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We construct two-dimensional non-Abelian topologically ordered states by strongly coupling arrays of one-
dimensional quantum wires via interactions. In our scheme, all charge degrees of freedom are gapped, so the
construction can use either quantum wires or quantum spin chains as building blocks, with the same end result.
The construction gaps the degrees of freedom in the bulk, while leaving decoupled states at the edges that are
described by conformal field theories (CFT) in (1 4 1)-dimensional space and time. We consider both the cases
where time-reversal symmetry (TRS) is present or absent. When TRS is absent, the edge states are chiral and
stable. We prescribe, in particular, how to arrive at all the edge states described by the unitary CFT minimal models
with central charges ¢ < 1. These non-Abelian spin liquid states have vanishing quantum Hall conductivities, but
nonzero thermal ones. When TRS is present, we describe scenarios where the bulk state can be a non-Abelian,
nonchiral, and gapped quantum spin liquid, or a gapless one. In the former case, we find that the edge states are
also gapped. The paper provides a brief review of non-Abelian bosonization and affine current algebras, with
the purpose of being self-contained. To illustrate the methods in a warm-up exercise, we recover the tenfold
way classification of two-dimensional noninteracting topological insulators using the Majorana representation
that naturally arises within non-Abelian bosonization. Within this scheme, the classification reduces to counting
the number of null singular values of a mass matrix, with gapless edge modes present when left and right null

eigenvectors exist.
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I. INTRODUCTION

A. Motivation and strategy

Topologically ordered states of matter [1], of which the
fractional quantum Hall effect (FQHE) is the quintessential
example, contain rich elementary excitations. A necessary and
sufficient condition for topological order is argued in Ref. [2]
to be the existence of pointlike excitations obeying either
Abelian [3,4] or non-Abelian [5—13] anyonic statistics.

The quantum numbers of the topological anyon excitations
are encoded by a topological quantum field theory (TQFT)
in the bulk. The type of TQFT in the bulk can imply the
existence of gapless degrees of freedom on the edge, in the
form of a conformal field theory (CFT) in (1 + 1)-dimensional
space and time. While the bulk-boundary correspondence is
not one-to-one, certain implications can be formulated. For
example, the fractional part of the central charge [12] of the
bulk TQFT has to match that of the chiral central charge of
the edge CFT. [Changes by integers can always be obtained
by gluing an integer-quantum-Hall-type phase to the (2 4 1)-
dimensional system, which does not change the bulk TQFT.]
Thus the CFT describing the edge excitations is to some extend
a diagnostic of the bulk topological order. For instance, the
value taken by the central charge of this CFT is sensitive to
whether it originates from either an Abelian or a non-Abelian
topological order. A noninteger chiral central charge of the
edge CFT implies non-Abelian topological order in the bulk.

The goal of this paper is to establish that a class of models
built out of itinerant electrons, confined to two-dimensional
space, display non-Abelian topological order upon fine-tuning
of finite-range electron-electron interactions. The strategy that
we employ is to couple a one-dimensional array of quantum
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wires, each of which supports a finite density of noninteracting
electrons, through electron tunneling and electron-electron
interactions. Prior to switching on the electron tunneling
and electron-electron interactions, the electrons can only
move ballistically along their hosting wire. There is no
electronic motion in the direction transverse to any given
wire. The one-dimensional array of quantum wires realizes
a CFT in (1 + 1)-dimensional space and time with a central
charge ¢ecouprea tWice the number of wires. After switching
on the electron tunneling and electron-electron interactions,
a crossover to two-dimensional physics takes place along
which the noninteracting critical theory flows to a CFT
with a central charge c .4 that is either zero or has a
nonvanishing fractional part depending on whether periodic
or open boundary conditions are imposed when coupling the
wires. With periodic boundary conditions along the chain of
wires, the ground state is separated from all excitations by a
gap. With open boundary conditions along the chain of wires,
the residual gapless excitations are necessarily localized along
the left and right terminations of the chain of wires.

In our scheme, the charge degrees of freedom are gapped.
For this reason, instead of using quantum wires as building
blocks, we could equally as well start with a set of coupled
quantum spin chains. This opens the possibility to engineer
two-dimensional non-Abelian quantum spin liquids using
coupled spin chains. We consider both the cases where
time-reversal symmetry (TRS) is present or absent. The fact
that we gap the charge degrees of freedom means that, even
when time-reversal symmetry (TRS) is broken, there is no
quantum Hall conductance, but only a quantum thermal Hall
conductance; this is an example of a non-Abelian chiral spin
liquid.
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B. Summary of main results

We employ non-Abelian bosonization in order to construct
symmetry protected topological (SPT) phases and topolog-
ically ordered phases of matter out of arrays of interact-
ing quantum wires for, as the name suggests, non-Abelian
bosonization is ideally suited to construct topological orders
that are characterized by a non-Abelian Lie group.

The logic behind our construction is as follows. An
individual quantum wire with spinful electrons has (in absence
of spin-orbit or Zeeman couplings) an internal symmetry group
Ug(2) x U (2), where R and L stands for the right- and left-
moving modes at low energies, respectively. A translationally
invariant array of N such wires has the symmetry group
Ur(2N) x U (2N). The generators of this group and any of its
subgroups can be associated with current operators, which in
turn are products of electron operators. Consider any subgroup
H of U(2N). The degrees of freedom that are not singlets
under the subgroup can be removed from U, (2N ) and U, (2N)
simultaneously via the interaction

oy Y T hy >0, (1.1)

where a runs over all generators of the subgroup H, while
J¢ and J{ are the associated current operators formed from
the left-moving and right-moving modes, respectively. The
resulting theory will have a reduced number of degrees of
freedom associated with the group quotient (or coset in short)
[Up(2N)/ Hg] x [Uy (2N)/Hy ).

When choosing possible subgroups H, the physical con-
straint of locality has to be observed. If the generators of H
involve electronic degrees of freedom from far apart wires,
then H is not admissible. Likewise, while Hy and H, are
the same mathematical subgroup, they need not be realized
in the same wires. However, they need to be realized in
nearby wires, as interaction (1.1) would otherwise represent
long-range interactions between the wires.

The above procedure is then iterated using the same
subgroup H repeatedly, but each time realized on a different
set of wires, until the symmetry group Up(2N) x U (2N) is
completely broken in the bulk. Physically this corresponds to
gapping all the low-energy modes in the bulk. In an array
of wires with open boundary conditions, there may remain a
protected group coset with associated currents that are build
exclusively from the degrees of freedom near the edge. For
this procedure to be applicable, H must be chosen such
that Ug(2N)/ Hy still contains Hy (shifted by the appropriate
number of wires) as a subgroup, and likewise for L. This is
a fundamental compatibility condition that has to be obeyed
by all the current-current interactions that are used to gap out
degrees of freedom. It is tantamount to the condition that the
respective Hamiltonian terms of the form (1.1) commute.

Before embarking on this program, we choose in Sec. II D to
employ as a warmup the non-Abelian bosonization technique
to construct the noninteracting SPT phases that constitute the
tenfold way for noninteracting topological insulators and su-
perconductors (the tenfold way, in short) [14—17]. At first sight,
this might seem to overcomplicate matters as the same result
has already been obtained with Abelian bosonization [18].
However, the essential case of the superconducting class D,
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stabilized by Z, fermion parity symmetry only, is at odds with
the U(1) group that is fundamentally associated with Abelian
bosonization. One needs to invoke further arguments to obtain
the desired construction [18]. With non-Abelian bosonization,
the construction follows rather naturally, as we shall see.

The symmetry group associated with the mean-field de-
scription of an array of N (spinless) superconducting wires
is Ogx(2N) x O (2N) ~ Ug(N) x U (N), where the right-
and left-moving electronic degrees of freedom are each
decomposed in two Majorana fermions. Via non-Abelian
bosonization, these degrees of freedom are represented by a
O(2N)-valued bosonic matrix field G(¢,x) that is a function of
time ¢ and the position x along the wire. A term

Aytr (G M), (1.2)
parametrized by a constant and real-valued 2N x 2N matrix
M gaps out all the modes that are not in the kernel of
M. More precisely, the remaining right-moving Majorana
modes correspond to the right eigenspace with eigenvalue 0
of M, while the remaining left-moving Majoranas are the left
eigenspace with eigenvalue 0. For example, if

0 ... 0
M=|! , (1.3)
0 1 0

there remains a single left-moving Majorana mode at the left
edge and a single right-moving Majorana mode at the right
edge of the wire array. This realizes the simplest nontrivial
example of an SPT state in class D, equivalent to a chiral
p-wave superconductor [19,20]. We discuss all nontrivial
examples from the tenfold way using this approach.

We then return in Sec. III to the main part of the paper,
namely to intrinsically interacting and topologically ordered
states of quantum wires. For this construction, we consider
the subgroup - - - U(2k) x U(2k") x U(2k) x U(2k’)-- - of the
group U(2N) of all wires by arranging k and k" wires into a
bundle in an alternating fashion. Then, the low-energy sector of
each bundle is reduced to the states generated by the nontwisted
affine Lie algebra su (2), [and su(2),, respectively]. This is
achieved through current-current interactions from the coset
representation

fu2), = =20 (1.4)
A @ suk),” '

The identity (1.4) is valid for any integer k = 1,2, - - - . Here,
the U(1) subgroup corresponds to the total charge of the
electron modes in the k consecutive wires of a bundle. To
gap only this subgroup without gapping the charge mode
of, e.g., a single wire, a (2k)-body interaction is used. In
contrast, all the remaining interactions of the construction
are of two-body nature. For example, the su(k), subalgebra
in Eq. (1.4) corresponds to k flavors within each bundle and
is gapped by the respective current-current interactions. (The
same applies to the other k' flavors within each bundle.) While
these wire flavors in each bundle can be thought of as a pseudo-
or isospin degree of freedom, the remaining nontwisted affine
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Lie algebra - - - su(2), ® su(2),, @ su(2), ® su(2),, - -- stems
from the physical spin of the electrons in the bundles of wires.

The essential step in our construction consists in coupling
these coarse-grained SU(2) “chiral spins” across the bundles of
wires in such a way that a pattern of long-range entanglement
emerges. This is achieved by coupling the right-moving
subgroup in one wire bundle with the left-moving subgroup
in the consecutive bundle with a current-current interaction.
This coupling breaks time-reversal symmetry and makes our
construction chiral. Our construction thus realizes a chiral spin
liquid, not a fractional quantum Hall state (the Hall response
vanishes). (A one-dimensional array of coupled spin-1/2
chains, if it is to support such a chiral spin-liquid ground
state, must break time-reversal symmetry either explicitly or
spontaneously.)

While gapping all modes in the bulk, there re-
mains a right-moving (left-moving) coset-algebra su(2), &
Su(2), /su(2); ., on the left (right) edge of the sample. It is
protected, since it is fully chiral. This construction realizes, for
different values of k and k’, edge states associated to different
CFTs, with central charges c, ;. In particular, the associated
CFTs on the edge include, for k' =1, all unitary minimal
models with central charge

6
i=l-—
(k +2)(k +3)

and, for k' =2, all superconformal minimal models with
central charge

(1.5)

3 12
Cho—= = — —————————— .
K270 (k+2)k+4)

Figure 1 is a schematic illustration of the Hamiltonian
that leads to the topologically ordered state for k =k’ =1,
realizing Ising topological order.

We emphasize that the large non-Abelian symmetry group
Ur(2N) x U, (2N) that was invoked prior to coupling the
wires should be thought of as a special limit that allows
to use the tools of non-Abelian bosonization. It is not the
symmetry Up(2N) x U} (2N) that is protecting the essential
topological properties of the phase. It is worth noting that our
construction preserves the full SU(2) rotation symmetry of the
physical spin. However, breaking it through the substitutions
Ay — A% in Eq. (1.1) is inconsequential for the stability

(1.6)

FIG. 1. Schematic representation of the Hamiltonian for a state
with non-Abelian topological order arising from interactions between
electronic quantum wires. Each ® and © represents the right- and
left-moving (spinful) electrons of a quantum wire coming out of the
plane of the page. Each gray area represents an interaction that gaps
out charge fluctuations on the bundle of wires that it encloses. Each
line represents a SU(2) symmetric Heisenberg interaction between
the spin densities of left and right movers that it connects. Lines of
the same color represent interaction terms of the same strengths.
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of the chiral edge states. Conversely, weakly breaking the
full spin-1/2 SU(2) rotation symmetry prior to coupling the
wires is also inconsequential for the stability of the chiral
edge states. (Weakly is defined relative to the characteristic
energy scales involved in our SU(2) symmetric construction
of a topologically ordered phase.)

In the last parts of Sec. III, we investigate the consequences
of imposing a symmetry acting trivially in space on such a wire
construction. We study the case of time-reversal symmetry.
One can define a time-reversal invariant system that is related
to the chiral construction outlined above in one of two ways. (I)
One adds to the Hamiltonian the time-reversed counterpart of
each term that is already present. (II) One doubles the Hilbert
space by invoking an additional valley degree of freedom
that is exchanged under reversal of time and realizes in one
valley the chiral construction outlined above and in the other
valley its antichiral partner. Case I leads to a phase transition
between two distinct topological ordered states that cannot
be solved using non-Abelian bosonization. Case II is solvable
by construction. It realizes a nonchiral and non-Abelian spin
liquid. Since the charge sector is gapped both in the bulk
and on the edges, the spin-Hall response vanishes. The edge
of this system is nonchiral, as it hosts the chiral coset CFT
in one valley polarization and the antichiral coset CFT in
the other valley polarization on one given edge. It is then
imperative to ask to what extend these edge-modes are stable
against local time-reversal symmetric perturbations at the
edge. We find that the edge is not stable. However, if a
certain U(1) symmetry is imposed, one-body backscattering
terms are not sufficient to gap the edge. We determine the
non-Abelian current-current interaction that is capable of
gapping the edge in this case. This result is consistent with
what is known from Abelian wire constructions in the case
where a U(1) subgroup of the SU(2) spin-rotation symmetry
is preserved. Protected edge modes appear only in phases with
nonvanishing spin-Hall conductivity [21]. (See also Ref. [22]
for a parton construction of non-Abelian spin liquids that
respects time-reversal symmetry.)

C. Comparison with prior works

Arrays of coupled wires have been applied to many
problems in statistical and in condensed matter physics. The
multichannel Kondo effect can be formulated as an effective
array of coupled quantum wires [23-25]. We borrow the
technology of conformal embedding from Refs. [23-25] in
this paper.

Another motivation to study coupled quantum wires stems
from the mystery represented by the pseudogap phase in
high-temperature superconductors and, more generally, the
problem of the breakdown of Fermi liquid theory without
conventional symmetry breaking [26-36]. If each wire is
half-filled and decoupled from all other wires, the charge sector
is gapped while the spin-1/2 degrees of freedom are gapless.
The decoupled array of quantum wires turns into a decoupled
array of quantum spin-1/2 chains. Depending on how these
spin-1/2 chains are coupled, gapped or gapless magnetic
phases emerge in two and higher dimensions. Moving away
from half-filling allows to study the correlated hopping of a
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small density of electrons or holes in a strongly correlated
background of spins.

The bands of quasi-one-dimensional organic conductors
such as the Bechgaard salts family are characterized by
the hierarchy of electronic hopping amplitudes 7, > 1, >
t. along the orthogonal crystalline axis a, b, and c. This
hierarchy justifies modeling the bands by weakly coupled
quantum wires. In the presence of a uniform magnetic field
parallel to the c crystalline axis, the strongly nested Fermi
surface is unstable to charge- or spin-density wave instabilities
triggered by umklapp instabilities at a commensurate filling
fraction. The limit, ¢/, = Orealizes the integer quantum Hall
effect (IQHE) [37,38]. The limit, #,/1, < 1 realizes a weak
topological insulator in the symmetry class A from the tenfold
way [38—-40].

The critical properties of the plateau transitions between
two consecutive quantized Hall plateaus in the IQHE are
captured by the Chalker-Coddington model (see Ref. [41]), in
the limit in which electron-electron interactions are neglected.
It was shown in Ref. [42] how to represent the Chalker-
Coddington model as a one-dimensional array of coupled
quantum wires. More generally, one may assign to any array
of quantum wires a transfer matrix that maps states that are
incoming and outgoing to one end of the wires into states
that are incoming and outgoing to the other end of the wires.
This is a very useful approach to characterize analytically and
numerically the effects of static disorder on transport along the
wires, ignoring the effects of electron-electron interactions.

Coupling arrays of quantum wires by forward electronic
interactions select sliding Luttinger liquid (SLL) phases in
dimensions larger than one [43—47]. In two remarkable papers,
Refs. [48] and [49], it was shown how to add backward
electronic interactions in a one-dimensional array of quantum
wires so as to gap the SLL phases and stabilize Abelian
and non-Abelian fractional quantum Hall states, respectively,
instead (see also Refs. [18,50-58] for one-dimensional arrays
of coupled quantum wires and Ref. [59] for a two-dimensional
array of coupled quantum wires stabilizing long-ranged
entangled phases of fermionic matter). Common to all these
papers is the fact that only electron-electron interactions are
considered, contrary to the models from Refs. [60—66] in which
the fundamental constituents are fractionalized fermions (such
as Majorana fermions) subject to interactions.

What distinguishes our work from Ref. [49] and ensuing
papers is that we do not rely on the charge sector of the quantum
wires to stabilize a non-Abelian topologically ordered phase.
In Ref. [49], the electrons are spin polarized by a strong
uniform magnetic field, the filling fraction is fine tuned to
the magnitude of the applied magnetic field. Here and as was
done in Ref. [67] when deriving Abelian and the SU(2) level
k Read-Rezayi chiral spin liquids from arrays of quantum
wires, we gap the charge sector from the outset by breaking
translation invariance explicitly if necessary (i.e., if the filling
fraction is not commensurate to the one-dimensional Fermi
wave number), leaving only the spin-1/2 degrees of freedom
in the low-energy sector of the theory. The non-Abelian
topologically ordered phase is then selected by fine-tuned
spin-spin interactions. Of course, we could have used spin
chains as building blocks of the wire construction from the
outset. From this point of view, our work can be thought of
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as a generalization to non-Abelian chiral spin liquids of the
approach used in Ref. [68] to realize the Abelian Kalmeyer-
Laughlin state using weakly coupled zigzag chains hosting
quantum spin-1/2 degrees of freedom. The time-reversal
broken non-Abelian topologically ordered phase constructed
below should be compared to the Abelian (see Refs. [68—83])
and non-Abelian (see Refs. [84—86]) chiral spin-liquid states
that have been proposed for diverse two-dimensional lattices.

