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Phonon-glass dynamics in thermoelectric clathrates
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Type-I clathrate compounds exhibit glasslike thermal/dynamic properties due to symmetry breaking of guest-
atom positions in tetrakaidecahedron cages. All of these features are associated with the phonon dynamics in
the THz region, for which we perform large-scale numerical simulations by highlighting the difference between
type-I clathrates Ba8Ga16Ge30 (BGG) with on-center guest atoms and Ba8Ga16Sn30 (BGS) with off-center guest
atoms. The results of the phonon densities of states D(ω), the dynamic structure factors S( Q,E), the specific
heats C(T ), and the participation ratios of eigenmodes clearly realize a drastic change from the conventional
phonon dynamics of BGG to the phonon-glass dynamics of BGS.
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I. INTRODUCTION

Clathrate compounds represent a physical realization of
the phonon-glass electron-crystal concept [1,2], one of the
guiding principles for exploring high-performance thermo-
electric materials. Type-I clathrates are particularly interesting
in this respect since off-center systems (OFS) exhibit glasslike
thermal/dynamic behaviors different from those of on-center
systems (ONS). In OFS, the specific heat C(T )/T 3 exhibits
a broad peak at a few Kelvins identical to the boson peak
observed in structural glasses, in addition to glasslike phonon
thermal conductivities [3]. It is remarkable that although
these compounds possess a crystalline cubic structure on
host cages, they show glasslike thermal/dynamic properties
[4]. All of these features are associated with the THz-
frequency phonon dynamics in type-I clathrate compounds.
There has been no quantitative theoretical investigation of
the mechanism underlying the glasslike thermal/dynamics
properties, so this subject remains as an open and challenging
problem.

Type-I clathrates are formed from networked cages con-
sisting of large tetrakaidecahedrons (14-hedrons) and small
dodecahedrons (12-hedrons), in which the group-I or -II
elements in the periodic table are encaged as guest atoms. The
guest atoms in the dodecahedron and tetrakaidecahedron are
denoted by (1) and (2) sites, respectively (see Fig. 1). Phonon
dynamics of type-I clathrates with on-center guest atom (2)
has been recently investigated in terms of first-principles
calculations for a unit cell containing 54 atoms [5–7]. The ONS
possess the symmetry of translational invariance, which makes
it possible to reduce the system size by employing the periodic
boundary conditions when performing computer simulations.
However, type-I clathrates with off-center guest atom (2)
lack translational invariance, as evident from experimental
observations of their glasslike behaviors [3]. In order to
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overcome this system-size problem, the performance of large-
scale numerical simulations is needed.

This paper aims to theoretically reveal the microscopic
mechanism underlying phonon-glass dynamics at THz fre-
quencies (<10 meV) in type-I clathrates by highlighting the
difference between ONS and OFS. We perform large-scale
numerical simulations by treating 107 × 107 sizes of matrices
on the THz-frequency phonon dynamics of OFS by illustrating
type-I Ba8Ga16Sn30 (BGS) as prototype materials as well
as on-center Ba8Ga16Ge30 (BGG) belonging to ONS for
comparison. All of the crystalline and glasslike features are
realized in these materials; in addition, spectroscopic data in
the THz-frequency region is fully available. See Table 1 in
Ref. [3] for the detailed classification of ONS or OFS for
various type-I clathrates.

II. SCOPE AND METHODS

We employ an efficient computational algorithm called the
forced oscillator method (FOM) [8,9]. The FOM is suitable
for our purpose as described in the Supplemental Material
[10]. We focus our attention on the phonon dynamics in the
THz-frequency region and below, since the dynamics at these
frequencies manifests remarkable differences between ONS
and OFS. Phonon modes higher than a few THz related to
the deformation of cages and the vibrations of guest atom (1)
in the smaller cage of dodecahedron are beyond the scope
of our study. This enables us to describe the THz-frequency
phonon dynamics under a coarse-grained Hamiltonian, as
proposed in Sec. III. At first, we construct coarse-grained
Hamiltonians in order to focus our attention on the phonon
dynamics in the THz-frequency region and below, namely,
acoustic modes and low-lying optical modes. Next, we give
the numerical results of the spectral density of states D(ω),
the dynamic structure factors S( Q,E), and the specific heats
C(T )/T 3. These results clearly provide a drastic change from
the conventional phonon dynamics of ONS to the glasslike
dynamics of OFS. On this basis, we give the microscopic
origin underlying glasslike thermal/dynamics behaviors in
type-I clathrates with off-center guest atoms.
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FIG. 1. The lower molecular units give a tetrakaidecahedral cage
with guest atom Ba(2) at (a) the 6d site in on-center BGG and
(b) the 24k site in off-center BGS, and smaller dodecahedral cage
encapsulating Ba(1) at the 2a site. The upper (a) and (b) are the
schematic illustrations of the wine-glass potential for ξ > 0, η > 0
in Eq. (1) and wine-bottle type potential for ξ < 0, η > 0 in Eq. (1).

