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Challenges in design of Kitaev materials: Magnetic interactions from competing energy scales
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In this study, we reanalyze the magnetic interactions in the Kitaev spin-liquid candidate materials Na,IrOs3,
a-RuCls, and «-LiyIrO; using nonperturbative exact diagonalization methods. These methods are more
appropriate given the relatively itinerant nature of the systems suggested in previous works. We treat all
interactions up to third neighbors on equal footing. The computed terms reveal significant long-range coupling,

bond anisotropy, and/or off-diagonal couplings which we argue naturally explain the observed ordered phases
in these systems. Given these observations, the potential for realizing the spin-liquid state in real materials is
analyzed, and synthetic challenges are defined and explained.
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I. INTRODUCTION
A. Introduction

Recently, great interest has emerged in the realization
of materials with quantum spin-liquid (QSL) ground states.
These states represent prominent examples of highly entangled
and topologically nontrivial phases, and therefore provide a
fertile ground for realizing exotic excitations [1]. However,
stabilizing such states in real systems represents a significant
experimental and theoretical challenge. In most cases, clas-
sical ordering of spins can only be avoided for significant
geometrical frustration and/or exotic long-range or multispin
interactions that may not be realizable in real materials [2—4].
Even for some models including such interactions, significant
debate remains over the nature of the ground states due to
the difficulty of obtaining exact theoretical results in the
presence of frustrated interactions [5]. For this reason, great
excitement was generated by the introduction of an exactly
solvable model by Kitaev for tricoordinate lattices, which
exhibits a spin-liquid ground state for anisotropic but realistic
short-range interactions [6]:

— Y QY
H=Y s/s,
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where y = {x,y,z} for the three nearest-neighbor bonds
emerging from each lattice point. The possibility for engi-
neering such Kitaev interactions in real materials with strong
spin-orbit coupling was advanced by the seminal work of
Jackeli and Khaliullin [7], who provided the following criteria:
heavy d° metals in an edge-sharing octahedral environment
with metal-ligand-metal bond angles close to 90°. In this case,
a Kitaev-type interaction can emerge as the dominant term as
aresult of a delicate cancellation of other interactions. To date,
three candidate materials on the honeycomb lattice have been
found that apparently satisfy these requirements: «-RuCls,
NayIrOs, and the a-phase of LizIrOs [8—10]. Other systems
with three-dimensional (3D) lattices, 8- and y-Li,IrO3, have
also been discovered [11,12]. However, all such materials
exhibit an ordered ground state [13—16] rather than the
desirable spin liquid, raising the question of how to engineer
the Kitaev state in real systems. The above three honeycomb
systems serve as a focus of this study.

The honeycomb materials of interest adopt a monoclinic
C2/m structure [8,13,14] which is of sufficiently low symme-
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try that with the inclusion of spin-orbit coupling (SOC), there
are many independent and potentially relevant terms entering
the effective magnetic Hamiltonian. Up to third-neighbor
interactions, the magnetic Hamiltonian is characterized, in
principle, by 36 symmetry inequivalent parameters. Due to
this large number, it is nearly impossible to extract all such
parameters from experimental data, emphasizing the need for
insights from ab initio methods. Model calculations focusing
on a selection of these interactions have predicted phase
diagrams hosting a rich variety of classical broken-symmetry
and QSL states [17-22]. In each case, the specific ground state
is selected by a competition between the various interactions,
so that none of the terms can be neglected a priori. In the ab-
sence of complete estimates for all parameters, various groups
have put forward simplified models to explain the observed
orders that emphasize only a selection of terms [17,19,23-25],
although the connection between such models and the real
materials remains an open question. To date, initial estimates
of the magnetic interactions have largely employed low-order
perturbative expansions around the strong coupling U > ¢
limit [7,17,21,26]. However, an alternative description of the
electronic structures was recently put forward by some of the
authors in terms of nearly itinerant quasimolecular orbitals
delocalized across the six-site plaquettes of the honeycomb
lattice [27-30]. This latter approach emphasized the proximity
of the honeycomb materials to itinerancy, a scenario that
would imply significant long-range interactions and poor
convergence of perturbation theory in local variables. Indeed,
the Coulomb repulsion is relatively weak at the heavy Ru and
Ir centers in these materials, implying the U > ¢ limit may
not be satisfied in practice [31].

The purpose of this paper is to review and refine the
current understanding of interactions in the known materials
using both perturbative and nonperturbative methods, and to
critically evaluate the potential for engineering the Kitaev spin
liquid in real materials. The paper is organized as follows. In
Sec. II, we discuss the symmetries and material parameters
relevant to the C2/m structures of «-RuClj3, «-Li,IrO3, and
NayIrOs. In Sec. III, we consider the magnetic interactions
that emerge at strong coupling; Sec. III A introduces revised
perturbative expressions exact in U, Jy, and A, while in
Sec. III B we describe the poor convergence of the perturbative
method for the long-range second- and third-neighbor interac-
tions. Therefore, in Sec. IV, we employ both perturbative and
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nonperturbative exact diagonalization techniques to estimate
all magnetic interactions up to third neighbor in the three
materials. The results suggest for all three materials «-RuCls,
a-LiIrO3, and Na,IrOj; that the classical order is selected by
long-range second- and third-neighbor interactions. In Sec. V,
we discuss the realistic range of magnetic interactions that
may be realized in real materials, which allows for critical
discussion about the potential for reaching a Kitaev spin-liquid
ground state. Finally, in Sec. VI, we summarize the important
conclusions.

II. ELECTRONIC STRUCTURES
A. General Hamiltonian

For d° filling in an octahedral environment, one hole
occupies the three t, orbitals, on average, per site. We
therefore consider a total Hamiltonian for the #,, orbitals in a
nearly octahedral crystal field:

Hiot = Hnop + Her + Hso + Hy (2)

which is the sum of, respectively, the kinetic hopping term,
crystal-field splitting, spin-orbit coupling, and Coulomb inter-
actions. The Coulomb terms are given by

Hy=UY niartia) + U = Ja) Y Miaohive

ia i,a<b,o
+ U/ Z ni,a,Tni,b,¢ - ‘]H Z Cj,aTCi,aiC;bici,bT
i,a#b i,a#b
i Y el arclayinicio, 3)
i,a#b

where cj',a creates a hole in orbital a € {xy,yz,xz} atsitei; Jy
gives the strength of Hund’s coupling, U is the intraorbital
Coulomb repulsion, and U’ = U — 2Jy is the interorbital
repulsion. For 5d Ir*t, wetake U = 1.7 eV, Ju = 0.3eV [26],
while for 4d Ru** we employ U = 3.0 eV, Jy = 0.6 eV [32].
The one-particle terms are most conveniently written in terms
of

T T

— T T T i
¢ = (ci,yz,T Ci.yz,l ci,xz,T Ci,xz,i Ci,xy,? Ci,xy,i)' (4)

Spin-orbit coupling (SOC) is described by

3 0 —io, o,
Hso = 5 ZE} o 0 —io |& )
i —ioy 10y 0

where o, © = {x,y,z}, are Pauli matrices. The crystal-field
Hamiltonian is given by

HCF = — Z Ej{El ® ]IZXZ}EI" (6)

where [, is the 2 x 2 identity matrix; in the C2/m space
group, the crystal-field tensor E; is constrained by local
twofold symmetry at each metal site to be

0 A A
E=1A1 0 A]. @)
Ay Ay As
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The hopping Hamiltonian is most generally written

Hiop = — Y & {Ti; ® Iy} & ®)
ij
with the hopping matrices T;; defined for each bond connect-
ing sites i, j.

The effects of spin-orbit coupling Hso on the electronic
structure of the d> honeycomb materials have been discussed in
detail in many previous works [7,21,27,32,33]; here we discuss
briefly the relevant details. The magnitude of Hgo is given by
the spin-orbit constant A, for which we take A, = 0.4 eV [34]
and Ag, = 0.15 eV [35]. In the limit A >> (A,|T;;|), the local
Iy, states are splitinto jefr = % and % spin-orbital combinations
|j,m ;). At each site, a single hole occupies the jeir = % states,
with energy E = +A:

11 1
‘ > = _(_|dxy T) - ildxz \L) - |dyz »L))v (9)

22/ 3

1 1 1 )

‘5, - §> = %(ldxy V) +ilde; 1) —ldy: 1), (10)
while the jegr = % states, with energy E = —A /2, are unoccu-
pied (by holes):

33 1 )
'Ea§> = E(_”dxz 1T — |dyz ™, (1D
31 1 .

‘§v§> = «/_6(2|dxy T) - l|dxz \L> - |dyz »L))a (12)

3 1 1 .

‘5, - §> = %(mdxy ) —ilde; 1) +1dy: 1), (13)

3 AR |d d 14
E’_§>_E(_l| e )+ vz . (14)

For U > t, the local magnetic degrees of freedom are
essentially jegr = % doublets. That is, while finite crystal-field
splitting and hopping tend to mix these states with the excited
Jett = 3 states, for A > A,1?/U the low-energy states are

nonetheless adiabatically connected to the je = % doublets.

B. Hopping integrals

In order to estimate the magnitude of crystal field E;
and hopping T;; for the candidate honeycomb materials,
we have performed ab initio density functional theory
(DFT) calculations with the linearized augmented plane wave
(LAPW) method [36] for Na,IrOs [13], a-Li,IrO3 [37,38],
and «-RuCl; [14]. The Perdew-Burke-Ernzerhof generalized
gradient approximation [39] was used, with a mesh of 12 x 12
x 12 k points in the first Brillouin zone and RK,.x was set to
8. The Ir 5d and Ru 44 t,, hopping parameters were obtained
through the Wannier function projection formalism proposed
in Refs. [27,40,41]. Importantly, relativistic effects were not
included in these calculations in order to not “double count”
SOC. Computed crystal-field splitting and nearest-neighbor
hopping integrals are given in Table 1. Further details and
full hopping integrals up to third-nearest neighbor are given
in Appendix B. Computed hopping integrals for Na,IrO3
are in excellent agreement, but differ slightly from those of
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TABLE 1. Parameters for crystal-field splitting and nearest-
neighbor hopping (meV) for experimental C2/m structures of
Na,IrO; [13], @-LiyIrO3 [37], and a-RuCl; [14]. Hopping integrals
are labeled according to Ref. [17]; in parentheses the corresponding
labels from Ref. [27] are given.

Term Na,IrO3 a-Lip IrO; a-RuCl;
A —229 —-375 —19.8
A, —27.6 —-35.0 —-17.5
Aj —-272 —-55 —12.5
1 (1) +33.1 +55.0 +50.9
1, () +29.9 +80.2 +44.9
1, (t)) +47.6 +72.3 +45.8
t (tio) +264.3 +219.0 +158.2
), (t10) +269.3 +252.7 +162.2
t3 (tiy) +26.6 —175.1 —154.0
t (t1s) —194 —108.8 —103.1
1y (tiL) —11.8 —124.5 —-20.2
th, (ti1) —-214 —16.7 —15.1
A GED) —254 -19 —10.9

Refs. [27,29], due to a finer k-point mesh employed in this
work.

