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We develop a theory of the local density of states (LDOS) of disordered superconductors, employing the
nonlinear sigma-model formalism and the renormalization-group framework. The theory takes into account
the interplay of disorder and interaction couplings in all channels, treating the systems with short-range and
Coulomb interactions on equal footing. We explore two-dimensional systems that would be Anderson insulators
in the absence of interaction and two- or three-dimensional systems that undergo an Anderson transition in the
absence of interaction. We evaluate both the average tunneling density of states and its mesoscopic fluctuations
which are related to the LDOS multifractality in normal disordered systems. The obtained average LDOS shows a
pronounced depletion around the Fermi energy, both in the metallic phase (i.e., above the superconducting critical
temperature 7;) and in the insulating phase near the superconductor-insulator transition (SIT). The fluctuations
of the LDOS are found to be particularly strong for the case of short-range interactions, especially, in the regime
when 7, is enhanced by Anderson localization. On the other hand, the long-range Coulomb repulsion reduces
the mesoscopic LDOS fluctuations. However, also in a model with Coulomb interaction, the fluctuations become

strong when the systems approach the SIT.
DOI: 10.1103/PhysRevB.93.205432

I. INTRODUCTION

Disordered superconductors show remarkable physics gov-
erned by interplay of superconductivity and Anderson local-
ization. In particular, in two-dimensional (2D) systems, the
competition between these two phenomena leads to a direct
quantum phase transition between the insulating and supercon-
ducting states: the superconductor-insulator transition (SIT)
[1,2]. This is a zero-temperature transition that may be driven
by varying the normal-state resistivity of a disordered film;
experimentally, this is usually achieved by changing the film
thickness. At a finite (but sufficiently low) temperature the
insulating and superconducting phases of the film are separated
by a metallic state. The physics of SIT and, more generally,
of insulating, superconducting, and metallic states around SIT,
has attracted a great deal of attention.

On the experimental side, two complementary approaches
have been widely used to characterize the physics of disordered
superconducting films under variation of temperature, film
thickness, and magnetic field: (i) transport measurements and
(i1) space-resolved tunneling spectroscopy. In this paper, we
focus on the second one and develop a theory of local density
of states (LDOS), including both its disorder-averaged value
and fluctuations, as measured in space-resolved tunneling
experiments.

Particularly intriguing experimental findings on tunneling
spectroscopy of 2D disordered superconducting systems were
provided by experiments on TiN and InO films [3-6]. In
short, it was found that (i) the pronounced soft gap in the
tunneling spectrum survives across the superconductor-metal
transition (i.e., with increasing temperature 7" above T;) and
across SIT, and (ii) there are strong point-to-point fluctuations
of the shape of the energy dependence of LDOS on the
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superconducting side of the transition (i.e., below T.). These
results have been interpreted as evidence of (i) the existence
of preformed Cooper pairs leading to a “pseudogap” in the
nonsuperconducting states (metallic and insulating) [3—6] and
(i1) localization of some of Cooper pairs on the supercon-
ducting side of the transition, with the fraction of localized
Cooper pairs increasing when the system approaches the SIT
[5]. Qualitatively similar features, although considerably less
pronounced, were observed in experiments on NbN films [7,8].
Finally, a recent work on MoC films [9] did not discover any
sizable “pseudogap” or spatial fluctuations effects at all; the
gap observed there was related to T, by the standard formula
of the Bardeen-Cooper-Schrieffer (BCS) theory.

In order to understand the experimental findings, including
features that are common for different materials as well as
differences between the materials, one clearly needs the cor-
responding theory. In numerical works by Ghosal, Randeria,
and Trivedi [10,11], a solution of the Bogoliubov—de Gennes
equations for a 2D model with short-range interaction was
carried out. It was found that the tunneling density of states
shows a hard gap across the SIT and strong spatial fluctuations.
More recently, these results were corroborated by quantum
Monte Carlo simulations [12]. While these results are very
insightful, the numerical simulations for the inherently inter-
acting problem are limited by relatively small system sizes.
This makes it difficult to explore parametric dependencies of
observables in a sufficiently broad range, especially since the
problem is characterized by a hierarchy of relevant length and
energy scales. Such parametric dependencies may be studied
within analytical approaches, which are also expected to shed
more light on underlying physical mechanisms. Feigel’man,
Ioffe, Kravtsov, Yuzbashyan, and Cuevas [13,14], studied the
LDOS for a 3D system in the vicinity of Anderson-localization
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transition within a solution of the self-consistent BCS-type
equation for the case of a short-range interaction. They found
that a pseudogap develops when the superconductor is built
out of localized single-particle states, and that this pseudogap
increases when the system approaches the SIT.

In this paper, we develop a theory of the LDOS of disordered
superconductors which employs the nonlinear sigma-model
(NLSM) formalism and the renormalization-group (RG)
framework, and goes beyond the analysis of Refs. [13,14] in
several important aspects. First, our theory takes into account
mutual influence of disorder and interaction couplings in all
channels. This influence leads to the renormalization that
becomes strong for systems with sufficiently strong disorder
(in particular those that are not too far from SIT). Second,
we consider 2D systems with short-range and Coulomb
interaction on equal footing. Third, we use the same formalism
to explore (i) 2D systems that would be Anderson insulators
in the absence of interaction and (ii) 2D or 3D systems that
undergo Anderson transition in the absence of interaction.
Fourth, we evaluate both the average LDOS and its mesoscopic
fluctuations (which are related to the LDOS multifractality
in normal disordered systems). Fifth, when calculating the
average LDOS and its moments, we take into account renor-
malization effects originating from all interaction channels.

On the technical side, we exploit our recent works in
two complementary directions: Refs. [15,16], where the
phase diagram and transport characteristics of 2D disordered
systems around SIT were studied by means of the NLSM
renormalization group, on the one hand, and Refs. [17-19],
where the LDOS multifractality was studied near Ander-
son metal-insulator transition (MIT) in a normal (i.e., not
superconducting) system with Coulomb interaction, on the
other hand. Application of a unified approach to the LDOS
and its fluctuations near MIT [17-19] and in disordered
superconductors (this work) turns out to be very helpful for
understanding similarities and differences between the two
cases. We will return to this issue in the end of the paper.

The outline of the paper is as follows. In Sec. II, we
introduce the NLSM formalism and construct operators
corresponding to the moments of LDOS. The anomalous
dimensions of the moments of LDOS found within the two-
loop approximation are presented in Sec. III. The obtained
two-loop results are used in Sec. IV to analyze the scaling
behavior of the disorder-averaged LDOS and of the LDOS
moments for the following three cases: (i) superconducting
transition in 2D system with weak short-ranged interactions;
(i1) superconducting transition in 2D system with Coulomb
interaction; (iii) superconducting transition in a system with
weak short-ranged interactions which, in the absence of
interactions, is close to the Anderson transition. Our results
and conclusions are summarized in Sec. V. Several appendixes
contain technical details on the one- and two-loop RG
equations and their analysis.

II. FORMALISM

A. NLSM action

We start with the description of the NLSM formalism to
be used for the calculation of the local density of states and
its fluctuations near the transition to the superconducting state.
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The action of the NLSM is given as a sum of the noninteracting
part S, [20,21] and terms S\%” arising from the interactions

in the particle-hole singlet and triplet, and Cooper channels
[22,23] (see Refs. [24,25] for review):

S =S, + S+ S+ Sie (1)
where
S, = —3542 drTe(VQ)* +4nTZ, /drTrnQ,
s —ﬂFsZ > / drTe[I¢ 1,0 Q] Tr[ 1%, 10 Q]
nt 4 n —n

a,n r=0,3

Si(rclrl) — _grt Z Z /drTr[I,f‘trQ]Tr[lfntrQ]’

a,n r=0,3

==L X [ arnlitiomlneie)

a,n r=1,2

Here, we use notations from Ref. [16]. The Drude conductivity
(including spin) in units e?>/ 4 is denoted as g. The quantities
Iy, I';,and I, are interaction parameters in the singlet particle-
hole, triplet particle-hole, and singlet Cooper channels, re-
spectively. The parameter Z,, introduced by Finkel’stein [22]
describes the renormalization of the frequency term in the
action (1).
The action (1) involves the following matrices:

B
A% = senn 8,6 1o, ([k?’):m = Sy k88 100, o
B
77551 = 1 8,m8 100, (L]’:):m = 5n+m,k5aﬂ3ayfoo,

where «,8 = 1,...,N, stand for replica indices and integer
numbers n,m correspond to the Matsubara fermionic ener-
giese, =nT(2n+ 1) and ¢, =7T(2m + 1). The 16 4 x 4
matrices

L =1®s;, rj=01273 3

act in the spin (subscript j) and particle-hole (subscript r)
spaces. The corresponding Pauli matrices are defined in a
standard form as follows:

1 0 0 1
To = So = o 1) T =81 = 1 o)

0 —i 1 0
n=h=Q Oﬁ,a=a=@ _J.(®

The vector ¢, combines three 4 x 4 matrices, ¢, = {t,1,t2,13}.
The matrix field Q(r) obeys the following constraints:

0*’=1, Tro=0, Qo' =cTo’c. (5)

The charge-conjugation matrix C = ity satisfies the following
relation: CT = —C. The matrix Q (as well as the trace operator
Tr) acts in the replica, Matsubara, spin, and particle-hole
spaces.

In the case of Coulomb interaction, the parameters I'y
and Z, are related to each other, I'y = —Z,. This relation
holds in the course of the renormalization [22]. This relation
also reflects the symmetry of the NLSM action (1) under the
spatially independent rotations of the Q matrix (so-called F
invariance) [16,26].
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B. Moments of the local density of states

As usual, the local density of states p(E,r) is expressed via
the exact single-particle Green function. Within the NLSM
formalism, the disorder-averaged LDOS is determined by the
operator which is linear in Q:

Ki(ien) = Slspl05). ©)
Here, symbol sp denotes the trace in spin and particle-hole
spaces only. The index o denotes a fixed replica and (...)
denotes the averaging with the NLSM action (1). The density
of states at energy of the order of inverse elastic scattering
time 1/t is denoted by py. We remind a reader that 1/t plays
a role of the high-energy (ultraviolet) cutoff of the NLSM
theory. The disorder-averaged LDOS (po(E,r)) can be obtained
after the analytic continuation of K;(i¢,) to the real energies
ie, > E +i0F.
Next, let us introduce the irreducible two-point correlation
function

Ky(E,r; E'r') = ((p(E.r) - p(E",r"))
= (p(E,r)p(E".r")) — (p(E.r)(p(E",r"),
(N

which allows us to find the second moment of the LDOS. In
the NLSM approach, the correlator K, at coinciding spatial
points is related to the following bilinear in Q operator:

Py (igy,ien) = ((spQui (r) - spQee(r)))
—2(sp[ Q2(r QL (N)]), a1 #ap. (8)

The correlation function K>(E,r; E’,r) defined for real
energies can be obtained from the following Matsubara
counterpart:

2
Ky = g—gRe[Pg'“Z(isn],ie,13) — PO (g, ien,)]  (9)
after analytic continuation: ¢, — E 4+i0", &,, —> E'+
i0*, and e,, > E’ —i0". We use the convention that
ni,nz,ns, --- > 0and ny,ng,ng, - -+ < 0.