III. COARSE-GRAINED HAMILTONIAN FOR
ONS AND OFS

The length scale λ of phonons at the frequency region
of ν � 2 ∼ 3 THz (E � 8 ∼ 12 meV) becomes λ � 1 nm,
which is larger than the size of a unit cell of a � 1 nm
in type-I clathrates, as estimated from the relation λ = v/ν

using the sound velocity v. This indicates the invalidity of
describing THz-frequency dynamics from a single unit cell of
a � 1 nm, especially for the case of OFS. For this situation, it
is reasonable to adopt the coarse-grained Hamiltonian rather
than treating all microscopic constituents of 54 atoms in a unit
cell as equally relevant degrees of freedom. In line with the
coarse-grained scenario, we describe the guest atom Ba(2) as
having mass m and the tetrakaidecahedron and dodecahedron
cages with the total mass M excluding the guest atom (2). See
the molecular unit in Fig. 1. The position vector of the �th cage
at time t is defined as R� + r�(t), where R� is the equilibrium
position of the �th cage center, and r�(t) represents a small
deviation from R�. The position of guest atom Ba(2) is given
by the vector U� + u�(t) measured from the cage center, where
u�(t) is a small deviation from the randomly oriented position
U� of Ba(2). It is apparent that U� = 0 is the case of on-center
guest atom in ONS, whereas the off-center case corresponds
to U� �= 0 in OFS. The actual deviation is |U0| = 0.43 Å for
type-I BGS [11].

The shape of the tetrakaidecahedron distinguishes the vi-
brations of guest atoms in the plane parallel and perpendicular
to the hexagonal face of the cage (x-y plane in Fig. 1). The
guest atoms Ba(2) in BGG and BGS execute in-plane vibration
parallel to the x-y plane in addition to out-of-plane motions
along the z axis [12]. In order to describe in a unified way both
the vibrations of on-center and off-center guest atoms (2), we
consider the potentials such as those depicted in Figs. 1(a) and
1(b).

By keeping up to the fourth order of small “relative”
displacement |u�(t) − r�(t)|, the potential function between
the guest atom (2) and the cage is described by

V4 =
∑

�,α=x,y

1

2

[
ξ |U�,α + u�,α(t) − r�,α(t)|2

+η

2
|U�,α + u�,α(t) − r�,α(t)|4

]
. (1)

This modified Higgs-type potential involves two different
types of potentials depending on a plus or minus sign of ξ :
the case of ξ, η > 0 yields the wine-glass-type potential of
Fig. 1(a) with U� = 0, and the case of ξ < 0, η > 0 gives rise
to the wine-bottle-type potential of Fig. 1(b) with U� �= 0.
Thus, Eq. (1) enables us to treat the vibrational motions of
Ba(2) for both ONS and OFS in a unified manner. Imposing
the condition ξ < 0,η > 0 in Eq. (1), we have the potential
with the minimum at V4,min = −ξ 2/4η at |U�|2 = −ξ/η.
The nonzero vector U� presents the local rotation symmetry
breaking of off-center guest atoms in tetrakaidecahedron as
seen in the following.

The anharmonicity of the potential becomes irrelevant
at temperatures lower than several tens Kelvin as evident
from the temperature dependences of optical spectroscopies
and thermal conductivities for ONS and OFS [3]. So, the
harmonic model is good enough in order to reveal the details
underlying phonon-glass dynamics in type-I clathrates at the
THz-frequency region. We can expand Eq. (1) in terms of the
small relative displacement |u�(t) − r�(t)| of Ba(2) around the
equilibrium position U0 by keeping up to the harmonic terms
around the equilibrium position.