The C2/m space group provides two types of symmetry
inequivalent nearest-neighbor bonds: the so-called Z; bonds,
parallel to the crystallographic b axis, are of local Cy,
symmetry; we parametrize the hopping integrals for this case
via t;_4 of Ref. [17]:

Hh h I
Z
Tl =1t 4 U], (15)
s Iy Ry

where T}, refers to the hopping matrix for the nth-neighbor
bond of y € {X,Y,Z} symmetry as shown in Fig. 1 (see also
Fig. 9). The so-called X; and Y; bonds, both falling in the ab
plane, are of lower local C; symmetry, and therefore require
additional hopping parameters:

/ / / / / /

N I R T
T = té}a tl/“ t/z T = t4,a t/3 téb . (16)

Ly B Iy Ly Iy Iy

FIG. 1. Cartoon of the honeycomb structure showing bond labels
for (a) first neighbors, (b) second neighbors, and (c) third neighbors.
Sites within a given hexagon are labeled 1-6; a,b refer to the
crystallographic axes, while x,y,z are the cubic axes of the local
metal octahedra.

PHYSICAL REVIEW B 93, 214431 (2016)

In the absence of significant distortions, one should expect
nearly C3 symmetry of the hopping such that ¢, ~ 1, ~ 1 ;
in general, these relationships do not hold exactly, and some
bond dependence results.

For the experimental structures of all three studied mate-
rials, we find relatively small crystal-field splitting, such that
A 2 10A,,. For nearest-neighbor bonds, the largest integrals
are t, ~ 1) and 13 ~ t}, arising predominantly from hopping
either through the bridging ligand oxygen or halogen p orbitals
(1), or direct metal-metal hopping (#3). The origin of these
hopping terms is discussed in more detail in Sec. V. It is well
known that for Na,IrOs, distortion of the IrOg octahedra by
the large Na' ion elongates Ir-Ir distances to 3.13-3.14 A,
while Ir-O-Ir bond angles are as large as 100° [13]. While
this distortion apparently does not significantly enhance the
crystal-field terms A,,, it does suppress direct hopping, causing
t; todominate (|, /13| ~ 10). The bond anisotropy for Na,[rO3
is also small (i.e., #, ~t}), which is suggestive of small
bond dependence in the magnitude of the resulting magnetic
interactions. In contrast, a-Li,IrO3 and «-RuCl; display much
greater direct hopping, with |#, /3] ~ 1. For the experimentally
determined structure of a-Li,IrO3, the smaller Li* ion is more
easily incorporated, such that Ir-Ir distances are reduced to
2.98-2.99 A, and Ir-O-Ir bond angles ~ 94° [37]. For this
material, we also find significant bond anisotropy, particularly
in t4 > t;,.,t;,; the results of this finding on the magnetic
interactions are discussed in detail in Sec. IV C. For «-RuCls,
the recently revised C2/m structure provides similar Ru-CIl-Ru
bond angles ~94° [14], which also allow for large direct
hopping #3,1;.

Full details of the computed long-range second- and third-
neighbor hopping is given in Appendix B. As shown in Fig. 1,
we label long-range hopping matrices T}, by the character
of the intervening nearest-neighbor bonds. Second neighbors
(n = 2) share a bond label (y) with the perpendicular first-
neighbor bond, such that those joined by intervening nearest-
neighbor X; and Y, bonds, are labeled Z,. Similarly, those
linked by (Y1, Z;) bonds and (Z;, X)) are labeled X, and Y»,
respectively. The largest second-neighbor hopping integrals
computed are ~50-70 meV, between d orbitals sharing a
label with the bond type, e.g., d,; — dy, for the X, bonds.
Third neighbors are labeled via the parallel first-neighbor
bond. The third-neighbor bonds have the same symmetry as
the corresponding first-neighbor bond. The largest hopping
integrals were found to be ~30-40 meV, between d orbitals not
sharing a label with the bond type, e.g., d,; — d,, for the X3
bond. In both cases, these largest second- and third-neighbor
hopping integrals arise from M-L-L-M paths (M = metal,
L = ligand) that are promoted by the close L-L contacts at or
within the van der Waals radii.

III. MAGNETIC INTERACTIONS

A. General form

In the limit U > ¢, holes occupying the jex = % states
are nearly localized to their parent metal sites, and the
low-energy degrees of freedom are pseudo-spin-% variables
S; adiabatically connected to the jei = % states discussed in
the previous section [18,21,26,33]. In this case, the relevant
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Hamiltonian can be written

Hoin = Y _Si - Jij - S; + OS*), (17)
(i)

where (ij) denotes a sum over all pairs of sites. For intermedi-
ate values of U/t, Hpin remains valid at low energies, despite
relative itinerancy of the holes, but the corresponding magnetic
interactions become increasingly nonlocal. In this work, we
consider up to third-neighbor (n = 3) interactions. In the
absence of any relevant symmetries, the interaction matrices
Jij = Jijs + Jij a are conventionally parametrized in terms of
symmetric (J;; ;) and antisymmetric (J;; ,) components

Jij + T reb r;;;‘
b bb
Jij,s = Flaj Jij ':F,'j Fijc s (18)
ac C cc
I i Jij + T
b
0 Dj; -D}
Jija = —Dbf,- 0 Dj; 1, (19)
D} -Dj 0

which corresponds to the Hamiltonian

HZZJU‘S,‘-S}‘-I-D,']"S,‘XSj-I-S,'-F,‘j-Sj, (20)
(i)
where J;; is the scalar Heisenberg coupling, D;; =
(Dl?]. , Df]., fj) is the Dzyaloshinskii-Moriya (DM) vector, and
the traceless tensor I';; characterizes the pseudodipolar inter-
action. In Kitaev’s original honeycomb model, the interactions
are bond dependent and described by

Hiiaer = »_ ST ST, @1)
1 nn

where y € {x,y,z} for the X;, Y, and Z; bonds, respectively.
In order to emphasize this interaction, it is convenient to rewrite
the symmetric part of J;; in a y-dependent form. For the Z,
bonds, symmetry allows [17]

JoT, TR

Joo=|0 4 T (22)
’ Iz TI%  Ji4 K?

in terms of the isotropic exchange J,, Kitaev coupling K,,,
and off-diagonal anisotropic terms I',,I";,. The superscript z
denotes values appropriate for the Z,, bonds. For the lower-
symmetry X,, and Y,, bonds, six unique parameters are allowed
by symmetry:

LYK T 4G T =g
o= +a 5L +é ol @23
I =g, Y Y-,
L 4E T+ e
W=+ J0+k° 17— | @9
r,” | AR S A

Previous studies have typically assumed C3; symmetry of
the interactions, such that &,,¢, ~ 0, JZ ~ J,”, Ki ~ K,
Iz~ T,”,and 7 ~ T, In the C2/m space group, inversion
symmetry requires that D;;, and therefore J;;, vanishes for
all first- and third-neighbor bonds, such that J; = J} ; for
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n = 1,3. For second neighbors, symmetry allows the DM
interaction; in the explicit calculations below, we therefore
present D;; for all second-neighbor pairs.

B. Nearest neighbors for A, =0

For A, =0, various analytical expressions for Z;-bond
interactions J;,K7,I'{,T'{ obtained from perturbation theory
at O(t?), have appeared recently in the literature [7,17].
The most widely used are based on projection of the A =0
Kanamori-type Hamiltonian for the 1, orbitals onto the
relativistic jegr = % basis. This procedure becomes exact only
in the unphysical limit U >> A > ¢ which is not satisfied
generally in real materials. In order to improve on these results,
we have computed expressions exact to all orders of Ji,U, A in
the absence of crystal-field splitting (A, = 0). In this section,
we consider the case for the nearest-neighbor Z; bonds for
ideal octahedral bond geometry with all metal-ligand-metal
bond angles equal to 90°. Expressions for general hoppings
are given in Appendix C. In Sec. IV, we will generalize the
results to the case A, # 0 using exact diagonalization (ED)
calculations for the real materials of interest.

At 01, magnetic interactions result from a combination
of (i) “intraband” terms (o A > Q) arising from virtual
hopping of holes between jeg = % states, and (ii) “interband”
terms (o< B > 0) arising from hopping between jes = % and

lower-lying jegr = % states. Both processes contribute to the
isotropic exchange J;, but with opposite sign:

4A 8B
Ji=en+ 1)? — ?{%‘% +2(n— 1)), (25

while the anisotropic terms arise only from interband processes
(x B):

8B
Klz :?{(tl —l3)2+3l‘§—3t22}, (26)
8B
ri = ?{SIZ +26(1 — 13)}, 27
. 8B
Fl& = ?{[4(3l2 + 13 — tl)}' (28)

The constants appearing in these expressions are derived from
the propagator with respect to Hy + Hgso for a single hole
added to the #,, states (see Appendix C), and can be computed
exactly':

Az_l{ 2 T +3(U +3%) } 9
3| 642 — UU +3%) + Ju(U + 4%)
4 Gl —U =31
_3{(6JH—2U—3,\)”}’ 30)
JH
n (3D

T 6J2 — JuBU + 172) + QU + 30U +34)

'We note that the limit U,A > Jy has already been considered
in Ref. [17], although the obtained expressions were not analyzed.
In this case, the constants reduce to A ~ (3U + 4Jy4)/(3U?) and
B ~ (4J4)/[3QU + 31)?]. It is easy to verify that Eqs. (25)-(28)
agree with those provided in the Supplemental Material of Ref. [17].
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FIG. 2. Nearest-neighbor interactions for the Z; bond in Na,IrO; in the absence of crystal-field splitting, employing hopping parameters
described in Sec. II B. The results of two-site exact diagonalization (black solid line) are compared with approximate projective expressions
(red dashed line, Ref. [17]) and second-order perturbation theory exact in A,U, Jy (blue dotted line). (a) U dependence, with constant Jy /U
ratio of 0.3/1.7 and A = 0.4 eV. (b) A dependence, with Jy = 0.3eVand U = 1.7 eV.

The values of these constants can be estimated for the real
materials; for 5d Ir** ions (asin A,IrO3, A = Na, Li), we take
U=1.7,Jg =0.3,and A = 0.4 eV, suggesting

Asy ~09eV™! Bs; ~0.04eV !, (32)
while for 4d Ru** ions (as in a-RuCls), we take U = 3.0,
Ju = 0.6, and A = 0.15 eV, suggesting

Asg ~0.6eV! By ~0.05evV (33)

The second-order expressions may be compared with the
results of exact diagonalization (ED) of the full Hamiltonian
Hor on two sites (for A,, = 0). In the latter case, the interaction
parameters J;, K7, etc., were extracted via projection of the
exact low-energy states onto the jeg = % states as described
in Appendix A. We show in Fig. 2 the dependence of the
interactions on A and U for Hamiltonian parameters suitable
for the Z; bond of Na,IrOs;. For the A-dependence plots,
U=17,Jg=03 eV are fixed, while U dependence is
considered with fixed A = 0.4 eV and Jy/U ratio. One can
see that the “exact” second-order expressions (25)—(28) agree
with the ED results over a wide range of U values, and
break down only in the weak A limit. Interestingly, large A
tends to suppress the anisotropic terms, due to enhancement
of the gap between the je :% and % states. The close
agreement between the perturbative and ED results validates
both approaches. In contrast, the projective expressions of
Ref. [17] seem to overestimate the magnitude of the anisotropic
terms over a large region of parameters, and fail to capture any
A dependence by construction.

Inreal materials, A > B, so that the anisotropic interactions
typically represent subleading terms. For materials close to the
Kitaev limit (K| > Ji), the leading term J; must therefore be

suppressed to an order of magnitude below its natural scale [7],
which opens the possibility that other subleading interactions
such as second- and third-neighbor terms may also be relevant.
These are considered in the next section.