The following comments are in order here:

(i) The condition that replica indices «; and «, are
nonequal in Eq. (9) stems from the fact that the two-point
correlation function K, measures mesoscopic fluctuations
of the LDOS. This forbids interaction lines between two
fermionic loops corresponding to the LDOS in the diagram-
matic approach.

(i) The bilinear-in-Q operator (9) is an eigenoperator of
the RG (or, equivalently, an exact scaling operator), i.e., it
exhibits pure power scaling, without admixture of subleading
power-law contributions. Below we will explicitly prove this
statement by means of two-loop calculation.

(iii) Disorder-averaged higher moments of the LDOS can
be expressed in terms of higher-order irreducible correlation
functions of the Q field similarly to Eq. (9). Explicit examples
of operators corresponding to the third and fourth moments
of the LDOS can be found in Ref. [19]. The corresponding
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operators are also eigenoperators of the renormalization
group.

III. RENORMALIZATION GROUP FOR LDOS

In this section, we outline the RG formalism in the context
of the calculation of the moments of the distribution of the
local DOS as derived from the NLSM.

A. Perturbative expansion

To resolve the nonlinear constraint (5) we adopt the square-
root parametrization

0 w
— 72 —
Q=W+ AV1-W2, W_(u‘) O>' (10)
We use the following notations: W,,,, = Wy, and W, =
Wy,n, With ny >0 and n, < 0. As a consequence of the
charge-conjugation constraint (5), the blocks w and w obey
the following relations:

w=—-Cw'C, w=-Cw*C. (1)

These relations imply that elements (ws{3 n,)rj 1N the expansion
web, = er(u)f{{gnz),.jtrj are real or purely imaginary. The
perturbative (in 1/g) analysis of the NLSM action (1) is
performed by expanding the action in powers of W.

From the expansion the NLSM action (1) to the second
order in W, we find the bare propagators (see Ref. [25]). The
propagators in the particle-hole channel (diffusons) read as
(r=0,3and j =0,1,2,3)

(lw,; (P12 Bt [, (— p)122%2)

2
= gaal‘*zaﬂlﬂza D, (i)

ni12,Nn34
0ATT, .
x [3,1,,,3 _ %amf‘@g)(isziz)], (12)

where n1, = ny —ny and Qf, = ¢,, — &,,. The standard dif-
fusive propagator is given by

D, (iwy) = p* +16Z,|wul/ g, (13)

with w, = 2w Tn. The diffusons renormalized by interaction
in the particle-hole channels read as

[DVw)] ™ = p? +16(Zy + Tplwal /g, (14)

The propagators in the particle-particle channel (cooperons)
can be written as (r = 1,2 and j = 0,1,2,3)

([ (@18 11D, (— )12

2
= E(Sm . Sﬂ] P2 87!14qn3ch1 (l QE12)

[ 64 TZ,
x| 8y — ————
8

where &» =¢,, +¢&,, and Cy(iw,) = D,(iw,). The propa-
gator £ stands for the standard superconducting-fluctuation

8“1P180C, (i 934)£q(i512)] ’

as)
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propagator:

A DG + |w,| 1
U —y q | |+_
An T dn T 2

1
+1/f<§>- (16)

Here, we have introduced y, =TI'./Z,. The quantity D =
g/(16Z,) is the diffusion coefficient, Ay ~ 1/t is the ultra-
violet energy scale, and ¥/(z) denotes the digamma function.
We note that the fluctuation propagator (16) is written under
the assumption that the infrared energy scale of the theory is
determined by temperature.

For the purpose of regularization in the infrared, we add the
extra term

LMo =y ' +In

gh?
S S+ T/drTrAQ (17)

to the NLSM action (1). The presence of this term in the action
results, in particular, in the substitution of p2 + K2 for p2 in
the propagators (13), (14), and (16).

B. Disorder-averaged LDOS

For the sake of completeness, and in order to set notations,
we remind then the reader the result of one-loop renormaliza-
tion of the disorder-averaged LDOS. Expanding the matrix Q
to the second order in W, we derive from Eq. (6) the following
expression:

Kl (l&‘nl

=1—- - af Ba 18
Po Sp Z "Inz(r)wnznl(r)> ( )

ny,p
Next, using Egs. (12) and (15), we find

p(;sn,) g 647rT/ Z ZF Pa (la),,)DJ)(la)n)
0

wn>£nl j=0

128 TZ
TRl /Zcz (2ien, — iw,)Lyliwy).

9 w,<ey,
(19)

Finally, performing the analytic continuation to real frequen-
cies ie,, > E + i0", we obtain that the disorder-averaged
LDOS can be written as

(p(E)) = pol Z(E)]'/?, (20)

where the renormalization factor Z(E) is given by (see
Refs. [27,28] for a review)

P
Z(E) = 1 +?1m21“_,-f

j=0 q.@

647,
> Im/ CRQE — )
8 q.@

x [LF (@) + FeoLf(@)]. @21

Fo- D (@)D R ()

Here, DX(w), CR(w), DY (w), and LR(w) are retarded
propagators obtained from the corresponding Matsubara prop-
agators. The Keldysh part of the fluctuation propagator Ef (w)
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is related to the retarded one via the bosonic distribution func-
tion B,, = coth(w/2T) as follows: L} (w) = 2iB,ImLE (w).
The fermionic distribution function is denoted as F, =
tanh(w/2T). We adopt the following shorthand notation:

[~ e e e

We note that the definition (20) of Z coincides with the
definition of the field renormalization constant in Ref. [25]
and the wave-function renormalization constant in Ref. [29].
We stress that Z differs from the Finkel’stein’s frequency
renormalization factor Z, and should not be confused with
the latter.

To derive the RG equation for Z, we set temperature T
and energy E to zero, neglect frequency and momentum
dependence of the fluctuation propagator, and study the
dependence of Z on the infrared regulator 2. Then, in
d = 2 4 € dimensions we obtain

€

Z=1-[In(1+y)+3Inl+y)+ 2%]}% + O(e).
(23)

Here, y;; = I's.;/ Z,, are dimensionless interaction amplitudes
and t = 8%2,;/g denotes dimensionless resistivity, with Q; =
Sd/[2(2n)d] and S; = 2nd/2/ I'(d/2) being the area of a
d-dimensional sphere. As usual, Eq. (23) determines the
anomalous dimension ¢ of the disorder-averaged LDOS. Using
the minimal subtraction scheme (see, e.g., Ref. [30]), we obtain
in the one-loop approximation [23,29,31]

dinZ
dy

=2

= —[In(1 + y5) + 3In(1 + y,) + 2.1t + O(t?),
(24)

where y =1In1/h is the running RG length scale. We note
that y, in Eq. (24) coincides with the fluctuation propagator at
zero frequency and momentum as one can see from Eq. (16).
A more accurate treatment of the momentum and frequency
dependence of the fluctuation propagator in Eq. (21) (see
Appendix A of Ref. [16]) results in exactly the same RG
equation as Eq. (24).

Thus, this one-loop RG equation is formally exact in all
three interaction couplings y;, y;, and y.. In the case of
fully broken spin-rotational symmetry, Eq. (24) holds with the
contribution 3 In(1 + y;) of the triplet particle-hole channel in
the right-hand side being omitted.

C. Second moment of the LDOS

Now, we consider the renormalization of the second
moment of the LDOS. We restrict our consideration by one-
and two-loop orders in ¢.

1. One-loop results

In the one-loop approximation, one obtains

[P2] P (i, vigns) = 0 (25)

205432-4



LOCAL DENSITY OF STATES AND ITS MESOSCOPIC ...

and
(P51 ienyviens) = —2sp{wiie (ryng ()
128 . ;
= - | [Pa(90) + ¢, (90)]
q

(26)
Hence, we find

4
K, (E.riE'r) = pi - Re / [Df@+cf@]. @
q

where @ = E — E’. Setting 2 = 0 and using 4 as the infrared
regulator, we get
»2h¢t

K _
2 Do c

+ 0(e). (28)

2. Two-loop results

Details of the calculation of the two-loop contribution to
the correlation function K, are presented in Appendix A.
Using Eqgs. (A4) and (A11), we find the following two-loop
contribution to the irreducible two-point correlation function:

2 2t2 h2€ € 3
Ky =m— 1+2<1+E>+(3+€)VC+Z|:f(Vj)
Jj=0

+2In(1 +y;) + %[ln(l +y)+2fy;) — C(Vj)]i|

(29)
Here, we define the functions
f)=1-0+1/y)In(1 +y) (30)
and
2+y.. 1+
cr) =24+ —Lliy(—y) + ZVV (1 +y)., G

where lip(x) = Yo | x*/k* denotes the polylogarithm.

3. Anomalous dimension of the second moment of LDOS
Above, we have derived the dependence of K, on the
momentum scale 4 within the two-loop approximation. How-
ever, h itself acquires renormalization [32]. The renormalized
momentum scale /4’ is defined as follows:

g'h*TrA? = gh*(TrA Q), (32)

where g’ denotes the renormalized conductivity at the mo-
mentum scale 4. As a consequence of Eq. (32), A’ satisfies the
following relation: g’h"> = gh®>Z!/?. Using Eq. (23) and the
one-loop result for the conductivity [22,29,33,34]

at h¢
€

3
g/:g|:1+ +0(e)], ar =14+ f)—7e.
Jj=0

(33)

we find

, th¢ > 1
h'=h 1—26 1+;[f(y_,~)+§ln(l+yj)} . (34
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We note that within the one-loop approximation, there is no
contribution to Eq. (34) due to interaction in the Cooper
channel.

By using Egs. (28), (29), and (34), we can rewrite the second
moment of the LDOS in terms of the renormalized momentum
scale i’ and the renormalization factor Z as follows:

(0°) = Zps + K2 = py Zm), (35)
where
b(z)l‘ he 2] ) )
m’2:m2|:1+ ! c +€—2(b§)+6bg))i| (36)

Here, we omit the terms that are finite in the limit € — 0. The
bare value of m/2 is unity, m, = 1, and

3
bP =-2. P =3+ f(r) — .
=0

3
B == crp) + ve 37)
j=0

N =

Next, we introduce a dimensionless quantity 7 = t'h’¢. With
the help of Eqgs. (33) and (36), we express t, y;, and m; as
follows:

t= ()" TZE ), v =viZiE vy,
my = m5 Z, (&, 7.,7)). (38)

The interaction parameters y; are renormalized at the one-loop
level [22]. However, this does not affect the two-loop result for
the anomalous dimension of m/ since bﬁz) is independent of
y;. To the lowest orders in £, the renormalization parameters
become

Z, =1+ 4% (39)
€
and
b? TR 2 2
Zyy =1+ 204 [0 + 070 +eb]. (40)

The anomalous dimension of m) is derived from standard
conditions that m, (as well as ¢ and y;) does not depend on
the momentum scale /. In this way, we obtain the following
two-loop result for the anomalous dimension & (¢, ys, s, V) of
my:

dlan

Y 0 = =2t — [e(yy) + 3c(yr) — 218> + O(2).