Common to Ref. [49] is the belief that deriving topological
ordered states from coupled wires is useful. First, it provides an
intuitive bridge between the abstract description of topological
order in terms of topological quantum field theories (see
Ref. [87] and references therein) on the one hand, and exactly
solvable models that are designed from wave functions or
lattice models that can only be studied numerically, on the
other hand. Second, it opens the door for engineering materials
supporting topological order.

II. REVIEW OF NON-ABELIAN BOSONIZATION
AND CURRENT ALGEBRAS

In order to keep this paper reasonably self-contained, we
begin with a review on non-Abelian bosonization, including
non-Abelian current algebras, which will be of major utility in
deriving the main results of the paper in Sec. III. The reader
who is fluent with non-Abelian bosonization is welcome to
skip this brief summary and may jump to Sec. II D, where,
as a warmup exercise, we rederive the tenfold classification of
topological insulators in two-dimensional space using the tools
here reviewed. A particular aspect in this section that is original
is how to determine the presence of gapless edge modes in
systems with boundaries, where we introduce a mass matrix
whose null singular values signal gapless modes. Moreover,
the left-edge and right-edge modes appear as left and right null
eigenvectors of the mass matrix.

A. Affine Lie algebras

Non-Abelian bosonization is intimately related to affine
Lie algebras. Affine Lie algebras are generalizations of Lie
algebras [88]. One of the Lie algebras with which physicists are
most familiar is that associated to the total angular momentum
operator J ,i.e.,

3
[Je,J" = Zie“”c J¢, a,b=1.23,

c=1

2.1

where we have set the Planck constant 7 to unity. The Levi-
Civita symbol €, the fully antisymmetric rank three tensor,
is an example of the structure constants of a Lie algebra. The
three components of the total angular momentum operator J
are the generators of the Lie algebra (2.1). This Lie algebra
is denoted by su(2), for the operator exp(iet - J) represents an
element of the unitary group SU(2) parametrized by the vector
o € R3.

More generally, a Lie algebra g is a vector space equipped
with a binary operation denoted [-,-] that is called the Lie
bracket. The Lie bracket is a mapping from g x g — g such
that it is (i) antisymmetric under interchange of its two entries,
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(ii) linear in both entries, and (iii) satisfies the Jacobi identity
[X,[Y,Z]] + [V,[Z, X1 + [Z,[X. Y]] =0 (2.2)

forany X,Y,Z € g.

A Lie algebra can be specified by a set of generators J¢
with a =1, ...,dim g that are Hermitian operators obeying
the relations

dimg
[0 = i Je 23)
c=1
fora,b =1, ...,dimg. The number dim g of generators is the

dimension of the algebra. The numbers ¢ are real valued
and can be chosen to be antisymmetric under interchange of a
and b by virtue of the fact that the Lie bracket is antisymmetric
under exchanging a with b.

A subset f of the Lie algebra g is called a Lie subalgebra if
this subset is closed under the Lie bracket, i.e., if [h,h] C h. A
Lie subalgebra h of g is an ideal if it satisfies the stronger
constraint that [g,h] C h. The null vector and g itself are
trivially ideals. A proper ideal of g is an ideal that is neither
the null vector nor g itself. A simple Lie algebra has no proper
ideal. A semisimple Lie algebra is a direct sum of simple Lie
algebras. A semisimple Lie algebra generates a semisimple
Lie group, i.e., a direct product of simple Lie groups.

Let ¢ be any real number and let C[t,t~1] denote the set
of polynomials of the form ), _, p,t" with finitely many
nonvanishing complex-valued coefficients p,. Let g denote a
Lie algebra. The loop algebra

§:=9g®Cltr7'] (2.4a)
is a Lie algebra equipped with the Lie bracket
dimg
(e 0= if ey, (2.4b)
c=1
where the short-hand notation
Jom g, = Jrer, Jo. = 0@,
(2.4¢c)
was introduced for any a,b = 1, ... ,dim g and for any m,n €
Z.
We introduce the one-dimensional vector space
Ck:={zk|zeC). 2.5)
We introduce the operator
. d
Ly:=—t— 2.6a
0 o (2.6a)

acting on the vector space of Laurent polynomials C[¢,77']
through the operation of commutation with the fundamental
rule that

Lot" —t"Ly=—mt" (2.6b)
for any integer m and define the one-dimensional vector space

CLy:={zL,|z€C}. (2.6¢)
The algebra

§:=§®CkoCL, (2.72)
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with the brackets

dimg
[jrﬁ’fr?] = Z i abc jrflJrI‘L + ]2 n (Sab 8m+n,0’ (27b)

[Je.Ly] = mJg, (2.7¢)

and
[Ja.k]=0 (2.7d)
for any a,b =1, ...,dimg and for any m,n € Z is called a

nontwisted affine Lie algebra. It is an infinite-dimensional
algebra with the generators J, k, and L.

The simplest realization of an affine Lie algebra in physics

is that of the normal modes ), and a, of the real-valued

Klein-Gordon scalar field in (1 + 1)-dimensional Minkowski
space and time. These obey the canonical Boson algebra

(G001 =8, [4,.a,1=1[a}.al1=0. (2.8
The Heisenberg algebra
(L,.L,1=[R,.R1=mé,, . I[L,.R]1=0, (2.9a)

for the nonvanishing integers m and n follows from the
definitions

. —iy/+na,,, n>0,

Lu= {+i\/—_nflT”, n<0, (2-95)

R = {_i o, n>0 (2.9¢)
+iy—nal,, n<o.

The Heisenberg algebra is the affine extension of the (1)
algebra generated by the zero mode a,. The eigenvalue of

the central operator k is not quantized for an Abelian Lie
group as it depends on the multiplicative factor chosen in the
transformations (2.9b) and (2.9c¢).

B. Free fermion realizations of affine Lie algebras

We define the partition function

Z = /D[X]e_sm (2.10a)

over the Grassmann vector field x' = (xp  x) with the
action

i dzdz
S[x] = = f (xR 20 xg + X1 20. X1

2.10b
7 > ( )

and the complex coordinates Z = x; — ix, and z = x| + ix, of
the complex plane. [Choosing x; = ¢ and x, = ix relates the
complex plane to (1 4 1)-dimensional Minkowski space and
time.] The Grassmann vector field XlI = (Xg.| """ Xr,) only
depends on z, it is holomorphic. The Grassmann vector field
Xt = (x., - x.,) only depends on Z, it is antiholomorphic.
Their corﬁponents obey the Laurent series expansion, i.e., the
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operator product expansion (OPE),

Xr.o(2) Xg (0) = ~5 %’3 +en, (2.11a)
_ i S48
XD X, p0) = “om Tz T (2.11b)
Xr.o(2) X1, 5(0) =0, (2.11c)
foranyo,f=1,...,n
The theory (2.10) is invariant under the local transformation
xr(@) = Op(@) xr(@), x(@) = OL@) x (), (2.12)

where O (z) and O (Z) are matrix fields belonging to SO(n).
We define the corresponding so(n) Noether currents
Jz) =

JUZ) =i (] T x)@),

(2.13a)

i (xg T xp)(),

where the generators T¢ = T% [with the collective label a
representing the ordered pair (r,s) with 1 <r < s < n] are
n x n Hermitian matrices with the components

(rs)
T =i(8,, 8, —6,,8,,). (2.13b)
It then follows that
ife JeO) 1t (T*T?)
J42) Jb0) = < = . (2.14
@ J"(0) Z ——t5—— (2.14a)
o ifeb je(0) 1t (TeT?)
J4Z) JP0) = c = . (2.14b
@) J(0) Z e (2.14b)
J4z) JP0) =0, (2.14¢)
where
ab __
F5% = oo mn
= 5m,r(8r1,17 85,]) n p 6v q) + 8 (Sr,q 5n,p n \q Sr p)
(2.14d)

are the structure constants of so(n). Observe that the choice
made in Eq. (2.13b) implies the normalizations

(T T =28" Y f =2(n—2)8,,. (2.14e)
a,b
Insertion of the Laurent expansions
J@y=:y " Ie Ty =Yz (215)
meZ meZ

into the operator product expansions (2.14a) and (2.14b),
respectively, delivers a pair of a holomorphic and an antiholo-
morphic affine Lie algebras of the form (2.7) with the central
term k replaced by its eigenvalue, the level k = 1.

We close this discussion of free Majorana fermions with the
definition of their central charge. Without loss of generality,
we work in the holomorphic sector of the theory. The energy-
momentum tensor has the light-cone component

Tiiz)= —2n T,

T -
__T%
> (2)
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T 8S
= - IE ;2 (_3(3Z XR’a)(azXR,a))(Z)

=i (xg 8, Xr)(2)- (2.16a)
Its OPE with itself is
2 2T, 9.T)(0
Tr(2) TR(0) = CZ/ + ;z( )+ @, j)( )+.~, (2.16b)

where the numerator of the term with the fourth-order pole is
c=n/2 (2.16¢)

The number c is called the central charge associated to the
(holomorphic) Virasoro algebra defined by the OPE (2.16b).

C. Bosonic realizations of affine Lie algebras

Another example of a critical theory is the Wess-Zumino-
Witten (WZW) model defined by the partition function [89,90]

Z = / D[G] e SwwlC] (2.17a)
where G € & denotes a matrix-valued bosonic field, & denotes
a compact Lie group, and D[G] denotes the Haar measure on
&. (We shall denote with §, the affine Lie algebra of integer
level k corresponding to the compact Lie group &.) The WZW
action in two-dimensional Euclidean space (x,y) = (x;) € R?
is

d*x tr(3;,G 3,G"" + kT[G

SwzwlG] = . (2.17b)

167

(The summation convention over the repeated index i = 1,2
is implied.) The topological contribution I'[G] is the Wess-
Zumino term

rG]:= —

i d3$e”ktr[(G '9,G)(G™'9,G)(G 9, G)l.

(2.17¢)

Here, G denotes the extension of G to the solid ball B =
{(§,,6,.65)| Z?zl Siz < 1} with two-dimensional Euclidean
space as its boundary. As explained in Refs. [89,90], k must be
an integer for the functional exp(—k I'[G]) over the compact
Lie group & to be single valued.

The theory (2.17) is invariant under the local transformation

G(Z,2) = L(2) G(Z,2) R'(2), (2.18)

where R and L are matrices belonging to & and z = x — iy
is the complex conjugate to z = x 4+ iy € C. The OPE of its
Noether currents (with proper normalizations) delivers a pair
of a holomorphic and an antiholomorphic affine Lie algebra
g, of the form (2.7) with the central term k replaced by its
eigenvalue, the level k.

The central charge c¢ of the bosonic theory (2.17) is

_ k dim(®)
"k + Coxeter* (&)’
where dim(®) is the dimension of the compact Lie group

® (the dimensionality of its adjoint representation), while
Coxeter*(®) is the dual Coxeter (twice the eigenvalue of

(2.19)
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the Casimir operator in the adjoint representation when the
squared length of the highest root is normalized to 2).
If

=6, x6, (2.20a)

it then follows that

5 k dim(®,)

_— 2.20b
k + Coxeter™(8,) ( )

C =
i=1,2

More generally, denote with @g) the WZW theory of level ;.
The WZW theory with the semisimple affine Lie algebra

s al) ~(0)

91=9k1€B~~€ngi€9~~ (2.21a)
has the central charge
k; dim(&?)
= ¢ —, 2.21b
¢ Z k; + Coxeter*(&®) ( )

i

There are several ways to make contact between the critical
theory (2.10) and the critical theory (2.17).
Example 1. We do the identifications

& — 0n), k—1, (2.22a)
for which
. 1
dim(®) — 3 n(n—1), (2.22b)
Coxeter* (&) — n — 2, (2.22¢)
dim(®)
c=——-———
1 + Coxeter*(®)
(1/2)yn(n—1)
% _—
14+n-2
1
=3 n. (2.22d)

Example 2. We assume that n = m n’ and do the identifica-
tions

§—> @Lg, 6 =00m). k-1, (2.23a)
for which
. 1
dim®; — 3 m@m —1), (2.23b)
Coxeter*(®,;) — m — 2, (2.23¢)
n .
dim(®.
c= Z im( l)*
P k; + Coxeter*(8,)
N n,(1/2)m(m -1
l+m—2
1
=5m n'. (2.23d)
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This result for the central charge can be applied to the cases of
O(1) and O(2) even though O(1) is not a continuous Lie group
while O(2) is an Abelian group.

We choose example 1. The non-Abelian bosonization rule
for any local quadratic term made from the Majorana fields
[xg (x.) denotes the right-moving (left-moving) n-component
Majorana vector field] is

my, Gog =1X1 4 XR > (2.24)

fora,f =1, ...,n, and where m_, is the mass parameter that
depends on the regularization scheme (the ultraviolet cutoff),
and G, is a matrix element of G.
The central charge of the O(n); WZW model is
n
c=3-
It coincides with the central charge for n Majorana
fermions (2.10), as the central charge of a single pair of right-
and left-moving Majorana channels is 1/2.

Recall that the central charge counts the effective degrees
of freedom at criticality, i.e., the effective number of gapless
degrees of freedom. Thus, if we add some quadratic mass term
into our massless fermionic theory (2.10) so as to break a
part of the O(n) symmetry, the central charge should then be
reduced.

For example, if we add the term

(2.25)

XL XR2 = My, Goo,s (2.26)

then the symmetry Og(n) x O (n) breaks down to Og(n —
1) x Oy (n — 1). Correspondingly, the central charge reduces
to

n 1
c==—=.
2 2
A pair of right- and left-moving Majorana modes has become
massive.
Observe that

(2.27)

iXp 1 Xr2 F XLy Xr3 =My (G +Gy3) (2.28)

does not reduce the Oy (n) x Oy (n) symmetry to Og(n — 2) x
O (n — 2). To see this, introduce the matrix M

G, + Gy = t(MG). (2.29)

A solution is to choose a matrix with the only nonvanishing
matrix elements M,, = M5, = 1 sitting on the same column.
This is to say that M is constructed out of only one linearly
independent column vector out of n column vectors. Hence
there must exist two orthogonal matrices R and L such that

M,=R"ML (2.30)

is a diagonal matrix with one and only one nonvanishing
diagonal matrix element. We choose this nonvanishing matrix
element to be the first diagonal entry, (M;),, = 2, # 0. While
the action (2.17) is invariant under the transformation (2.18),
the mass term becomes

mtf(M G) > m, (M LG R")
=m t(R"MLG)
=m,, Tr(M; G)
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=m,, 2, Gy,

=Xy 1 Xr 2.31)

after the transformation (2.18). Hence, the mass term (2.28)
reduces the symmetry to Og(n — 1) x O;(n — 1) and not
to Og(n —2) x O, (n — 2), as might have been erroneously
deduced by identifying the “2” in n — 2 with two independent
mass terms.

For an arbitrary mass matrix M, we can employ the
singular-value decomposition

M;,=R"ML, (2.32)
to get a diagonal matrix of rank r, i.e.,
Mg = diag| €©,,9,,...,2,,0,0,...,0], (2.33)

r n—r

whereby ©,,22,, .-+ ,Q, # 0. The symmetry is then reduced
from Og(n) x O (n) to Og(n —r) x Oy (n — r) with the cor-
responding central charge

(2.34)

D. The tenfold way via non-Abelian bosonization

The goal of this section is to derive the tenfold way in
two-dimensional space by modeling two-dimensional space as
an array of wires on which noninteracting degrees of freedom
(i) obey the Majorana algebra, (ii) propagate freely along any
wire, and (iii) while they can hop between consecutive wires.
The novelty in deriving the tenfold way is that we shall use
non-Abelian bosonization techniques, and apply the singular-
value decomposition on the mass matrix, as described above,
to count the number of gapless edge modes.

We shall consider the symmetry classes D and DIII
that, together with the symmetry classes C, A, and All,
correspond to the topological superconductors and insulators
in two-dimensional space from the tenfold way [14—17]. The
symmetry classes C, A, and All are treated in Appendix B.

1. The symmetry class D

We shall use a path integral representation of the array of
quantum wires. There will be 2M N independent Grassmann
variables x, ;;, where & = R,L distinguish a right from a
left mover, = 1,...,M is aflavor index,and =1, ...,N
enumerates the wire.

The simplest model for an array of quantum wires in
the symmetry class D to realize a topological gapped phase
assumes

M=1, Ko, 1(E:X), (2.35a)

foro« =R,Land I =1,...,N. We have thus assigned a pair
of Majorana fermions to each wire I =1 --- N. We define

the action
S = / dt / dx LY (2.35b)
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. N
1
£67 1= 5 2 W@, +00xw 1 + 0y = 011,11
I=1

(2.35¢)
We also define the Grassmann partition function
z® = / Dlx]etiso . (2.35d)

The theory with the partition function Z(()D) is critical, for
there are 2N decoupled massless Majorana modes that are
dispersing in (1 + 1)-dimensional Minkowski space and time.
Hence the central charge c(()D) for the partition function Z(()D) is

N
” = 5 (2.36a)
The partition function Z(()D) is invariant under any local linear
transformation (O®,0) € Ox(N) x O (N) defined by the
fundamental rule
Xp(t —x) = 0Nt — x) xp(t — x),
. (2.36b)
XLt +x) > Ot + x) X (t + x).

The partition function Z(()D) is also invariant under the antilinear
transformation with the fundamental rule

Xr(.x) = x (—=t,x), x.(t.x) = xp(—t,x), (2.36¢)

that implements reversal of time in such a way that it squares
to the identity (see Appendix A). Even though reversal of
time (2.36¢) is a symmetry of the partition function Z(()D), we
shall not impose invariance under reversal of time (2.36¢) for a
generic representative of the symmetry class D. Any partition
function Z® for the array of quantum wires is said to belong
to the symmetry class D if Z® is invariant under the linear
transformation (fermion parity) with the fundamental rule

Xo P —Xo» (2.37)

fora = R,L.

We seek a local single-particle perturbation £)  that
satisfies three conditions when added to the Lagrangian
density (2.35¢).

Condition D.1. It must be invariant under the transforma-
tion (2.37).

Condition D.2. It must gap completely the theory with the
partition function Z(()D) if we impose the periodic boundary
conditions

X1 X) = Ko 1o (15, (2.38)

fora =R,Land =1,...,N.

Condition D.3. The partition function Z® with the
Lagrangian density EE)D) + LD must be a theory with the
central charge

P =1 (2.39)
if open boundary condition are imposed.