C. Long-range interactions

Various previous works have considered long-range terms
for the honeycomb materials, either for interpretation of
experimental data [8,13,20,24,25] or from an ab initio per-
spective [10,21,26,32]. In the latter reports, such interactions
where estimated only at the level of second-order perturbation
theory in the direct second- or third-neighbor hopping. Here,
we consider the validity of this approach. For second-neighbor
interactions, we consider three adjacent sites i, j, k. The lowest-
order contributions to the second-neighbor interactions arise
from direct hopping associated with virtual hopping processes
suchasi — k — i:

Tk Thi |
Uest
where Ues(U, Jy,A) ~ A~ ~ 1.0-1.5 eV gives the rough
energy cost for double occupancy of a given site. Such
contributions have been previously considered in the literature.

As shown in Fig. 3, several virtual hopping paths contribute to
O(t?) terms, the largest of which provides

I'Ti; T i Tii |
Ugtr

I ~ , (34)

I~ (35)
This corresponds to the three-site ring exchange i — j —
k — i process. Strong convergence of the perturbation ex-
pansion would require Jz(z) > J2(3). However, for conser-
vative estimates of U~ 1 eV, and |T;;/|Ti| ~ 10, the
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(B LALAR
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FIG. 3. Hopping paths associated with contributions O(¢?) and
O(t?) to the long-range second-neighbor (top) and third-neighbor
(bottom) interactions. The many higher-order corrections to these
terms must be included to produce accurate estimates.

second-order 12(2) and third-order J2(3) contributions can be of
similar magnitude. On this basis, we conclude that perturbation
theory for the long-range interactions may not be strongly
convergent, questioning the reliability of previous estimates.
This finding is consistent with previous suggestions that
long-range interactions on the scale of n = 2,3 would emerge
naturally from a semi-itinerant picture of the holes within
the hexagonal plaquettes [27,28]. In order to bridge these
two perspectives, we have applied nonperturbative exact
diagonalization methods (Appendix A) to the real materials
in the following sections, which allow for inclusion of crystal-
field splitting effects as well as accurate estimation of all
terms up to third neighbor. We have also considered four-
and six-spin ring-exchange interactions that similarly emerge
at high orders in perturbation theory, but we find them to
be negligible in the calculations below, implying sufficient
convergence at third order.

IV. APPLICATION TO SPECIFIC MATERIALS
A. Nazlr03

1. Introduction

A range of recent studies of Na,IrO; have established this
material as a jegr = % spin-orbit assisted Mott insulator with
significantly anisotropic (and bond-dependent) interactions of
the Kitaev type [9,42]. Magnetic order below Ty = 14 K
has now been unambiguously established to be of collinear
zigzag type [13,43,44], with moments ordered at 45° from
the crystallographic ab plane and cubic x,y axes of the IrOg
octahedra [42]. This type of order was initially unexpected as
the pure nearest-neighbor (J;, K;) Heisenberg-Kitaev (nnHK)
model assumed to be relevant yields instead stripy order in the
parameter region suggested by perturbation theory (i.e., J; >
0, K; <0, and |K;| > |J;]). It was subsequently shown that
the observed zigzag order could be stabilized by large second-
and third-neighbor Heisenberg coupling (J,,J3) [8,24], par-
ticularly in combination with large I';,T"} [22] and/or second-
neighbor Kitaev coupling K, [21]. Given the large number
of independent parameters, extraction from experiment has
not yet been possible, although analysis of inelastic neutron
scattering data suggested significant long-range terms [13].
In addition, evidence for significant antiferromagnetic
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interactions can be taken from the large negative isotropic
Weiss constant ®;,, ~ —116 K, while anisotropy in this term
(®O4 > ©,) suggests some bond anisotropy or off-diagonal
'y, I} terms, perhaps arising due to crystal-field splitting [9].

From the perspective of ab initio calculations, all published
DFT studies find evidence for a large #, > t;,13,74 hopping
integral, as in Sec. IIB. On this basis, it is generally well
accepted that the dominant interaction in Na,IrO; is indeed a
ferromagnetic K; < 0term, with a subdominant antiferromag-
netic J; > 0 as originally proposed. However, a clear picture
of all relevant interactions, and their relationship to zigzag
order, is currently under debate. Katukuri ez al. [19] employed
MRCI (multireference configuration interaction) state energies
for Ir dimers, to parametrize a simplified nearest-neighbor
(J1,K1,I'1) model [19]. These authors emphasized a small
anisotropy between the X;, Y|, and Z; bonds. For the latter,
they suggested J; = +5.0, K1 = —20.5, T'; = 4+0.5 meV, in
agreement with initial expectations. Two additional studies
have subsequently appeared, employing numerical second-
order perturbation theory (N2OPT) in terms of ab initio
derived hopping and crystal-field parameters. The estimates
of Ref. [21] employed a selection of hopping integrals of
Ref. [27] and found the largest nearest-neighbor terms to
be J; = +5.8, K; = —14.8 meV consistent with the MRCI
results. Beyond nearest neighbors, the authors also suggested
the possibility of large J, = —4.4, K» = +7.9 meV terms, a
possibility we revisit here with a more complete treatment. In
contrast with both these studies, a very large |T'[" + ¢;| term
> 8 meV for the X;,Y bonds was found by Yamaji et al. [26]
and argued to be responsible for the observed zigzag order.
However, this result may suffer from “double-counting” SOC
since both spin-dependent hopping integrals from relativistic
DFT calculations and an onsite AL -S term are included
in the perturbation theory. This procedure may explain the
differences with the computed values of this work. Moreover,
the interactions computed in Ref. [26] predict a ferromagnetic
Weiss constant ®;5, > 0 in contradiction with experiment.
For these reasons, it is of significant value to reanalyze
the magnetic interactions in NayIrO; using nonperturbative
methods in order to establish more accurate estimates of the
magnetic exchange parameters.

2. Calculations and discussion

We show, in Table II, a detailed comparison of nearest-
neighbor interactions computed at various levels of theory. The
results of the “exact” second-order perturbation theory (Ex.
20PT) for A, = 0, described in Sec. III B, are supplemented
by parameters from exact diagonalization (ED) of the full
Hamiltonian (2) without (“no”) and with (“full”) inclusion of
crystal-field splitting (Appendix A). We have not included
effects of 1,,-e, mixing explicitly; such effects have been
estimated to shift the computed values ~2 meV, and therefore
can be considered a small correction [26,27]. Calculations
were performed on both two-site and six-site “bridge” clusters
shown in Figs. 4(a) and 4(b). The bridge cluster allows
for estimation of higher-order multisite corrections to the
nearest-neighbor terms, and therefore represents the most
accurate treatment available. In each case, it is important to
choose clusters that explicitly retain any symmetry relevant
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TABLE II. Nearest-neighbor magnetic interactions in meV for Na,IrO; obtained from various methods employing U = 1.7 eV, Jy =
0.3eV, A =0.4eV. For CFS (crystal-field splitting) = “no,” A,, = 0. The most accurate method theoretically is six-site ED, highlighted in bold.

Z, bonds

Method CFS Ji K, Iy I
Exact 20PT No +3.2 —20.5 +0.4 -09
ED (two-site) No +4.2 —23.7 +0.3 —1.0
ED (two-site) Full +1.8 —25.5 -04 —-2.8
ED (six-site) Full +1.6 -17.9 -0.1 -1.8

Literature values
Two-site MRCI [19] Approx +5.0 —20.5 +0.5
N2OPT [26] Full +4.4 —35.1 —-04 +1.1

X1,Y, bonds

Method CFS J? Ky 2 ry F/l” et
Exact 20PT No +0.9 —20.9 —-0.1 +3.3 —-1.7 -0.1
ED (two-site) No +1.7 —24.1 —-0.2 +3.0 —-20 —-0.1
ED (two-site) Full 0.0 —233 +0.1 +2.0 —-34 +0.1
ED (six-site) Full —-0.1 —16.2 -0.1 +2.1 -23 +0.1

Literature values
Two-site MRCI [19] Approx. +1.5 —-15.2 +1.2
N2OPT [26] Full +2.6 —-279 +0.6 +1.8 —-58 +2.7

to the interactions of interest. At present, larger cluster sizes
are not practical due to the computational expense of exactly
solving the full multiorbital Hubbard problem. At all levels of
theory, we find a dominant nearest-neighbor Kitaev interaction
K| ~ —20 meV, with both Heisenberg coupling J; and off-
diagonal anisotropic exchange I';,I"] appearing roughly an
order of magnitude smaller. In this way, qualitatively accurate
results are already obtained at the level of “exact” second-order
perturbation theory with A, = 0 for nearest neighbors.

In contrast with the N2OPT calculation of Ref. [26], the
anisotropy between the X;, Y, and Z; bonds is found to
be relatively weak, and we do not find a large T']"” or ¢
suggested to explain the observed zigzag order. Instead, all

I}(;Q

(a) (c)

. 4 4

FIG. 4. Clusters employed in exact diagonalization studies for the
extraction of magnetic parameters: (a) two-site cluster, (b) “bridge”
cluster, and (c) “hexagon” cluster. The 16-site cluster (d) has been
used for ED studies of the resulting magnetic models.

off-diagonal interactions are ~2 meV in all methods employed.
The effects of crystal-field splitting (CFS) A,, is to shift all
interactions by <2 meV, as can be seen by comparing the
two-site ED results in the presence or absence of this term.
Consistent with Ref. [26], the CFS tends to slightly enhance
K, while suppressing J;, although this effect is relatively mild.
Of somewhat greater importance is the renormalization of the
nearest-neighbor terms by multisite corrections, which can be
seen from comparisons of the two- and six-site results. Indeed,
as discussed above, the jei = % holes are rather delocalized,
and higher-order corrections captured on the bridge clusters
can be quantitatively relevant.

Second- and third-neighbor interactions were also esti-
mated from ED calculations on six-site “hexagon” clusters
shown in Fig. 4(c). Full numerical results are given in Table III.
Contrary to the suggestion of Ref. [21], we find no evidence for
large second-neighbor interactions, with bond-averaged values
corresponding to J, ~ +0.2 meV and K, ~ —1.4 meV. These
interactions are generally suppressed due to the interference
of the various second- and third-order hopping processes
in Fig. 3, which were not considered in Ref. [21]. In
contrast, the calculated third-neighbor interactions are large,
and dominated by Heisenberg coupling J3 ~ 46.8 meV, which
greatly exceeds the estimate from N2OPT of +1.3 meV in
Ref. [26]. The enhancement of this term in ED calculations
results from the inclusion of all higher-order contributions that
are neglected at second order. Finally, we find no four-spin or
six-spin ring-exchange terms exceeding 0.1 meV.

3. Minimal model and comparison to experiment

On the basis of the above calculations, we therefore suggest
that the minimal model for zigzag order in Na,IrO; is a K;-J3
model:

H = Z(LS,S]+KIS,”S}’)+ Z J3Si'Sj (36)

Ist nn 3rd nn
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TABLE III. Complete magnetic interactions in meV for Na,IrO; obtained by exact diagonalization on six-site bridge and hexagon clusters
employing U = 1.7 eV, Jy = 0.3 eV, A = 0.4 eV, and full crystal-field terms A,. The largest terms are bolded. Site labels for D;; refer to

Fig. 1(a).