(41)

Here, we omit “prime” and “bar” signs for brevity. We remind
the reader that the function c(y) is defined in Eq. (30). We note
that ¢(0) = 0 as itis known for free electrons [20]. In the case of
Coulomb interaction, one has ¢(—1) = 2 — 72/6 ~ 0.36. The
interaction affects the anomalous dimension at the two-loop
order only.

We emphasize that coefficients aj, b(lz), and b(zz) satisfy the
relation

by = b7 (b —ar) /2. 42)
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This guarantees the absence in Eq. (41) of terms divergent in
the limit € — 0, i.e., the renormalizability of m,. In addition,
this relation proves that the operator corresponding to K, is
the RG eigenoperator. Indeed, if the operator corresponding
to K is the linear combination of several eigenoperators, the
relation (42) would imply nonlinear system of equations which
has no nontrivial solutions in general.

Combining the above results, the second moment of the
LDOS can be written as

(43)

The scaling behavior of (p) and m, is governed by the
anomalous dimensions (24) and (41), respectively.

D. The gth moment of the LDOS

In this section, we generalize the results obtained in the
previous section for the gth moment of the LDOS. The
important observation is that the irreducible gth moment of the
LDOS, K, = ((p — (p))?), involves connected contributions
from averages of the number g of matrices Q. Therefore,
K, has no one- and two-loop contributions for g > 5. Con-
sequently, as in the case of noninteracting electrons [35-37],
the anomalous dimension for the gth moment of the LDOS
becomes proportional to the factor g(1 — ¢) within one- and
two-loop approximations (see details in Ref. [19]). Thus, we
find

(p?) = (p)Imy, (44)

where the behavior of m,, is determined by the following RG
equation:

- 42m, B gy = T D) + 3e0) - 200,
¥ 2

(45)

Here, the function c(y) is defined in Eq. (30). We note that
for the special cases ¢ = 3 and 4, one can demonstrate that
Eq. (45) holds as well (see Appendix C of Ref. [19]).

As we have already mentioned above, the two-loop contri-
butions to [Pza 1921RA can be interpreted as the renormalization
of diffusions and cooperons involved in the one-loop term
[P"**]RA (see Appendix B). Therefore, within the two-loop
approximation, the corrections due to fluctuating Cooper pairs
to m, comes from the term [P;"**]%X only. In the one-loop
approximation, the fluctuation corrections to the gth moment
of the LDOS are fully determined by those in the average
LDOS via the factor (p)9.

In the absence of spin-rotational symmetry, the anomalous
dimension ¢, can be obtained from Eq. (45) as follows:
(i) one omits the contribution 3¢(y;) of the triplet particle-hole
channel and (ii) one multiples the right-hand side of Eq. (45)
by the factor }1 (see Ref. [19]). Thus, in the case of broken
spin-rotational symmetry, Eq. (45) takes the following form:

dlnm qg(l—q) [t &
00l ] o

We mention that Eqs. (45) and (46) imply the normal
distribution for the logarithm of the local density of states
similar to the noninteracting case (see Refs. [38,39] for a
review).
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IV. SCALING ANALYSIS

A. Weak coupling RG equations in 2D

Recently [16], the full set of one-loop RG equations de-
scribing the renormalization of resistivity and interactions has
been derived by means of the background field renormalization
of the NLSM (1):

dt N -1
— =7 ) +HNFD —ve |, @D
dy 2
dy; t
dyy = —SA+ W+ Ny 2+ 472, @)
d t
d—y' =—=(1+y)[vs = N =2 — 2y — 4vey + 477
y 2
49)
dy. t
e op2 — L[+ v — Ny — 22 + 4y
dy 2
+2Nye(vi — In(1 + v1))]. (50)
dinZ, t
= (¥ + Ny + 2y +4%2). (51

dy 2

Here, N stands for the number of triplet diffusive modes.
In the case of preserved spin-rotational symmetry, all three
triplet diffusons contribute to the RG equations N = 3. If spin-
rotational symmetry is broken, all triplet modes are suppressed
at long length scales A” = 0. In addition, in this case the RG
equation for y, should be ignored.

The above RG equations are derived in the lowest order
in t < 1. Extending the previous result [23], in this order
they contain all contributions due to the interaction in the
Cooper channel y,. Comparison of the disorder-independent
and disorder-induced terms in the right-hand side of Eq. (50)
demonstrates that one-loop RG equations can be used towards
the superconducting instability up to the length scale Ly
at which |y.(Lx)|t(Lx) ~ 1 [16]. We note that a similar
conclusion follows from comparison of one and two-loop
contributions in Egs. (45) and (46).

B. Weak short-ranged interactions in 2D

We start our analysis of the fluctuations of LDOS with
the case of weak short-ranged interactions |y; ;| < 1 in two
dimensions. The phase diagram and transport properties for
this case have been discussed in details in Refs. [15,16]. The
existence of a large region of the superconducting phase with
transition temperature higher than standard expression of BCS
theory has been predicted.

For the sake of convenience, we briefly remind the reader
the main steps of analysis of Ref. [15]. Let us focus on the
case of preserved spin-rotational symmetry. For |y, .| < 1,
the set of RG equations (47)—(50) can be simplified to

dt/dy = t*, (52)
d (Vs " 1 3 2\ (s 0
7)==t -1 2f{rn]-{0 (53)
Y \re 1 -3 0/ \r 2y2
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Equation (52) yields usual weak localization behavior:
T =1 —y. (54)

Here, 7y << 1 denotes the bare value of resistance. In the
absence of interactions, Eq. (54) suggests that a strong
Anderson insulator emerges at the scale y; = 7, ! In the case
of not too weak interactions (or sufficiently weak disorder),
to < |¥s.0l,1Vr0ls1ve0l, EqQ. (53) reduces to the standard RG
equation for the BCS instability in the clean case. Then, the
superconducting transition occurs at the scale of the order of
yecs = 1/QClyeoD.

For the case of disorder which is strong compared to
the interaction f#o > |Vs0l,1V:.0l5|Ye0l, the renormalization
proceeds in two steps. At the first step, we can neglect the
—2y2 term. This brings us to a linear system of equations. The
corresponding 3 x 3 matrix has two eigenvalues

A=2t, AN =-—t, (55)

where A is doubly degenerate. We emphasize that the
eigenvalue A coincides with the one-loop result for ¢,. This
occurs since the interactions in the NLSM action (1) are
described by the operators bilinear in Q. Thus, three couplings
tend to the eigenvector {—1,1,1} corresponding to the positive
eigenvalue A. This eigenvector parametrizes the so-called BCS
line

~Vs=Vi=Yc =Y. (56)

Itis this relation between the couplings that one obtains starting
from a standard BCS Hamiltonian with the attraction only.
Projecting Eqgs. (53) onto the BCS line, we get

dy/dy =2ty —2y?/3. (57)

We note that the RG flow in directions perpendicular to the
eigenvector {—1, 1,1} does not affect the results in any essential
way (see Ref. [15] for details).

We are interested in the case when the dominant bare
interaction is the Cooper attraction y, ¢ < 0 such that the ini-
tial value Y = (—¥s5.0 + 3¥1.0 + 2¥¢.0)/6 < 0. Equation (57)
describes two distinct scenarios. For |yp| <« tg, the resistance
t becomes of order unity when |y| is still small. This means
that, with further increase of the length scale, the system flows
toward a strong Anderson insulator.

In the opposite case |yp| > tg, |y| increases under the RG
transformation due to the first term in the right-hand side of
Eq. (57). The attractive interaction overtakes ¢ and reaches
unity at the scale y, &~ (;1[1 — 2|y0l/(Bt9)]. We note that

t(ye) =t =313 /Qlyol) < 1, (58)

i.e., strong attraction is arisen in the region of good metal. In
this situation, we expect that with further increase of the length
scale, the RG flow develops a superconducting instability (due
to standard BCS-type mechanism). The temperature 7, of this
superconducting transition can be estimated as

1, 1 2 2
T, ~—e 7~ —exp|l——+—). (59)
T T o 1.

In the considered regime of sufficiently strong disorder,
to > |¥s.0l, 1.0l Ve0l, the temperature given by Eq. (59) is
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much higher than the clean BCS value
TBCS ~ .L.—le—zyscs ~ .L——le—l/h/(,o\. (60)

When 7, becomes smaller than |yy|, Eq. (59) crosses over into
Eq. (60). Therefore, T, shows a nonmonotonous dependence
on the disorder strength and gets strongly enhanced in the
intermediate range of resistivity |yo| < fo < +/[30]. For a
given interaction strength o = (—¥5.0 + 3¥.0 + 2¥¢.0)/6 < 0,
the superconducting critical temperature 7, is the largest
when the system approaches the superconductor-insulator
transition. The latter takes place att. ~ 1,1i.e., 1y ~ +/Tyol. Itis
worth noting that at the superconductor-insulator transition the
critical temperature on the superconducting side is given by
T, ~ 8 = 1'%, where & ~ l exp(—2/1y) is the localization
length defined such as #(§) ~ 1.

The above analysis [15] for |y;,.| < 1 was extended in
Ref. [16] to the case of strong interaction couplings. The
numerical integration of the full RG equations (47)—(50)
provided the phase diagram of the SIT. In particular, it was
found that, when the system is initially close to the BCS line,
the enhancement of 7, occurs for |y, o] <0.2.

Now, let us return to the LDOS and consider RG equations
(24) and (45) in the intermediate range of parameters |yp| <
to < +/Iyo]. For temperatures T >> T., the behavior of the
disorder-averaged LDOS is fully determined by Eq. (24)
expanded to the lowest order in interaction parameters. After
projection to the BCS line (56), we find from Eq. (24)

dinZ
= 4yt. (61)
dy

Solving this equation together with Eqs. (52) and (57), we
obtain

(p(E))
L0

2
=1+yo<—2—1>, (62)
0
where ¢ should be taken at the scale min{Ly,Lg}. Since we
consider T > T, the resistivity t(min{Ly,Lg}) < t.. This
allowed us to neglect the second term in the right-hand side of
Eq. (57). As one can see from (62), there is a weak suppression
of the averaged LDOS for t5 < +/[yo]. On the other hand,
Eq. (45) results in the following dependence of m, on ¢:

my = (t /1o)™Y, (63)

Here, we omit the two-loop contribution since within our
approximation it is always much smaller than the one-loop
one.

Let us now consider temperatures close to the transition
temperature

TG KT -T. K T. (64)

Here, Gi ~ t, is the Ginzburg-Levanyuk number (see Ref. [40]
for details). The first condition here stems from the range of
the applicability of the one-loop RG for the coupling constants
|velt < 1[16] [see discussion below Egs. (47)—(51)].

In addition to renormalization of the average LDOS given
by Eq. (24), there are fluctuation corrections due to the
Cooper-channel interaction of a non-RG type. Within the
one-loop approximation, fluctuation corrections stem from
the second line of Eq. (21) with frequency and moment
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integration restricted to the range Dg?,|w| < max{T.,|E|}. In
what follows, we shall term such contributions as those of real
processes.

In order to take such fluctuation corrections accurately, one
needs to renormalize the NLSM action down to the energy
scale max{7,|E|} and, then, to evaluate the contribution in the
second line of Eq. (21) with the renormalized parameters.'

