34 given by Eq. (1)
is directly derived by inserting Xi; =) _;, él.¢js, and we
have

212223234241 = apcy + bpdm + amem + bmdpa (Al)

where
ap =nyn3| +03'oy,
Ay = NopN3p + aloy,
b, = —04n3, — nay oy,
bm = —O’Zml’l3T — I’l2¢(f3m,
cp =nipngy, —of oy,
Cm = N N4y — crl'"of,
dyn = 0"nsy —n1y 0y,
— P P
dp =01 N4y —N140y,
with niy = CjTC,'T, and ni, = CLCN'

When we derive expectation values accompanying the
unitary transformations U/ 5(9) = explifo; - 5}, UX Y(G) =
exp{iblojo} + 0] 071}, and Ui o) = exp{z@azaz} we use
the equatlons given by [31]

UBS(—0)0:U A5 (6) = cos*(20)o7 + sin*(20)0
+ 1 sin(40) (005 —0i03) 1 (A2)

and its cyclic relations (x — y — z — x), for the Heisenberg
interaction,

U (—0)o7 UK (0) = cos(20)o — sin(20)070;, (A3)
U (=0)ol ULY (0) = cos(20)07 + sin(20)aiay, (Ad)
UEY (—0)ai U (0) = cos*(20)0} + sin*(20)05

+ 5 51n(49)[c71 02 -0 02] (AS)
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for XY interaction, and

USX(—=0)a US*(0) = cos(20)0; + sin(20)oia5, (A6)

USX (=)oUY (6) = cos(20)of — sin(20)0] o5, (A7)

for Ising interaction. = The  expectation  values
(Yol X12X23 X34 X411 Wo) are estimated by the product states

[Wo) = |s1528384) (5; € {1, 1.

APPENDIX B: GENERAL FORM OF THE LEFT METHOD
OF TABLE I

The general form for the Heisenberg interaction is given by

wibyy = 1 = 21222324+ Z4Zp — Z1 Z
+ 42225 — Z\[Zp + Zal + Z4Za
+isin@J0[Zy — Z)1[Z2 — Z3D)}, (B1)

where  Z4 = cos’(2J1)Z, +sin?(2J1)Z;  and  Zp =
sin?(2J1)Z, + cos*(2J1)Zs. For the XY interaction, we have

wivsy = §{l — 21222324 + ZsZp — Z1 Za
+ 6" 2,Z5 — Z)[Zp + Za) + Z4Zy)
+ie¥ I sin(4J [ Zs — Z11[Z> — Z3))}). (B2)

For the Ising X X interaction, we have

wing = 1 — "2, Z)(1 + e Z3Zy)
+(=Z1 + ¥ Zo)(Zy + e Zy)). (B3)

APPENDIX C: GENERAL FORM OF THE RIGHT
METHOD OF TABLE I

The general expression of the chirality of the right method
of Table I is given by w1234 = G23(9)H @)+ G L(0)H ,(09)
for the Ising X X interaction, and the X Y and Helsenberg cases
provide the same form of wi}, = wis,, = F;;(0)H,;(20) +
F,5(0)H;(20), where

F70)=([1+Z][1+ Z;] +isin40[Z; — Z;])/4, (C1)
G50) = (1 £ Z;e)(1 + Z;e77) /4, (C2)

H:0)=(-2Z;+e(Z - Z;)/4  (C3)

PHYSICAL REVIEW B 93, 235137 (2016)
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FIG. 4. Examples of the calculation of the time-dependent chiral-
ity for the Heisenberg Hamiltonian of the 12 qubits before averaging.
The numbers 2, 18, 34, 50, 66, and 82 express the qubit states over the
twelve sites when 0 =1 and 1 = such as 2 = 000000000010, 18 =
000000010010, 34 = 000000100010, 50 = 000000110010, 66 =
000001000010, and 82 = 000001010010. The last four digits 0010
correspond to the configuration of the pattern 0010 of Fig. 2(b). Other
states in the 28 configurations show similar behaviors. Figures 3(e)
and 3(f) show the average of these results.

Thus, in order to obtain a finite phase, Z4 = —Z,0r Z3 = —Z,
is necessary. Table I shows the results for the simple case of
Zy=—23=272,=—-7,.

APPENDIX D: NUMERICAL CALCULATIONS

In Figs. 3(c)-3(f), we have directly calculated Eq. (1)
for the XY and the Heisenberg interactions, as expressed
by Egs. (7) and (8), respectively. There are 2! patterns of
the spin configurations in Fig. 2(a). Depending on the spin
configuration over the 12 sites of Fig. 2(a), the time-dependent
chirality changes in various ways. Figure 4 shows a sample
of the results of the Heisenberg interaction of the pattern
0010 of Fig. 2(b). The numbers 2, 18, 34, 50, 66, and 82
correspond to the spin configurations of the 12 sites. The
spin configuration can be expressed by a binary form of
l12l11l10i9i8i7i6i5i4i3i2i1, such that i lj = Oorl (j = 1 12)
depending on spin-up or spin-down, respectively. Then the
binary form can be transformed to the decimal number given
by i12X212+i|] lel +i10X210+i9X29+i3 X 28 +l7 X
27 g x 20 +is x 25 4+ iy x 2% +i3x 23 + iy x 2% +i;.For
example, the number 2 corresponds to 0000 0000 0010, which
means that the spin of site 2 is flipped, and the number 18
corresponds to 0000 0001 0010, which means that the spins
of sites 2 and 5 are flipped. It is seen that the phase of
the chirality around ¢ ~ 0 is /2 for all configurations. The
time-dependent behaviors for ¢ > 0 are different depending
on their configuration. The results shown in Fig. 3 are the
averaged results over all the configurations.
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