For Ba(2) in ONS, the coupling potential between cage and
on-center guest atom (2) deduced from Eq. (1) is expressed by

V ON
CG =

∑
�,λ=in,out

ξλ

2
[u�,λ(t) − r�,λ(t)]2, (2)

where ξλ represents the force constants between the cage and
the guest atom. The force constant ξin relates to the in-plane
motion around |U�| = 0 parallel to the x-y plane, and the force
constant ξout relates to the out-of-plane motion.

For Ba(2) in OFS, we express the position of off-center
Ba(2) at time t in the x-y plane by [U0 + δr�(t)]ei[θ�+δθ�(t)].
The phase factor δθ�(t) describes libration motion around the
randomly oriented angle θ� at the �th site due to local rotation
symmetry breaking. Note that both δθ�(t) and δr�(t) are
dynamical variables of Ba(2) given by the relative coordinate.
The potential function can be expanded around U0 and θ�

in terms of small deviation δr�(t) and δθ�(t), for which we
introduce the force constants ξs and ξθ for stretching and
angular motion, in addition to the one ξφ for out-of-plane
vibration. Thus, the potential between off-center guest (2) and
cage can be expressed as

V OF
CG = 1

2

∑
�

(
ξsδr

2
� + ξθU

2
0 δθ2

� + ξφU 2
0 δφ2

�

)
. (3)

The force constants ξs and ξθ represent the coupling between
vibrations of the guest atoms (2) and acoustic phonons coming
from network cages, which we describe in detail in the part

214305-2



PHONON-GLASS DYNAMICS IN THERMOELECTRIC . . . PHYSICAL REVIEW B 93, 214305 (2016)

showing the calculated results of D(ω) and S( Q,E) for off-
center BGS in Sec. V.

Our coarse-grained system consisting of combined cages
of tetrakaidecahedron and dodecahedron with mass M forms
a primitive cubic structure (Pm3̄n). Each cage is elastically
connected with nearest-neighbor cages by the force constants
f‖,f⊥, which represent longitudinal (‖) and transverse (⊥)
acoustic modes propagating along host cages. Using these
quantities, the potential energy concerning the cage-cage
interaction is expressed as

VCC =
∑

�>�′,μ

f�,�′,μ

2
[r�(t) − r�′(t)]2, (4)

where μ = ‖, ⊥ , ⊥′. We keep only the nearest-neighbor
coupling �′ = � − 1 between cages denoted by f‖, f⊥, and f⊥′ .
The kinetic energy is expressed by K = 1

2

∑
� (M r̈2

� + mü2
�).

The total Hamiltonian H is expressed by the sum of these
relations, H = K + VCC + V

ON(OF)
CG .

IV. RESULTS OF D(ω) and S( Q,E) FOR ON-CENTER BGG

The force constants f‖,f⊥(= f⊥′ ) of on-center BGG in
Eq. (4) can be determined from the sound velocities v‖ = 4096
m/s and v⊥ = 2700 m/s obtained from coherent inelastic neu-
tron scattering (INS) [14,15]. These give rise to f‖ = 17.5 and
f⊥ = 7.59 N/m from the relation vμ = a[fμ/(m + M)]1/2

taking M = 4.32m and the lattice constant a = 10.78 Å.
Mori et al. [16] have assigned the peaks at ν = 1.15 THz

(= 4.76 meV) as the in-plane vibration of Ba(2) in the x-y
plane and ν = 1.80 THz (7.44 meV) as the out-of-plane
motion. These assignments accord with those of Raman
scattering experiments for BGG [17], where the lower peaks
at ν = 0.96 and ν = 1.81 THz have been observed. From
the above assignments for BGG [16], the force constant ξin

for BGG is evaluated as ξin = 9.64 N/m from the relation
ω2

0 = ξin(1 + m/M)/m, while the force constant ξout becomes
ξout = 23.62 N/m.