This way, one finds

(pE)E)) = Z12(T)[1 — 8(1 — In2)t(T,761)°] (65)
0
for |E| < 75
2
(p(E)) _ Z}/z(T)[l + 2;CT—C ln(|E|TGL)i| (66)
£o ‘ E?

for rng < |E| K T, and

2
(p(E)) _ Z;/2(|E|)[1 +2l(LE)T—Czln(TcTGL)i|
Lo E

1+ 2¢(L )szl (T.t61) 3(Le)
~ — In(T.tqL) —
E) s GL 2

for T, < |E| < 1/7. Here, we have introduced the Ginzburg-
Landau time as

(67)

w6 = 8T.ly " \(L)l/x. (68)

For the standard BCS-type divergence of y,., e.g., as in Eq. (57),
rGll ~ T — T, as usual. Expressions (65)—(67) were derived
under assumption T.7gp > 1.

To find the renormalization factor Z;(7') (with the subscript
“s” emphasizing that the interaction is short ranged), we
should integrate the RG equations (47)—(50) and (24). In
the considered range of temperatures close to T, [Eq. (64)],
this, strictly speaking, cannot be done analytically, so that
one should perform the integration numerically. In order to
have an analytical approximation, we have used simplified
RG equations (52), (57), and (61), which yield

fo — t(Lr)]”“

69
P— (69)

ZI/Z(T) — e3t(L7-)—3tg [

Since we consider temperatures close to T, it is convenient to
express Z } / 2(T) via the Ginzburg-Landau time

16 T, —3k
ZVA(T) = <— TGL) . (70)
3me t,

We have checked that this analytical approximation is in rea-
sonable agreement with the result of numerical integration of

the exact RG equations. The renormalization factor ZSI/ 2(|E D
is obtained from Eq. (69) by substitution Lg for L. The last
term in the right-hand side of Eq. (67) is due to renormalization

'In fact, the renormalization of the resistivity ¢ continues below the
energy scale max{7',| E|} and stops at the scale given by the dephasing
rate 1/t, which is generically smaller than max{7,|E|}. In what
follows, for simplicity, we will disregard the difference between these
scales, which in 2D systems amounts to ignoring extra logarithmic
factors of the order of In(1/¢) in corrections to ¢.
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of (p(E)) fromthe energy scale 1/t downto | E|, in accordance
with Eq. (62).

We mention that Eqs. (65)—(67) after the substitutions
Zg/z(T) — 1, t(Lg) — ty, and t. — ty transform into the
well-known results of a plain perturbation theory [41-43].
For temperatures close to 7., renormalization effects due
to interplay of disorder and interaction yield the following
two important novel features in comparison with perturbative
results:

(i) strong suppression of the disorder-averaged LDOS
already at energies |E| ~ T [see Eq. (70)];

(ii) the Ginzburg-Levanyuk number is determined by the
renormalized resistance ¢, rather than the bare one fq, Gi ~ ¢,
(see Ref. [40] for details).

The dependence of the disorder-averaged LDOS on energy
is shown in Fig. 1(a). The particularly strong energy depen-
dence of the disorder-averaged LDOS appears at temperatures
close to 7. It is worth emphasizing that the renormalization
due to the interplay of disorder and interactions almost
eliminates coherence peaks, reducing them to a weak feature
near E ~ rG’Ll. Up to these wiggles, (p(E)) is a monotonously
increasing function of energy [compare the dotted and solid
blue curves in Fig. 1(a)]. Further, the renormalization effects
result in a pronounced reduction of the disorder-averaged
LDOS in comparison with py also at much higher tempera-
tures, T > T, [see the dashed red curve in Fig. 1(a)].

The suppression of low-energy DOS due to renormalization
factor (70) becomes stronger when the disorder (i.e., fy)
increases, and the system approaches the SIT (where 7. ~ 1).
This effect is further strengthened on the insulating side of
SIT. The analysis is fully analogous to that performed below
for the case of a system close to the Anderson transition (see
Sec. VC and the blue curve in Fig. 5). Physically, there is
a close similarity between this effect and the development
of the Coulomb zero-bias anomaly (ZBA) into soft Coulomb
gap on the metal-insulator crossover (or transition) in normal
systems [18]. The difference is that in the present case the
source of the renormalization-induced effects, the ZBA on the
superconducting side and the soft gap on the insulating side,
is the attractive interaction.

We also note that the results (65)—(67) are obtained as the
lowest order of the expansion in the renormalized resistance.
It is sufficient to keep these lowest-order corrections only if
we are not too close to the transition temperature 7.tgr <K
1/ JGi~1 /+/Te [44,45], i.e., when the fluctuation correction
to the disorder-averaged LDOS is small. Importantly, the
above condition justifying the perturbative treatment of the
superconducting fluctuation corrections to the density of states
is stronger than the border |y, |t ~ 1 of validity of the one-loop
RG equations for the coupling constants. The situation is
somewhat similar to what we encounter in the case of Coulomb
interaction, where the interaction corrections to the density of
states (resulting from effective gauge fluctuations) are stronger
than the corrections to the conductivity (see Sec. IV C).

Let us now analyze the fluctuations of the LDOS for short-
ranged interactions. Since the function m, (with ¢ > 2) does
not involve corrections from real processes, within one-loop
approximation its behavior at finite temperature and energy
is fully determined by RG result (63) with 7 taken at the
length scale min{L7,Lg}. According to Eq. (63), mesoscopic
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FIG. 1. Sketch of the disorder-averaged LDOS (po(E)) in the case of (a) short-range interaction, (b) Coulomb interaction, and (c) criticality.
The solid blue curves correspond to the temperatures slightly above the superconducting transition temperature [T = 1.67, for (a), T = 1.2T,
for (b), and T 2 T for (c)]. The dotted-dashed blue curves are plotted for the same temperature as the solid blue curves according to the
expressions which ignore renormalization between the ultraviolet energy scale 1/t and max{7,|E|}. The dashed red curve is plotted for
temperatures well above superconducting transition temperature [I" = 107 for (a) and (b), and T > T for (c)]. The other parameters are
(a) 1. = 0.05, 1o = 0.02, and T,tg. = 2.5; (b) to = 0.03, T, 1L = 2.5, and »/ = 0.2. For all three figures, the left inset is enlarged view of
dependence of (p(E)) on |E|/T and the right inset is dependence of the disorder-averaged LDOS at E = 0 on temperature. See text and

Egs. (62), (65)—(67) for (a), Eqs. (76)—(78) for (b), and Egs. (100) and (103) for (c) [46].

fluctuations of the LDOS are most pronounced at temperatures
close to the superconducting transition temperature 7 — T, <
T.. Using Egs. (52) and (63), we obtain

q(g—1)
(p!(E)) C_o) an

(p(E)e

for |E| <« T, and

(p1(E)) 3 t, q(q—1) t, E q(1—¢q)
(o (ENT (%) (1 ol ?> 7

for T, « | E|. This result implies that at energies |E| < T,
fluctuations of the LDOS are large and non-Gaussian. For
|E| > T, their amplitude decreases with increasing energy.
The LDOS fluctuations are particularly strong for weak initial
couplings satisfying |yo| < fo < +/]yo] (Which is the range of
parameters where the enhancement of 7, takes place) since in
this case 7. > t(. The fluctuations remain strong, for T close
to T¢, also for intermediate initial couplings, as found from
numerical solution of the full RG equations. To illustrate this,
we show in Fig. 2 the ratio /{p2%(E))/{p(E)) obtained by
numerical integration of Eqs. (47)—(50) and Eq. (45) forg =2
[neglecting the two-loop contribution in Eq. (45)].

Finally, we note in passing that there is a fluctuation
correction to m, in the two-loop approximation. The two-loop
correction to [P;‘ 121RA [gee Eq. (A10)] can be cast as renor-
malization of the one-loop mesoscopic diffuson and cooperon
(see Appendix B). Therefore, it does not produce fluctuation
corrections to m,,. The two-loop renormalization of [PZD‘ 1921RR
contains the contribution due to real processes in the Cooper
channel [see Eq. (A3)]. However, as one can check, it leads
to a correction which is by factor 7. In T, 7., < 1 smaller than
the fluctuation corrections to the disorder-averaged LDOS.

C. Coulomb interaction in 2D

Let us now consider the case of Coulomb interaction
combined with weak attraction in the Cooper channel. For
simplicity, we assume that the spin-rotational symmetry is
fully broken such that the triplet channel is absent, N = 0.
Then, the full set of RG equations (47)—(50) can be reduced to

V (2 (B)) Kp(E))

[EI/T

FIG. 2. Ratio /(p?(E))/{p(E)) characterizing the magnitude of
LDOS fluctuations in the case of short-range interaction. The curves
are obtained by the numerical solution of RG equations (47)—(50) and
(45) with initial values t, = 0.2 and y,o = Y;0 = —y50 = —0.2. The
solid blue curve corresponds to the temperature 7 =~ 7. The dashed
red curve is plotted for 7 = 107..
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the following system of two equations [47,48]:

dt t* dy, 1t
—_— = =, y = - — 2y2
dy 2

(73)

Here, we neglect terms, which are powers of ., as compared
to unity. Equations (73) predict that in the weak coupling
region fo, |y 0| < 1, superconductivity exists for 7y < 4)/620.
The Cooper channel attraction becomes of the order of uni’ty
at the length scale [49]

1 2 ;
yo = In |J/,0|+\/_0>>1.
2Vt 2lyeol — Vo

We first consider the region of the phase diagram away from
the separatrix t) = 4ch.0’ when the following inequality holds:
v < 1/ty. The resistance 7, = t(y,) at this scale is not very
different from f:

1 2|ve 1
te = to(l + \/—_Oln—ly’0| L]
4 2yeol = Vio

Therefore, one can expect that beyond the length scale
v, the superconducting instability develops under RG flow.
The transition temperature to the superconducting phase can
be estimated as 7, ~ t~! exp(—2y.). Due to the combined
effect of disorder and Coulomb interaction, the transition
temperature 7, decreases with growing o from T2 at 1y = 0
to 0 at 1o = 4y2, [49].

In the considered case of Coulomb interaction, the disorder-
averaged LDOS is dominated by the first term (which is
formally infinite for y; = —1) in the right-hand side of
Eq. (24). In fact, this means that the disorder-averaged LDOS is
strongly suppressed by gauge-type fluctuations [22,34]. Taking
into account corrections due to interaction in the Cooper
channel [41-43] which become important only at temperatures
close to the superconducting transition temperature 7 — T, <
T., we find

(74)

) ~ 1y K 1. (75)

(p(E)) = ZVX(T)[1 — 8(1 — In2)t (T, t61)*] (76)
Lo
for |E| < 151,
2
(o(E)) _ ZLI,/Z(TL-)[I +2tCT2“ 1n(|E|TGL):| 7
Lo E

for 1g] < |E| < T, and

(p(E)) tH(Lg)T?
Lo

= zj./2<|E|)[1 +2m 1n(TCrGL>} (78)
for T, <« |E|. Here, the function ch. / 2(|E |) describes the zero-

bias anomaly for Coulomb interaction (hence the subscript ¢)
and is given by [22,34,50,51]

ZV2(|E|) = ex —t—"ln(lzr)ln2 (79)
¢ =PIy 222

where x = (2me?/e)dn/dp stands for the inverse static
screening length in a 2D electron system. The renormalization
factor ch./ 2(TC) is obtained by substitution of 7, for |E| in
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Eq. (79). It can be estimated as

1 20Ye0l — /7
ZM(T) = eXp[—— In (M)
4 2|Vc,0| + \/%

20ye0l — Vi
x In <—|V ol ‘/_O(xl)zﬁﬂ < 1. (80)
2|J/c,0| + \/5

At temperatures T >> T, the disorder-averaged LDOS is fully
determined by the zero-bias anomaly

(p(E))/py = Z/*(max{|E|,T}), T > T. (81)

We note that Eqs. (76)—(78) after the following substitu-
tions, ch/z — 1, t(Lg) — 1o, and t. — ty, transform into the
well-known results of naive perturbation theory [41-43]. It is
also worth mentioning that the renormalization of the disorder-
averaged LDOS due to attraction in the Cooper channel [the
term proportional to y, in Eq. (24)] is not important. As one
can check, the Cooper channel term yields the contribution
to In z}/ 2(TC) which is the factor \/#yy. < 1 smaller than the
zero bias anomaly contribution (80).