Conditions D.1, D.2, and D.3 imply that we may assign
wire I = 1 the left-chiral central charge 1/2 and wire [ = N
the right-chiral central charge 1/2. For example, if wire I = 1
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supports a right-moving (i.e., chiral) Majorana edge mode,
then wire I = N supports a left-moving (i.e., chiral) Majorana
edge mode.
We make the ansatz
N-1

D) . ;
‘Cmass =1A Z XL, 1 XR,I+1
I=1

(2.40)

with A a real-valued coupling. To establish that the
ansatz (2.40) meets conditions D.2 and D.3, we use non-
Abelian bosonization. We choose the non-Abelian bosoniza-
tion scheme by which the partition function is given by the
path integral

70 — / D[G] 5. (2.41a)
The field G € O(N) is a matrix of bosons. The measure D[G]
is constructed from the Haar measure on O(/N). The action

S® s the sum of the actions S’ and S©), . The action S is

1
D) _ -1
So _—l6n/dtfdxtr(8MG8“G )

1
+— | &yLh,.

2.41b
247 B ( )

where
LY =€e*t[(G719,6) (G7'9,G)(G'9,G)l. (241c)
The action S2) stems from the Lagrangian density
N-1

LY =2 Gy = rtue(M® G).

mass (241(1)
=1

The second equality is established by using the non-Abelian

bosonization formula (2.24) (we have set the mass parameter

m,, = 1). The N x N matrix M® is represented by

M® .= (2.41e)

S oo o ~—O
S oo~ OO
[=Nel NoNeNe]
(=N e NNl
—_— o OO OO
[=leleNeNeNe]

The singular-value decomposition of the mass matrix (2.41e)
gives

M(D) — dlag 91’92,93,...,91\/,1 10

ding (2.42)

N—-1

The quadratic perturbation (2.41d) thus reduces the central
charge c(()D) = N/2 by the amount (N — 1)/2, i.e., the central
charge for the theory with the partition function Z® is
N N-1 1

2 2 2
We have constructed a topological superconductor with the
gapless chiral Majorana mode xg ;_; propagating along edge
I =1 (the left eigenstate of the mass matrix) and the gapless

P = (2.43)
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FIG. 2. Pictorial representation for the selected backscattering
in the symmetry class D. Each yellow box represents a quantum
wire composed of two Majorana degrees of freedom. The wires are
enumerated by / = 1,...,N in ascending order from left to right.
For any I, the Majorana modes are denoted by x ; and x, , reading
from left to right, respectively. '

chiral Majorana mode of opposite chirality x; ,_, propagating
along edge I = N (the right eigenstate of the mass matrix).
This construction is summarized by Fig. 2.

The symmetry class D has the Z topological classification
for the following reason. If one takes an arbitrary integer
number v of copies of the gapless edge theory, these v copies
remain gapless. The stability of the v chiral gapless edge
modes within either wire 1 or wire N is guaranteed because
backscattering among these gapless chiral edges modes is not
allowed kinematically.

2. The symmetry class DIII

The simplest model for an array of quantum wires in the
symmetry class DIII to realize a topological gapped phase
assumes

M =2, Xa’fyl(t,x), (2.44a)
foro =R,L,f==,andl = 1,...,N. We have thus assigned
four Majorana fermions to each wire / =1 --- N. We define
the action

S — / dr / dx L™ (2.44b)
with

(N

ﬁgDIII) = 5 Z Z[XR!U,I(BI + 0 )XR.0.1
I=10=%

+ X010, — 0 XL 011 (2.44¢)

We also define the Grassmann partition function
zPW = / Dix1eS . (2.44d)

The theory with the partition function Z(()DHD is critical,

for there are 4N decoupled massless Majorana modes that

are dispersing in (1 + 1)-dimensional Minkowski space and

time. Hence the central charge for the theory with the partition
. (DI |

function Z;," " is

DIII
P =N, (2.452)

.. . oI . . .
The partition function Z; is invariant under any local

transformation (O® ,0M)) ¢ Or(2N) x O_(2N) defined by

xr(t — x) > OBt — x) xp(t — x),
(2.45b)
x @t +x)— oM + x) xL(t 4+ x).
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It is also invariant under the antilinear transformation with the
fundamental rules

XR,+,1(tvx) = +XL,7,1(_I»X)1

XR.— (tvx)'_) —X (_t9x)’
Rt bt (2.45¢)

XL,+,1(tax) = +XR__,1(_t»X),
XL,fJ(tsx) = _XR,+Y[(_l3x)s

that implements reversal of time in such a way that reversal of
time squares to minus the identity (see Appendix A).

Any partition function Z®'V for the array of quantum wires
is said to belong to the symmetry class DIII if reversal of
time is a symmetry represented by an antilinear and involutive
operation that squares to minus the identity, i.e., Eq. (2.45¢),
and if Z®®W is invariant under the linear transformation
(fermion parity) with the fundamental rule

Xaf.1 7 ~Xatirs (2.46)

fora =R,L,f=4,and I/ =1,...,N.

We seek a local single-particle perturbation £PUD that
satisfies three conditions when added to the Lagrangian
density (2.44c).

Condition DIII.1. It must be invariant under the transfor-
mations (2.45¢) and (2.46).

Condition DIII.2. It must gap completely the theory with the
partition function ZBDIH) if we impose the periodic boundary
conditions

Xa,f,l(tax) = Xa,f71+1v(f»x) (2.47)

foro. =R,L,f==+,and/ =1,...,N.

Condition DIIL.3. The partition function Z(°™ with the
Lagrangian density £ + L2 must be a theory with the
central charge

P — 1 (2.48)
if open boundary conditions are imposed.

Conditions DIII.1, DIII.2, and DIIL.3 imply that we may
assign wire / = 1 the central charge 1/2 and wire I = N the
central charge 1/2, for wires I = 1 and I = N both support a
Kramers degenerate pair of right- and left-moving Majorana
edge modes.

We make the ansatz

N-1

DII) . :
Lo = Z (XL~ 1 XR— 141 = XRo1 L4141 (2:49)
=1

with A a real-valued coupling. Condition DIII.1 is met by
construction. To establish that the ansatz (2.49) meets condi-
tions DIIIL.2 and DIII.3, we use non-Abelian bosonization. We
choose the non-Abelian bosonization scheme by which the
partition function is given by the path integral

Z® _ / DIG] 5. (2.50a)
The field G € O(2N) is a matrix of bosons. The measure D[G]
is constructed from the Haar measure on O(2N). The action
SO s the sum of the actions Sy and SLV_ The action

PHYSICAL REVIEW B 93, 205123 (2016)
S(()DIII) is
1
s = —/dt/d tr(3,G 9" G~
0 167 x e (@, )
1

DIII
+ — d3y ﬁ(\VZV\)/'v

2.50b
247w B ( )

where
Ly =€ [(G7'9,G)(G'9,G)(G'9,G)].  (2.50¢)

The action SO stems from the Lagrangian density

N—1
(DI __
LW = MG+ Gt
=1

= 1 tr (MPD G). (2.50d)

The second equality is established by using the non-Abelian
bosonization formula (2.24) (we have set the mass parameter
m,, = 1). The 2N x 2N matrix M P is represented by

0O B 0 0 0 0
BT 0 B 0O 0 O
0 B" 0 B 0 0
MO . 0 0 BT 0 B 0
0O 0 o BT 0 B
0O 0 o o0 BT o
(2.50e)
in the basis for which B is the 2 x 2 matrix
(=+) (=)
—_— =
B = ‘1) 8 (2.50f)
—_ =
+,+)  (+-)

For any N >0, the 2N x 2N matrices MPD defined
by (2.50e) has two vanishing and 2 x (N — 1) nonvanishing
eigenvalues.

The quadratic perturbation (2.50d) thus reduces the central
charge céDHD =2 x N/2 by the amount 2 x (N — 1)/2, i.e.,

the central charge for the theory with the partition function
(DI ¢

om _2XN _2x(N-1) _
2 2

We have constructed a topological superconductor with the
gapless pair of helical Majorana modes (x| ; Xg _ );=1
propagating along edge I/ = 1 and the gapless pair of helical
Majorana modes (xg | ;» X _ ;);—y Propagating along edge
I = N. This construction is summarized by Fig. 3.

The symmetry class DIII has the Z, classification from
the following argument. We take v copies of the gapless edge
theories on the right edge (I = N). We drop the index I =
N for notational simplicity. The most general backscattering
processes are encoded by

1. 2.51)

v
DIIT .
L = "0 hay Xrse (2.52)

a,b=1
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N N
OOEE ®OKE ®ORKI[]
— = =

FIG. 3. Pictorial representation for the selected backscattering
in the symmetry class DIII. Each yellow box represents a quantum
wire composed of four-Majorana degrees of freedom. The wires are
enumerated by / = 1,...,N in ascending order from left to right.
For any I, the Majorana modes are denoted by xg | ;> Xi 41> Xg.—.>
and x; _, reading from left to right, respectively.

Hermiticity dictates here that

Ay = Aoy ab=1,....v, (2.53)

i.e., all matrix elements A, are real valued. Time-reversal
symmetry dictates that

v v
Z XL~ q Mab XR 4.6 ™ Z (=D)(=DXRr 4.0 *ap XL.— b
a,b=1 a,b=1

v
= Z : 1XR,+,a }“ah XL,—,h
a,b=1

v
= § IXR 4.6 Mpa XL —a
a,b=1

iXL.—,a (_)‘bu) XR,+,b

a,b=1
(2.542)

i.e., the real-valued matrix elements (2.53) must also be
antisymmetric

Agp = —Apg, a,b=1,...,v.

a

(2.54b)
Because of the identity

det(%,,) = det ()»ab)T =det(—A,,) = (—1)"det(x,),
(2.55)
if follows that the matrix (A,,) has at least one vanishing
eigenvalue when v is odd. When v is odd, a pair of helical edge
modes must remain gapless. When v is even, all pairs of helical
edge modes can be gapped. The topological classification Z,
for the symmetry class DIII in 2D follows.

III. NON-ABELIAN TOPOLOGICAL ORDER
OUT OF COUPLED WIRES

We have shown in Sec. IID (plus Appendix B) that the
tenfold way in two-dimensional space can be derived from
a one-dimensional array of quantum wires, whereby each
wire hosts Majorana fermions (i.e., “real-valued” fermions)
that may hop between consecutive wires through one-body
backscattering. This derivation of the tenfold way in two-
dimensional space presumes no more and no less than the
existence of noninteracting Majorana fermions.

In each of the superconducting symmetry classes D,
DIII, and C, the existence of the numbers 2, 4, and 4 of
noninteracting Majorana fermions per wire, respectively, was
shown to be sufficient to realize a superconducting ground

PHYSICAL REVIEW B 93, 205123 (2016)

state with protected edge states. The numbers 2, 4, and 4
are the same numbers of complex fermions per wire used
in Ref. [18] to stabilize short-ranged entangled topological
superconducting ground states in the symmetry classes D, DIII,
and C for chains of wires that were coupled through strictly
many-body interactions. The derivation of the tenfold way in
Sec. I D (plus Appendix B) is thus more economical than that
in Ref. [18]. In fact, the numbers of Majorana fermions per wire
that we have postulated in Sec. II D and in Appendix B are the
minimum numbers of Majorana fermions per wire required
to realize short-ranged entangled gapped phases supporting
protected edge states in the tenfold way.

There is a drawback to this derivation, however. Majorana
fermions are not the fundamental fermions in condensed matter
physics. The electron is. Majorana fermions only emerge as
quasiparticles out of interactions that electrons undergo with
themselves or with collective modes such as phonons or spin
waves. One plain way to state the drawback of the derivation
in Sec. IID is that it takes as the starting point an already
fractionalized electron.

In this section, we are going to modify our strategy as
follows. Each wire in the one-dimensional array of wires
supports electrons instead of Majorana fermions. Second,
any interaction that gaps the bulk will be built out of one-
body or many-body electron-electron interactions obeying
two conditions. First, interactions explicitly conserve the
electron number. Second, the spatial range of all interactions
are bounded from above by one finite length scale. In this
way, the interaction conserves the total electron number
and are local. Nevertheless, we shall insist on recovering
Majorana fermions or their generalizations (parafermions) on
the boundaries by properly choosing the many-body electron-
electron interactions.

A. One-dimensional arrays of quantum wires with local
current-current interactions

A chain of N decoupled wires is labeled with the index
I =1,...,N.Electrons move freely along any one of these N
wires. Their spin-1/2 projections along the quantization axis
are 0 =1, |. For simplicity, all wires are identical. At low
energies, we postulate the noninteracting Lagrangian density'

N
Ly = iZ Z [VRor (0 +0) VR0t
I=10=%,]

Y100 (0, — ) Y6 4] (3.1a)

'Any one flavor of a low-energy electron in some given wire is
related to the left and right movers from this wire by the multiplicative
phase factor e*r*, where the Fermi wave vector k; is fixed by the
filling fraction for this flavor of electrons in the given wire. The
product of these multiplicative phase factors arising from taking
the local product of low-energy electron operators can always be
absorbed by a coupling that is modulated with respect to x with the
proper periodicity. With this caveat in mind, we can choose to work
with the convention k;; = 0 without loss of generality.
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with the action

Sy 1= /dt/dx L, (3.1b)
and the partition function
Z, ;Z/D[lp*,xp] e, (3.1¢c)

The partition function Z, is invariant under any local linear
transformation

(U, UMW) € Uy (2N) x U, (2N) (3.2a)
defined by the fundamental rules
YTt —x) > YT (0 — ) U — ),
(3.2b)
YTt +x) > YT +x) UPie 4 x),
and
Yr(t — x) > UR( — x) Yt — x),
(3.2¢)

Yy (¢ +x) = U@+ x) ¥ (8 + x),

on the Grassmann integration variables. The corresponding
central charge is

¢y =2N. (3.3)

The partition function Z is also invariant under reversal of

time, whereby this operation is represented by the antilinear
transformation with the fundamental rules

Y HU L YRy P Vi (3.4a)

‘(//-IT.TJ = ‘Hﬂ};Lp lﬁﬁ,w = _W;T,[s (3.4b)
and

Yoo = AV Yoo —VYoao (3.4¢)

Viar ™ TV Yo ™ —VYrao (3.4d)

on the Grassmann integration variables.

The chain-resolved symmetry U, (2) x U (2), a subgroup
of the symmetry group (3.2a), is broken by coupling consecu-
tive chains through one-body tunnelings.

Example 1. The uniform one-body hopping of the electrons
between consecutive chains

N
Lpg = —t Z [‘/’1le YR T wf{TIH Y+ R — L),
=1

(3.5)

where ¢ is positive and periodic boundary conditions by
which I = I + N are imposed on the Grassmann fields, turns
the one-dimensional critical theory (3.1) into an anisotropic
two-dimensional gas of electrons in the thermodynamic limit
N — oo.
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Example 2. The staggered one-body hopping

N
N . *T *T
Ly = —it Z[ Rt VL1 = Yiis YR
=1

UL YR~ VR Yl (36)
where ¢ is positive and periodic boundary conditions by
which /I = I 4+ N are imposed on the Grassmann fields, turns
the one-dimensional critical theory (3.1) into an anisotropic
two-dimensional Dirac gas of electrons in the thermodynamic
limit N — o0, i.e., a quasi-one-dimensional representation of
graphene.

Coupling the chains through many-body tunnelings that
preserve the chain-resolved Ug(2) x U, (2) subgroup of the
symmetry group (3.2a) (i.e., the independent conservation of
the right- and left-moving electronic charge and spin in each
wire) also delivers two-dimensional gapless phases of matter
in the thermodynamic limit N — oo [43-46].

Example 3. The four-fermion interactions

N

Loy = Z [Vl V) Vis (VR Yrs) + R = L]

1,J=1
3.7

with V,; =V, a symmetric and real-valued N x N matrix
and periodic boundary conditions by which I =1+ N are
imposed on the Grassmann fields, stabilize a sliding Luttinger
liquid (SLL) phase in the thermodynamic limit N — oo,
whose defining properties are that of algebraic order along
the quantum wires in contrast to exponentially decaying
correlation functions in the direction transverse to that of the
quantum wires [43-46].

We are after two-dimensional phases that are insulating
when periodic boundary conditions hold. This can always be
achieved by a suitable combination of a breaking of translation
symmetry, on the one hand, and of an interaction between left-
and right-movers, on the other hand. For this reason, we shall
ignore couplings of the quantum wires that deliver gapless
two-dimensional phases as in examples 1, 2, and 3 relative to
those couplings between left and right movers responsible for
an insulating phase when periodic boundary conditions hold.

This section is organized as follows. We begin by showing
in Sec. III B how to combine one-body and current-current
interactions that fully gap the critical theory (3.1). We proceed
in Sec. I C by coupling the wires through current-current
interactions so that (i) time-reversal symmetry is explicitly
broken, (ii) the critical theory (3.1) is fully gapped when
periodic boundary conditions are imposed along the chain of
quantum wires, and (iii) there remains gapless edge states that
realize chiral conformal field theories with the chiral central
charge

O<c<3 3.8
on any one of the two boundaries close to wire 1 and N,
respectively, when open boundary conditions are imposed
along the chain of quantum wires. We close with Sec. III D
by selecting interactions that are time-reversal symmetric.
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B. Complete gapping
As a warm up, we observe that the symmetry group (3.2a)
contains as a subgroup the symmetry group (Ug(2) x
U (2)) x -+ x (Ug(2) x U, (2)). We are assigning to the
unitary group U(2) of 2 x 2 matrices the label R and L when it
acts on the right- and left-moving electrons, respectively, from

a given wire. The partition function Z, is, indeed, invariant
under any local linear transformation

(URUP) € Up(2) x UL (2) (3.9a)
defined by the fundamental rules
Vi ot =) > Yy 0 (0 = x) (U (0 = x), 0b)
Vi ot + 0 0 Y o+ 0 (UPT) 4,
and
Vot (0 =) = (UF),( = )Yy o (0 = ),
R,o,1 ( 1 ) R,o’,1 (39C)

Yo 4+ ) (UP) 4+ x) 9,0+ ),

for any 0 =1, | and any I = 1,...,N on the Grassmann
integration variables. These symmetries imply for the light-
cone components [we choose the multiplicative normalization
from Refs. [23-25] rather than the one in Eq. (2.16)]

oo’

1
Iy, = oy Z VRot (0 — ) YRt (3.10a)
=14
and
i
Tpi= 5= D Vlon @+ 90 Vi, (3.10b)

o=t

of the energy-momentum tensor the Sugawara identities [91]

Ty, = T La(1)] + TRJ[S/;i(z)l] (3.11a)
and
Ty, =Ty [a(] + T Isu(2),1, (3.11b)
where
. r .,
TR,][M(D] = 2_(,’UJR’[ JR.I> (3.11¢)
~ 1
Ti 5u(2),1 = TCU Jri JIri (3.114d)
and
R r, .
TL,[[u(l)] = Z_CUJLJ ANE) (3.11e)
~ 1
T, ;[su(2),] = m Jor-Jur (3.11f)
for I =1,...,N, respectively. Here, we have introduced the
charge currents
Jri=VR 00V, Jur =Vl o0V,  (3.12a)
and the spin currents
JR,I = %I/IE,IUWRJa Jo; = %I/ff,ﬂﬂh,,, (3.12b)
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within any wire / = 1, ...,N. The unit 2 x 2 matrix acting in
spin space is denoted o,, and o is the vector made of the three
Pauli matrices acting in spin space. Finally, the eigenvalue

3
Cy = E €1ap €1ap = 2
a,b=1

(3.13a)

of the SU(2) Casimir operator in the adjoint representation is
also the multiplicative normalization factor that enters in

tr(aﬂov) =c, (Suv’ w,v =0,1,2,3. (3.13b)

The physics of Luttinger liquids has taught us that we can
gap the charge and the spin sector independently (spin-charge
separation) in any given wire I =1,...,N [92,93]. For
example, umklapp scatterings with the proper periodicities
open Mott gaps in the charge sector, while preserving the
critical behavior in the spin sector. Conversely, a generic spin
current-current interaction of the form

3
—— E : a ya a
‘Cint,l T )‘I ‘]R,IJL,I

a=1

(3.14)

forany I = 1,...,N is argued to gap the spin sector in the
I'th wire if the coupling constants A > 0 without affecting the
charge sector, for the couplings A7 > 0 obey the one-loop RG
equation (see Appendix C 1) [94]?