B Ond ‘])1 K}l S)’l FVI r;l {ﬂ

X1, Y —0.1 —16.2 +0.1 +2.1 —-23 —-0.1
7, +1.6 —-17.9 —-0.1 —1.8

X5, Y, +0.2 —1.6 —-0.1 +0.9 0.0 0.0
7 +0.1 —1.2 +0.6 —-0.3

X3,Y3 +6.7 0.0 0.0 —0.1 0.0 —-0.1
75 +6.8 +0.3 —-0.2 —-0.1

Bond Sites (i, ) D;;
X (1, 3), 4, 6) (=0.1, =0.5, —0.5)
Y, (5,D,@2,4) (=05, -0.1, —0.5)
7> 6,2),3,5) (-0.2,-0.2, —-0.1)

with J; ~0, J3 >0, Ky <0, and |J3/K;| ~ 0.4. We show,
in Fig. 5, the phase diagram of this model obtained by exact

(@ 1.0
0.8}
J1 0.6
0.4
0.2

0.0 : . .
0.0 0.1 0.2 0.3 04 Js3

FIG. 5. (a) Phase diagram for the minimal model of Eq. (36)
obtained by ED on a 16-site cluster in the parameter region relevant
to the Na,IrO;; SL = Kitaev spin liquid. The white dashed lines
indicate classical phase boundaries. (b), (c) Predicted zigzag ground
state and orientation of the ordered moments for Na,IrO;, viewed (b)
along the cubic [111] direction and (c) the cubic [110] direction. The
moments are found to be L b axis, nearly directly along the * + §
direction.

diagonalization on the 16-site cluster shown in Fig. 4(d); phase
boundaries were identified from extrema of 32 E /(3 J,)?, where
E is the ground-state energy. As can be seen, robust collinear
zigzag order emerges naturally at large J3/J;, as a means of
satisfying all third-neighbor interactions [19,24]. In the limit
|K1| > |J1], the zigzag ground state can be expected even for
J3 much smaller than that computed in this work, suggesting
this result should be robust even for different choices of model
parameters Jy,U,A. In the real material, the further details of
the bond anisotropies and off-diagonal anisotropic interactions
determine the specific ordering wave vector q and ordered mo-
ment direction n. For the computed interactions, the classical
energy is minimized for q || Z; bond (the crystallographic b
axis), while the T'}” term for the X; and Y; bonds ensures
that n is oriented at 45° between the cubic x and y axes,
as observed in experiment [42]. The small I'j < 0 may also
stabilize the zigzag state [18]. The absence of significant bond
anisotropy (i.e., Kf ~ K;”) is consistent with the observation
of near C3 symmetry of the observed magnetic fluctuations
above Ty [42]. We may further estimate the Weiss constant
given a particular orientation of the magnetic field 2(0,¢) via

S(S+1 N N
0(0.9) = (Tt) Shd b @D
J

where the summation is over all bonds connected to a given
site i. We approximate the isotropic Weiss constant as the
average value

Oiyo ~ / O(6,¢)sind do d¢ (38)

~ — 4;1%(3‘/1 +6J,+3J3+ K; +2K>), 39)
which is independent of all off-diagonal 1"1,1"’l terms. For
the interactions computed in this work, we find ®;, <0
and O, <O, < Oy (i.e., Xap < Xc+), consistent with
experiment [9]. Indeed, if it is assumed that Na,IrOs is
relatively close to the ferromagnetic Kitaev limit at the
nearest-neighbor level, then the antiferromagnetic ©;5, ~
—116 K can only be explained by additional long-range
antiferromagnetic coupling such as J;. Similar conclusions
were reached via analysis of x in Ref. [24]. We leave for future
work a full comparison between the computed interactions
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and the inelastic neutron scattering results of Ref. [13]. Given
that the interactions in Na,IrOj3 are strongly frustrated at the
nearest-neighbor level by the large Kitaev terms, it is not clear
that linear spin-wave theory provides an accurate description
of the excitation spectrum, as discussed in Ref. [45].

B. «-RuCl;
1. Introduction

As with Na,IrOj3, the honeycomb trihalide o-RuCl; dis-
plays zigzag order below Ty ~ 7-14 K [14,46]. However,
observation of a ferromagnetic Weiss constant ®;,, ~ +40 K,
and a reversed susceptibility anisotropy (i.e., Xa» > Xc), SUZ-
gest a different character to the magnetic interactions [47,48].
Very early structural studies indicated a highly symmetric
P3112 space group [49], with nearly isotropic edge-sharing
RuClg octahedra, implying relatively weak crystal-field split-
ting. It was thus argued that Kitaev physics may be realized
in the lighter 4d° ruthenium, despite weaker SOC (A, ~
0.15 eV) [32]. The case for large and frustrated anisotropic
interactions was strengthened by analysis of neutron scattering
data, which was fit by K; ~ +7 meV and J; ~ —4 meV [35].
However, early concerns [50] over the correct identification
of the space group were recently raised again [46,51,52];
in the «-RuCl; structure, the weak interactions between
hexagonal layers result in significant structural defects, which
complicates structural solution. Recent detailed studies found
instead monoclinic C2/m packing analogous to A,IrO; for
single crystals shown to exhibit single transitions to zigzag
order [14,46]. These results are in contrast with previous
samples exhibiting multiple magnetic transitions [51], which
may be induced by physical distortion of the samples [46].
Not surprisingly, the revised C2/m crystal structures have
somewhat enhanced distortion of the RuClg octahedra when
compared with the assumed P3;12 structure, prompting a
reanalysis of the magnetic interactions.

The first study on the magnetic interactions in a-RuCl;
was performed on the P3;12 structure, and employed the
projective expressions of Ref. [17], together with hopping
integrals from DFT [32]. The authors suggested J; ~ —12,
K; ~ +17,and '} ~ +12 meV, correctly placing the material
in a region expected to display zigzag order, and emphasized
the importance of f,,-e, mixing, which enhances the K > 0
and J < 0 [53]. It is worth noting, however, that the latter
conclusion was reached after neglecting Coulomb repulsion
between the £, and e, orbitals, and therefore deserves
reevaluation. We have estimated that the combined effects
of f,-e, mixing and additional processes involving the CI
3 p orbitals [54] contribute ~1 meV shifts to the interactions,
which is far lower than suggested in Ref. [32]. Subsequent
analysis has also been performed on theoretical C2/m struc-
tures for o-RuCl; obtained by relaxation within DFT [52].
This analysis found instead ferromagnetic Kitaev coupling
K, < 0, placing emphasis on the structural dependence of
such interactions. In fact, quantum chemistry calculations have
suggested a K| < O for both the published P3;12 and C2/m
structures.” In this section, we provide a detailed reanalysis

2L. Hozoi (private communication).
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of the magnetic interactions for the original P3;12 and new
experimental C2/m structure of Ref. [14] in order to address
the possible variations to the in-plane interactions that might
occur due to structural distortions.

2. Calculations and discussion

We show in Table IV the nearest-neighbor interactions
extracted from calculations on six-site bridge clusters for
the C2/m structure. In order to avoid discussion of the
local symmetry-allowed interactions for the P3;12 structure,
we present only the bond-averaged values computed on
the six-site bridge clusters: (J;,K;,I'1,T'}) = (=5.5, +7.6,
+8.4, +0.2) meV for the P3;12 structure. In contrast, the
C2/m structure displays a somewhat smaller Heisenberg
coupling, and a ferromagnetic Kitaev term: bond-averaged
values are (J;,K;,I';,T')) = (—1.7, —6.7, +6.6, —0.9) meV.
For both structures, we find a ferromagnetic Heisenberg
coupling J; < 0, and a dominant I'; > O interaction, which
results from the large metal-metal hopping integrals 7,73,
consistent with the previous studies [32,52]. We also note a
somewhat significant bond anisotropy for the C2/m structure
of Ref. [14], with K|” < K{ and I'}* < I'j, which results
primarily from anisotropy in the #3,7; hopping integrals. As
with Na,IrO3, we find no large second-neighbor interactions,
with all terms < 1 meV. However, both the P3;12 and
C2/m structures of a-RuCl; display significant third-neighbor
Heisenberg coupling arising from high-order processes: J3 ~
2.3 meV for P3;12 and J3 ~ 2.7 meV for C2/m structures.
These values are a full order of magnitude larger than previous
20PT estimates [32]. We note that consideration of the C2/m
structure of Ref. [46] suggests a somewhat reduced bond
anisotropy, but no significant modification of the average
computed interactions of Table IV.

3. Minimal model and comparison to experiment

On the basis of the computed interactions, we identify
the relevant terms as (J;,K;,I'1,J3), with bond-averaged
values (—1.7, — 6.7, 4+ 6.6, + 2.7) meV. This finding implies
a minimal model with I'j = —K:

H = Z L S; -Sj +K1(S,ySi/ - Stasf _SlBSjt)
Istnn

+ Y S-S, (40)

3rd nn
where {o,8,y} = {x,y,z} for the Z; bond, for example. This

Hamiltonian can be brought into a more convenient form via
a 45° rotation around each local y axis to yield

H=> AS;-S;+BSS\+ Y IS:-S;. (4D
Ist nn 3rd nn
where Ay =J,+ K; ~ -84 meV, B, = —-2K;, ~+13.4
meV, with A;/B; ~ —0.63, and the § axis is a bond-dependent
direction given by

%(0,1,1), X, bond
§ =1 5(1.0.1), Y;bond (42)
%(1,1,0), Z; bond.
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TABLE IV. Complete magnetic interactions in meV for the C2/m structure of «-RuCl; from Ref. [14] obtained by exact diagonalization
on six-site bridge and hexagon clusters employing U = 3.0, Jy = 0.6, A = 0.15 eV, and full crystal-field terms A,. The largest terms are

bolded. Site labels for D;; refer to Fig. 1(a).

BOIld Jn Kn gn Fn Fy/, {n
X1, Y, —14 -17.5 +0.2 +5.9 -0.8 +0.2
Z, —2.2 —-5.0 +8.0 —1.0
X5, Y, —-0.1 —0.6 +0.1 +0.6 +0.6 +0.1
7 +0.1 —-0.9 +0.6 +0.3
X3,Y3 +3.0 —0.1 0.0 —0.1 —0.1 —-0.1
75 +2.4 +0.3 —-0.1 —-0.1
Bond Sites (i, j) D;;
X5 (1, 3),(4,6) (=03, -0.5, —0.5)
Y, 5,1),2,4) (-0.5, -0.3, —0.5)
Zy (6,2),(3,5) (—=0.4, —=0.4, —0.1)

That is, for each bond, § is parallel to a vector joining
the two bridging Cl atoms. It is worth noting that, while
the anisotropic terms in Eq. (41) take a Kitaev-type form,
the § axes are not orthogonal to one another, but rather
intersect at an angle of 60°, significantly reducing frustration.
Nonetheless, at the classical level, this model permits the same
ground states as the conventional Heisenberg-Kitaev model
with (J; <0, K; > 0, J3 > 0): bulk ferromagnetism is found

@40
0.8} F Ky =-1
J,-0.6} Iy = =kl
04}
-0.2F

0.0 0.1 02 03 04 Js

FIG. 6. (a) Phase diagram of the minimal model of Eq. (40)
obtained by ED on a 16-site cluster in the parameter region relevant
to the C2/m structure of @-RuCls; F = bulk ferromagnetic order.
The white dashed line indicates the classical phase boundary. (b), (c)
Predicted zigzag ground state and orientation of the ordered moments
for the C2/m structure of «-RuCl;, viewed (b) along the cubic [111]
direction and (c) the cubic [110] direction. The moments are found to
be L b axis, nearly directly along the £ 4 J direction, but tilted 106°
from the cubic z axis.

for (A +3J3)/B; < —0.64, while zigzag order appears for
(A1 + 3J3)/B; 2 —0.64. We show, in Fig. 6(a), the phase dia-
gram of this model obtained by exact diagonalization on the 16-
site cluster shown in Fig. 4(d). As with Na,IrO3, the observed
zigzag order in «-RuCls is uniquely selected by the large
J3 > 0 coupling. Given this, the zigzag state is expected to be
stable against even large structural distortions, but variations
in Ty likely arise from a modulation of both the interplane and
intraplane interactions. The effects of the mild bond anisotropy
on the ordered state are unclear, but deserve further study.
Employing all computed interactions for the C2/m structure of
Ref. [14], we find for the collinear zigzag state that the classical
energy is minimized for an ordering wave vector q || Z; bond,
although the states with q || X;, Y bonds are not significantly
different in energy. For q || Z;, the moments are oriented close
to the cubic (110) direction, but inclined 106° degrees from
the cubic z axis. The moments are thus predicted to make an
angle of ~30° with the ab plane, which is consistent with the
predictions of Ref. [22] for significant |T';/(K; + I'})|. For
the computed interactions, we correctly find a ferromagnetic
®is0 ~ —(3A1 + By 4+ 3J3)/4k, > 0, which results from the
Ji,Ki < 0. We further find ®, <0 and ®,,0, > 0, in
agreement with experiment [47,48].