The dependence of the disorder-averaged LDOS on energy
is shown in Fig. 1(b). The pronounced energy dependence of
the disorder-averaged LDOS appears at temperatures close to
T.. The overall behavior of (p(E)) with energy is similar to the
case of short-ranged interaction [see Fig. 1(b)]. At the same
time, we emphasize the important difference between the two
cases. For short-ranged interaction, the suppression of (p(E))
both at energies | E| > T.and at |E| < g, is controlled by the
attractive interaction. Contrary to this, in the case of Coulomb
interaction, the suppression of LDOS at energies |E| 2 T, is
dominated by the zero-bias anomaly factor ch_/ 2(E ), whereas
at |E| < Tc;lj the suppression of (p(E)) is due to Cooper
channel attraction. It is worth mentioning that, parametrically,
the Coulomb renormalization factor (79) may lead to a much
stronger suppression of LDOS than the attractive-interaction
renormalization factor (70). On the other hand, for realistic
parameters, this difference is usually not so dramatic [cf.
Figs. 1(a) and 1(b)].

The two-loop result (45) for the anomalous dimension of
the gth moment of LDOS for the case of Coulomb interaction
takes the following form:

dlnm,; g(g—1) w? )
= 2t 2—— =2y )t . 82
=102 (-S| @

In the considered case, one can neglect the two-loop contribu-
tion. Using Eq. (73), we find the following one-loop RG result
from Eq. (82):

my = (t/tp)14~ D2, (83)

Hence, for the disorder-averaged moments of LDOS at temper-
atures close to the superconducting temperature 7 — T, < T,

qlg—1)

(pU(E)) <t_> 2 .
@E) ~ \1o

for |E| < T and

q(g—1) q(1—q)
(PI(E)) _ (1) ? t.. E\ *
PEN (5) (1 e 7) 8

forT < |E]|.
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When the initial couplings are weak, then, according to
Eq. (75), ¢, is typically close to #y, exceeding it only slightly.
Therefore, the mesoscopic fluctuations of LDOS in a problem
with Coulomb interaction are in general weak for weak bare
couplings. The only exception is a vicinity of the SIT separatrix
fo = 4yZ2,, such that

2./t
In ﬁ > 1/,
2|VCO| \/_

In this regime 7, > fy, so that the LDOS fluctuations (85)
become parametrically strong. This should be contrasted with
the case of short-range interaction, for which there is a
parametrically broad regime |yy| < ty < +/[y0] of very strong
fluctuations (see Sec. IV B). For intermediate values of bare
couplings, the LDOS fluctuations can be quantified, in full
analogy with the short-range-interaction case, by a numerical
solution of the RG equations. In Fig. 3, we display typical
results obtained by numerical integration of Eqs. (47)—(50)
(with N =0) and Eq. (46) (with ¢ =2 and neglecting
the two-loop contribution). A comparison of Figs. 2 and 3
demonstrates that the LDOS fluctuations in the Coulomb
case are weaker than in the short-range case with similar
parameters. At T > T, the gth moment of LDOS is given
by Eq. (83) with ¢ taken at the length scale min{L7,Lg}.
Recently, mesoscopic fluctuations of the cooperon have
been analyzed [52]. This study has revealed that the typical
scale of fluctuations of the transition temperature to the super-
conducting state can be estimated as § 7./ T, ~ tg ycz,o / (4)/20 —

o). Near the separatrix, 4y2, — fo < 13, the fluctuations of the
transition temperature become large, 67,/ T, > 1. We mention

1.2} {12

3)

N

~

g

2} {1.1
! . . . 1
=50 -25 0 25 50

[EI/T.

FIG. 3. Ratio /(p*(E))/{p(E)) characterizing the magnitude of
LDOS fluctuations in the case of Coulomb interaction. The curves are
obtained by the numerical solution of RG equations (47)—(50) (with
N = 0) and Eq. (45) with initial values #, = 0.25 and y.o = —0.35.
The solid blue curve corresponds to the temperature 7 >~ T,.. The
dashed red curve is plotted for T = 107..

PHYSICAL REVIEW B 93, 205432 (2016)

that the mesoscopic fluctuations of the LDOS remain small at
toexp(—1/y/1) S 4yiy —to < 15

V. SYSTEM AT OR NEAR A NONINTERACTING
ANDERSON TRANSITION

Let us now consider the case of weak short-range interac-
tions, assuming that in the absence of interactions the system is
near the Anderson transition. The physical examples include
a 2D electron system with broken spin-rotational symmetry
(class AII) or 3D electron systems with preserved or broken
spin-rotational symmetry (classes Al and All, respectively).
For the sake of concreteness, we assume that the spin-rotational
symmetry is not broken.

Since we assume that we start from weak interactions, the
term describing the usual BCS instability is not important
initially. Then, similar to Eqgs. (53), during the first part of
the RG evolution the coupling constants y, and y, adjust
themselves to y, according to y;, = —y; = —y. = —y (the
BCS line). Then, the superconducting instability can be
described by single equation for y:

W Ay —ay?, (86)

dy
Here, A, < 0 stands for the multifractal exponent of the
inverse participation ratio (bilinear in Q operator K;) at the
noninteracting fixed point describing the Anderson transition.
For the case of 3D Anderson transition in class Al numerical
simulations yield the estimate A, = —1.7 £ 0.05 [53]. The
constant a is a universal number which is determined by the
properties of composite operators at the noninteracting fixed
point (cf. Ref. [54]). As follows from Eqs. (48)—(50), forz < 1
(i.e., at the critical point in 2 + € dimensions), the coefficient
a is positive,a =2/3 — ¢t > 0.

We note that Eq. (86) is written under the assumption that
the attraction is weak, |y| < 1. As one can see from Eq. (50),
disorder generates higher powers of y on the right-hand
side of Eq. (86). In our analysis below, we assume that
Eq. (86) describes the renormalization of y both in the limit
of weak and large attraction (see Ref. [40] for details). In
other words, we assume that even in the presence of disorder,
the superconducting instability occurs via the BCS scenario.
This implies a > 0in Eq. (86). We emphasize that, within this
assumption, the analysis below is not sensitive to the details
of the RG equation for intermediate values of y.

Interactions affect the renormalization of the resistivity near
the Anderson transition point. The corresponding RG equation
for y < 1 can be written as follows:

dt 1

- = —(f
dy v

Here, t, ~ 1 is the critical value of the resistivity in the
noninteracting case. The second term with n generalizes the
Altshuler-Aronov conductivity correction. In Eq. (87), we take
in account that the presence of interactions drives the system
away from the noninteracting critical point. In analogy with
the coefficient a in Eq. (86), the constant 7 is a universal
characteristics of the noninteracting fixed point. In general,
n can be a positive or negative number of the order unity.
The noninteracting correlation length exponent is positive,

—t) +ny. 87)
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v > 0. For the 3D Anderson transition in the presence of
spin-rotational symmetry, numerical simulations yield the
value v = 1.57 + 0.02 [55,56].

We now proceed in the same two-step manner, as before.
For initially weak interaction, neglecting the term of the second
order in y, Eqgs. (86) and (87) can be solved. For |A,|v # 1
we find

- nv

t=f+——my, 88
1" (88)

where
=t 4 —t)e", y=pe®, (89)

and

- nMvYo

fo =ty — ———. 90
0=t (90)

Therefore, in the presence of attractive interaction, the proper
scaling variable is 7 rather than ¢. However, since we assume
that |yy] < 1 whereas ) ~ t, ~ 1 the difference between ¢,
and 7. = t, — nvyy/(|As|v — 1) is small.

In the special case |A;|v = 1, we find

I=t—npyy, f=t. on

In what follows, we shall omit “tilde” sign and neglect the
difference between 7, and f,.

At finite temperature, the RG flow given by Eq. (86) termi-
nates at the length scale L = I(T'7)~!/“. Solving Eq. (86), we
find the following estimate for the temperature of transition to
the superconducting state:

d/|Ay|
TF — .L.—le—dy( — l Cl|V0| : .
‘ T\ |As]

92)

For ¢t < t, the resistance decreases under RG flow. At the
scale & = [|ty/t, — 1|7V the resistance vanishes, whereas the
Cooper-channel interaction becomes

(€)= yo(5/ D",

After this (in view of t = 0), the further renormalization of y
is controlled by the standard disorder-free BCS mechanism.
Then, the transition temperature can be estimated as

a T\ A2/d
Te(§) = e/ = 5 exp [——(—f) } (94)
[As| \ 6

where §¢ = t=1(&/1)~ stands for the typical level spacing
in the volume of linear size £. This expression for 7.(§)
interpolates between T.(§) ~ T atds ~ T and T.(§) ~ TBCS
atde ~ 1/7.

For t > t,, in the absence of attraction the system would
be in the insulating phase. In the presence of interaction in the
Cooper channel, the RG flow proceeds in accordance with
Eqgs. (86) and (87) up to the localization length &. There
are two possibilities. If L, =/lexp(y.) < &, the attraction
becomes of the order of unity in the critical region of
noninteracting Anderson transition. Then, one expects that
the superconducting phase establishes below temperature 7*.
In the opposite case L, > &, the localization takes place first,
and superconductivity is not developed. Thus, the relation

95)

93)

8 ~ T & Iyl ~ (1 — 1)1
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FIG. 4. (a) Sketch of the superconducting transition temperature
as a function of distance from the critical point 7y — ¢, at fixed value
of bare attraction y; [see Egs. (92) and (94)]. The red and blue dots
correspond to the temperatures at which the energy dependencies
of LDOS in Fig. 1(c) are shown. The blue, black, and red triangles
correspond to curves (p(E)) shown in Fig. 5. (b) Schematic phase
diagram in the interaction-disorder plane near the critical point.
Solid black curve denotes the superconductor-insulator transition.
The symbols “V A,” “V B,” and “V C” mark regions of the phase
diagram in which behavior of LDOS is discussed in corresponding
sections.

is the condition of the superconductor-insulator transition
(at zero temperature) (see Fig. 4). It is worth noting that
Ref. [14] argues that superconducting state with T, < T
persists further in the localized regime (8; > T*) due to
Mott-type rare configurations. Our RG approach (at least, in
its present form) is not sufficient to explore this possibility.