Figure 2 gives the results of D(ω) and S( Q,E) along Q =
(222)+[h00], Q = (033)+[h00], and Q = (400)+[h00] for
BGG. The actual form of S( Q,E) with the definition of the
scattering vector Q is given in the Supplemental Material [13].
Figure 2(a) shows three peaks in D(ω): the first sharp peak at

4.0 meV (0.97 THz), the next rather broad peak at 5.2 meV
(1.25 THz), and the third one at 7.9 meV (1.91 THz). There
exists a quasigap at around 4.5 meV in D(ω), as seen from
Fig. 2(a). The first peak in D(ω) in Fig. 2(a) is attributed
to the flat end of the longitudinal acoustic (LA) branch and
the second one is attributed to the flat part of the optic mode
close to the � point, as seen from Figs. 2(b)–2(d). The third
peak at 7.9 meV is due to the out-of-plane vibrations of Ba(2)
perpendicular to the x-y plane as found in Fig. 2(c). As seen
from Fig. 2(c), our calculated results show good agreement
with the INS data [14], validating our model Hamiltonian.

The calculated intensities of S( Q,E) marked by color
scale in Figs. 2(b)–2(d) come from the scalar product of the
eigenvector em(λ) of the excited mode and the scattering vector
Q given in Eq. (14) in the Supplemental Material [13]. Our
model reproduces these intensities of S( Q,E) observed by
INS experiments. We emphasize that caution is needed to
interpret the data plotted by FWHM [14] or Gaussian fits [15],
in particular for the case in which the spectra are close together
such as those of type-I clathrates with a unit cell containing
54 atoms.

Our calculations have been performed using the minimum
number (four) of force constants: f‖,f⊥,ξin,ξout. It should be
emphasized that we have not adopted the spectroscopic data at
the end of the Brillouin zone to determine these force constants.
The density of states (DOS) for on-center BGG shown in
Fig. 2(a) indicates that the first sharp peak appears at 4.0 meV,
while the DOS for BGG obtained from ab initio calculation
[7] indicates that the first sharp peak appears at 28 cm−1 =
3.5 meV, which is smaller than our result.

We should mention that the INS experiments for a powder
sample of BGG yield the first peak at 4.0 meV at 100 K [18].
The integrated intensity of S( Q,E) over upper half Brillouin
zone along (004) + [hh0] for a single crystal obtained from
coherent INS by Nakamura and Arai [19] provides the first
sharp peak at 4.0 meV at 5 K, as seen in Fig. 38 in Ref. [3].
Note that this peak arises from the flat end of the dispersion
curves of acoustic phonons, not from the spectra of optic modes
at the � point. The agreement with our calculations at 4.0 meV
is remarkable, though the spectroscopic data at the end of the
Brillouin zone are not adopted in determining the four force
constants. These results surely validate our coarse-grained
model Hamiltonian.

FIG. 2. The results of D(ω) of (a) type-I BGG and (b)–(d) S( Q,E)E/q2[n(E) + 1] for various scattering vectors Q = G+[h00]. The
color scale indicates the intensity as a function of the energy transfer Eq . Panels (b-d) employ the same Brillouin zone as that of Ref. [14].
Panel (b) include both transverse and longitudinal acoustic modes coupled with in-plane motion ξin and with out-of-plane motion ξout, while
(c) and (d) present transverse and longitudinal acoustic modes, respectively, as a result of the selection rules on S( Q,E) given in Table 1 in
the Supplemental Material [13]. The black dots in (c) with error bars of the FWHM are INS data [14]. The calculations were performed for
100 × 100 × 100 unit cells.
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The low-lying optic modes attributed to the vibrations of
guest atom Ba(2) are hybridized with acoustic modes above
the middle of the first Brillouin zone. This hybridization
arises from the anticrossing between acoustic modes due to
host cages and optical modes concerning Ba(2). A detailed
description of hybridization and selection rules for S( Q,E) is
provided in Table 1 in the Supplemental Material [13].

The anharmonic effects should be realized as the blue
shift of the lowest optical spectra relevant to the guest atom
Ba(2) [18,19], which we do not address in this paper since
the essential mechanism of THz-frequency phonon dynamics
is involved in the harmonic treatment [20–22]. It should be
emphasized that our model employing the smallest number
of force constants has the advantage, compared to the model
with a much greater number of force constants, to clarify the
microscopic origin underlying the glasslike dynamic behaviors
in OFS in the THz-frequency region, as seen in the next section.