C. (!-Lizll'O3
1. Introduction

The final material addressed in this work is the «-phase
of Li,IrO3, which is considered to be isostructural to the Na
analog, and similarly exhibits magnetic order below Ty =
15 K [8]. However, evidence for a different character of this or-
der can be seen in the strong suppression of Ty upon Na — Li
substitution of Na,IrO3 [38,55]. Indeed, initial powder neutron
experiments on a-Li, IrO3 suggested an incommensurate phase
with a q vector in the first Brillouin zone, prompting several
theoretical proposals for the origin of such order on the basis
of simplified models. Very recently, the availability of single
crystals allowed for detailed x-ray and neutron studies, which
reveal a complex counter-rotating spiral phase with q || a*,
and |q| =g ~ 0.32 [56], similar to states observed in the
3D hyperhoneycomb B and stripyhoneycomb y phases of
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Li,IrO3 [15,16]. Regarding «-LiIrOs, intuition gained from
studies of the pure Heisenberg (J;,J>) model led the authors of
Ref. [25] to suggest the importance of second-neighbor inter-
actions. Indeed, spiral phases are found in the (J1,K1, J»,K>)
model [21,25,57], which are presumably connected to similar
states in the pure Heisenberg (J;, J») case. Evidence for signifi-
cant long-range interactions for «-Li,[rO3 had been argued for
based on analysis of the magnetic susceptibility [24] and non-
magnetic doping studies [58]. Alternatively, incommensurate
order has also been shown to emerge in pure nearest-neighbor
(J1,K1,I',T') models provided I'y,I'} are large [17,18].
Along this line, the authors of Ref. [22] suggested that an
appropriate starting point may be K; ~ —I'{ ~ —10 meV,
and J; ~ I‘i ~ 0. Finally, a third scenario was formulated in
Ref. [23], where the effects of bond anisotropy were considered
for a nearest-neighbor model. The authors introduced a dipolar
coupling I. < 0 for the Z; bonds only, equivalent to the choice
J¥'=1J, and K;* =K for X; and Y, bonds, and J =
J+1./2, K{ =K —1./2, T'{ = —1./2 for Z; bonds. They
further suggested an example parameter set consistent with ex-
periment: (J{,K;,I'{,J;7,K{") ~ (=2,—10, +2, + 1,—12)
meV. Given this significant range of proposals, insight from
ab initio methods is vital. However, a significant challenge for
ab initio modeling of a-Li,IrO3 arises from uncertainty in the
crystal structure, which has only been reported from powder
x-ray analysis due to the unavailability, until recently, of highly
ordered single-crystal samples [37]. As pointed out in Sec. Il B,
this structure exhibits significant anisotropy in the hopping
integrals comparing different bonds. The only reported ab
initio study to date extracted nearest-neighbor magnetic inter-
actions from MRCI state energies on two-site clusters starting
from this experimental structure [20]. The results reflected the
significant bond anisotropy, with Z; bonds displaying large fer-
romagnetic Heisenberg coupling: (J{,K7) = (—19,—6) meV,
while the X; and Y, bonds were dominated by a ferromagnetic
Kitaev exchange: (J;”,K”) = (+1, — 12) meV. Given these
interactions, the authors suggested that spiral phases could
emerge if supplemented by a large J,. However, such states
are inconsistent with the observed order [56]. More detailed
studies are currently lacking. Given that the degree of bond
anisotropy in the real material may be less than the published
powder x-ray structure, we have also considered an alternative
theoretical structure obtained by relaxation of the experimental
atomic positions within DFT [38].

2. Calculations and discussion

Nearest-neighbor interactions computed on six-site bridge
clusters are shown in Table V for both the experimental [37]
and relaxed [38] structures. In both cases, we find ferro-
magnetic Heisenberg and Kitaev nearest-neighbor interactions
(J5,J7 KE K" < 0), with significant bond anisotropy ap-
pearing for the experimental structure, consistent with the
results of Ref. [20]. The details of the bond anisotropy (i.e.,
Ki> K", Ji < J;”, and T'? > ') are consistent with the
effects of the dipolar coupling model introduced in Ref. [23],
although the latter model is considerably simplified compared
to the computed interactions. As might be expected from
the significant direct hopping 73 (Sec. IIB), we find large
off-diagonal I'j,I"}” terms, similar to the case of a-RuCls.

PHYSICAL REVIEW B 93, 214431 (2016)

The large computed 74 = —124.5 meV for the experimental
structure also leads to I'f = —4.3 meV along the Z; bond
only. Both the experimental and relaxed structures display sim-
ilar bond-average values J; ~ —3, K; ~ —8, ['j ~ +9 meV,
while the latter structure has reduced bond anisotropy, as might
be expected. These average values are consistent with the
predictions of Ref. [22], and suggest that «-Li,IrO5 is far away
from the Kitaev limit at the nearest-neighbor level, contrary to
initial suggestions [8].

Second- and third-neighbor interactions for a-Li; IrO3 were
estimated from ED calculations on six-site hexagon clusters, as
shown in Table V. Unlike Na,IrO; and «-RuCl3, we find large
second-neighbor interactions. For the experimental structure,
these interactions are particularly strong along the X, and Y,
bonds, for which we estimate a large Dzyaloshinskii-Moriya
term |D5”| > 4 meV that has not been previously considered
in the literature. It can be shown that this term does not arise at
0(t?), as all second-order contributions rely on intraorbital
(i.e., dyy — dy,) second-neighbor hopping, which is very
small in all honeycomb materials (see Appendixes B and C).
Instead, the DM term is due to third-order processes ot4t»,
and can be expected in any material with significant #;. We
also note that the T'Y tensor cannot be decomposed into
pure second-neighbor (J;,K,) form that has been considered
previously [21,25], but rather contains significant off-diagonal
terms. This observation calls into question the applicability
of previous theoretical studies of simplified models. For the
relaxed structure, we also find large second-neighbor terms,
but both the off-diagonal I, and DM terms are reduced
compared with the experimental structure. Finally, for both
the experimental and relaxed structures, we find large third-
neighbor Heisenberg coupling of J3 = +4.6 and +5.9 meV,
respectively.

3. Minimal model and comparison to experiment

Given the structural uncertainty and indication of many
relevant interactions, discussion of all details of the spiral
order in a-Li,IrO3 remains challenging. While previous works
considering only nearest-neighbor terms have argued for the
importance of bond anisotropy [23], the results of the previous
section imply that long-range second- and third-neighbor
couplings may also play a significant role. Our approach
for discussing the effects of such further neighbor terms is
therefore to first consider phases that might emerge from a
bond-averaged model in the vicinity of the computed param-
eters. On the basis of the above calculations, we therefore
suggest that an appropriate starting point for «-LiyIrO3; may
be (J[,K[,F[,Kz,Fz,lD2|,J3) = (—3, — 8, + 9, — 4, + 3, +
3, + 6) meV, strongly emphasizing the importance of long-
range interactions. The finding that K} ~ —I"j and K, =~ —I",
suggests a minimal model similar to that of «-RuCls:

M= AS: S+ B+ > IS -8,

Ist nn 3rd nn
+ ) AsSi-S;+ BySISI+ Dy S x ;. (43)
2nd nn

For simplicity, we consider a second-neighbor DM interaction
of C3 symmetry: DY = (0, — D, — D), D} = (-D,0, — D),
and Dg = (—D, — D,0), which is inspired by the results for
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TABLE V. Complete magnetic interactions in meV for «-Li,IrO; obtained by exact diagonalization on six-site bridge and hexagon clusters
employing U = 1.7 eV, Jy = 0.3 eV, A = 0.4 eV, and full crystal-field terms A,. The largest terms are bolded. Site labels for D;; refer to

Fig. 1(a).
Experimental structure
Bond J, K, & Ly r, &
X1, Y -1.0 —-13.0 —-0.1 +6.6 —-04 +0.6
7, —-4.6 —-4.2 +11.6 —-43
X5, Y, +0.9 -29 +1.3 +3.0 +1.3 +0.4
7 —-0.9 +0.1 +1.5 —1.6
X3,Y; +4.7 —-0.2 —0.1 0.0 0.0 —0.1
75 +4.4 +0.4 —-0.1 —0.1
Bond Sites (i, j) D;;
X5 (1, 3), 4, 6) (-1.5,-3.2,-2.3)
Y> 5, 1),2,4) (-3.2,-1.5,-2.3)
7 6,2),(3,5) (0.2, -0.2,0.0)
Relaxed structure
Bond Jn Kn sn rn r,; {71
X1, Y —-25 -98 0.0 +8.7 —-0.8 +0.1
Z, -31 -63 +9.4 —0.1
X5, Y, +0.5 -38 +1.0 +3.4 +0.5 +0.1
7> +0.2 -3.6 +3.3 —-0.6
X3,Y; +6.0 —-0.1 —0.1 0.0 —-0.1 —0.1
75 +5.9 +0.2 —-0.1 —0.1
Bond Sites (i, j) D;;
X5 (1, 3), 4, 6) (=03, -1.9, —-1.49)
Y> (5, D, @2, 4) (-1.9, —0.3, —1.4)
Zy 6,2),3.5) (-1.2, -1.2, +0.1)

the relaxed structure. Our starting point for discussion is
therefore (A;,By,A2,B,,D,J;) ~ (—11, +16, —3, +7, +1.5,
+6) meV. In this model, we expect that the incommensurate
magnetic order is primarily selected by the long-range inter-
actions, as the nearest-neighbor interactions are close to the
degenerate point between zigzag and bulk ferromagnetic order.
Following Ref. [56], the magnetic configuration can be written
in terms of the two-site basis shown in Fig. 7(c):

Si(r) =) (Fi + Ae ™ ", (44)
k

Sa(r) = ) _(Fi — Ae ™" (45)
k

We assume that a particular order is described by nonzero
Fourier components at a single q vector Fq = Fiq, Ag = Aiq.
The Cartesian components of such order parameters are written
in the crystallographic (a,b,é*) coordinates. For large A; <
0, By > 0, the classical ground state of model (43) is bulk
ferromagnetic order defined by q = 0, Fq = (F,,F3,0), i.e.,
the moment is confined to the ab plane. For large J; > 0, the
zigzag state is preferred; for zigzag chains running along a, the
ordered moment is confined to the ac* plane, as in Na,IrO3 and
a-RuCl;. In this case, the propagation vector within the plane
is q = (0.5,0) with respect to the coordinates (2w a/ a2nh /b)
and Aq = (A,,0,A.). Conventional Néel order is defined by
q=0and Ay = (0,0,A.).