A. Exactly at criticality
On the BCS line (56), the renormalization of the local

density of states near the Anderson transition fixed point can
be described by the following equation:

dl
P = by,
dy

(96)

where the coefficient b is determined by the scaling properties
of the Finkel’stein term at the noninteracting fixed point. As
follows from Eq. (61), at t < 1, the coefficient b is positive,
b = 2t > 0. Below we assume that it is positive in general. We
emphasize that there is no renormalization of the local density
of states in the absence of interaction. The flow described
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by the RG equation (96) is stopped at the length scale £ =
min{Ly,Lg} where Lg = I(|E|t)~"/“.

We start our analysis of the disorder-averaged LDOS
at the criticality d; < T*. At temperatures higher than the
superconducting transition temperature 7 >> T, we can solve
Egs. (86) and (96) for |y| « 1:

E b
PEN 14 2 . ©7)
00 |As|

Hence, we find the following behavior of the disorder-averaged
LDOS in the critical region:

((E) _ b<Tc*

|Azl/d b
) + —(TC*‘[)‘AZVd 98)
a

0o a m
for |[E| > T >» T} and
E b T* |A2|/d b
(p(E)) _ (1 + 2(Trp)dld (99)
00 a\ T a ¢

for T > |E| > T}. Thus, there is a relatively small depletion
of the disorder-averaged LDOS at temperatures T > T [see
red line in Fig. 1(c)].

When temperature is close to the superconducting transition
temperature 7 — T < T, the energy dependence of the
disorder-averaged LDOS is described by expressions analo-
gous to Egs. (65)-(67):

(p(E)) _ Zi/z(T)

0o

1= et [Trta] =, |E] < 150
X

15 < |E| < TF.
(100)

L+ e[ 5]

The numerical coefficients c; and ¢, are of the order unity and
are given in Appendix C. The function

A b/a
ZV(T) = [ﬂ] (101)
Ay +ay(Lt)
can be estimated for temperatures close to T as
—b/a
Z,A(T) = ——T)t . 102
« (T) <7[|A2|CGL> (102)

Atenergies ! > |E| > T}, the disorder-averaged LDOS is
given by
18]

(E) __b(TNT (TN
=t a(m) (i) oo

The fluctuation correction [the last term on the right-hand side
of Eq. (103)] is small in comparison with the RG correction
[the second term on the right-hand side of Eq. (103)] provided
the following inequality holds: 2|A;| < d(6 — d). The latter
is true for d = 3. The LDOS at a temperature T close to 7,
is shown by the full blue line in Fig. 1(c). The curves show a
strong suppression of LDOS near zero energy as well as clear
precursors of coherence peaks at |E| ~ r&}.

We note that, strictly speaking, our results (100) are valid
under the condition that the critical resistance is small ¢, < 1.
Only in this case, there is a wide range of applicability for
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Eq. (100), | <« T}t <ty 26=d por t. ~ 1, the results in-
dicate that already at T, tgr, ~ 1 there is strong suppression of
the disorder-averaged LDOS. In this case, one needs to sum up
higher-order contributions coming from the superconducting
fluctuations.

The scaling behavior of the gth moment of LDOS can be
described by the following RG equation:

dlnm,

& =—-A,+byy.

(104)
The perturbative result (45) implies b; = g(1 — Q> <0
for ¢ > 1. We remind the reader that at finite energy and
temperature, the RG flow [Eq. (104)] stops at the length
scale L. At larger scales, the interaction correction disappears
from Eq. (104) and the scaling of m, is exactly the same

as without interaction up to the length scale Ly ~ r,/?
induced by the interaction (see Appendix B). We expect
a power-law dependence of 74 on energy and temperature
75 ~ (max{|E|,T})"7.

The solution of Eqgs. (86) and (104) provides, in particular,
the following result for the temperature/energy dependence of

mgy:

LAY (y(D\ [ A &
my = (_) <7/( )) ( 2t+an ) 05

Ly Y0 A +ay(L)

where we introduce the exponent x, = b, /a + A, /A,. Here,

we have taken into account that typically L, > £. Hence, at

T > T} we obtain the following results for the moments of

LDOS:

5

1471

WIE) (NI (TENT e
<p<E)>q_<r¢> [1 x‘f<|E) X (Te) }

(106)
for |[E| > T >» T} and
Ag 1As]
(PUE) [T\ T\ .
BN = (a) [1 —xq<T> +x4(T 7)) ]
(107)

for T > |E| > T}. At temperatures close to the supercon-
ducting transition temperature I — T* < T, the gth moment
of the LDOS at energies |E| 3> T ~ T} is given by Eq. (106).
Atenergies |E| < T ~ T}, the gth moment of the LDOS can
be estimated as

(p!(E)) (r )( Sa . )‘
=\ — TC TGL .
ey~ \7y) \zasl

Here, t;j is the dephasing time at |E| ~ T ~ T}. We note
that the moments of the normalized LDOS p(E)/(p(E)) are
strongly enhanced at |E|~T ~ T* for b, < 0. Provided
a stronger condition is fulfilled, b, + gb < 0, the moments
(p?)(E) are large at |[E| ~ T ~ T not only in comparison
with (p(E))4, but even in comparison with the bare value pg.

(108)

B. Off criticality: Metallic/superconducting side

Let us now consider the metallic side of the Anderson
transition 7y < t,. In this case, the system is a superconductor
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for temperatures below T.(£) given by Eq. (94). We will
assume that the system is off criticality, in the sense that
8¢ > T, in which case T.(§) < T. At high temperatures
T > T.(&), the disorder-averaged LDOS reads as

14s]

(p(E)) b 5 ) g
=1 —_— _— .
20 * |A2|y(é)<max{|E|,T,5§}

This result is the solution of RG equation (96) taken at the
length scale min{&, £}. We note that the attraction interaction at
the scale & can be expressed via the superconducting transition
temperature: y(§) = 1/In[T.(§)/8¢1.

For temperatures close to T.(§), T — T.(§) < T.(§), the
disorder-averaged LDOS becomes

(109)

18]

(p(E)) :1+Ly(§)(5_s)”+5dt*<Tc(§))2

00 [As] |E| |E|
(110)
for |E| > 8¢ and
(E) b
WE) 1L P e (111)
£o [Az]

for |E| < 8. We note that the energy dependence of the
disorder-averaged LDOS for |E| > §¢ is the same as at
the criticality [cf. Egs. (98), (110), and (103)]. There is no
disorder-induced fluctuation corrections like in Eq. (100) at
energies | E| < §; since t(§) = 0.

The dependence of the gth moment of LDOS on energy
and temperature at T > T.(£) is determined by the solution of
RG equation (104):

{p9(E)) (J/(E)

(p(E)

%Z . 1Ag]
) (min{1,8:74}) @
Yo

[An]

_ %@ g % S|}
X[l Azy(‘g)(mm{]’er}) ]
(112)

We note that the dephasing rate here is affected by the
superconducting fluctuations (see Appendix B).

C. Off criticality: Insulating side

Finally, let us consider the insulating phase of the Anderson
transition ¢y > t,. We will assume that we are sufficiently far
from criticality, §; 2 T, in which case the system remains an
insulator in the presence of attracting interaction (i.e., we are
on the insulating side of SIT). For the sake of simplicity, we
consider the zero-temperature regime 7 = 0. At high energies
U |E| > J¢, the disorder-averaged LDOS can be found
from Egs. (86) and (96):

1221

(p(E)) b (55 ) i
e 1 —
o0 " O\E

We emphasize that |y (§)| < 1 at 6 > T*. We note that the
result (113) is the same as Eq. (98) in which we neglect the last
term on the right-hand side in comparison with the second one.
Therefore, at high energies | E| >> &, the energy dependence
of the disorder-averaged LDOS is the same as in the critical
region, 8; < T

(113)
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FIG. 5. Disorder-average LDOS (p(E)) across the SIT. All three
curves correspond to the same temperature 7', which is assumed to
be slightly exceeding the superconducting transition temperature 7*
at the Anderson transition [see triangles of the corresponding colors
in Fig. 4(a)]. The dashed red curve corresponds to the metallic side
of the Anderson transition #, < #,, where the interacting system is a
superconductor at low temperatures [Sec. V B, Egs. (110) and (111)].
The solid black curve is the LDOS at criticality 7y = t, [Sec. V A,
Egs. (100) and (103)], and the dotted blue curve is plotted for the
insulating phase 7, > t, [Sec. V C, Eq. (114)].

At |E| < 8, one can still use Eq. (21), but taking into
account the insulator-type behavior of the conductivity (cf.
Ref. [18]). Then, we obtain (see Appendix C)

(p(E))
Lo

Here, a; and a, are positive constants. The last term on the
right-hand side of Eq. (114) is small at | E| ~ &¢. With further
lowering energy, it becomes larger than the second term in the
energy interval |y (§)|Ap < |E| < Ap, where

Ap ~ |y E)Ide oc g7

We emphasize that the energy scale Ap coincides with the
so-called pseudogap energy scale introduced in Ref. [14].
The behavior of the disorder-averaged LDOS (p(E)) across
the SIT is shown in Fig. 5. All three curves in this figure
correspond to the same temperature 7, which is assumed
to be slightly exceeding the superconducting transition tem-
perature 7. at the Anderson transition [see triangles of the
corresponding colors in Fig. 4(a)]. The red curve shows a weak
depletion on the metallic side of the Anderson transition #y < t,
(Sec. V B). Note that for this curve, the temperature T is much
larger than the relevant superconducting temperature 7.(§);
the depletion becomes more pronounced when one reduces the
temperature, approaching 7.(£). The black curve corresponds
to criticality, 7o = t, (Sec. V A). It shows a much stronger
suppression of LDOS around zero energy, accompanied by

5 d+2 5
=1—a1|y<s>|(1n—> —ayiE)—. (114

|E] |E|

(115)
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clear precursors of coherence peaks [as was already shown by
solid blue curve in Fig. 1(c)]. Finally, the blue curve in Fig. 5
illustrates a strong “pseudogap” arising on the insulating side
of the transition.

For high energies ' > |E| > &, the fluctuations of
LDOS are controlled by the noninteracting fixed point at
t = t,. As in the critical region, the moments of LDOS are
determined by the corresponding multifractal exponents A,:

(WI(E) _ <y<s>)ii<a_g>7
wEN ~ \w ) B
18]

x [1 Wy(s)( % )} (116)
Ay |E] '

We note that the last term in the square brackets on the
right-hand side of Eq. (104) is much smaller than unity since
the attractive interaction at the scale of localization length is
weak, |y(§)| < 1. When energy is below the level spacing
in the localization volume |E| < ¢, the LDOS shows the
multifractal behavior up to the scale £ and, then, insulatorlike
fluctuations up to the system size L:

(p(E) (y(&))A’i(L)d(q”
(p(E)) Y0 3 '
At finite temperatures T < |E|, the insulatorlike fluctua-

tions are regularized by the temperature-induced dephasing
length Lyr.