B _ N e
dE =7 Z (Eabc) )\'1 A’?
b,c=1

(3.15)

fora = 1,2,3 under the rescaling a — (1 + d¥¢) a of the short-
distance characteristic length a.* In the special case when the
current-current interactions preserve the spin SU(2) symmetry,
i.e., when

Af=2, (3.16a)
forall/ =1,...,Nandalla =1,2,3,
dx, 2

Tl =Tc, Al (3.16b)

C. Partial gapping without time-reversal symmetry

We have identified the continuous symmetry groups (3.2)
and (3.9) for the free theory (3.1). In the latter, the currents
entering the Sugawara construction (3.11) corresponding to
the symmetry group U(2) x --- x U(2) obey the semisimple
affine Lie algebra

N

4= @ﬁ@)l. (3.17)
I=1

In the former case, we could also have introduced the Sugawara

construction with the affine Lie algebra ii(2N), of level one

2See Chap. 17V from Ref. [93] for a more modern derivation of this
one-loop RG equation.

3The nature of the phase corresponding to the strong coupling fixed
point of the one-loop RG-flow (3.15) can only be established by
solving nonperturbatively the effects of the strong interaction (3.14).
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k+k’ k+k’
m=1 m=2

k+k’
m=3

k+k’
m=4

FIG. 4. Chain of N wires grouped into n bundles of k + k' wires
with N = 20,n = 4,k = 4,and k' = 1. The chain of wires is labeled
by I =1,...,N. The bundles of k + k' wires are labeled by the
teletype fontm=1,...,n

which is associated to the symmetry group U(2N). In fact,
this was done in Appendix B 3 for the group U2N) ~ O(4N)
when discussing the symmetry class All.

We shall now consider a symmetry group (and the corre-
sponding Sugawara construction) that is intermediate between
U2) x --- x U(2) and U(2N). The idea is the following. We
break the chain of N >> 1 wiresinton > 1 unit cells (bundles),
each of which is made of k 4+ k' consecutive wires as is
illustrated in Fig. 4. In other words, we assume that

N=nk+k) (3.18)

with k and k' two nonvanishing positive integers. The thermo-
dynamic limit N — oo is taken holding k and &’ fixed. The
spatial range of the current-current interactions that we will use
to gap partially the spectrum of the free theory (3.1) involves at
most two consecutive bundles of k + k" wires. Locality is thus
guaranteed. We assign the teletype font m = 1,...,n when
labeling the bundles of k + k’ consecutive wires that make up
an enlarged unit cell of the chain of N wires. An important
case corresponds to the choice k = k' = 1 that amounts to
rearranging the chain of wires into a chain of ladders, as is
depicted in Fig. 1.

The symmetry that we select when considering any one of
the n bundles of k + k' consecutive wires is the direct product

U := U2k) x UQ2K'). (3.19a)
The corresponding semisimple affine Lie algebra is
i, :=a2k), ® a2k’),. (3.19b)

By construction, the central charges c[4,],
cl@(2k’),] are related by

cla(2k),], and

cli,] = c[a(2k),1 + c[a2k"),]. (3.20)
As it should be
2N =2n(k+ k')
=n{c[a(2k),]+ cla(2k'),1}
=ncli,]. 3.21)

We are in position to take advantage of the non-Abelian
bosonization of a bundle of k + k’ consecutive wires in any
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of the enlarged unit cell labeled by m =1, ...,n with the
symmetry group U(2k) x U(2k’) making up the chain of N
decoupled and identical wires. To avoid heavy notation, we
drop the label m when the bundles are decoupled.

Inspired by the works of Affleck and Ludwig in connection
to the multichannel Kondo effect [23-25], we use the following
generalization of the Sugawara decomposition (3.11), which
we only present in the sector with the symmetry group U(2k)
without loss of generality. The identity

a(2k), = a(1) ® su(2), @ su(k), (3.22a)

between affine Lie algebras is equivalent to stating that

Trli(2k),] = Tp[a(D)] + Trlsu(2),] + Tplsu(k),], (3.22b)

T, [4(2k), ] = T, [a(D] + T, [§u(2),] + T, [Su(k),], (3.22¢)

where (for simplicity, we only present this relation in the
right-moving sector; we also choose the multiplicative normal-
ization from Refs. [23—25] rather than the one in Eq. (2.16))

Tplia(2k),] = Z Z Vi on @ — ) Yroa (322d)
a=1 A=l
on the one hand, and
1
Tila(D)] = ]R Jr> (3.22¢)
| 3
Tl = ; Jg g (3.22)
1 K2—1
Tlsu(k),] = Tk CZ:;JCR Tk: (3.22g)
on the other hand. The currents are here defined by
2k
Jr = Z Z VR4 YRoa,A- (3.23a)
a=1 A=1
| 2k
Fo=5 D Viwn 0l Yrpa.  (3:23b)
a.p=1 A=1
2k
k= Z Z VRaa Tap YR (3.23¢)

a=1A,B=1

forc=1,23andc=1,...,k2—1, respectively. Hereto, we
have imposed the normalization condition

tr(T°T) =16, (3.23d)
for ¢,c’ =1,...,k*— 1. This normalization condition is
equivalent to choosing the structure constants of the unitary

Lie algebra su(k) such that

K21
D frorer Foerer = ko (3.23¢)
C,/,C,H

foranyc,c’=1,... K2 —1.

205123-14



NON-ABELIAN TOPOLOGICAL SPIN LIQUIDS FROM ...

The transformation laws of the currents (3.23) under the
representation (3.4) of time reversal are

JRE> +iL, Ju tHiks (3.24a)
N N S £ (3.24b)
I (=DPOIE I (=DPOTS, (3.240)
for c=1,2,3 and c=1,...,k> — 1. Here, p(c) = 0 if the

generator T° is a real-valued matrix while p(c) =1 if the
generator 7°¢ is an imaginary-valued matrix.

For any given bundle, the currents (3.23a)—(3.23c¢), and their
counterparts with k replaced by k" are separately conserved,
for they all commute pairwise. To each of these six pairwise
commuting currents, there corresponds a gapless sector of the
free theory on which these currents act. The point-split and
normal-ordered Lagrangian density*

ko2
v . _ i
L = — gU(l)em(x) (H 1_[ wﬁ,a.A)

A=1a=1

r1 (3.25)
X (H H ‘/fL,a,A)

A=k a=2
+ [Yg = Y, ¥ = Y, a(x) = —a(x)]

gaps the U(1) charge sector for the wires 1 to k from the
bundle for gy, > 0 sufficiently large. The SU(2) current-
current interaction

3
SU@) ., :
Eim = _)‘SU(Z) Z Jlg Jf

c=1

(3.26)

gaps the SU(2) sector for the wires 1 to k from the bundle
when Ay, > 0. The SU(k) current-current interaction

k-1
SUKk) . __
L = —Asuw Z RIL

gaps the SU(k) sector for the wires 1 to k from the bundle
when Agy,) > 0. The same reasoning applies in the sector
with U(2k") symmetry.

We choose to gap the U(1) and SU(k) sectors without
breaking spontaneously the SU(k) symmetry, while leaving
the sector of the theory associated to the symmetry

G :=SU(2) x SU(Q2)

(3.27)

(3.28)

momentarily gapless. The low-energy theory is then given by
the gapless theory with an energy-momentum tensor of the
Sugawara form whereby the currents realize the semisimple
affine Lie algebra

= PEu), @ su@),).

m=1

(3.29)

“There exists a different ordering of the right- and left-moving a’s,
and A labels than the ordering chosen in Eq. (3.25) that opens up
a superconducting gap in the charge sector. The ordering chosen in
Eq. (3.25) corresponds to a kth order umklapp process.
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This gapless theory has the central charge
4l 2"11 Z(C[su(2)k] + c[su(2), 1)

k k'
=3n|l——+——= 3.30
n(k+2+k/+2> (3.30)
As it should be, this central charge is smaller than the central
charge 2 n (k + k') from Eq. (3.3).
We consider the diagonal subgroup

H :=SUQ2) (3.31)

of the group (3.28). The corresponding semisimple affine Lie
algebra, a semisimple affine subalgebra of §, ;.. is

h, = EB SUQ)y - (3.32)

m=1

‘We need to reinstate the label m = 1, ... ,n for the bundles
of k+ k' consecutive wires as well as the left- and right-
moving labels as we are going to couple these sectors. We
denote the generators of gi’f,l, by Jl{}m and jL .» Where A =

.,6and m = 1,...,n. For example, in the right-moving
sector, we may choose the vector field

2k
1
=5 Z Zws,a,A,m 08 VR A

(3.33a)
a,p=1 A=1
when A = 1,2,3 and the vector field
12
Tini=3 2 2 ViawnOu Vrpam  (3330)

a,f=1 A'=1

when A = 4,5,6. We denote the generators of fzﬁcn,)(, by K§ .

and ICfm, where B=1,...,3andm = 1, ...,n. For example,
in the right-moving sector, we may choose the vector field

’CR,m = JR,m + ji(,m'

We work with open boundary conditions along the chain of
quantum wires and define the interaction [see Fig. 5(c)]

(3.33¢)

n—1 6

LR == 0t T T

n=1 A=]

n 3
B B B
- Z Z Un ICL,m K:R,m’

m=1 B=1

(3.33d)

where the couplings A and v? are real-valued. Had we
imposed periodic boundary conditions in the direction of the
chain of wires on the Grassmann fields, it would be legitimate
to extend the sum over the bundles so as to include the term
withm = n.

It is shown in Appendix C2 that (i) all couplings in
Eq. (3.33d) flow to strong coupling when initially nonvanish-
ing and positive, (ii) no new terms involving the right-moving
generators from g(") hi"k, in the bundle m = 1 appear to
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~
oo o)

(d)

FIG. 5. (a) A chain of wires is partitioned into bundles. A bundle
is depicted by a domino. The pattern in the domino corresponds
to a right- and left-moving critical sector with the affine Lie
algebra g, ,, := su(2), @ su(2), represented by a thick vertical like
supporting an up arrow for right movers and down arrow for left
movers. Its diagonal subalgebra fzk, w 1= Su(2),, is represented by
the forking into a blue solid line. The coset §; ./ h ¢ 18 represented
by the forking into a red dashed line. (b) An arc inside each domino
depicts a current-current interaction between the generators of / e
i.e., the second line on the right-hand side of Eq. (3.33d). These arcs
gap all the critical modes generated by ﬁk.k, = su(2),,,, within a
bundle. (c) An arc between two consecutive dominoes depicts the
current-current interactions between the generators of g, ,/, i.e., the
first line on the right-hand side of Eq. (3.33d). The arrows on these
arcs indicate that these interactions break time-reversal symmetry.
These arcs gap all remaining critical modes except for the modes
generated by the right-moving g, ., /fzk_k, on bundle m = 1 and the
modes generated by the left-moving &, ;. / h . On bundle m = n. (d)
Reversal of time is represented by reversing all arrows.

one loop, and (iii) no new terms involving the left-moving
generators from g,ﬁ”,i, / ﬁ,(:',)c in the bundle m = n appear to one
loop. ’ 7

We make the following conjecture regarding the strong
coupling fixed point depending on the initial values of the
couplings in Eq. (3.33d). With open boundary conditions
and when all the couplings in Eq. (3.33d) are positive and
of the same order, the resulting theory remains critical. As
the resulting theory would be fully gapped had we opted
for periodic boundary conditions, the critical sectors of the
theory with open boundary conditions must be confined to the
boundaries, namely the first bundle m = 1 and the last bundle
m = n. The first bundle of k + &’ wires hosts the critical theory
described by the right sector of the coset theory

B/ = 5 (2 @ 5u (2 /50 2y (3.34a)
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with the chiral central charge
k+k

. k k'
8o/ )R] =3 -3
L8 p/Mi i )R] <k+2+k/+2> k+k'+2
B 6k’ 2(k"— 1)

=1 .
(k+2)k+ Kk +2) kK42
(3.34b)

The last bundle of k + k' wires hosts the critical theory
described by the left sector of the coset theory

G/ o= 5 (2), @ 51 () /ST (i (3.34c)
with the chiral central charge
I/ i p )] = L@y i /g i )i (3.34d)

The interaction (3.33d) has broken the time-reversal symmetry,
gapped the bulk, and left in the first and last bundle two
massless coset theories of opposite chiralities. For the bundle
on the left (right) boundary, the critical boundary theory is
built from the holomorphic (antiholomorphic) generators in
the quotient su(2), @ su(2),,/Su(2),,, of affine Lie algebras.

The last term on the right-hand side of Eqs. (3.34b)
and (3.34d) is the central charge

3k 2K = 1)
K+2 )

of the coset 574(2)k, /i(1). In the local operator content of this

clsu2), /a(h)] = (3.35)

theory, one finds a pair of local parafermionic fields &gar and
1/}par with the scaling dimensions (k" — 1)/k’ and a real-valued
bosonic field ¢ such that the generators of the affine Lie algebra
su(2),, are represented by the operators’

JH@) = VI () VD (336a)
J=@) = VK Yl () e VRO (3.36b)
J(z) = iV2k (3,9)(2). (3.36¢)

For k' = 1, the parafermions reduce to the identity. For k' = 2,
the parafermions obey the fermion algebra. For k' > 2, the
parafermions obey a more complicated algebra. For example,
if one writes

par X %[21 +R T+ %[22 + @) (337a)

it then follows that
@ =1 W' =1 (3.37b)
@ =@ W =@ 6379
Rk =N 2 (3.37d)

holds locally.
It is time to specialize by choosing

k' =1. (3.38)

3See Chap. 18.5.3 from Ref. [88].
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With this choice, the chiral central charges (3.34b) and (3.34d)
are nothing but the central charge

6
(k +2)(k + 3)

for the minimal models of two-dimensional conformal field
theories. This is not a coincidence, for it is known that the
coset affine Lie algebra

8ia/hy ) =S @ Su(2),/Su2) 4,

realizes the series of minimal models with £k = 1,2, ... [88].
The minimal models encode the critical properties of two-
dimensional lattice models at their critical temperature such as
the Ising model (k = 1), the tricritical Ising model (k = 2), the
three-states Potts model (k = 3), and so on. We conclude that
we have realized the holomorphic and antiholomorphic critical
sectors of the minimal models on the opposite boundaries of
an open chain of n bundles of wires, respectively. We also note
that the current-current interactions suffice to realize the SU(2)
level k Read-Rezayi chiral spin liquids had we opted not to
use the coset construction to gap the bulk modes when k" = 0.
(The Kalmeyer-Laughlin chiral spin liquid, an Abelian state,
is nothing but the SU(2) level kK = 1 Read-Rezayi chiral spin
liquid.)

The choice k" = 2 turns the chiral central charges (3.34b)
and (3.34d) into the chiral central charge

ck)y=1- (3.39)

(3.40)

8
clk) = —|:1 — —} (3.41)
2 (k+2)(k +4)
for the minimal models of two-dimensional superconformal
field theories. This is again not a coincidence, for it is known
that the coset affine Lie algebra

8ia/hy, = SU(Q2), ® SU(2),/50U(2); 4,

realizes the series of superconformal minimal models with
k=1,2,... [88]. Notice that, for k=1, c(k =1)=7/10
coincides with the second member (k = 2) of the minimal
model (3.39) that corresponds to the tricritical Ising model.
The tricritical Ising model is one example that realizes
supersymmetry in statistical physics. We conclude that we
have realized the holomorphic and antiholomorphic critical
sectors of the superconformal minimal models on the opposite
boundaries of an open chain of n bundles of wires, respectively.

(3.42)

D. Partial gapping with time-reversal symmetry

We shall impose time-reversal symmetry on the array of
quantum wires coupled by current-current interactions in three
different ways.

In Sec. III D 1, we symmetrize the interaction (3.33d) under
reversal of time.

In Sec. III D 2, we double the number of degrees of freedom
in the low-energy sector of the theory by postulating that
this doubling originates from degrees of freedom that are
exchanged under reversal of time. We then write down current-
current interactions that preserve time-reversal symmetry, gap
the bulk, but leave gapless boundary states.

In Sec. III D 3, unlike was the case in Secs. IIIC, IIID 1,
and IID2, we assume that spin-1/2 rotation symmetry is
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broken prior to adding current-current interactions. We then
explain how to reproduce the treatment of Sec. III D 2.

1. Case I: symmetrized interaction

‘We assume that the interactions responsible for gapping the
U(k) x U(k') sector of the theory in Sec. III C preserve both
time-reversal symmetry and spin-1/2 rotation symmetry.

Reversal of time turns the interaction (3.33d) into the
interaction [see Fig. 5(d)]

n—1 6
R—L .__ A 7A A
Lim = Z Z )"m jR,m jL,m+1
m=1 A=1
n 3

=Y B KL KB,

m=1 B=1

(3.43)

As was the case with the interaction (3.33d), we conjecture
a gapped bulk with two massless coset theories of opposite
chiralities on the first and last bundles of wires. For the left
(right) boundary bundle, the critical boundary theory is built
from the antiholomorphic (holomorphic) generators in the
quotient s1(2), @ Su(2);,/51u(2),, of affine Lie algebras.