V. D(ω) and S( Q,E) OF OFF-CENTER BGS

Here we consider the effect of the random orientation of
off-center guest ions Ba++(2) on the emergence of glasslike
phonon dynamics in off-center BGS. Figure 1(b) depicts
the potential well of 24k sites in a tetrakaidecahedron cage
obtained by assuming the short-range interaction between
Ba++ and cage ions. However, the guests Ba++ yield the
long-range Coulomb interaction between surrounding ions,
which causes the random orientation of guest ions due to
dipole-dipole interactions, as described in detail in Ref. [3]. We
should note that the dipole-dipole interactions lower the total
potential energy of the system. The effect of the randomly
oriented dipole (2e)∗U� at the �th site should be taken into
account in the coupling between the vibrations of Ba(2) and
acoustic modes arising from the cage network via ξs and ξθ in
Eq. (3). Note here that the p- and n-type dependence of the
observed thermal/dynamic behaviors on BGG and BGS comes
from the difference of the shielding effect to electric dipoles.

To understand this configuration-dependent coupling, let us
exemplify the case in which transverse acoustic (TA) phonons
are incident along the z axis in Fig. 1(b). For off-center Ba(2)
taking the right-side position on the x axis, TA phonons
with the polarization parallel to the x axis couple with the
stretching component δr�(t) with the force constant ξs . If
the off-center Ba(2) guest atom takes on the position along
the y axis, the above TA phonon couples with the libration

component U0δθ�(t) via the force constant ξθ . Provided that
Ba(2) takes a position (U0 cos θ�,U0 sin θ�) on the x-y plane
in Fig. 1(b), the TA modes with the polarization parallel to
the x axis couple with libration and stretching vibrations at
the same time via the force constants ξ�,θ = ξθ | sin θ�| and
ξ�,s = ξs | cos θ�|. Thus, the coupling constants depend on the
randomly distributed angle θ�. The same argument holds for the
coupling of longitudinal acoustic (LA) phonons with arbitrary
polarization direction.

Actual values of the force constants ξθ and ξs for off-center
BGS are obtained in the same manner as the case of on-center
BGG. Mori et al. [23] observed by means of THz time-domain
spectroscopy that the lowest-lying peak of BGS at 0.71 THz
splits into double peaks: 0.5 THz (2.07 meV) and 0.72
THz (2.97 meV). This spectra should be assigned to the
libration and stretching modes of Ba(2) associated with ξθ

and ξs . The peak around 1.35 THz (5.58 meV) is assigned
as the out-of-plane motion of Ba(2) to the hexagonal faces of
the tetrakaidecahedron. Using these data, we can obtain the
force constants as ξφ = 14.03, ξθ = 1.93, and ξs = 3.99 N/m.
The force constants f‖ and f⊥(= f⊥′ ) in Eq. (4) for BGS are
obtained using the sound velocities v‖ = 3369 and v⊥ = 1936
m/s [12] from the relation vμ = a[fμ/(m + M)]1/2. These
provide f‖ = 13.3 and f⊥ = 4.38 N/m by employing masses
m = 137 u for Ba(2) atom and M = 6.01m for the cage, and
the lattice spacing a = 11.68 Å.

The results for D(ω) and S( Q,E) for off-center BGS are
shown in Fig. 3. In Fig. 3(a), two sharp peaks appear in D(ω)
at 2.7 meV (0.65 THz) and 5.8 meV (1.4 THz), in addition to
the broad band at 3.0–3.6 meV (0.73–0.87 THz). In contrast
with D(ω) for on-center BGG in Fig. 2(a), there exists no clear
gap between 2.7 and 4.5 meV. We should note that the spectra
of S( Q,E) near the origins in Figs. 3(b)–3(d) are broadened,
reflecting the weak violation of translational invariance as well
as the parts between 2.7 and 4.5 meV. In addition, the strengths
of spectra at the end of the Brillouin zone are weakened. These
are in contrast with the case of BGG shown in Figs. 2(b)–
2(d). This type of weak violation of translational invariance
in S( Q,E) has also been observed in silica glass by means
of coherent INS by Inamura et al. [24]. The quasiperiodicity
in the Brillouin zone [24] arises from the scaffold network in
silica glass.