For the initial set of parameters, the classical ground state
of model (43) is zigzag, as a result of the large J3. However,
there exists a nearby counter-rotating incommensurate state
for finite A,,B, with q = (¢,0) within the ab plane that
appears at intermediate J3, as shown in Fig. 8(b). This coplanar
spiral phase has the same components as the experimental
order parameter Fq = (0, F,0),Aq = (=i A,,0, — i A) [56],
and is adiabatically connected to the incommensurate states
identified in the pure nearest-neighbor (J;,K,I"1) model [17].
It emerges naturally as an energetic compromise between the
nearby ferromagnetic, Néel, and zigzag states. The ordering
vector g and ratio of A,/A. are determined by By, A, Bs,
and D, while A and J; control only the relative energies of
the neighboring states. The experimental values geyp = 0.32
and A,/A. = 0.16 are obtained for modest second-neighbor
interactions:

B D A
— ~03-13—, —~-0.144+0.5—

D
. (46)
By B, B By

For D = 0, for example, this corresponds to B, > 0, A, < 0,
and B,/B; =0.3 and A,/B, = 0.5, in essential agreement
with the computed bond-averaged values. We show in Fig. 7(c)
the classical ground state for D =0 and typical interac-
tions satisfying these criteria: (A, B,A2,B;,J3) ~ (—10.7,
+ 24, — 3.3, + 7.0, 4+ 3.6) meV. These values differ from the
bond-averaged values of the relaxed structure only by an
enhanced K| = —I') = —B;/2 ~ —12 meV and somewhat
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FIG. 7. (a) Orientation of computed second-neighbor DM vectors
for the relaxed structure of «-Li,IrO3, with sense of each interaction
indicated by dashed arrows. (b) Network of interactions in the full
lattice. Within a given sublattice, the DM vectors are uniform, and will
therefore tend to promote incommensurate states. (c) Classical ground
state of the minimal model of Eq. (43) with (A, B;,A,,B,,J3) ~
(—=10.7, +24, —3.3, +7.0, +3.6) consistent with the experimental
structure of Ref. [56].

reduced J3. The possible effects of the second-neighbor
DM terms also deserve serious consideration, as these terms
certainly stabilize spiral order. Even a small magnitude
D/K; ~ 0.15is sufficient to significantly enhance the stability
region of the incommensurate phase, as shown in Fig. 8(c).
This result can be understood as follows: the honeycomb
lattice in C2/m symmetry is bipartite, with sublattices S; and
S, related by inversion. Second-neighbor interactions always
couple sites belonging to the same sublattice. All such sites
within a sublattice are related by translation, implying the
D, vectors of a given bond type are uniform within a given
sublattice, as shown in Figs. 7(a) and 7(b). For this reason,
the DM interaction uniquely promotes spiral states of opposite
chirality (i.e., counter-rotating) on each sublattice. For the sign
and orientation of the computed D, vectors, the experimental
(—iA,, Fp, —iA.) state is stabilized. An example parame-
ter set consistent with the experimental magnetic structure
for D # 0 is (A],B],A2,B2,D,J3) ~ (—8.9, + 20, — 20, +
3.9, 4 1.5, +3.0) meV. We note that these last suggested
interactions correctly reproduce the enhancement of ferromag-
netic terms in «o-Li;IrO3; compared with Na,IrOs, although a
predicted ferromagnetic ®;;, > 0 may be incompatible with
the experimental observation of ®;,, ~ —33 K [8]. Further
refinement of the crystal structure would allow for reevaluation
of this result. We also predict a ferromagnetic ®, = ©, > 0
and antiferromagnetic ®. < 0 for «-LiyIrO3, which suggest
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FIG. 8. Classical phase diagrams for model equation (43) for
a-Li,IrO; with increasingly realistic interactions using the single-q
ansatz of Egs. (44) and (45). IC = incommensurate spiral order.
(a) Including only first- and third-neighbor interactions: A, = B, =
D=0and B, =42, ie, K; = —-I'y = —1. (b) With D =0, and
with the ratio of other interactions set to reproduce the experimental ¢
and A, /A~ (By =42, B/B, = 0.3, A,/B, = 0.5). (c) With D =
0.15, and with the ratio of other interactions set to reproduce the
experimental ¢ and A, /A+; (B = +2, B,/B; = 0.2, A,/B, = 0.5).

an opposite anisotropy in y compared to that observed in
Na,IrOs3. This result could be confirmed in future single-crystal
studies.

Taken together, these results emphasize that the presence of
modest long-range K;,I";,D; interactions is sufficient to obtain
the experimental state of «-Li,IrO; without needing additional
bond anisotropy. However, it is important to emphasize that the
computed interactions for the reported experimental structure
of a-LixIrO; also suggest that a bond dependence of the
interactions at least on the scale suggested in Ref. [23] is very
reasonable. Given the potentially large number of symmetry
inequivalent magnetic interactions in these materials, it is
difficult to discuss the specific details of all long-range and
bond-anisotropic terms, and it should be recognized that all
such interactions can be relevant in the real materials. In a
broader context, the results of this section suggest that long-
range interactions may also play a significant role in stabilizing
the incommensurate order in the 3D 8- and y-LiIrO5 [15,16].

V. DISCUSSION: REALIZATION OF THE SPIN
LIQUID IN REAL MATERIALS

In this section, we consider the challenges for designing real
materials in the Kitaev spin-liquid phase. It is expected, based
on the computed phase diagrams in this and previous works,
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tddn tddo tpdn

(b) 1

FIG. 9. Geometry of nearest-neighbor hopping integrals (a) f,,
(b) #1, and (c) 3 for the Z; bond, showing ligand mediated and direct
hopping processes. These can be decomposed in terms of Slater-
Koster hopping integrals #44x,%4do!pax>tpic (top) as a function of
metal-ligand-metal bond angle ¢, as in Egs. (47)—(49).

that the spin liquid occupies a very small region of parameter
space, complicating the search for real materials exhibiting
this phase. For example, for the pure Kitaev-Heisenberg
Ji > 0,K; < 0 model, the spin liquid is thought to require
a = K /(K| —2Jy) 2 0.7-0.8 for a variety of lattices [59,60].
The effects of further neighbor Heisenberg coupling are mixed;
while generic J,,J3 tend to lift the classical degeneracy and
promote order, long-range terms that frustrate the classical
order may also open extended spin-liquid regions adiabatically
connected to the Kitaev state [8,19,20]. This effect is seen in
Fig. 5. However, when interactions are unfrustrated, we gen-
erally expect order to appear unless |J3/K;| < 0.1. Similarly,
off-diagonal interactions I';, I'| are generally detrimental to the
spin liquid, with results of exact diagonalization suggesting,
e.g., I'1/K; <0.1 is required [17,18]. For the purpose of
discussion, we assume these rough boundaries to be accurate,
and consider how they might be met in real materials. We
approximate the hopping integrals via Slater-Koster param-
eters [61] for direct metal-metal or metal-ligand hopping
through various symmetry channels (i.e., t4is,tddr piz ), aS
per Ref. [17] (see Fig. 9).> Given the additional approximations
taas = t4 = 0, we have

t tadn + tpan cos ¢ (47)
1~ Zlddn -~ s
2 Ny
1 t;drr
Iy ~ — =lgax + ) (48)
2 ) ddm Apd
t T T \/3[ o 2
13~ thdg' + (pd&A—pd) cos 3¢ (49)
pd
(\/gtpdn + 9tpd0)(\/§tpdn + tpdu)
+ SA cos ¢,
p

where ¢ is the metal-ligand-metal bond angle, and A ,; gives
the charge transfer energy between the f,, orbitals and bridging
chalcogen or halogen p orbitals. For the A,IrO; materials,
values consistent with the computed hopping integrals are

3Note that the expression for , in the Supplemental Material of
Ref. [17] appears with different sign conventions.
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FIG. 10. (a) Schematic dependence of hopping integrals f,_3
for A,IrO; and empirical damping factor f(¢) < 1 (gray line) on
metal-ligand-metal bond angle ¢; #4 is assumed to be zero. (b)
Resulting magnetic interactions obtained using the “Exact” 20PT
expressions of Sec. III B. The red shaded region indicates the area
where |J; /K| < 0.1, while the blue region denotes |I';/K;| < 0.1.
For a-Li,IrOs3, ¢ ~ 95°, while Na,IrO; falls nearly into the ideal
region ¢ ~ 100°.

obtained for

taax ~ 025f(P) eV, tgae ~ —0.4f(d)eV, (50

2 2

1t t
Pt 04eV, 297 ~05eV, (51)
pd pd

where f(¢) is an approximate exponential damping factor
[Fig. 10(a)] intended to capture the suppression of direct metal-
metal hopping with increasing Ir-Ir bond distance. Here, we
have assumed that the Ir-O distances are constant, and that
the p,, py, and p, orbitals of the oxygen ligands are roughly
degenerate. For ¢ = 90°, ligand-mediated hopping contributes
only to f,, while ¢#;, t3 are dominated by direct metal-metal
hopping. For ¢ > 90°, the distortion allows ligand-mediated
contributions to #; and t3, which drives both terms to nearly
zero around ¢ ~ 100°, as shown in Fig. 10(a). We now discuss
the consequences for the magnetic interactions.

1. Heisenberg coupling. We recall that, at O(t?), for
A, =0, the exact nearest-neighbor interactions depend
on constants A,B(U,Jyg,A). The values of these constants
were estimated above for real materials: for 54 Ir*" ions
As; ~09eV™! Bs; ~0.04 eV~ while for 4d Ru** ions
(as in a-RuCls), Asy ~ 0.6V, Byy ~ 0.05eV~!. Taken
together, these values suggest that the charge gap (~A~!) and
natural scale for the magnetic interactions are not strongly
dependent on the choice of 4d> or 5d° ion. The finding
A > B implies an arbitrary set of hopping terms would give
Ji >0 and J; > K;,I'|,I"} far away from the Kitaev limit.
Indeed, the natural energy scale for the isotropic exchange is
much greater than the anisotropic terms [7], so suppression
of J; should generally require fine tuning of the hopping
integrals t,73,¢4. However, the finding |Ji| < |K;| in all
materials studied in this work suggests that the suppression
of Jj is relatively robust in real systems. This is due to the
typical relationship between hopping integrals #; and #3, which
ensures that A(2z7; +13) ~ 0 over a large region of ¢. For
this reason, the suggested o 2 0.8 requirement for the spin
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liquid is actually satisfied for a wide region 95° < ¢ < 100°,
as indicated by the red shaded region of Fig. 10(b). The
main synthetic challenge for approaching the Kitaev limit is
therefore controlling other terms in the Hamiltonian such as
the off-diagonal I', I'| and longer-range interactions.

2. Off-diagonal terms Ty, T'|. Inspection of Egs. (25)—(28)
reveals that 7, > t,3,74 is the only limit where the pure
Kitaev model is realized at O(z2). This is true because all
anisotropic terms scale with the same constant o B, so that
large off-diagonal terms always appear at the same order as
K for finite #;,13,14. Given the above approximations, we find
only a narrow region near ¢ ~ 100° where |I';/K;| < 0.1,
implying a significantly more severe restriction on #{,#3 than
the suppression of J;. Surprisingly, Na,IrO5 appears to be very
close to this ideal region as a direct result of trigonal distortion.
For this reason, distortions are initially helpful for realizing
the spin liquid, contrary to initial assumptions. However,
large distortions also imply large off-diagonal hopping #4 and
crystal-field splitting A,,, which have not been considered here.
These provide alternative contributions to FI,F/I [18,22,53].
Finding an optimal balance between these effects is clearly
required for stabilizing the spin liquid.