We may then interpolate between the interactions (3.33d)
and (3.43) as a function of the real-valued parameter x by
defining

I —« I+«

Lin) 1= —— L™+ — Lt
The interactions (3.33d) and (3.43) compete to impose one of
two ways for the breaking of time-reversal symmetry. When
« < —1, the interaction LR is marginally relevant, while
the interaction LR is marginally irrelevant, as is shown in
Appendix C 3. It is the fixed point represented by Fig. 5(c) to
which the relevant couplings flow. When 1 < «, it is the fixed
point represented by Fig. 5(d) to which the relevant couplings
flow as is shown in Appendix C 3. The analysis of the one-loop
RG flows is more subtle when k € [—1, + 1]\ {0}. Itis shown
in Appendix C3 that LR and LRT are both marginally
relevant perturbations. If one assumes that the point x = 0
at which time-reversal symmetry holds explicitly is singular,
there are then two logical possibilities pertaining to the nature
of this singularity.

On the one hand, the singularity at x = 0 could signal a
continuous quantum phase transition at which the bulk gap
closes and the (thermal) Hall conductivity switches sign, as
occurs with the single-particle Dirac Hamiltonian [95]

(3.44)

Hp = —io, p, — icry ﬁy +mo, (3.45)

in two-dimensional space when the mass m changes sign in a
continuous fashion, as depicted by the solid line in Fig. 6. If so,
the gapless bulk phase represents an exotic gapless spin liquid
phase in (2 + 1)-dimensional space and time, for it emerges
from two long-ranged entangled gapped phases supporting
non-Abelian topological order that are unrelated by a breaking
of a local symmetry.

If all phase transitions in the range —1 <« < 41 are
continuous, the critical point at x = 0 is either stable or
unstable. The latter case occurs if the number of critical points
in the range —1 < k < 0 is even, as shown in Fig. 7(a). The
former case occurs if the number of critical points in the range
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—1 0 +1

FIG. 6. One possible phase diagram with the interaction (3.44).
The time-reversal symmetric point is parametrized by x = 0. The
vertical axis is the many-body gap between the ground state and
all excited states when periodic boundary conditions are imposed.
The continuous line represents the scenario for an exotic spin-liquid
quantum critical point. The dashed line represents the scenario for a
first-order quantum phase transition. The signs — and 4+ distinguish
the two ground states that evolve adiabatically as « # 0 changes and
cross precisely at « = 0.

—1 < k < 0is odd, as shown in Fig. 7(b). The one-loop RG
analysis made in Appendix C 3 applies to the vicinity of the
noninteracting critical point when all the couplings A and

5 in Eq. (3.44) vanish. In the limit A — 0 and vZ — 0,
the one-loop RG flow for « is the one depicted in Fig. 7(a).
However, we cannot infer from this weak coupling analysis
whether it is Fig. 7(a) or 7(b) that applies to the relevant limit
At — oo and v8 — oo.

On the other hand, the singularity at « = 0 could signal a
discontinuous transition, as occurs in the Ising model upon
changing the sign of an applied magnetic field. At ¥ = 0, the
energy eigenvalue of the ground state for x < O crosses that
of the ground state for k > 0, while the gap to the excitation
spectra for k < 0 and k > 0 do not close at k = 0, as depicted

by the dashed line in Fig. 6.

2. Case II: doubled degrees of freedom

We continue assuming that the interactions responsible for
gapping the U(k) x U(k’) sector of the theory in Sec. IIIC
preserve both time-reversal symmetry and spin-1/2 rotation
symmetry. An alternative implementation of time-reversal

(a) T > K

-1 0 +1

® 00— e —<—0—t» K

—1 0 +1

FIG. 7. For the case when the phases transitions in the range
—1 < & < +1 at strong values of the couplings A* > 0 and v2 > 0
in Eq. (3.44) are continuous, the critical point at x = 0 is either
unstable or stable depending on whether the number of critical points
for —1 < k < O is even as in (a) or odd as in (b), respectively.
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symmetry consists in (i) doubling the dimensionality of the
Fock space by direct product with a two-dimensional auxiliary
Hilbert space and (ii) demanding that reversal of time is
represented by a matrix that is off-diagonal with respect to
this auxiliary two-dimensional Hilbert space. An example of
such a two-dimensional auxiliary Hilbert space is provided
by the two valleys of graphene [recall example 2 of a
quasi-one-dimensional gapless phase defined by Eq. (3.6)].
According to Eq. (3.6), half of the degrees of freedom encoded
in any one of the bundles can be interpreted as originating from
the two-dimensional nonvanishing momenta about which the
low-energy degrees of freedom are constructed.

Accordingly, we may choose to work with the total of 8 x N
electronic right- or left-moving degrees of freedom, which we
organize into n bundles, each of which supports 8 x (k + k')
electronic right- or left-moving degrees of freedom, where k
and k" are two nonvanishing positive integers. In other words,
the number4 x N = 4 x n (k + k') of electronic right- or left-
moving degrees of freedom corresponding to the number of
quantum wires (3.18) is replaced by

8 x N = 8n(k + k). (3.46)

This is to say that we extend the quadruplet of Grassmann-
valued vectors ¥rg, Yy', ¥, and ; with the components ¥y  ;,
Yl 610 Yroy» and ¥y . respectively, by the quadruplet
of Grassmann-valued vectors wR, wL, wR, and 1/fL with the

components ;; ol WL ol WR o.1» and ¥, respectively.
We then replace the critical theory (3.1) by the critical theory

ax) I//L]
-0V, ] (3.47a)

Lo =i @, +0,) Vg + ¥ (0, —
+i[vRT @, + 0 U + U7 (3

with the action

Sy = /dt/dx Ly (3.47b)
and the partition function
zy= [ Dyen [pnes. Ga

Reversal of time is the antilinear transformation defined by
the fundamental rules

Vrp1 > ‘Hﬁi,“’ YR P _&:»T,I’ (3.48a)
I/’E,T,I = ‘H;]’{,i,/’ Wé,¢,1 = _1%{4,17 (3.48b)
Tias > AV Vaiae —Via, (3480
I/}ikml = +W1§,¢,1’ &i,L,I = _I/flimp (3.48d)
and
VR Ly VR —&L,T,I’ (3.48¢)
Yiag = +1/~IR,¢.1» Vi _‘&R,ﬁ[, (3.48f)
&R,T,I = YL &R,i,l = =Y (3.48g)
Tiase HVrise Vi —Verag. (3480
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By this definition, reversal of time squares to minus the identity
and leaves the critical theory (3.47) invariant. Moreover, if we
define the Grassmann-valued doublets

VR Vi
Y= |, Y=\ _ (3.49a)
14 Vi
and
1//R IpL
Up=1 | Y= _ | (3.49b)
VR 149
the representation
Lo=1WiT(0, + 9, )W +i¥/T(0, —9)¥,  (3.49)

of the critical theory (3.47) makes it explicit that it has the
symmetry group Ug(4N) x U} (4N).

Any one bundle of 8 x (k + k) electronic right-moving or
left-moving degrees of freedom is represented by any one
domino from Fig. 8. The symmetry that we select when
considering any one of the n bundles of 8 x (k + k') electronic
right-moving or left-moving degrees of freedom is the direct
product

= (UQk) x U2k)) x (UQK') x UQ2k")).  (3.50a)

As before, the multiplicative factor of 2 in 2k or 2k’ stands for
the electronic spin-1/2 degrees of freedom. However, a second
multiplicative factor of 2 in 8 x n (k + k') is responsible for
the two copies of the unitary group of 2k-dimensional matrices
and 2k’-dimensional matrices, respectively. The corresponding
semisimple affine Lie algebra is

i, = (@(2k), ® i(2k),) ® @(2k'), ® #(2k');).  (3.50b)
K K K K
. 4 4 4
J J J
N NN NG
. N N 7
y { r

FIG. 8. Chain of N wires, each wire supporting four right-
and four left-moving flavors, that are coupled by current-current
interactions in a way that is explicitly symmetric under reversal of
time. A bundle of 8 x (k + k) right- or left-moving electronic degrees
of freedom is represented by a domino. There are n = N /(k + k')
dominoes. The currents denoted by J generate the affine Lie algebra
Su(2), @ su(2),,. The currents denoted by K generate the affine Lie
algebra vu(Z)k 4+ The currents denoted by J generate the affine Lie
algebra m(Z)k ® m(2)k, The currents denoted by K generate the
affine Lie algebra su(2)k e
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Equation (3.50) should be compared to Eq. (3.19). As before,
we use the conformal embedding

a(2k), = a(1) ® §u(2), @ su(k),, (3.51a)
{(2k), = a(1) ® su(2), ® suck),, (3.51b)
a2k, = a(l) ® §u(2), ® su(k'),, (3.51c)
1@k, = (1) ® su2), @ suk),, (3.51d)

between affine Lie algebras. Here, the generators of these
affine Lie algebra are given by Eq. (3.23) for the conformal
embedding (3.51a), by

|
e
M~

Jr= ot VRaar (3.52a)
a1 A=l
R
Jp = D) Z Z Rad %ap YR p.A> (3.52b)
@, f=1 A=l
2k
I = Z Z RaA Tap YRaB> (3.52¢)
a1 A,B=1

(c=1,2,3 and c=1,...,k>*— 1) for the conformal em-
bedding (3.51b), and similarly for the conformal embed-
dings (3.51c) and (3.51d), respectively.

We choose to gap the sectors with the symmetries U(1),
SU(k), U(l) SU(k) and similarly for k', while leaving the
sector of the theory associated to the symmetry

= (SU(2) x SU(2)) x (SU2) x SU(2)) (3.53a)

momentarily gapless. The semisimple affine Lie algebra
associated to G is

gl = @(su(z)k @ Su(2),) ® (u(2), ® su(2),). (3.53b)

m=1

It is now the diagonal subgroup

H :=SUQ2) x SU(2) (3.54a)

of the group (3.53a) that we shall use to construct the
gapless theory on the edge. The corresponding simple affine
subalgebra of g, ;.. is

'y = @D S0 © U)o (3.54b)

m=1

The currents generating su(2)k ® su(2)k, are represented by
the symbol J, the currents generating su(Z)k @su(Z)k, are
represented by the symbol J, the currents generating Su(2)p
are represented by the symbol K, and the currents generating
su(2)k 4w are represented by the symbol K in Fig. 8.
Current-current interactions are represented in Fig. 8 by
arcs that are directed when they involve the currents J or J,
while they are undirected when they involve the currents K or
K .In Fig. 8, the action of reversal of time is twofold. First, the
directions of arrows must be reversed, thereby interchanging
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right- or left-movers. Second, the letters without ~ acquire
a 7, while letters with ~ loose their ~. The corresponding
interaction

6

n—1 n 3
Lo == i Tl T = D1 D Ve K KR

m=1 A=] m=1 B=]
n—1 6 n 3
A FA FA BB B
- Z Z )Lm jR,m jL,m-‘rl - Z Z Un K:R,m ’CL,m
n=1 A=1 m=1 B=]

(3.55a)

with the real-valued couplings A7* and v? is invariant under
the rules (i.e., those for angular momentum)

A FA A FA
‘-7L,m = _'—7R,m’ '—7R,m = _jL,m’
7A A 7A A
jR,m = _jL,m’ jL,m = _jR,m’
B B B B
ICL,m = _ICR,m’ ,CR,m = _ICL,m’

B B B B
ICR,m = _ICL.m’ ICL,m = _ICR.m’

(3.55b)

a consequence of the definition of time reversal made in
Eq. (3.48). Observe that iterating the transformation (3.55b)
twice yields the identity operation. The time-reversal-
symmetric interaction (3.55) partially gaps the theory with
8N decoupled noninteracting electronic right- or left-moving
degrees of freedom. The one-loop RG equations obeyed by
the couplings entering the Lagrangian density (3.55a) are
derived in Sec. C4 and given in Egs. (C34) and (C39). They
are marginally relevant and flow to strong couplings if the
couplings are initially nonvanishing and positive.

Inclusion of all the spin-rotation symmetric and time-
reversal-symmetric interactions responsible for fully gap-
ping the U(1) x U(1), SU(k) x SU(k), and SU(k") x SU(k)
symmetry sectors together with the time-reversal-symmetric
interaction (3.55) results in the critical theory that is built from
the coset WZW theory

(), @ §u2),) & (), @ §u2),)

8 Jhy o= — -
k'l ek Su2)p O su2)p iy
(3.56a)
between affine Lie algebras, with the (nonchiral) central charge
A k k' k+k
S /M w1 =23 -3
“Aip/ k] [ <k+2 * k’+2) k+k’+2:|
_2|:1 6k’ 2(k’—1):|
B k+2k+k+2  K+2 |
(3.56b)

This central charge is twice the value of the chiral central
charge (3.34d). Since imposing periodic boundary conditions
gaps completely the chain of quantum wires, we infer that
both the bundle m = 1 and m = n can be assigned the nonchiral
central charge

C[g’k,k//flk,k/] 1= 6k’
2 B (k +2)k + k' +2)

2" — 1)
K+2 |

3.57)

The stability analysis of either one of the boundary coset

WZW theories with the central charge (3.57) is more subtle
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than that for Sec. III C. There are relevant primary fields in the
coset WZW theories with the central charge (3.57). However,
their potential for gapping the critical point for the boundaries
is not accounted for in the stability analysis as long as they
are not generated under an RG flow by either one-body or
many-body electron-electron interactions.

There is a crucial difference between either one of the
boundary coset WZW theories with the central charge (3.57)
and the chiral boundary theories from Sec. IIIC. Starting
from electrons, the latter can only be obtained on the one-
dimensional boundaries of two-dimensional space. Starting
from electrons, the former, however, can be obtained directly
from either one of the strictly one-dimensional models rep-
resented by the single domino from Fig. 9(a) and the single
domino from Fig. 9(b). For example, Fig. 9(a) realizes the same
critical theory as the left boundary critical theory represented
by Fig. 8 provided the interaction depicted in Fig. 9(a) that is
defined by

3

._ B B B
Loy = — § Upboundary, 1 Kr KR
B=1

6
A A FA
- Z )‘boundary,l JL,I JR,I
A=1

3
B B B
- Z Uboundary,1 KR, 1 KL 1 (3.53)
B=1

preserves time-reversal symmetry. This is indeed the case as
time reversal is represented by

A FA
T =k
= A A
Tga = =

A oA
Kiy = =K1

A A
Kii = —=K{ ).

A FA
Tga = =
= A A
Ty =k

4 -, (3.59)
Ki1 = =Ki),

(c)

FIG. 9. The partial gapping of a single domino with local current-
current interactions can be done in two ways (a) and (b). The complete
gapping of a single domino with local current-current interactions is
achieved in (c).
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for A=1,...,6 and B=1,...,3. We emphasize that the
transformation law (3.59) squares to unity.

On the one hand, it is shown in Appendix D that the
time-reversal symmetry alone does not prevent gapping either
one of the boundary coset WZW theories with the central
charge (3.57) through one-body mass terms for the electrons.
On the other hand, it is shown in Appendix D that the
time-reversal symmetry together with the U(1) symmetry
under the linear transformation

* —if

Yr > Yre ", Ui U et (3.60a)
Ui Yre Ui e Py et (3.60b)
Y > e Y, Tg > e P, (3.60¢)
Y ey, U e (3.60d)

that is parameterized by 0 < 6 < 2z, does prevent gapping
through one-body mass terms for the electrons. Observe
here that the U(1) symmetry (3.60) of the Lagrangian den-
sities (3.47), (3.55), and (3.58) is generated from the Ising-like
linear transformation with the fundamental rules

Vi YR Vg = — VR (3.61a)
i e YL U= = (3.61b)
Yr > R, Vg > — Vg, (3.61¢)
Y e Y= V. (3.61d)

The U(1) symmetry (3.60) is the analog to the residual U(1)
spin-1/2 symmetry in the spin quantum Hall effect that insures
the quantization of the spin Hall conductivity. [96,97]

However, as is implied by Fig. 9, it is possible to gap
independently the coset theory with the central charge (3.57)
on any one of the boundary at m = 1 and m = n by adding
either the interaction

6
A A FA
- Z )‘i)oundary,l jR.l \7L.l (3.62)
A=1
(with A,’;gundary’l > () or the interaction
6
A A FA
- Z )"I/)ounda.ry,m jL,n jR,n (363)
A=1
(with k{)“gundm_m > 0), respectively. The transformation (3.60)

acts trivially on the currents (3.23), (3.52), etc. Hence,
imposing the symmetry under the transformation (3.60) is
no rescue to prevent the instability of the helical edge states
to local current-current interactions, as it was with regard to
electronic mass terms.

The instability of the boundary states in Fig. 8 is not
surprising. The low-energy sector of the theory after gapping
the sectors with the U(k 4+ k') and U(k + k) symmetries is
of bosonic character, for it is solely expressed in terms of
spin-1/2 currents. Time-reversal in this sector of the conformal
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\_

/.

FIG. 10. Unfolding a chain of dominoes coupled by time-reversal
symmetric interactions.

embedding is represented by an operator that squares to
the identity. If so, time-reversal symmetry is not expected
to protect gapless boundary states. The existence of gapless
boundary states demands fine-tuning of all strong many-body
electronic interactions permitted by time-reversal symmetry.

This is not to say that the bulk theory in Fig. 8 is
uninteresting. It does support topological order when two-
dimensional space shares the same topology as that of a
torus. When the ground state in Fig. 8 is the direct product
of the ground state corresponding to Fig. 5(c) with its time-
reversed image, the ground state corresponding to Fig. 5(d),
the topological degeneracy is the square of the topological
degeneracy corresponding to Fig. 5(c). This counting can be
established as follows. We opt to gap the right-boundary in
Fig. 8 as is illustrated in Fig. 10 with the vertical (red) arc.
[We are caping the right boundary with Fig. 9(a).] We may
then unfold the dominoes by cutting them about the dashed
blue line in Fig. 10. The upper and lower parts of all dominoes
are now interpreted to be distinct (by the presence of absence
of the symbol ) quantum wires. We then recover Fig. 5(c)
with N replaced by 2N. The operation of time-reversal is to
be interpreted as a mirror transformation about the dashed
line (i.e., nonlocal in space) after unfolding. We also observe
that if we unfold the dominoes of Figs. 9(a), 9(b), and 9(c),
we obtain the bundles made of 2(k + k') quantum wires
shown in Figs. 11(a), 11(b), and 11(c), respectively. Either
of Figs. 11(a) and 11(b) realize a strongly interacting critical
point of 2(k + k') quantum wires obtained by fine-tuning of
strong many-body electron interactions. This is reminiscent of
the Takhtajan-Babujian critical point in the spin-1 chain with
(competing) bilinear and biquadratic interactions [98-109],
as well as of diverse spin-ladder systems with competing
interactions [110-118].