We can identify the modes relevant to these two peaks at
2.7 and 4.5 meV from the direct calculations of eigenmodes
as follows: the lower broad peak is attributed to the hybridized

FIG. 3. The results of D(ω) of (a) type-I BGS and (b)–(d) S( Q,E)E/q2[n(E) + 1] for various scattering vectors Q = G+[h00]. The color
scale is the same as that defined in Fig. 2. Panels (b-d) employ the same Brillouin zone as that of Ref. [14]. The selection rules for S( Q,E)
on transverse and longitudinal modes are the same as the cases (b)–(d) given in the caption of Fig. 2. The calculations were performed for
99 × 99 × 99 unit cells.
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FIG. 4. Specific heats C(T )/T 3 vs T for on-center BGG (red
squares) and off-center BGS (blue dots). The contribution from T-
linear specific heats below 1 K due to two-level tunneling states in
BGS is omitted [26].

modes between longitudinal/transverse acoustic modes and
randomly oriented off-center Ba(2). In particular, the lowest
peak at 3.0 meV is attributed to the hybridized modes between
the longitudinal acoustic modes and libration motion of
randomly oriented Ba(2).

The calculated results of S( Q,E) for on-center BGG and
off-center BGS for other scattering vectors Q = G+[hh0] are
given in Figs. 3(a)–3(f) in the Supplemental Material [13].
These results clearly demonstrate the characteristic differences
between on-center and off-center type-I clathrates.

VI. SPECIFIC HEATS OF BGG AND BGS

The calculated results for C(T )/T 3 depicted in Fig. 4
represent the broad hump at 5 K for BGS and the small hump
at 10 K for BGG. The small hump in C(T )/T 3 of BGG
results from the van Hove singularity in D(ω) at 4.0 meV in
Fig. 2(a). The C(T )/T 3 for BGS reproduces well the boson
peak observed in Ref. [12]. The hump at 4 K in BGS is
attributed to the hybridized modes between low-lying optical
modes associated with randomly oriented Ba(2) and TA/LA
modes. Thus, the underlying mechanism of the broad hump of
BGS is different from the hump at 10 K of BGG.

We have made clear that the heat capacities C(T )/T 3 in
Fig. 4 are sensitive to the flat part at the end of dispersion
curves of acoustic phonons. The first sharp peak in D(ω) for
BGS originates from this flat dispersion curve and generates a
broad hump in C(T )/T 3 at 5 K, as found in Fig. 4 (blue plots).
This type of broad peak, the so-called boson peak, has been
generally observed for various kinds of glassy systems [25].
However, caution is needed in asserting that the broad peak is
a key signature of glassy behavior, for the following reasons.
The expression of the specific heat C(T ) is given by

C(T ) = − 1

kBT 2

∂

∂β

[∫ ∞

0
n(β�ω)�ωD(ω)dω

]
, (5)

where β = 1/kBT and n(β�ω) represents the Bose-Einstein
distribution function, and D(ω) is the phonon density of states.
When plotting the calculated C(T ) divided by T 3 from Eq. (5)

in order to eliminate the contribution from the Debye phonons,
the detailed information of glasslike phonon dynamics is aver-
aged out by the integration in Eq. (5). It means that the broad
peak at around several K should appear even in ordered systems
if the van Hove singularity exists at around a few meV. Thus, it
is inappropriate to assert “glasslike” only from the broad hump
in the plot of C(T )/T 3. We need to identify the real nature of
the relevant modes around a few meV underlying the glasslike
phonon dynamics, as demonstrated in the next section.

VII. LOCALIZATION NATURES OF EIGENMODES

Here we study the localization natures of eigenmodes at
the THz-frequency region for BGG and BGS in terms of
large-scale numerical simulations. The localization natures of
eigenmodes are sensitive to system size and boundary condi-
tion when performing computer simulations. For a sufficiently
large system, there should be no difficulty in distinguishing
between a localized mode and an extended mode. Our
calculations have been performed for systems of 20 × 20 × 20
unit cells employing a periodic boundary condition as all sites
can be regarded as equally far from the boundary.