It may be possible, in principle, to shift or enhance
the stability region of the spin liquid through expansion of
the lattice, in order to decrease the overall scale of direct
metal-metal hopping and therefore #;,#;. In theory, this may
be accomplished in thin films or heterostructures of 2D hon-
eycomb layers with a suitable substrate, but it is important not
to introduce other symmetry-lowering distortions or surface
potentials. For ¢ # 90°, ligand-mediated hopping contributes
to both 7, and t;,#3, so that large distortions A¢ > 10° are
unfavorable in combination with lattice expansion. That is, the
ideal region is shifted toward ¢ = 90° as direct metal-metal
hopping is decreased. An alternative strategy for decreasing
|t; /1] in the bulk could be the incorporation of heavier ligands
such as S or Se in place of O or Br and I in place of Cl. This
should suppress #;4, and 54, by elongating the metal-metal
distances, while enhancing #, via increased covalency (i.e.,
smaller A,;). The obvious challenge is to find insulating
materials with the correct lattice geometry and metal valency.
To the best of our knowledge, there are no edge-sharing
honeycomb d> materials incorporating heavy Br, I, S, or Se
ligands so far reported. The natural downside of incorporating
heavier ligands is that the enhancement of #, / U and long-range
hopping may also result in stronger long-range interactions, or
even an itinerant state.

3. Long-range interactions. For the d° spin-orbit assisted
Mott insulators on edge-sharing lattices, suppression of long-
range interactions is complicated by two effects. The first
is that significant second- and third-neighbor hopping terms
always arise from M-L-L-M hopping processes through close
L-L contacts. These produce large long-range interactions at
relatively low orders in perturbation theory J,,J; ~ 13 / Uesz.
In principle, these terms may still be suppressed for large Ueg.
However, this observation is not synthetically useful because
of a second effect. The energy scale for virtual processes
Uesr ~ A~! depends in a complementary way on U, A, and
Ju, ensuring roughly similar charge gaps for 4d° and 5d°
materials. In the lighter 4d systems, the larger U is partially
offset by a larger Jy and smaller A. This point can be seen
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from analysis of the optical excitation spectra of Na,IrO3 and
a-RuCl; [10,30,48,62,63]. As with Refs. [34,64] we find, in
our ED calculations, that the lowest-energy excitations are
essentially local onsite jer = 1/2 — jor = 3/2 transitions,
which are expected to be weakly absorbing. For ¢-RuCls, these
are predicted in the range AE = 3A/2 ~ 0.18-0.28 eV, and
naturally explain the sharp and weak transitions observed ex-
perimentally in this frequency region. In the ED results, charge
carrying intersite excitations were found at higher energy,
in the range AE ~ 1.4-1.7 eV ~ A~!, which corresponds
roughly with the first intense peak in the experimental €;,(w)
at w ~ Uggr ~ 1.2 €V [10,63]. For Na,IrO3, the enhancement
of spin-orbit coupling shifts the local excitations to AE ~
0.35-0.7 eV ~ 31 /2, which results in significant mixing with
the higher-energy intersite excitations, and therefore a soft
charge gap. While the scale of U is therefore obscured in
o1(w), one can expect 0.7eV < A~! < 1.5¢eV for Na,IrO;, in
the same range as observed for «-RuCls. Given the similar Ueg
in both 4d and 5d systems, suppression of long-range terms
through incorporation of lighter elements appears unlikely.
While we have not presented an analytical treatment of
the high-order contributions to J,,J3, the ED calculations
presented in the previous section imply that third-neighbor
Heisenberg coupling J; is very robust for the d°> honeycomb
materials. This term explains the prevalence of zigzag order
in both Na,IrO3; and @-RuCls. Given that J3 is not frustrated,
it is strongly detrimental for realizing the spin-liquid state.
In principle, lattice expansion could also suppress J; in
the honeycomb materials if #/U could be decreased. This
interaction could also be frustrated by large second-neighbor
terms, as in «-Li,IrOs. Alternatively, we note that some
of the perturbative contributions to J3 shown in Fig. 3 are
absent in the 3D B- and y-LiyIrOs3, as the closed loops of
these lattices may be larger than six sites [11,12]. For this
reason, long-range interactions should be partially suppressed
in the 3D systems. However, it is not yet clear whether the
|J3/ K] < 0.1 requirement can be met in real materials.

VI. SUMMARY AND CONCLUSIONS

In the C2/m honeycomb Ir** and Ru®* systems, complex-
ity arises from a combination of (i) competing Coulomb, hop-
ping, and spin-orbit energy scales, (ii) relatively low symmetry,
(iii) suppression of dominant magnetic couplings, (iii) strongly
anisotropic interactions, and (v) significant long-range terms.
The details of the interactions in the real materials and their
relationship to the experimental properties have therefore been
intensively debated in the literature. In this work, we have
addressed this debate by employing nonperturbative exact
diagonalization methods that treat interactions at all scales
on the same level, and therefore allow estimation of all
parameters. The salient conclusions are as follows:

(a) The observed zigzag order in NaIrO3; and «-RuCl;
is explained naturally in terms of a large third-neighbor
Heisenberg coupling J3 that emerges as a dominant term at
high orders in perturbation theory, and was therefore neglected
or underestimated in most previous studies.

(b) Off-diagonal couplings I'} ®# —K; dominate the
nearest-neighbor magnetic interactions in «-RuCl; and
a-LiIrO3 as a result of direct metal-metal (M-M) hopping.
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These terms can be suppressed by increasing the M-M bond
distance, through the distortion of the local M L¢ octahedra
to provide M-L-M bond angles ¢ ~ 100°. In the known
materials, this ideal region is most closely approached by
Na,IrO5, which is therefore the closest to the Kitaev limit
Ky > J;,I' atthe nearest-neighbor level. Due to the effects of
direct metal-metal hopping, the ideal materials will therefore
not be found with ¢ = 90°, as originally proposed.

(c) Although the Kitaev spin liquid is thought to be
stable for a finite region of magnetic parameters, the design
limitations in real materials are highly restrictive due to a
large sensitivity of the interactions to structural details. This
sensitivity allows for large variations in the magnitude of
interactions along the different nonequivalent bonds, which
typically lifts the classical degeneracy. The ideal region where
the Kitaev interaction is dominant is likely confined to a small
width of M-L-M bond angle A¢ < 1°, which may be difficult
to satisfy in real materials simultaneously for all nonequivalent
bonds.

(d) Given that NayIrO; was found to lie very close to
the ideal region where K; > I'y,J;, the most significant
interaction preventing realization of the spin-liquid state in
real materials is considered to be the unfrustrated long-range
J; term. In the d° materials, the complementary nature of
spin-orbit coupling and Coulomb repulsion in establishing the
charge gap makes J3 largely insensitive to choice of magnetic
ions or other structural details. This observation seriously
complicates any synthetic strategies aimed at reducing long-
range couplings in edge-sharing octahedral systems.

(e) For a-LixIrO;3, the computed interactions suggest the
possibility of large bond anisotropy and significant terms
at first, second, and third neighbor. While several model
Hamiltonians have been considered for the «-, 8-, and y-phase
materials, the true interactions are likely considerably more
complicated. We have shown, in particular, that a combination
of K;, I';, and second-neighbor DM interaction D, may
explain the observed order. The complexity of the interactions
may be even greater for the lower symmetry 8- and y-LiIrO3,
where Dzyaloshinskii-Moriya interactions are allowed even
for certain first-neighbor bonds. It remains to be determined
which models can be effectively related to the real materials,
but purely nearest-neighbor models are probably unrealistic.

Given these observations, realization of the Kitaev spin
liquid as a ground state in edge-sharing d° materials appears
to represent a very significant synthetic challenge. However,
given the highly complex phase diagrams, and possibility
of many points of classical degeneracy within the expanded
range of interactions, these systems are likely to host other
exotic phases and phase transitions. Furthermore, when probed
at high energies or temperatures 7 > Ty, the combined
fluctuations associated with all nearby orders may give rise to
novel thermodynamic or spectral properties [45,65-67]. Given
the potential for complex interactions, future studies of such
systems will benefit from comprehensive and nonperturbative
ab initio estimates of all relevant interactions.
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APPENDIX A: CLUSTER EXACT
DIAGONALIZATION METHOD

As in conventional perturbation theory, we divide the total
Hamiltonian into Ho = Hso + Hy and H; = Hhop + Hcr.
The Hilbert space is divided according to the energy with
respect to Hy. States below some energy cutoff of order
O(U,)) are those in the so-called lower-energy subspace
{|n;)}, and represent pseudospin states to be included in the
Hilbert space of the final Hpin. In this case, {|n;)} contains the
lowest Kramers’ doublet on every site; there are N; = 27 such
states, where p is the number of sites in the cluster. All other
states fall into the high-energy subspace {|n;)} and will be
effectively integrated out. We first diagonalize H,, to obtain
the exact eigenstates {|n)}, which are ordered according to
their exact energy E,. As in perturbation theory, the goal is
to produce an effective Hpiy that reproduces the spectrum E,
for only the N; lowest states, but is written in terms of the spin
basis {|n;)}.

We first introduce an intermediate basis {|n’)} which is
obtained by projecting the lowest N; exact eigenstates onto
the low-energy subspace:

N;
|n') = Z |ng){n;|n) = R|n), n,n’ =1...N,. (Al)

ny

Since the lower Hilbert space does not form a complete set
of states for H,y, the intermediate basis {|n’)} is not generally
orthonormal despite spanning the lower Hilbert space, i.e.,
R is not a unitary transformation. We therefore perform a
symmetric orthogonalization of the intermediate basis in terms
of the overlap matrix S, in order to define a total unitary
transformation:

U= RS_I/Z» Sin = (m’|n/). (AZ)
The final spin Hamiltonian is then given by
N
Hepin = U’ (Z E,|n) <n|>U. (A3)

This method is formally similar to the contractor renormaliza-
tion group (CORE) method at one step [68,69], but symmetric
orthogonalization is employed rather than the Gram-Schmidt
procedure. It is easy to show that the resulting Hpi, respects
all symmetries of the chosen cluster and reproduces the exact
low-energy spectrum independent of the choice of {|n;)}.
The only condition is that S is nonsingular, which is easily
satisfied in practice. For highly symmetric clusters, these
conditions are sufficient to constrain the resulting Hgpin to
be nearly independent of the choice of projection basis {|n;)}.
In all cases, the method maximizes the overlap between the
eigenstates of Hyin and the low-energy eigenstates of Hiq,
which removes most of the ambiguities arising from the
choice of projection basis. In practice, we always choose {|n;)}
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FIG. 11. Comparison of DFT computed band structures (blue
circles) and tight-binding interpolations employing hopping integrals
up to 16 A (TB,, dashed pink line), and third neighbors (TB,, solid
blue line).

to be pure jeg = % states, for which we typically find the
eigenvalues of the overlap matrix S to be large, indicating
strong overlap with the exact low-energy eigenstates. Even
when the projection basis is chosen very poorly (overlap <0.5),
the correct Hpyiy, is typically restored by the orthogonalization
step, as long as {|n;)} and {|n)} are adiabatically connected to
one another. For example, the method correctly reproduces the
behavior expected at both weak [18] and strong [33] trigonal
distortion despite poor overlap of the j.; = % states in the
latter case. Errors generated by ambiguity of the projection

basis are estimated to be ~ £+ 1 meV.