(117)

VI. SUMMARY AND CONCLUSIONS

In conclusion, we have developed the theory of local density
of states and its mesoscopic fluctuations near the transition to
the superconducting state. Specifically, we considered systems
on the superconducting side of SIT but at temperatures above
T,, as well as systems on the insulating side of SIT. We
have employed the nonlinear sigma-model formalism and
constructed the operators that describe the moments of the
local density of states. Our strategy has combined the following
two steps: (i) renormalization of these operators as well as the
coupling constants of the action followed by (ii) including
the superconducting fluctuations arising from real processes.
In view of the length of the paper, we find it appropriate to
list here the main results obtained in Secs. III-V, with the
references to corresponding equations.

(1) In Sec. III, we have performed the two-loop renor-
malization of the moments of LDOS in the presence of
interactions in the singlet and triplet particle-hole channels,
as well as in the Cooper channel. The zeta function governing
the renormalization of the gth moment of the LDOS is given
by Eq. (45).

(2) In Sec. IV, we have used these two-loop results to
study the scaling behavior of the disorder-averaged LDOS and
its moments in 2D disordered films near the finite-temperature
superconducting transition. For short-ranged interactions, the
evolution of the average LDOS (p(E)) with increasing energy
E is given by Eqgs. (65)—(67) and illustrated in Fig. 1(a). We
have found that the combined effect of renormalization and
superconducting fluctuations progressively depletes the LDOS
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with lowering energy |E| and suppresses the “coherence
peaks.”

(3) The scaling of the moments of the LDOS for short-
range interactions is given by Egs. (71) and (72). The LDOS
fluctuations are particularly strong for weak initial couplings
satisfying |yo| < to < +/]v0], whichis the range of parameters
where the enhancement of 7. by multifractality takes place.
A representative curve characterizing LDOS fluctuations for
intermediate initial couplings shown in Fig. 2 demonstrates
that the fluctuations are rather strong also in this regime.

(4) Further, in Sec. IV C, we have analyzed the LDOS in
2D superconducting films with long-range Coulomb repulsion.
The superconducting transition temperature is then suppressed
as compared to the clean case. The evolution of the average
LDOS with energy is described by Egs. (76)—(78) [see
Fig. 1(b)], and is governed by the interplay of the Coulomb-
induced zero-bias anomaly and superconducting fluctuations.
The overall behavior of the LDOS is similar to the case of the
short-range interactions [cf. Figs. 1(a) and 1(b)]. Mesoscopic
fluctuations of the LDOS [Eqgs. (84) and (85)] are found to
be suppressed by the Coulomb repulsion. A representative
curve characterizing LDOS fluctuations for intermediate initial
couplings is shown in Fig. 3. The fluctuations are substantially
weaker than for the case of short-range interaction with
comparable bare couplings (Fig. 2) but remain quite sizable.

(5) In Sec. V, we have studied the LDOS near the
superconducting transition in a system with weak short-ranged
interactions which, in the absence of interactions, would
be close to the Anderson metal-insulator transition. On the
superconducting side, the average LDOS is described by
Egs. (109)—(111), and the scaling of its gth moment is given
by Eq. (112). The average LDOS decreases with lowering of
energy at high energies |E| 3> &, and saturates at |E| < &
(see Fig. 5). We neglected suppression of (p(E)) arising from
the ballistic scales. At criticality, the average LDOS is given
by Egs. (100) and (103) and is strongly depleted around
zero energy by superconducting fluctuations, as illustrated in
Figs. 1(c) and 5. The corresponding LDOS fluctuations are
described by Eqs. (106)—-(108) and are strong for energies and
temperatures of the order of critical temperature 7"

(6) On the insulating side, the average LDOS is also
strongly depleted [see Eqgs. (113) and (114) and Fig. 5].
The energy scale Ap [Eq. (115)] which emerges as the
characteristic scale in these formulas for (p(E)), resembles
the pseudogap scale introduced in Ref. [14]. The LDOS
fluctuations on the insulating side at high and low energies
(compared to the level spacing in the localization volume) are
given by Eqs. (116) and (117), respectively.

Let us now summarize on a qualitative level the most salient
of these findings.

(1) We have observed a strong depletion of LDOS in two
regimes: (i) on the superconducting side of SIT, above T, and
(ii) on the insulating side of SIT.

(2) This depletion arises from a combination of two
mechanisms: (i) renormalization effects that are operative
at higher energies E 2 T, and (ii) real processes due to
superconducting fluctuations that are operative at lower en-
ergies E < T. The renormalization effects are governed by
attractive interaction for systems with short-range interaction
or by Coulomb interaction when it is present. Remarkably, the
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resulting depletion of LDOS is qualitatively similar in these
two cases.

(3) The interplay of renormalization effects and of super-
conducting fluctuations tends to suppress the precursors of
coherence peaks.

(4) A substantial depletion of LDOS remains observable
for temperatures much exceeding (by factor ~10) the super-
conducting transition temperature 7.

(5) In a model with short-range interaction, multifractality
leads to strong mesoscopic fluctuations of LDOS, which
should be observable as point-to-point fluctuations when the
surface of a system is scanned in an STM experiment. The
Coulomb interaction reduces the magnitude of the mesoscopic
fluctuations. However, also in a model with Coulomb in-
teraction, the fluctuations become strong when the systems
approach the SIT.

Our findings compare well with experimental observations
of depletion of LDOS and of its large point-to-point fluc-
tuations in the metallic and insulating phases near SIT in
TiN, InO, and NbN films [3-8,57]. Let us emphasize that our
results have been obtained entirely within the sigma-model

J

[Pz"""‘z](z)(ianl Ji€n,)
neng Bi o

By using Wick’s theorem and Egs. (12)—(15), we find

12
(P21 (ig, iers) = 2 ”TZF /

21371TZ f
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formalism (usually referred to as a “fermionic approach”)
for a macroscopically homogeneous system. All the observed
effects are thus intrinsic properties of this problem and do not
require any additional assumptions, such as the presence of
macroscopic inhomogeneities (“‘granularity”).
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APPENDIX A: TWO-LOOP CONTRIBUTION TO THE
LDOS CORRELATION FUNCTION K,

In this appendix, we present technical details of the calcu-
lation of the irreducible two-point LDOS correlation function
K;. We start with the evaluation of the two-loop contribution
from Py'**(iey,,i€n,). In the two-loop approximation, one
needs to take into account only the terms with four W:

ngng ngng ning “ngni (Al)

> Dpliwn)DY (iw,)[ Dy (iwn +i5) + Cg iy +iK5)]

> Co(2ign, — iwn) L) Dy(irs — iwy) + Cyli€rz — imn)] + (en, <> &n,).

9P w,<eny
(A2)
Performing the analytical continuation to real frequencies ie,, — E +i0%, ig,, — E’ + i0", we obtain
3
[Py ] B = Z i FeeDS@D @D+ @)
—0 q.p.
2122
+— / CRQE — 0)CRE — o)[ LK () + Fr_o L (@)] + (E < E), (A3)
18" q.p,w

where £ = E + E’. Here, we have taken into account that diffuson D(f (w) and cooperon C f (w) propagators are the same. Setting

E=E=T

2 1.2¢

[P5ree]®F s 167
j=0

3 3
€
2y + Y _In(l + ;) — Z > (1 + ) | + Oce).

= 0, we find in d = 2 + € dimensions (see details for evaluation of the integrals in Ref. [19])

(A4)
Jj=0

We note that the result (A4) is of the first order in y,. This occurs since the terms of the first order in the fluctuation propagator

exist in Eq. (A3).

Next, the two-loop contribution to P2°‘ '*2(igy,,i&,,) can be written as follows:

[PZCHOQ]( )(18n1,18n2 - ZZ Sp gllfﬁ] wfégll]sp[

ﬂsﬂs BBz

1
gl - 2ol |59+ 52+ 5680 |)

"2”5

(A5)
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Here, the term

S =1 / Z g | X > so[whgnwlh gt g nfigs)]
4 B1B2B3Ba nsnenqng
2 16Z &
x| 207+ ?(956 + Q%) — (@0 +q0(q2 + 43) — (g0 + 43)(q1 + q2) (A6)

appears in the expansion of S, and the regulator term (17) to the fourth order in W. The expansion of the interaction term Sjy
results in the following third- and fourth-order terms:

e Z ZI‘ > / drTel®t, WTrl®, 1, AW? + —F Yoy f drTet,0 LS W]Tt[t,0LE AW?], (A7)

r=0,3 j=0 a,n a,n r=1,2
sW = Z Zr > / drTel®t,; AWTrl® 1, AW? — ﬂr >N f dr(Tr t,OL"‘AWZ]) (A8)
r=0,3 j=0 a,n a,n r=1,2

After evaluation of averages in Eq. (A5), we find
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q.p Wn>Eny Wn>—Eny

Zo 64\? | S TT
x | p* +q* +2h* + (Q§2+wn)]cown)+( ) PREEE B ST

[ 16
8 8 j=0 8 &ny >wp >0 —&ny >y >0

_ 16T, . . . . .
0) Dflj-q)-p(lw”):| [D2 (iQ,)D, (i, —iwy) + cj(zsz';z)c,, (iQf, —iw)]

2BrTZ,
7;3 / Z Lyipliow, —i&pn) + Z Lyiplio, +i&p)
q,pP Wy >Ep, Wy >—En,
X [cj(isziz)p,,(iwn) + Dj (i9Q5,)Cpliwy)]. (A9)

Performing analytic continuation to the real frequencies ie,, — E +i07, ig,, — E’ —i0" in Eq. (A9), we obtain

2 2 2
[Pf“"‘z]“‘zkE,E/):—z(E) ( / D§<Q>> - (%) f [p2+q2+h2——16gz “’iQ}D,’fm)Dﬁz(m
q.p

2 Fop+F _16Z, _
i
—0 q,p,@

64\’ Z, &2 >
—(—) ,—f cr (Q){[p +q°+20° -
8/ 8 Jgpo

162,
x [LF(w) + fE_wﬁj(w)]—i-[pz + g% +2h* — Ti(Q +w— 2E’)}c§2(w —2E)

Zo i(Q+2E — a))i|C§2(2E — w)
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K A ? T 16T jiw )k R2 R
x [LX (@) + Foop L (@)] Z—f Bo| 1+ — =Dl | D@D @+ )
q,p,w

2 3 )
+(2) s 2L / 2B, — Fo i wa/]Dﬁ(sz—w)sz(sz)[lﬁﬁ DI (@ )}
§) =g Jipo g
64\* Z, . R
() = / LR, (@CRR)[Fo rCRw — ) + Fiur s CR(w + )]} (A10)
q,p,w

Here, we again took into account that diffuson D§ (w) and cooperon C ,f (w) propagators are the same. The most part of the two-loop

contribution to [Py"**]*4(E,E’) can be recast in the form of the diffuson and cooperon one-loop contribution renormalized by
interaction and disorder (see Appendix B). In the limit E = E’ = T = 0, we arrive (see details for evaluation of the integrals in
Ref. [19]) at

12 p2e 2 1.2€ 3 3
[Pzalaz]RA(Z) - —3) [3+€]— 22 frn+3 Zln(l 4y + 4y,
j=0 j=0
224y, 1
—e (111(1 + 7))+ lia(=y)) + 7 In*(1 + y,-)) +2€7e |, (AlD)
j=0

where the function f(x) is given by Eq. (31) of the main text and the function liy(x) is the polylogarithm. We note that the result
(A11) is of the first order in y,. This occurs since the terms of the first order in the fluctuation propagator exist in Eq. (A10).
Combining Egs. (A4) and (A11), we arrive at Eq. (29) of the main text.