Even if open boundary conditions are imposed on
two-dimensional space (two-dimensional space is the two-
dimensional Euclidean plane) at infinity, “holes” in two-
dimensional space bring about a topological degeneracy [119].
A “Hole” is here understood to be a path-connected and
large region of two-dimensional space in which electrons are
precluded from entering as is illustrated in Fig. 12 within
the context of modeling two-dimensional space with a one-
dimensional array of quantum wires. Electrons can neither
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(b)
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N _—— -

FIG. 11. The partial gapping of a bundle made of 2(k + k') quantum wires with local current-current interactions can be done in two ways
(a) and (b). The complete gapping of a bundle made of 2(k + k") quantum wires with local current-current interactions is achieved in (c). The

dashed vertical line is a mirror axis of symmetry.

tunnel nor interact with electrons across a large hole because
of locality.

3. Case III: broken rotation symmetry

The final example with time-reversal symmetry starts from
a chain of decoupled and noninteracting wires that obeys
time-reversal symmetry but with strongly broken spin-1/2
rotation symmetry. Instead of the low-energy theory (3.1) with
its SU(2) spin-1/2 rotation symmetry, we consider the case for
which this symmetry is strongly broken down to no more than
the U(1) subgroup encoding rotations about a quantization
axis. In this case, the non-Abelian spin-1/2 current algebra
is no longer available to gap the bulk with current-current
interactions. One must rely exclusively on the SU(k) x SU(k’)
sector to gap the bulk with current-current interactions.

The construction of III C followed by those of Sec. III D 1
and IID2 can then be reproduced if the spin-1/2 SU(2)
symmetry group is replaced by another SU(2). To this end,
we choose a bundle with k = 2/ and k' = 2!’ wires, where
[ and I’ are positive integers. We then use the direct-product
decomposition U(2k) x U(2k’), where any one the two unitary
groups is decomposed according to the rule U(2k) = U(4l) =
U(1) x SU(4!) and similarly for k — k’. We impose on SU(4/)
the conformal embedding corresponding to SU(2) x SU(2) x
SU(l), where the first SU(2) is generated by the spin-1/2 of
the electron. By assumption, this sector is strongly gapped.
Thus we may ignore it in the low-energy sector of the theory.
We then proceed with the sectors U(1) x SU(2) x SU(/) as
we did in Secs. IIIC and Sec. IIID 1. To duplicate 111D 2,
we furthermore introduce the doubling SU(2) that we may

¢

FIG. 12. A single “hole” in a one-dimensional array of N
quantum wires. Electron tunneling between consecutive wires is
prohibited across the diameter of the hole.

interpret as assuming that / = 20 and I’ = 20’ with o and
o' positive integers. Finally, we observe one can also use
the U(1) charge sector or the U(1) sector for rotations about
the spin-1/2 quantization axis to gap the bulk while leaving
gapless boundaries [21,97,120,121].
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APPENDIX A: REVERSAL OF TIME
1. Complex fermions
a. Spinless case

Denote the fermion annihilation and creation field operators
as lﬂ/:(t,x) and &A(t,x), respectively. The index A belongs to
a countable set. A point in time is denoted by f. A point
in space is denoted by x. The only nonvanishing equal-time
anticommutators are

a2, 0L (1,)) = 8,40 8(x — X).

For the spinless case,

(Ala)

A=R|L, (A1b)

i.e., the collective index A takes the value R and L with “R”
standing for a right mover and “L” standing for a left mover.

Reversal of time is the antilinear transformation on the
x algebra generated by the quantum fields (Al) with the
fundamental rule

Up(t,x) B Y (—1,%), Py (2,%) = Prp(—1,x).

Exchange of particle and hole is the linear transformation on
the * algebra generated by the quantum fields (A1) with the
fundamental rule

Pr(t,x) > P(,), Py @t,x) = P (,x).

(A2)

(A3)
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b. Spin-1/2 case

Denote the spin-1/2 Dirac field operator as A(t,x). The
index A belongs to a countable set. A point in time is denoted
by ¢. A point in space is denoted by x. The only nonvanishing
equal-time anticommutators are

(a0, 0L (1,00} = 840 8(x —x). (Ada)
For the spin-1/2 case,
A=R,4+),R,-),L,+),L,—), (A4b)

i.e., the collective index A enumerates right and left movers
with an helicity index o = =+ that can be interpreted as the
projection of a spin-1/2 quantum number along the Fermi
wave vector.

Reversal of time is the antilinear transformation on the
x algebra generated by the quantum fields (A4) with the
fundamental rule

Y (1,%) >+ (—1,x),
Y, (6,%) > = (—1,x),
Yy (6,0) > i _(—1,x),
Y (6,%) > = (—1,%).

Exchange of particle and hole is the linear transformation
on the * algebra generated by the quantum fields (A4) with the
fundamental rule

(AS5)

Pa(t,x) = Ph(t,x) (A6)
for A = (R,+),(R,—),(L,+),(L,—).

2. Real fermions
a. Spinless case

We start from the * algebra defined from Eq. (A1). We write
1

Va(R) = 581 (03) i85, (1.2)] (ATa)
and demand that
R0 = Fa100), RL(03) = Rua(t0),  (ATD)
holds together with the equal-time algebra
Raat.2) Xa (0D} =84 8,0 8(x — X)), (AT0)

for AJAA =R,Landa,a’ =1,2.

Reversal of time is the antilinear transformation on the
x-algebra generated by the quantum fields (A7) with the
fundamental rule

Frat.X) > (=D R (=1,%),
(A8)
XL,a(t’x) = (_l)a_l XRya(_tvx%

for a = 1,2. The multiplicative negative sign when a = 2
arises because of the antilinearity. Here, reversal of time
squares to the identity.

Exchange of particle and hole is the linear transformation
on the * algebra generated by the quantum fields (A7) with the
fundamental rule

)A(A,l(t,x) i XA,l(tv-x)’ XAA,2(tvx) i _XA,Q(t,x)a (A9)
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for A = R,L. Exchange of particle and hole squares to the
identity here.

b. Spin-1/2 case
We start from = algebra defined from Eq. (A4). We write

Yalt.x) = \%ml(m +iRa,(t,5)] (A10a)
and demand that
RAAEX) = Rp,(12). RA(1.X) = Ra0(t.2),  (ALOb)
holds together with the equal-time algebra
{Xa.a(,%), )A(A,,a,(t,x’)} = 8ppn 840 6(x — x), (A10c)

for A,A’ = R,+),(R,-),(L,+),(L,—)and a,a’ = 1,2.

Reversal of time is the antilinear transformation on the
x-algebra generated by the quantum fields (A10) with the
fundamental rule

XR,-}’(;(I‘?-X) = +(_1)a_1 XL__,L,(_tax)a
Rr—atx) > —(=D" R, (—1,3),

(A11)
RL4at.X) > H(=D R - (—1,x),

Rt x) > —(=D"" fp L (—1,5),

for a = 1,2. Here, reversal of time squares to minus the
identity.

Exchange of particles and holes can be implemented in
two ways. One may choose the linear transformation on the
x algebra generated by the quantum fields (A10) with the
fundamental rule

Raat.x) > (=D g4 (%) (A12)

for A = (R,4),(R,—),(L,+),(L,—) and a = 1,2. This trans-
formation squares to the identity.

One may choose the linear transformation on the *x-algebra
generated by the quantum fields (A10) with the fundamental
rule

Ko a0 > (=D 7y (1),
(A13)
Ramat2) > =(=D" 3, (000),

for « =R,L and a = 1,2. This transformation squares to
minus the identity.

APPENDIX B: NON-ABELIAN BOSONIZATION FOR
THE SYMMETRY CLASSES C, A, AND AIl

1. The symmetry class C

The simplest model for an array of quantum wires in the
symmetry class C to realize a topological gapped phase is
defined in two steps. First, the superscript (DIII) is replaced by
(C)in Eq. (2.44). Second, we impose the linear transformation
defined by the fundamental rule

XR,+,1(tv-x) = + XRyfﬁl(ty-x)s
XR,—.[(tvx) = = XR’-}-,[(I"x)a (Bl)
XL,+,1(I’X) = + XL,7,1(57X),

XL,—Y[(t’x) = = XL,-i,-,[(t’x)’
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for/ =1,...,N [122]. Transformation (B 1) squares to minus
the identity. Even though reversal of time (2.45¢) is a symmetry
of the partition function Z © we shall not impose invariance
under reversal of time (2.45c) for a generic representative of
the symmetry class C.

Any partition function Z‘© for the array of quantum wires is
said to belong to the symmetry class C if Z© is invariant under
the following transformations. There is the symmetry (B1).
There is the symmetry under the linear transformation (fermion
parity) with the fundamental rule

on,f,l = _Xot,f,l (Bz)

foranyo« =R,L,f =4,and I =1, ...,N. Both symmetries
generate the symmetry under the linear O(2) transformation

Xat.1 7> O Xor 1 (B3)

forany « =R,L, f =+, and I = 1,...,N. Here, the sum-
mation convention over the repeated indices f' = =+ is implied
and the 2 x 2 matrix (Oy ) is real-valued and orthogonal.

We seek a local single-particle perturbation LS. that
satisfies three conditions when added to the Lagrangian density
£

0Condition C.1. It must be invariant under the transforma-
tions (B1) and (B2).

Condition C.2. It must gap completely the theory with the
partition function Z(()C) if we impose the periodic boundary
conditions

Xa_f,I(f,x) = Xa,f,1+N(t»x) (B4)

fora =R,L,f=4,and/ =1,...,N.

Condition C.3. The partition function Z© with the La-
grangian density EE)C) + L must be a theory with the central
charge

c© =1 (B5)
if open boundary condition are imposed.

Conditions C.1, C.2, and C.3 imply that we may assign wire
I =1 the right-chiral central charge 1 and wire I = N the
left-chiral central charge 1, for wires / = 1 and I = N both
support a degenerate pair of right- or left-moving Majorana
edge modes, respectively.

We make the ansatz

N-1

o . .
ana)ss = Zl)‘ (XL,—1 XRo+.141 — XL4.1 XR—141)  (BO)
=1

with A a real-valued coupling. Condition C.1 is met by con-
struction. To establish that the ansatz (B6) meets Conditions
C.2 and C.3, we use non-Abelian bosonization. We choose
the non-Abelian bosonization scheme by which the partition
function is given by the path integral

7© — / D[G] 5. (B7a)

The field G € O(2N) is a matrix of bosons. The measure D[G]
is constructed from the Haar measure on O(2N). The action
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e N e N~ N
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FIG. 13. Pictorial representation for the selected backscattering
in the symmetry class C. Each yellow box represents a quantum
wire composed of four-Majorana degrees of freedom. The wires are
enumerated by I =1, ..., N in ascending order from left to right.
For any I, the Majorana modes are denoted by xp | ;> Xi 41> Xg.—.1>
and x; _, reading from left to right, respectively.

S© is the sum of the actions S and S . The action S is

mass*

1
© _ -1
T dt/dxtr(auGa"G )
1
— | &Py B7b
+ 247_[ B y ’CWZWs ( )
where
Ly =€ [(G7'9,6)(G'3,6)(G'9,G)l.  (BTo)

(Recall that G denotes the extension of G to the solid 3-ball.)

The action Sr(nCaLS stems from the Lagrangian density

N-1
<o _
Liass = Z MG peasny T Grvn.e)
I=1

=1tr(M© G). (B7d)

The second equality is established by using the non-Abelian
bosonization formula (2.24) (we have set the mass parameter
m,, = 1). The 2N x 2N matrices M‘© is represented by

o 0 o0 O 0 o0
B 0 0 O O O
0O B 0 O O O
M(C) - 0 0 B 0 0 0 (B7C)
o 0 O B 0 O
o 0 0 O B O
in the basis for which B is the 2 x 2 matrix
=+ (=)
—_— =
-1 0
B = 0 1 (B7f)
—_ =
++) )

For any N > 2, the 2N x 2N matrices M(© defined by (B7¢)
has two vanishing and 2 x (N — 1) nonvanishing eigenvalues.
The quadratic perturbation (B7d) thus reduces the central
charge c(()c) =2 x N/2bytheamount2 x (N — 1)/2,1i.e., the
central charge for the theory with the partition function Z© is
(C):2><N_2><(N—1)=
2 2
We have constructed a topological superconductor with the
gapless and singlet pair of Majorana modes (xg , ;,Xg._.1);=1
propagating along edge / = 1 and the gapless and singlet pair
of Majoranamodes (xy_, ;,X; _ ;);—y Propagating along edge
I = N. This construction is summarized by Fig. 13.

c 1. (B8)
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The symmetry class C has the Z topological classification
for the following reason. If one takes an arbitrary integer
number v of copies of the gapless edge theory, these v
copies remain gapless. The stability of the 2v gapless edge
modes within either wire 1 or wire N is guaranteed because
backscattering among gapless chiral edges modes of the same
chirality is not allowed kinematically within either wire 1 or
wire N.

2. The symmetry class A

The symmetry class A preserves the total number of
complex fermions that can be built out of an even number
M of flavors for the Majorana fermions. The simplest model
for an array of quantum wires in the symmetry class A to
realize a topological gapped phase assumes

M=2, x5, (B9a)

for « =R,L, f=1,2, and I =1,...,N. We have thus
assigned four Majorana fermions to eachwire / =1 --- N.If
S0, we can interpret

1
l/f:,l(t’x) = _[Xaylyl(t’x) - iXa,ZJ(t:x)]’
? (B9b)
lﬂa,l(t,X) = E[Xa,l,l(t’x) + iXa,z,I(t’x)]a

fora =R,Land I =1,...,N as the Grassmann representa-
tion of a pair of creation and annihilation fermion operators.
The simplest model for an array of quantum wires in the
symmetry class A to realize a topological gapped phase is
defined in two steps. First, the superscript (DIII) is replaced
by (A) in Eq. (2.44). There follows the partition function Z(()A).
Second, we shall represent reversal of time with the antilinear
transformation defined by the fundamental rule [see Eq. (A8)]

Xror g (6X) > (=D (=1.x), B10)

Xp (%) = (=D xg o (=1.x),

forf =1,2and I =1, ...,N. Contrary to the reversal of time
defined by Eq. (2.45¢), transformation (B10) squares to the
identity. Even though reversal of time (B10) is a symmetry
of the partition function Z(()A), we shall not impose invariance
under reversal of time (B10) for a generic representative of
the symmetry class A. A symmetry of the partition function
Z(()A) that we shall keep is the O(2) symmetry under the
transformation (B11b) that is parametrized by the angle
0<60 < 2.

The theory with the partition function Z(()A) is critical, for
there are 4N decoupled massless Majorana modes that are
dispersing in (1 4+ 1)-dimensional Minkowski space and time.
Hence the central charge for the partition function ZE)A) is

M =N. (Blla)
The partition function Z(()A) is invariant under any local linear
transformation from Ox(2N) x O, (2N) of the form (2.45b).
For any 0 < 0 < 2m, Z(()A) is also invariant under the contin-
uous global linear transformation with the fundamental rule
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Xg 1.1, x) = cosb x, | ;(t,x)—sinb x,, ;(t,x),
o ) o o (B11b)
Ko 1(6,Xx) > 8inb x4 1 (t,x) + cos0 x, 5 ;(F,%),

for « =R,L and I =1,...,N. This transformation imple-
ments the U(1) fermion-number conservation law that follows
from the symmetry under the global U(1) transformation

—io

Va1 (t,X) > Yy (t,x)e™,
i0

Ipa,[(tﬂx) = e+1 I/,og,[(tﬂx)v

forany0 <0 <2r,0a =R,L,and I =1, ...,N.

Any partition function Z® for the array of quantum wires is
said to belong to the symmetry class A if Z®) is invariant under
the global linear O(2) transformation (B11b). Even though the
O(2) symmetry in the simplest model for an array of quantum
wires in the symmetry, class A has a very different origin from
that in the minimal model for an array of quantum wires in the
symmetry class C, we may still borrow the analysis of Sec. B 1
below Eq. (B3) verbatim. This construction of a topological
phase in the symmetry class A is summarized by Fig. 14.

The symmetry class A has the Z topological classification
for the following reason. If one takes an arbitrary integer
number v of copies of the gapless edge theory, these v copies
remain gapless. The stability of the 2v Majorana gapless edge
modes within either wire 1 or wire N is guaranteed for two
reasons. First, the O(2) conservation law allows to group two
Majorana fermions into one complex chiral fermion. Second,
all Majorana modes within either wire 1 or wire N share the
same chirality, backscattering among gapless edges modes is
not allowed kinematically within either wire 1 or wire N.

(Bllc)

3. The symmetry class AIL

Fermion-number conservation and a time-reversal symme-
try squaring to minus the identity must hold in the symmetry
class AIl. The time-reversal symmetry is that of spin-1/2.
The minimal model in the symmetry class All for an array of
quantum wires must thus accommodate twice as many degrees
of freedom as that in the symmetry class A in order to realize
a topological insulating phase.

The simplest model for an array of quantum wires in the
symmetry class All to realize a topological gapped phase
assumes

M =4,

Xa,0.a,1(1:X), (B12a)

with the right- and left-mover labels « = R,L, the helicity
labels 0 = %, the complex fermion labels @ = 1,2, and the

e e T
OOKE OOHE ®&OKXE]

FIG. 14. Pictorial representation for the selected backscattering
in the symmetry class A. Each yellow box represents a quantum
wire composed of four-Majorana degrees of freedom. The wires are
enumerated by / = 1,...,N in ascending order from left to right.
For any I, the Majorana modes are denoted by Xg 1 ;» X1.1.1> Xr2.1>
and y; , , reading from left to right, respectively.
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wire index [ =1,...,N. This is to say that four complex
fermions are represented by

1

Yult,x) = ﬁ[XA’l(t,x)+iXA_2(t,x)] (B12b)

with the collective label A = (R,+),(R,—),(L,+),(L,—). We

define the action
S(()AH) = / dt / dx EE)AH)
with

. N
4 I Y U0 0

I=1 0=%a=1.2

(B12¢)

+ XL,(r,a,I(at - ax)XL,U,a,I]' (BIZd)
We also define the Grassmann partition function
ZAD = f Dlx]letiso . (B12e)

The theory with the partition function Z(()AH) is critical,

for there are 8 N decoupled massless Majorana modes that
are dispersing in (1 + 1)-dimensional Minkowski space and
time. Hence the central charge for the theory with the partition
function Z(()AH) is

M =2N. (B13a)

The partition function Z(()AH) is invariant under any local
transformation (O®,0) € Oy (4N) x O, (4N) defined by

xr(t = x) > OR(1 — x) xp(t — x),
(B13b)
X (t +x) = Ot + x) x, (t + x).