APPENDIX B: FURTHER NEIGHBOR
HOPPING INTEGRALS

In the C2/m materials, the presence of distortions implies
that metal-ligand-metal bond angles differ from 90°, allowing
for ambiguity in the choice of cubic coordinates x,y,z. In
this work, coordinates for the projections were defined as in
Ref. [27]: the local z axis was chosen to be Z L (a + ¢), while
the remaining axes were uniquely defined by requiring x,y L
z, and both axes make a 45° angle with the crystallographic
b axis. First-neighbor hopping for the experimental structures
was given in Sec. II B. Further neighbor hopping is given in
Tables VI and VII. The comparison of the DFT computed
band structures and (truncated) tight-binding fits are shown in
Fig. 11.

APPENDIX C: COMPLETE EXPRESSIONS FOR
NEAREST-NEIGHBOR INTERACTIONS
AT O(t>) FOR A, =0

For arbitrary symmetry, it is conventional to write the spin
Hamiltonian as
Hspin = Z.Iij S; -Sj +Dl‘j -S; % Sj + S; 'F,’j ~Sj, (ChH
ij

where D;; is the Dzyaloshinskii-Moriya (DM) vector, and
the traceless tensor I';; characterizes the pseudodipolar

PHYSICAL REVIEW B 93, 214431 (2016)

TABLE VI. Hopping parameters for second-nearest neighbors
(meV).

oz—Lizer3 ot—RuCl3

Bond Na,IrO; Expt. Theory C2/m
X, Xz — Xz —-0.8 -06 —-37 —45
Yz — ¥z —-1.6 3.6 02 —-04

Xy — Xy —-3.6 1.2 -23 =32

Xy — Xz —-758 =569 —70.5 —59.1

Xz — Xy —364 —238 —38.6 —243

Xy — yz 12.7 15.2 11.0 8.3

yz — xy -213 —-104 —-10.2 1.3

Xz = yz —-184 —-164 —-116 —12

vz — X2 10.3 28.9 11.8 11.8

Y, vz — ¥z —-0.8 -06 —-37 —45
Xz — Xz —-1.6 3.6 02 —-04

Xy — Xy —-3.6 12 -23 =32

yz — xy —-758 —569 —-70.5 -—-59.1

Xy — yz —364 —238 —38.6 —243

Xz — Xy 12.7 15.2 11.0 8.3

Xy — Xz —-213 —104 —-10.2 1.3

Xz — ¥z —184 —-164 —-116 —1.2

yZ — Xz 10.3 28.9 11.8 11.8

Z, Xy — Xy —1.5 1.0 06 —-04
Xz —> Xz —-1.6 -12 =29 -47

vz — yz —-1.6 -12 =29 -47

Xz — yz -770 =567 —732 —60.7

vz — X2 —-303 —-514 —-39.6 —239

xy — xz,yz — xy —188 —125 —-113 —1.7

Xy —> yz,XZ —> Xy 9.4 5.3 11.6 11.6
TABLE VII. Hopping parameters for third-nearest neighbors

(meV).

a—Li21r03 a—RuCl3

Bond Na,IrO; Expt. Theory C2/m
X3 vz — ¥z —353 —400 —-33.0 —414
Xy — xy —8.5 -35 -—-58 =175

Xz — Xz -82 —-112 —-68 —-79

xy — xz,xz —> xy —127 —-130 —-134 -78

Xy —> yz,yZ — Xy 17.0 9.5 15.3 10.7

Xz — Y7,yZ — XZ 14.9 13.1 16.3 12.7

Y3 Xz — Xz —353 —40.0 —33.0 —414
Xy — xy -85 -35 -—-58 =175

Yz — ¥z -82 —-112 —-68 —-79

yz — xy,xy — yz —127 —-13.0 —134 —-7.8

Xy — Xz,X7 — Xy 17.0 9.5 153 10.7

Yz —> XZ7,X7 — YyZ 14.9 13.1 16.3 12.7

Z; Xy — xy —-36.8 —40.8 —333 —-395
xz = xz,yz — yz —93 —-81 —-64 —82

xz — yz,yz — xz —138 —13.6 —-135 -—-74

Xz — Xy,XxXy — Xz 16.6 15.8 16.6 11.7

yZ — Xy,xy — Yz 16.6 15.8 16.6 11.7
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interaction. This corresponds to the parametrization

Jij + T D+ T —Dh+T¥
Jij=|-D;+T{ Ty +T7 D +Th | (C2)
b ac a bc cc

D+ —D+Ty  Jy+ T

In the absence of crystal-field splitting, the effective spin
Hamiltonian obtained at second order in hopping may be
written

Hapin = »_ PelT;je;Qw — Ho) ' Qel TP, (C3)

ij

where PP is the projection operator into the lower jeg = %
subspace, Q = 1 — P, and Hy = Hso + Hy . For expressions
correct to second order, we take w = (Hp), the expectation
value in the lower subspace. The perturbation theory is
most conveniently formulated in terms of the one-particle
eigenstates of Hso, labeled | j,m ;). For this reason, we write

C i
¢ = ci’ s (C4)

(C5)

21w =

where

Ngl
2=
Il
P
AR
TS
[
= ~
S——
Ko
l;\m
Il
S o o
S o1
|

Here, c; 1 creates a hole in the jei = % state, and Ci3 creates

a hole in the jey = % state. In the absence of crystal-field
splitting, the zeroth-order projection operator into the low-

energy space is simply
— {
P= |A|ci’%ci,%. (C6)

We write the magnetic Hamiltonian in terms of the spin
operators in the jeg = % basis:

1
S; = —¢ 10C; 1, (e9))
2 by b2
where 6 = (0y,0y,07) is the Pauli vector:
0 1 0 —i 1 0
Ox = <1 0)’ oy = <i 0 ) o = <0 —1)' (C8)

Magnetic interactions are easily evaluated by exact calculation
of the propagator GY:

GY = ¢;Q@ — Ho) ' Q] (C9)

acting on a ground state with one hole per site in the jeg = %
state. In matrix form, this can be written

o _ (A(S; -0 — 1) 0
Gf‘( 0 BS; T-Cly) ©19

where I, is the n x n identity matrix, and T = (t,,7y,T;)

is the higher-dimensional J =% equivalent of the Pauli

PHYSICAL REVIEW B 93, 214431 (2016)

vector:
0 V2 0 0
V2 0 3 0
x = s Cl11
g 0 3 0 2 (1D
0 0 2 0
0 —v/2 0 0
V2.0 =3 0
= 12
Ty l O 3 0 _ﬁ ) (C )
0 0 V2 0
30 0 0
0 1 0 0
T, = 0 0 —1 0 (C13)
0 0 0 -3
The relevant constants are
1 J, 3(U + 3A
A:——{ U A } (C14)
3 6JH — U 4+ 3A) 4+ Ju(U + 4))
4 BJg—U —3r
. MU ’ (C15)
3((6Jg —2U —3X))
6 1 503U -1/ oA
=2 > n O, e
82U — 6Jy + 31 9 Ju
J;
n = (C17)

T 6J2 — JuBU + 170) + QU + 30U +34)°

The terms in the upper left corner of G(} describe kinetic
exchange processes where an additional hole is added to the
Jeft = % state. As usual, such processes are limited by Pauli
exclusion, which generates an effective exchange interaction.
The terms in the bottom right corner arise from effective
Hund’s coupling between a hole added to the j.g = % state,
and the existing hole in the j.s = % state.

We now discuss the derivation of the interactions for the Z;
bond with #; = t3 = t4, = 0 as an exercise. It is convenient to
rewrite the hopping matrices in the jeg basis:

1 3
z 2

0
Tij = l3jl lzj.z ) (C18)
02?7 02
ij ij
so that the resulting spin Hamiltonian is
1111
Hepin = ZA S; (cj’%(aézcy@j%izc,’%)
ij
13 31 )
+BS; - (¢, 05770 ¢ 1) + (< ). (C19)

For the pure #, limit, all hopping between jeg =% states

11
vanishes, i.e., ©;;* = 0. The only hopping relevant at second
order is

01

g;__.\/? 00

05 == 31|00 (C20)
10
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It is easy to show that

3

i i (C21)

13 31
0, 1,0} =0, (C22)

13 31
®;’ 1.0 = —24 0. (C23)
Given Eq. (C7), and summing over (i <> j), we have

(C24)

Hain = Y _—8B 13 753,
ij

The Ising form of the interaction arises because hopping can
only occur to the m; = :I:% states. The spin-flip components
of the effective Hund’s coupling T are therefore irrelevant, as
only the , component operates in this subspace.

Finally, we compute interactions for general hopping.
Hopping integrals between sites i, j are written in the d basis
in terms of labels (x = d,;, y = d,;, z = dy,), so that

® Ly (C25)

In terms of such hopping integrals and the constants A,B, the
isotropic exchange constant is

J = ﬁr(ﬁ‘x Flyy 1) = (= tzy)z}
27 |~ = 1y)* = (1o — 122)°
3(tx — tyy)* + 3(tex — 1)
4B | +3(tyy — 1:)* + 2ty + 1yx)?
27| 42t + 1) 2ty + 1y)?
+10t, 1, + 102y 1;, + 102yt

(C26)

The components of the Dzyaloshinskii-Moriya vector are
Dij = (Da7DbaDc), where

8A
D, = 7{(txx + Lyy + tzz)(tyz - tzy)}

8B | tyx — tyy — )ty — 1oy
4 — ( Yy zz)( y Z)) , (C27)
9 +3teytr — 3testyx

8A
Dy = - (tee + tyy + 1) (tzr = 1)

N @ (Ztyy — Iyx — tzz)(tzx - txz) , (C28)
9 +3tcyty: = 3zylys
8A
D. = ?{(txx Tty 1)ty — 1)}
8B | (2¢ — Loy — L)) ey — Tyx
L 8B (2t ) ey ve) . (C29)
9 +3ty o — 3t tyy
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The pseudodipolar tensor is written

Faa Fab Fac

Cij=|Taw Tew Tol, (C30)
Fac 1—‘bc 1—‘lcc
where 'y, + I'yp = —I. The diagonal terms are
_ 8A z(tyz - tzy)z
“ 27 _(txz - zx)2 - (txy - tyx)z
6(tyy - l‘)cx)2 + 6(txx - tzz)z
—12(ty, — t..)?
4B o s
+ E +5(txz - tzx) + 5(txy - lyx) ’ (C31)
—10(ty, — t,y)?
ity tsy — 2teytyy — 2tk
SA Z(tzx - txz)z
Cpp = — ) )
27 _(tyx - txy) - (tyz - tzy)
6(t,; — tyy)? + 6(tyy — 1ry)?
_12(txx —1 )2
4B o )
+ = +5(tyx - txy) + S(I}'Z - tzy) (C32)

27
_10([1)«: - txz)z

Fht oty — 2ty 0, — 20ty

The off-diagonal terms of the pseudodipolar tensor are
8A
Fab = 7{(5& - tzx)(tzy - tyz)}

3(txx + tyy - 2tzz)(tyx + txy)

+t +5(te: + 1)ty + 1) ¢, (C33)
_txztz_v — Iyl
8A
l—1bc = ?{(tyx - txy)(txz - [zx)}
3(tyy + tzz - 2txx)(tzy + tyz)
+ ? +5(tyx + txy)(tzx + txz) ) (C34)
_tyxtxy - tzxtxy
8A
Fac = T{(tzy - tyz)([yx - txy)}
3(tzz + txx - 2tyy)(txz + tzx)
iy +5(tzy + 1y)(txy + 1yx) (C35)
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