To characterize the localization nature of a relevant mode
{e�(εq), � = 1,2, . . . ,N} belonging to the eigenenergy εq , we
calculate the participation ratio (PR) defined by

P (εq) =
[ ∑N

�=1 |e�(εq)|2]2

N
∑N

�=1 |e�(εq)|4 , (6)

where N is the total number of the cages and guest atoms. For
extended states in an infinite system, P (εq) approaches unity;
however, P (εq) takes values close to ≈0.5 for a system under
periodic boundary condition, while P (εq) becomes 1/N for
strongly localized states. Therefore, the PR can be taken as a
criterion to distinguish extended states from localized ones.

Figure 5(a) shows the PR of eigenmodes for on-center BGG
as a function of εq . P (εq) takes values around 0.4 between

FIG. 5. The results of the participation ratio P (εq ) defined in
Eq. (6) as a function of eigenenergy εq for (a) on-center BGG and
(b) off-center BGS. The forced oscillator method (FOM) provides
almost perfect convergence for DOS and PR with the system size
N = L × L × L from L = 20 to L = 100, as shown in Figs. 1 and 2
in Ref. [10]. The insets in (a) and (b) are the DOS marking calculated
energy ranges.
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0.5–6.2 meV indicating extended states. Figure 5(b) depicts the
results of P (εq) for off-center BGS. We should note that P (εq)
ranges from a value of strongly localized states P (εq) ≈ 0
to extended states of P (εq) ≈ 0.5. The clear distinction of
P (εq) at εq = 1.5 meV indicates that eigenmodes convert from
extended to localized states within the acoustic band, which
accords with the onset temperature of the plateau of BGS
at 1.5 meV/3.84kB ≈ 4.5 K from the Wien’s displacement
law. The onset temperature is correlated with the strength of
the force constant ξθ due to the hybridization with acoustic
modes. The plateau indicates that the contribution of extended
phonons saturates at κ ≈ 0.7 W/Km for BGS. Thus, the onset
of the plateau is apparently due to the localization of acoustic
modes. The above result on BGS differs from the case of
on-center BGG in Fig. 5(a), showing extended modes resulting
from the symmetry of translational invariance.

VIII. SUMMARY AND CONCLUSIONS

We have performed large-scale simulations on the THz-
frequency phonon dynamics in on-center BGG and off-center
BGS by constructing the coarse-grained Hamiltonian given in
Eqs. (1)–(4). This coarse-grained picture, rather than treating
all microscopic constituents of 54 atoms in a unit cell as equally
relevant degrees of freedom, has the advantage of revealing the
microscopic origin on the emergence of glasslike dynamics at
THz frequencies. The calculated results of D(ω), S( Q,E),
C(T )/T 3, and P (εq) clearly manifest a drastic change from
conventional phonon dynamics of BGG to phonon-glass
dynamics of BGS, as shown in Figs. 2–5.

The agreement on the first sharp peak in the DOS at 4.0 eV
between the INS data [18,19] and our results in Fig. 2(a) for
BGG is remarkable. This first peak arises from the flat end of
the dispersion curves of acoustic phonons, not from the spectra

of optic modes at the � point. It should be emphasized that
the spectroscopic data at the end of the Brillouin zone are not
adopted in determining four force constants: f‖,f⊥,ξin,ξout.
These results surely validate our coarse-grained model Hamil-
tonian, while the results of D(ω) and S( Q,E) for BGS given
in Fig. 3 show a broad band in the 2.7–4.0 meV range, in
contrast to the cases of BGG given in Fig. 2. The broad band
originates from the configuration-dependent coupling between
vibrations of guest atoms (2) and acoustic modes from the host
cage lattice.

In addition, we have demonstrated for off-center BGS that
the acoustic phonons carrying heat convert to localized modes
at 1.5 meV. Since this energy corresponds to the temperature
1.5 meV/3.84kB ≈ 4.5 K, this conversion should associate
with the onset of the plateau thermal conductivities observed
in off-center BGS [12]. In contrast, the THz-frequency phonon
dynamics of on-center BGG behave in a conventional manner,
reflecting the symmetry of translational invariance. In conclu-
sion, our large-scale simulations have revealed the underlying
mechanism of the glasslike phonon dynamics that emerges
in off-center BGS. We conclude that randomly oriented guest
atoms (2) play a crucial role in the emergence of glasslike
thermal/dynamic properties in the THz-frequency region.
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