It is also invariant under the antilinear transformation with the
fundamental rules

Xrra s @X) > +=DT g (—1.0),
Xr—a X)) > —(=D " x (=), B130
XLtas X)) > =Dy (=10),
X 0X) > —(=D 7 Xg g (1),

for a = 1,2 that implement reversal of time in such a way that
reversal of time squares to minus the identity (see Appendix A).
Finally, it is invariant under the linear transformation with the
fundamental rule

XAY”(t,x) > cos 6 XA,L[(RX) —sin@ XA,Z,,(t,x),

) (B13d)
Xan1(6,x) > 8ind xu 4 ((£,x) +c080 xp 5 (%),
that implements the global U(1) transformation
Vi (X)) = g 6x) e,
A A (B13e)

i0
vjA,[(t’x) = e+l 1//A,[(tax)’

for A =(R,+),(R,—),(L,+),(L,—) and any 0 <6 < 2.
Any partition function ZD for the array of quantum wires is
said to belong to the symmetry class AII if Z®D is invariant
under the transformations (B13c) and (B13d).
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We seek a local single-particle perturbation £{ that
satisfies three conditions when added to the Lagrangian
density (B12d).

Condition AIIL1. It must be invariant under the transforma-
tions (B13c) and (B13d).

Condition AIL.2. It must gap completely the theory with the
partition function Z(()AH) if we impose the periodic boundary
conditions

Xa,f,ayl(t,x) = Xa,f,a_1+1\/(tvx) (B14)

fore =R,L,f==4,a=12,andI =1,...,N.

Condition AIL3. The partition function ZA!" with the
Lagrangian density EE)AH) + LA must be a theory with the
central charge

A =2 (B15)
if open boundary condition are imposed.

Conditions AIl. 1, AIl.2, and AIL.3 imply that we may assign
wire I = 1 the central charge 1 and wire I = N the central
charge 1, for wires / =1 and I = N both support a single
Kramers degenerate pair of edge modes, whereby each mode
carries the sharp (complex) fermion number of one.

‘We make the ansatz

N-1

(AIl) .__ . _
Liass = E :IA(XL,+,1,1XR,+,2,1+1 XL+.2,1 XR,+,1,1+1

I=1

+ XR—1.0 XL—2.041 — XR—2.1 XL—.1.141) (B16)
with A a real-valued coupling. Condition AIl.1 is met by con-
struction. To establish that the ansatz (B16) meets Conditions
AlI2 and AII.3, we use non-Abelian bosonization. We choose

the non-Abelian bosonization scheme by which the partition
function is given by the path integral

ZA / DIG] e, (B17a)

The field G € O(4N) is a matrix of bosons. The measure D[G]
is constructed from the Haar measure on O(4N). The action

SAI s the sum of the actions Sy and SAIV. The action
SAD jg
0

1
(AI) _ L]
Sy = T /dt/dxtr(aMGal G™)

+ 5 : Ay LHN (B17b)

where
Lyggw =€ [(G7'9,6)(G'3,G)(G'9,G).  (BITc)

The action SAID stems from the Lagrangian density
N-1
(AIl) _
‘Cmass = Z A (G(f,l),(f,IJrl) + G(+,1+1),(+,1))
I=1

= rtr (MAD G). (B17d)

The second equality is established by using the non-Abelian
bosonization formula (2.24) (we have set the mass parameter
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my, = 1). The 4N x 4N matrices M“!V is represented by

0 B 0O 0 0 0
—BT 0 B 0 0 0
0 —BT 0 B 0 0
A . 0 0 -B" 0 B 0
0 0 0 —BT 0 B
0 0 0 0—-BT o0
(B17e)
in the basis for which B is the 4 x 4 matrix
(+.,—) (++) (1,1) (1,2)
0 0
B:=| ¢ . —in=| Y U] @1
—it, 0 1 0
—_—— —_— =

(-—) (=B @n @2

For any N >0, the 4N x 4N matrices M® defined
by (B17e) has four vanishing and 4 x (N — 1) nonvanishing
eigenvalues.

The quadratic perturbation (B17d) thus reduces the central
charge c(()AH) =4 x N/2 by the amount 4 x (N — 1)/2, i.e.,
the central charge for the theory with the partition function
Z(AID) 5o

C(Am:4xN_4x(N—1):
2 2

We have constructed a topological insulator with the
gapless and Kramers degenerate pairs of Majorana modes
O 4+1,05X0,—1,01=1 a0 (g 42 s X1 — 2 /)j=1 Propagating
along edge I =1 and the gapless and Kramers degen-
erate pairs of Majorana modes (X , |, Xg _.1.7);=y and
(XL.+2.15XR.—2.1)1=n Propagating along edge / = N. This
construction is summarized by Fig. 15.

The symmetry class All supports a Z, topological classi-
fication. This can be shown along the same lines as was done
for the symmetry class DIIIL

2. (B18)

APPENDIX C: ONE-LOOP RENORMALIZATION
GROUP FLOWS

In this appendix, we outline how to obtain the one-loop
renormalization group (RG) flows for the current-current
interactions from Sec. III.

1. Warmup

We start with a SU(N) current-current interaction that
breaks the local SUL(N) x SU; (N) symmetry at the SU(N)

e
OKEAAHE® @OKEAA®ES -
%

FIG. 15. Pictorial representation for the selected backscattering
in the symmetry class AlIl. Each yellow box represents a quantum
wire composed of four-Majorana degrees of freedom. The wires are
enumeratedby I = 1, ...,N in ascending order from left to right. For
any I, the Majorana modes are denoted by X . | ;s Xp 1,75 XR.—.1.1>
XL 10> XR+2.05 XLt.1> Xr—2.> a0d g 5, reading from left to
right, respectively.
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WZW critical point with the Lagrangian density £,. We
require that these interactions preserve the Lorentz symmetry
of §,. This assumption insures that the speed of “light,”
the Fermi velocity, is not renormalized. Imposing Lorentz
symmetry allows to focus solely on perturbations that open
a spectral gap.

We recall that under a Lorentz boost parametrized by the
rapidity 8 € R, the light-cone coordinates transform as

t—x>ePr—x), t+x P +x), (C1)

while the right- and left-moving SU(N) currents transform as

N AL - S £ (€2

for a=1,...,N*— 1. Hence the requirement of Lorentz
invariance imposes that the current-current interactions involve
products of left- and right-moving currents with the number of
left-moving generators equal to the number of right-moving
generators. To quadratic order in the currents, the most
general perturbing Lagrangian density that is quadratic in the
generators of SU(N) is

N2—1
Lii=— Y JErJP, (C3)
a,b=1

where 1% = A7 are real-valued.
The partition function is

Z:= / Dy *, ] et ot S, (C4a)
a
where both the measure for the fields and the actions
dzdz dzdz
So=| —L,, S, =] —°L. C4b
0 [ 27_[1 0 nt / 27Ti nt ( )

depend on a short-distance cutoff a. The integral in the partition
function is over the fields chosen to represent the Lagrangian
densities. The integrals in the actions are over two-dimensional
Minkowski space.

The renormalization of the couplings entering the La-
grangian density consists in doing first the expansion

* +i8, . i2 2
Z= | DIy"ylet™o(1+iS,+ S S5+
a
The short-distance cutoff a is implied by the limits on the
path integral. Second, high-energy degrees of freedom are
integrated over,

). (C5a)

Z = / DIy *,¥] exp <+i/ % (Ly+ 8£)>, (C5b)

where d/{ is a positive infinitesimal and 5 £ is to be calculated
to any given order in perturbation theory. The short-distance
cutoff 4 a is implied by the limits on the path integral. Third,
the RG flows follow from demanding that £, + 5L has the
same form as £, + L;,.

Now, the first nonvanishing term on the right-hand side of
Eq. (C5a) is

2
s2= [ Dyt e sy, (C6)

for the Lorentz symmetry would be broken otherwise.
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Without loss of generality, we may perform the one-loop
renormalization of the partition function after performing a
Wick rotation from the two-dimensional Minkowski space to
two-dimensional Euclidean space.

The term (the summation convention over repeated indices
is implied)

S2 dzdz dwdw wd' bl
t— / / 299 A0V 14 (w) I (w)

2 (CT
X JR(Z) JL 2).
is evaluated in three steps. First, the SU(N) counterparts
if“”C JS()  1t(T*T?)
JE(w) JE(z) = R - . (C8
a(w) Sy St (€
fabc JC(Z) 1 tr(Ta Th)
J J, = — , C8b
L(w) L( ) = P 2(11_)_2)2 ( )
JE(w) JE(Z) = J(w) J2(z) =0, (C8c)

to the OPE (2.14) are inserted into Eq. (C7). Because Lorentz
invariance of S, is not broken spontaneously, the leading field-
dependent contribution is given by

mt ~ /dZdz / dwdw Jad b
2mi 2mi

|: fabc fa b’

lz —wl?

Second, the two-dimensional integration | dg’:iw is logarith-
mically divergent unless the second-order pole of the integrand
at w = z is regulated by restricting the integration over it to a
ring of inner radius a > 0 and of outer radius e?‘ a > a with

d{ a positive infinitesimal,

Jr(2) JL @+ ] (C9)

2w dl dZdZ b’ b 9%
5 — — )\’ua )\’ abc a C
N ) / i f f JR(Z) JL (2).
(C10)
Third, the one-loop RG equations
dre be eab'c ~ad ~ b’
— aoc abc )\’aa )\’ Cl 1

0 ST (C11)

follow forc,c’ = 1, ...,N? — 1 under the rescaling a — (1 +
df) a of the short-distance characteristic length a.

For SU(N) symmetric interaction, A%> = 1 §** with a,b =
1,...,N? — 1, the one-loop RG equations (C11) become

dx 2
7 =nNA (C12a)
if the convention
N2—1
D e pete = N s (C12b)
b,e=1
fora,a’ =1,...,N® —1is chosen for the quadratic Casimir

eigenvalue. For A positive, the flow is to strong coupling and
is interpreted as the opening of a gap in the SU(N) sector
of the theory by the left-right non-Abelian current-current
interaction.
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We specialize to two Lie groups from now on. There is
the semisimple Lie group SU(2) x SU(2) whose generators
JAwith A= 1,...,6are defined in Egs. (3.33a) and (3.33b).
There is the diagonal subgroup SU(2) of SU(2) x SU(2) whose
generators KZ are defined in Eq. (3.33c).

2. Derivation of the one-loop RG flows for Sec. ITI C

To calculate the one-loop RG flows obeyed by the coupling
constants entering the current-current interaction (3.33d), we
start from the square of the action (3.33d), as we did in (C7),

Slzn dzdz dwdw A A
o fsz 22 g @) T )

XJL;I (Z) Rm +1(Z) + Um1 Um2 K:le ('LU)
(D) K, (2) + 202 uB A ()
n, 2 icR,m2<z>]. (C13)

XICR‘m (w) IC
XjR,m1+1(w) ICL,

Repeated indices will always be summed over, unless stated
otherwise.

We are going to use three types of OPE. First, we need the
OPE for the semisimple Lie algebra su(2) & su(2). They are

. A
ifARA T (@)

w—Zz

jl:,‘zlni(w) Jlf,iz(z) = + ..., (Cl4a)

m;my

where the fact that the structure constants f*i“24 are those
for the semisimple Lie algebra su(2) x su(2) is implied by the
use of the caligraphic label A = 1, ... ,6. Second, we need the
OPE for the simple Lie algebra su(2). They are

ifBlBZB3 /CB3m ()
Kslm(w) ’Cs.sz(Z) = w—_jl‘smlmz 4+ ..., (Cl4b)

where the fact that the structure constants 5155 reduce
to those for the simple Lie algebra su(2) is implied by the
use of the caligraphic label 5 = 1,2,3. Finally, we need the
OPE between the generators of su(2) @ su(2) and its diagonal
subalgebra su(2). They are

. A
lfBlA2A3j ;(Z)
,lelm(w) ‘71{4;12(@ = —]M(Smlmz +

w—2z

.. (Cldc)

Because the diagonal subalgebra su(2) is not an ideal, the last
entry of the structure constant is a calligraphic 4, =1, ... ,6.
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Insertion of the OPEs (C14) into the square bracket on the right-hand side of Eq. (C13) gives

|:)L A P2 fAAA fAA2A4 g, i2 fBiBBs (BB, 5

RO T @) + v ol o @ K@)

ABA'
ij(Z)ijﬂ(w)IC (Z)+2)‘A Unt1 u{

lz —wl?

fA/

B!l _ )
4 At TA@)KE o1 (2) T (@) + - ] (C15)
The third and fourth terms in the integrand involves products with different numbers of right- and left-moving currents. We can
ignore such contributions since operators with nonvanishing conformal spin do not affect the beta functions, given the Lorentz
invariance of the critical point. Integrating the second-order poles at w and w over a ring with the inner radius a and the outer
radius (1 4+ d¢) a gives

2w dl [ dzdz
58 = — / S [t aa fAA A TR Tt (@) + v vg (BB BB R (3 Ky (@)] . (€16)

2 2ri
For any given A =1, ...,6 and any givenm = 1, ...,n — 1, the one-loop RG equations
dat N AN A A
B g fAAA pALA A (C17a)
de
follow for the current-current interactions with the generators from the semisimple su(2) @ su(2) algebra. For any given
B=1,...,3and any givenm = 1, ...,n, the one-loop RG equations
duvB g g @ g
= = fEE pEEE (C17b)

follow for the current-current interactions with the generators from the diagonal su(2) subalgebra.

3. Derivation of the one-loop RG flows for Sec. IIID 1
The following manipulations on the explicit form of £, (x) defined by Eq. (3.44) are useful. Indeed

n—1 6 n 3

L) = 2 [— S S AT T~ S W KT, zcsm]
m=1 A=1 m=1 B=1

6
1+K[ S A T zzvsKgm;cgm]
n=1 A=1 n=1 B=1
n—1 6 6
= R I T S Y A - Y R KR, (cly

m=1 A=1 m=1 A=1 m=1 B=1

shows that the couplings of the current-current interactions with the generators K from the diagonal subalgebra su(2) are
independent of the interpolating real-valued parameter k. At this stage, it is convenient to introduce the couplings

1—« 1+«
Mrm = 5 AL M= s M, A=1,...,6, m=1,...n—1, (C19a)
and the interaction
6 n—1 n 3
A A A A B B B
== Z Z )‘LR IV Z Z )‘RL 2 TRm Tomsr — Z Z Uy KRon KL - (C19b)
n=1 A=1 n=1 A=1 n=1 B=1

As was the case in Appendix C 2, the one-loop RG equations obeyed by the couplings Uf withB=1,23andm=1,...,n
decouple from the one-loop RG equations obeyed by the couplings ALR o and AﬁL,m withA=1,....6andm=1,...,n— 1. The

one-loop RG equations obeyed by the couplings Um that enter the current-current interaction (C18) are given by Eq. (C17b).
Now, to calculate the one-loop RG equations for the coupling constants in the .7 sector of the current-current interaction (C18),
we only need to treat the [7-dependent contribution

6 6

mt J(K) - Z Z )‘LR m \—7L m \7R m+1 Z Z )"RL m jl{,lm jlfm+1 (CZO)

m=1 A=1 m=1 A=1
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to the Lagrangian density (C18). Expansion of the Boltzmann weight with the action corresponding to the Lagrangian

density (C20) gives the second-order contribution

+ 2 )LLR m, )L]éli,m

mt dzdz [ dwdw ,41 ! 5
= i e LR,ml LRmszml( w) Jy Rm +1(w)ij(Z)ij +1()

+ A, Aty T () Tt 1) T, (2) Ty 12

Insertion of the OPEs (C14) into the square bracket on the right-hand side of Eq. (C21) gives

i2 fA,A2A3 fA,A2A4

lz —wl|?

'Al ‘AZ
|:)‘LR,m )"LR,m

j (Z) jR m+1(Z) + )‘glld,m A

(C21)
) T 1) T () T 1 @)
2 fAAA P AAA,
ﬁﬁ,ml / |Z_u]:|2 T T @)+ - } (C22)

We note that the contribution from the OPEs from the third term inside the bracket on the right-hand side of Eq. (C21) vanishes
because 8, , ., and 8, ., cannot be met simultaneously. Integrating the second-order poles at w and w over a ring with the

inner radius a and the outer radius (14 d¥f)a gives

2w dl /'dzdz A,

8§ = — ) ﬁ[LRm LRm

FAAA fAAA,

For any given A = 1,...,6 and any givenm=1,...,n —
1, there follows the pair of one-loop RG equations

A
d)“LR,m

=T JAAA AL A e M R (C24a)
with the initial conditions
Mkt =0) = — £ (C24b)
on the one hand, and
P padd praas G (caao
with the initial conditions
ARLa(l=0)= HTK A (C24d)

on the other hand. We conclude that (i) Egs. (C24a) and (C24b)
are decoupled from Egs. (C24c) and (C24d) to one loop, (ii)
d\{g o/de (dAg ,/de) are positive when all A% . (gL )
share the same sign, and (iii) all ALR n (ARL o) are marginally
irrelevant when all AfR n (ARL’M) are nonvanishing and negative
[ie., x < —1(k > +1)and )\f > 0].

For any m = 1, ...,n — 1, their (formal) solutions for the
SU(2) x SU(2) symmetric initial conditions

a=a, A=1,....6, (C25a)
are given by
) 2
wal®) = T e (C25b)
on the one hand, and
) R
wal® = 7 (R (C25¢)

AAA rAAA
ijJrl +)"RLm Rme 3f 2 4‘7 ‘7Lm+1]

(C23)

(

on the other hand. The positive numerical constant c is here
defined by

6
P Z (fAA A

(C25d)
A A=1
The standard interpretation of the poles at
S
el=e Fm (C26)

is that they signal an instability of the unperturbed ground state
to the interacting channel with the bare coupling constant

1
( :;:K)Am>0, Ap > 0.