APPENDIX B: ONE-LOOP RENORMALIZATION OF (MESOSCOPIC) DIFFUSON AND COOPERON PROPAGATORS

In this appendix, we present the one-loop results for the renormalization of the (mesoscopic) diffuson and cooperon propagators.
Such renormalization accounts for the significant part of the two-loop contribution to [P;y"**]®4(E, E’). Taking into account
Egs. (26) and (A10), we can rewrite the expression for [P,"**]*4(E,E’) in the following way:

e 256Z(E,E') 16\’ RS 16\’ .
Ll (EE)__/qgcﬁ—16izw9—2R<q,E,E/)_2(?> (/qp"(m> _4<?) /qu" @ @b

Here, the renormalization factor Z(E, E’) is given as [cf. Eq. (21)]

16 4 327,
Z(EE)=1+— e Z Ui | [Fo-i + Fure)DN @)D" () + e f [CB2QE — o)L () + Fp-oLE(w)]
j=0 D@ p.w

+CP(w — 2EN LK (@) + Fop L (@)]}. (B2)
The diffuson self-energy reads as

[DF, (@ + )+ D) (0 — Q)]

] 3 D(./’)R(w)
»R ,E,E/:42/DRQ—— r/ 2By — Fo — Furr]—2
@.E.E) = 4q" | D@ l.g;,p[ £ +E]D§(w)

8 < _
+ i Z T; / [Fo-i + Fore1DYR(@)[2pg Dy (@ + Q) + [DF(Q)] [ N @+ Q) — DR (w)]]
i=0 p.w

16Z,,

g

16Z

[ck@)]™ / {CRQE — o)[ LK (0) + Fr_o L (@)] 4+ CF (0 — 2E")[LE (0) + Fop L) ()]}

M(w) w-ECN (@ — &) + Fopr e Ch(0 4 &)]
mzw /
TS /p w{c{j(zE — o)L} (@) + Fe_oLy(@)] + CR(0 = 2EN[ L) (0) + Fo_p L) ()]} (B3)
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Expanding the self-energy % %(g,E,E’) to the lowest order in @ and g2, we find

1
~DR@) -

where

gE)=g—4 / Dy (0) + ; Z T, / P1Fo-i + ForelIm[ DY R (@)D ()]
p.w

j=0

647, /
+
g Jpo

x Im[DYR (@) [ DR ()] |Re[[1 — 2p* DR ()| DR (w)]

Z,(E)=Z

47,
x ImLf (w)ReC*(w — 2E) + —=

P’ Fo-eIm[ LR (@)CF (0 — 2E)] — —

1 < .
+ % X_: T, /,, ; 9ol Fo-k + ForelRe[ DR (0)[DE(@)]” ]ReDR( )+

Z(E.E)
(B4)
8(E)q? — i16Z,(E)Q + 16Z,(E)t; ' (E)’
3
Z / [2Bw - ]:a)—E - fw-ﬁ-E]
j=0 P
S f [Bo + Fr—oImLEY (@)ReCi(w — 2E),
(BS)

12822

f By + Fe—wl
p,w

O Fu-ERE[LE(@)CF (@ — 2E)]

p.w
27, 4Z,
= /. 3o Fo-eRe[ LE(@)CH(w — 2E)] + S / i Fo-eRe[0, LN (@)CR (0 — 2E) — L (@)3,Ch(w — 2E))],
(B6)
4 3
7, ' (E) = p yor; / 2B, — Fur — fw+E]lm[D§j>R(w)[D§(w)]"]ReDﬁ(w)
j=0 e
4
—— / (B, + Fe—olImLy (@)ReCH(w — 2E). (B7)
p,w

As one can see, for |E| > T, the energy |E| indeed serves as
the cutoff for the infrared logarithmic divergences in Eqs. (BS)
and (B6) (in the case of L — 00). At the same time, the
nonzero value of energy E induces finite dephasing time.

We note that Egs. (BS5) and (B6) reproduce the one-loop
renormalization of g and Z,, respectively, as it was found
in Ref. [16] with the help of the background field method.
The Cooper-channel contribution to the dephasing rate [the
second line in Eq. (B7)] coincides with the result found in
Refs. [58,59].

APPENDIX C: AVERAGE LOCAL DENSITY OF STATES

In this appendix, we present details of a perturbative
analysis of the average local density of states. We start from
rewriting Eq. (21) in the following form:

(0(E)) = po + 8ppn(E) + 80 (E) + 8pS(E),  (C1)

where

’;
Spon(E 167,y .
pL()ZImZ 2”/[ For s DR (@)D (),
L0 = 8 q,0

(C2)

(

2 Fe_ wc“(w 2E)L) (@), (C3)

85y (E) . f 3zz
o

q,0

and

8o (E 647,
ppp—() = Re/ (2E a))
Lo q,0 g
x[B, + Fe_omLiw).  (C4)

1. Fluctuation corrections above T at criticality

For temperatures T close to T, T — T <« T}, the most
important contribution comes from the term 6,0(2)(E ). In this
case, the integrals over frequency and momentum are domi-
nated by region Dg?,|w| < T*. In this case, the fluctuation
propagator (16) can be written in the following form:

8T* 1

3 TGL—l—Dq —iw

LRw) = (©5)

where raLl = 8TC*|)/C’1(LT)|/71 &L TF. For energies |E| <
T} < T, taking into account that the RG flow is stopped at

205432-19



1. S. BURMISTROV, I. V. GORNYI, AND A. D. MIRLIN

PHYSICAL REVIEW B 93, 205432 (2016)

TABLE I. The asymptotic behavior of the scaling function Rp(2, Q). The scaling of R for |Q2| <« 1 is written in accordance with the

Mott’s formula. Here, c is a positive constant of the order unity.

0<|Q <1

1«19

max{|2|/4,1} < Q
0 < Q <« max{||"4 1}

M: Q222 [—iQ + Q2 In" L (1/I12)]
(ID): —iQ+ Q2 (1712

(HI)I Qd72+A2|Q|—A2/d
(IV): |Q]@-2/d

the length scale L7, we find
8082 (E)

Lo

= —1(Ly)(T}'t6L) T Ha(2|E|taL). (Co)

Here, the function H,(z) is given by

/ / dxyT 1
o (1 +y)2+x2 "0+ ix — 2izp

€N

Ha(z) =

We note that #(L7) can be approximated by t, in the critical
region 8; < T*. Hence, from Eq. (C6) for |E| < raLl we find
Eq. (100) with ¢; = H4(0). We note that ¢c; = 8(1 — In2) [see
Eq. (65)] and ¢3 = 27 (3+/2 — 4) in agreement with results of
Refs. [41-43]. At |z| > 1, the function ‘H, has the following

asymptotic behavior: H;(z) ~ —¢,4z 5 , where
2 d =2 2 _ 2
edz_if / VP ReX =Y (cy)
T oo (L+X)2+y2  (y? + x2)?

This asymptote leads to the result given by Eq. (100) for
energies rng L |E| < TF. We note that ¢ = 71/«/5, in
agreement with Ref. [43]. We also note that the integral in
Eq. (C8) is logarithmically divergent in d = 2. In this case,
one finds &, = 21n z [see Eq. (60)].

Finally, we consider energies |E| > T. The dominant
contribution comes from the region Dg?,|w| < T} in which
the fluctuation propagator can be written in the form (C5).
Then, we obtain

805 (E) 4t(LE)<T*) /”1 /Nl y%
£0 V4 (y + T* )2 +x2

(C9)

Hence, for d > 2 the fluctuation correction to the average
local density of states at energies | E| 3> T is proportional to
t(LE)TF/E)*. Ind = 2, the integral on the right-hand side of
Eq. (C9) diverges logarithmically and one obtains Eq. (65).

2. Average local density of states in the insulating
phaseat T =0

In this section, following the approach proposed in
Ref. [18], we evaluate the average LDOS in the insulating
phase. In the insulating phase (the region ¢ >> T andty > t,),
the conductivity can be written in the scaling form

= 7R p(0/8¢,qE).

The asymptotic behavior of the scaling function Rp is
summarized in Table I. Equation (C10) implies the following
scaling form for the diffusion coefficient D = g/16Zq:

D(q,0) = E*E/ )" EgRp(0/8:,q&).

g(gq,w) (C10)

(C11)

Here, we have introduced the ultraviolet energy scale Ey =
1/(16Z,1%). In what follows, we assume that #(£) ~ f, ~ 1 and
consider the case of BCS line y, = —y; = y. = y. We remind
the reader that in the presence of attraction the insulating phase
occurs at 8z > T.*, which implies |y (§)] < 1.

To the lowest order in y, the contributions of the RG type
from the particle-hole and particle-particle channels can be
summed and written as

Sppn(E) + 8pS)(E)
Lo

o0 o0
= 16lem/ dQ/ dQ Q4!
& 0

v(£2,0)
X -
[Rp(2,0)0% —i€2]
Here, y(22,0) = y(&)max{Q ', Lo})'*! and we have de-
fined ¢ = E/8¢. For |2] > 1, the integral over Q in Eq. (C12)
is dominated by Q ~ |2|'/“. Then, we obtain

o p(Q.0) _y(Le)
Imfo WO G0 —iar @

Hence, we reproduce RG result (113) for ¢ > 1 from
Eq. (C12).

For || « 1, the integral over Q in Eq. (C12) is dominated
by Q ~ 1. Then, we find

(C12)

(C13)

o a1 v(2,0) V(é) 1
Im/o 00 e oo —ier o " i
(C14)

Then, integrating over 2 in Eq. (C12), we obtain

8ppn(E) + 8pS) (E) 1
= ay ()" —,
Po le
where a; is some positive constant.
The other contribution from the particle-particle channel

is of non-RG type. For |y(§)| < 1, this term becomes of the
second order in y(§):

(C15)

50 Q(E e o -1
b (E) _ léﬂdRe/ dsz/ 409 :
Po 0 [Rp(2,0)0% —iQ)?

m 1
y~1(§) —In[Rp(Q,0)Q* —iQ]

&
~ —8ns2dy2(g)Ref dQ
0

oo d d—1
5 / 00"t
o [Rp(£2,0)0% —iQ]
For |2] > 1, the integral over Q in Eq. (C16) is dominated by
0 ~ ||

/«oo dQ Qdfl N l
o [Rp(Q,0)0?—-iQ)? Q

(Cl16)

(C17)
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Hence, for ¢ > 1 we find

2)
M ~ y2(5)ln .
£0

(C18)

This contribution is smaller than the RG result (113).

PHYSICAL REVIEW B 93, 205432 (2016)

For |2| « 1, the integral over Q in Eq. (C16) is dominated
by Q ~ 1, provided the inequality d + 2A, > 0 holds. Then,
we obtain

S5 (E) 1

—— —ap*(§)Re = —ay’E),

(C19)

[8 dQ2
o (+i0)?

where a, stands for a positive constant.
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