The dominant instability is defined by

1-— 1
sup{( 2K>km,< —;K>Amm

Following this line of reasonning, the competition between the

interactions £-7R and £XT in Eq. (3.44) is won by £L R

when —1 < k¥ < 0 and £R7L when 0 < k¥ < +1. When « <

nt
—1, LRF is marginally irrelevant while £ is marginally

nt
relevant. When 1 < k&, £-7R is marginally irrelevant while

nt
LRL is marginally relevant.

(C27)

- 1,...,11—1}. (C28)

4. Derivation of the one-loop RG flows for Sec. III D 2

We proceed by computing the one-loop RG flow equations
for the couplings AA and v in (3.55a). The following
manipulation on the expllclt form of £, . defined by Eq. (3.55a)

int

is useful:
n—1 6 _
‘Cint == Z Z )Lf (jlf,lm jlfm-&-i + k7]{,‘111 jljlm-k—l)
m=1 A=1
n 3
- Z Z sz (Kllj,m K:ll{m + K:llg,m K:Ilfm) (C29)
m=1 B=]
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As was the case in Appendix C 2, the one-loop RG equations
obeyed by the couplings vZ with B=1,2,3andm=1,...,n
decouple from the one-loop RG equations obeyed by the
couplings )»;If‘ with A=1,....6 andm=1,...,n—1. We
may thus derive the one-loop RG equations for the coupling
constants in the J sector and in the K sector of the current-
current interaction (C29) separately.
First, we look at the [7-dependent contribution

n—1 6

Z Z )”;: (jlf,\m ‘71{,\er1 + jl{.tm jlj\mwtl) (C3O)

n=1 A=1

Loy =—

to the Lagrangian density (C29). Expansion of the Boltzmann
weight with the action corresponding to the Lagrangian
density (C30) gives the second-order contribution

S2t dzdz [ dwdw A LA,
= )‘fm )\'m !
2 / 2mi f v ij( )

R m +1(w) jL m, (Z) ‘7R m, +1(Z)
i A T ) T 41 (0) T @) Ty, 1 @)
+228 22 T, () T 120) T, @ T2 @]
(C31)

Insertion of the OPEs (C14) into the square bracket on the
right-hand side of Eq. (C31) gives

A AA pAAA
A A,l f 142 3f 1424
[/\ T To@) T (@) + ha
i2 fA,A2A3 fA1A2A4

p— Th@Jt @+ ] (C32)
We note that the contribution from the OPEs from the third
term inside the bracket on the right-hand side of Eq. (C31)
vanishes because there are no OPEs between J and 7, for J
and J belong to the pair of commuting algebras su(2) @ su(2)
and su(2) @ su(2), respectively. Integrating the second-order
poles at w and w over a ring with the inner radius a and the
outer radius (1 4 d¥¢) a gives

_ _2mde /dzdz WA A FAAA fAAA,

('~7 \7R MY ~7 VA m+1) (C33)
For any given 4 = 1,...,6 and any givenm =1, ...,n — 1,
the one-loop RG equations

it A AL A A A

n_ o fAA A fAA A )L:;\ )\;: (C34)

dl
follow for the current-current interactions with the generators
from the semisimple (su(2) ® su(2)) ® (su(2) ® su(2)) alge-
bra.

Second, we turn our attention to the KC-dependent contribu-
tion

£mtl€ - ZZU K:Iljmlclgm-kl +ICB ICII_gnH—l) (C35)
m=1 B=1

to the Lagrangian density (C29). Expansion of the Boltzmann
weight with the action corresponding to the Lagrangian
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density (C35) gives the second-order contribution

mt _ /dZdz / dwdw 5, ZICL]m( )IC ()

2mi 2mi

XKL, (2) Ky, (2)

+un va Kyl ) K (0) Ky 2 K, (2)
+2Um1 Um2 K:le (LU)K: (w)lC (Z)’C (Z)]
(C36)

Insertion of the OPEs (C14) into the square bracket on the
right-hand side of Eq. (C36) gives

2 ¢B\B,B; £B,B,B,
B B 1 15253 15, B,
(T m—#[{: (Z)’C (Z)+Um Un "~
|Z_w|2 L,m

i2 f816283 fBlBZB4 _B B

W K:R?m(z) ,CL?m(Z) + - ] (C37)
We note that the contribution from the OPEs from the third
term inside the bracket on the right-hand side of Eq. (C36)
vanishes because there are no OPEs between K and K, for
K and K belong to the pair of commuting subalgebras su(2)
and su(2), respectively. Integrating the second-order poles at
w and w over a ring with the inner radius a and the outer radius
(14 df)a gives

55 — 2mdt /‘dzdz UB 62 FBIBBs BB
2 2mi

x (K Kot + R Ko%). (C38)
For any given B=1,...,3 and any given m = 1, ... ,n, the
one-loop RG equations
B
duy — g fBBB (BB va/ uf” (C39)

de

follow for the current-current interactions with the generators
from the diagonal su(2) @ su(2) subalgebra.

For the sake of completeness, we should also compute
the one-loop RG equations for the couplings )»ﬁ)undary , and

ug)undﬁ , in the case of a single domino, i.e., for the interaction
[recall Eq (3.58)]

3

) B B 4B cB B
Liy = — Z Upoundary,1 (K1 Kr1 + KR 1 KT1)
B=1

6
- Z )‘éundary,l jILAI \71{}1 (C40)

A=1
As was the case in Appendix C 2, the one-loop RG equations
obeyed by the couplings Ug)undary,l with B = 1,2,3 decouple
from the one-loop RG equations obeyed by the couplings
)L“b‘hundaryl with A=1,...,6. The one-loop RG equations

obeyed by the couphngs vboundaI , that enter the current-
current interaction (C40) are given by [recall Eq. (C39)]

duB

boundary, 1

de

Now, to calculate the one-loop RG equations for the
coupling constants in the [J sector of the current-current

— BB B" BB B’ ,,B B
=7 f f Uboundary,l Uboundary,l .

(C41)
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interaction (C40), we only need to treat the [J-dependent
contribution

A FA
mt J- Z )”boundary 1 JL,] JR,I (C42)

to the Lagrangian density (C40). Expansion of the Boltzmann
weight with the action corresponding to the Lagrangian
density (C42) gives the second-order contribution

mt dzdz dwdw A A,
= 2]_[1 27_[1 boundary, 1 )‘boundary, 1
(w) (w) JL 1 (@) JR 1@).

Insertion of the OPEs (C14) into the square bracket on the
right-hand side of Eq. (C43) gives

A A,
I:)‘boundary,l )‘boundary,l |Z _ w|2

(C43)

i2 fA,A2A3 fA1A2A4

The T }
(C44)

Integrating the second-order poles at w and w over a ring with
the inner radius a and the outer radius (1 + d¥¢) a gives

2w de /dZdZ
2

Ay FA
XfA]A2A3 fA1A2A4 jL,]3 jR,?]’
For any given A =1, ...

A,

88 = — [ boundary, 1 )”boundary.l

2ri
(C45)
,6 the one-loop RG equations

A
d)"boundary, 1

AN A AN A+ A
=7 A
10 A f

5 A
boundary, 1 “*boundary, 1

(C46)

follow for the current-current interactions with the genera-
tors from the semisimple (su(2) ® su(2)) ® (su(2) ® su(2))
algebra.

APPENDIX D: STABILITY ANALYSIS OF THE COSET
WZW THEORY WITH THE CENTRAL CHARGE (3.56)

We consider the first bundle in Fig. 8. With open boundary
conditions, this bundle supports the strongly interacting critical
theory with the central charge (3.57). The same strongly
interacting critical theory is supported by the bundle from
Fig. 9(a). For simplicity but without loss of generality, we
shall ask under what conditions is the strongly interacting
critical theory supported by the bundle from Fig. 9(a) stable to
one-body interactions. A detailed answer is given in Sec. D 1
for one-body mass terms in the fermion representation. We
repeat this exercise in Sec. D 2 in the bosonized representation.
We always assume that the (charge) U(1) and SU(k + k')
sectors in the Fock space corresponding to Fig. 9(a) are gapped
in such a way that the strongly interacting critical theory with
the central charge (3.57) is in the (charge) U(1) and SU(k + k')
singlet sectors of the Fock space.

1. Stability to mass terms in the fermion representation

Prior to introducing the current-current interactions, the
bundle from Fig. 9(a) is fully described by the single-particle
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Hamiltonian
Hy == —i0, X3000s (Dla)
where we are using the notation
Xigpye =Ty, ®0, ®p, ST, (D1b)
with p,,uy, 13 =0,1,2,3and c = 0,1, ... J(k+K)? =1, All

matrices with the label O are unit matrices of dimensions two
for w,,it,, 5 = 0and k + k' for ¢ = 0. The triplet of matrices
T are the Pauli matrices acting on the left- and right-moving
indices. The triplet of matrices o are the Pauli matrices
acting on the down and up projections on the quantization
axis of the electronic spin 1/2. The triplet of matrices p are
the Pauli matrices acting acting on the doublets defined by
Eq. (3.49). The matrices 7, with ¢ =0,1,...,(k+k')*> — 1
generate the unitary group U(k + k’). They are chosen to be in
the fundamental representation of U(k + k).

The single-particle Hamiltonian (D1) obeys two symme-
tries. It is invariant under

X 1210 Ho X1210 = Hy- (D2a)

We interpret

T := X0 K (D2b)

where K denotes complex conjugation, as representing reversal
of time. It is also invariant under

Xoozo Ho Xoozo = Ho- (D3a)

We interpret

T3 1= Xooz0 (D3b)

as the diagonal generator of the SU(2) group that mixes
the SU(2) and SU(2) sectors entering the conformal embed-
ding (3.51). In other words, the U(1) group with the elements

exp(if Y5) (D4)

for 0 < 6 < 27 is the counterpart to the U(1) transforma-
tion (3.60).

By assumption, the critical theory with the central
charge (3.57) is in the singlet sectors of (charge) U(1) and
SU(k + k'). Hence we seek all the matrices
u ®0, 90, @ T, (D5)

My Mo s

with w,,u,, 13 =0,1,2,3and c =0,1,...,(k + k')> — 1 that

obey the mass condition

M, e Ho My e = —Ho,s (D6)
the time-reversal symmetry condition
T My e T = M, pise (D7)
for any ./, i3 =0,1,2,3 and c =0,1,...,(k +k)* — 1,
and the SU(k + k’)-singlet condition
c=0. (D8)
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One finds the twelve mass matrices

1‘410007 1‘410107

MZOIO’

1‘410207 1‘411307

M213O’

1‘412307 1‘413307 (D9)

Mo, M0, Mz, Moz

Of these, only four are off-diagonal with respect to the group
SU(2) that mixes the SU(2) and SU(2) sectors entering the
conformal embedding (3.51).

Now, if we demand that the mass matrices (D9) commute
with the diagonal generator (D3b), we are left with the
eight time-reversal-, SU(k + k’)-, and U(1)-symmetric mass
matrices

Ml()O()’ M113()’

M2130’

Ml 230
M2230’

M1330’

(D10)
Mys3-

M. 2000

These eight masses are all diagonal with respect to the group
SU(2) that mixes the SU(2) and SU(2) sectors entering the
conformal embedding (3.51). It follows that their action on
the strongly interacting critical coset theory with the central
charge (3.57) is reducible. Any one of these eight masses can
only mix states from the strongly interacting critical chiral
coset theory with the central charge (3.34b). However, such
mixing is impossible since any one of these eigth masses
is off-diagonal with respect to the right- and left-moving
degrees of freedom. Hence none of these eight masses can
gap the strongly interacting critical theory with the central
charge (3.57).

2. Stability to mass terms in the bosonized representation

It is instructive to move from the first-quantized represen-
tation (D1) to the second-quantized representation implied by
the path integral (3.47). From the Lagrangian density (3.47a),
we deduce the Hamiltonian density represented by

2 k+k

= — IZ Z(l/}fz,a,A ax I/A/R,ot,A -

a=1 A=1

AT A
wL,(x,A ax wL,a,A)

2 k+k

—1i Z Z(lzl;a,A ax I?}R,OAA -

a=1 A=1

.’:T 2
wL,aﬁA ax I/IL,ut,A)’

(Dl11a)

in the operator formalism. The operator-valued Dirac spinors
obey the equal-time anticommutators

Wy a0 f N =8,
W@ o f ) =8, 8

Sy Saa8(x — X1,
(D11b)
w844 8(x —x"),

with n,n’ =R, o,&’ =1, |=1,2,and A, A" =1, ...k +
k.

The phenomenon of spin-charge separation is not manifest
in the fermionic representation. It becomes manifest by
the conformal embedding (3.51), according to which the
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decomposition

Hy = Hy[2(2k), 1+ Hy[a(2k"), 1+ Hy[i1(2k), 1+ Hy[i1(2k"), ]
= Hyla(D)] + Hy[su(2),] + Hylsu(k),]
+ Hola(D] + Hy[$u(2),] + Hylsu(k'),]
+ Ayli()] + Ay[§a(2),] + Hyl[§uk),]
+ Ay Li(D)] + Hy[$u(2), 1+ HylSu(k'),]

(D12a)
holds. Here [recall Eq. (3.22)],
A oA EU A Ao
Hyla(D)] := ﬁ[]R Jr t il (D12b)
T 3
Hy[su(2),] := k+2 [Jﬁ Jr + LIl (D12c)
k*—1
H,[su(k),] :== Z[JC je 4+ e, (D12d)
for H,[4(2k),] and
A rA sk ]
Hylu(D):= = Ur Jr + L) (D12e)
Hylsu(2),] : Z[JR Je + Je Je, (D12f)
k-1 A
AylSul,) = 5= ZW o +Tkl oy

for H,[i(2k),], and similarly for H,[@(2k"),]and H,[#(2k'),].
The currents are defined in Egs. (3.23) and (3.52) and similarly
for the k" wires.

We seek the Abelian-bosonized representation of the
Hamiltonian density (D11). To this end, we use the following
chiral Abelian bosonization rules. For any « = 1,2 and A =
1,....k,

P (6) = e ),

o 2mra
Vi) = o W),

., 2

1”“ A (D13a)

Vi a(¥) = —m= e VT draa®),

o 27a

2 1 \/472
Vg a(6) = = e V),

LA V2ma
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Foranyo =1,2and A =k+1,...,k+ £k,

P () = e W),

o 2mwa
P aa ) = e W00,

SO, 2

1”“ (D13b)

&R A(‘x) = e+iJ‘G$R'a'A(X)9

o 2wa
2 1 . z
G ) = e W),

LA V2ma

The length scale a denotes the short-distance cutoff. By
imposing the equal-time commuation relations

R R i ,
[(pR,a,A(‘x)’(pR,a’,A’(x/)] = +Z 8%0{’ 8A,A’ Sgn('x - X )7

1

(D)o a &N = =78,

84,4 sgn(x — x'),

~ A 1
(DR, a ()P, a0 OO = 47 B B

(D14a)

for any o,a’ = 1,2and A,A’ =1, ...k, and
. . , i )
[PR.a. A (), PR o a4 (XD] = +é_1 oo 4. a SEO(X — X7),

i
[0, ACO P04 (D] = =7 B 8 4 sED(E = X,

A A ’ 1
(P4 (- P 4 0] = 4 By B (D14b)

for any a,’ = 1,2 and A,A" =k +1,...,k + k', it follows
that the equal-time fermionic algebra (D11b) is fulfilled.
We first focus on the sector

(20), = (1) @ Su(2), B Su(k),.

For the special case of k=1, we have the conformal
embedding

(D15)

0(2), = a(l) ® 5u(2),.

This conformal embedding is nothing but the phenomenon
of spin-charge separation in one-dimensional space. We
specialize to the case of k = 1.

We can define the “charge” and “spin” fields [recall that
a=1=1,a=2=]

(D16)

N 1 . N N 1 . N
¢R,c = ﬁ(d)R-T + ¢R,¢)v ¢R,s = E(QSR,T - ¢R,¢)’
N 1 . N N 1 . N
G =72, +b ), b= =@ — &)

V2 V2

(D17)

The #i(1) current (3.23a) obeys the Abelian-bosonized repre-
sentation

N 1 A ~ 2 .
JrR = ﬁ ax((ﬁR,T + ¢R,¢) = \/;8X¢R,Ca (D18a)
A 1 A A 2 .
JL = ﬁ ax((ﬁL‘T + ¢Lyi) = ; 8X¢L,C' (Dlgb)
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The §u(2), currents (3.23b) obey the Abelian-bosonized
representation

N 1 ~ N 1 . .
3 + Fi2/ 27
JR=—7=0Ps JrR=75_C¢€ ke,
V2 ’ 2wa
1” | (D18c)
jﬁ _ \/T_n, 3)(431_,5, Jf _ - eilzm Ls,
where
Je= e Eifg jE =gl iR (D18d)
Similarly, we can do the replacements
é— ¢, (D19a)
¢ — ¢, (D19b)
¢— ¢ (D19¢)

in Eq. (D18) to derive the bosonized currents entering the
conformal embeddings

@(2k), = (1) ® $u(2), @ Su(k),. (D20a)
a2k, = a(l) & su2), & su(k’),, (D20b)
A2k, = (1) ® Su(2), & su(k),. (D20c)

respectively.
The noninteracting Hamiltonian density (D11) fork = k' =
1 has the bosonized representation

Hy =(0,¢g,.)" + 0,fg )’ + (R — L)
+ (0bpe’ + B + R — L)
+ @, Pr)’ + (0,0 + R— L)
+ 0, ¢r ) + @,fr )+ R— L.

(D21)

This noninteracting Hamiltonian density is nothing but four
copies of the noninteracting spin-1/2 Tomonaga-Luttinger
model. The phenomenon of spin-charge separation is manifest
in the bosonized representation of the noninteracting limit.

It is convenient to define the following nonchiral charge
and spin fields from Eq. (D17)

(];C = Q,SL,C + éSR,c’ és = (ﬁL,s + qu,s’ (Dzza)
together with their “duals”
0= b —Prer b=, — bps (D22b)
They obey the equal-time commutators
[6(x),8,,0.(x)] = i8(x — x),
[ (x),d,.0,(x)] = i8(x — x'), (D23)

[.(x),0,(x")] = [0,(x),0,(x")] = 0.

The spatial derivative of the dual field is the canonical
conjugate to the field. We may proceed similarly to define
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the six dual pairs

b.. 0., (D24)
b, 0., (D25)
Por D, (D26)
¢ D, (D27)
é.. ., (D28)
é. .. (D29)

In terms of these charge and spin fields, we can rewrite the
noninteracting many-body Hamiltonian (D21) as

A 1 ) AN\2 1 252 A \2
Hy = 310,80 + (0,671 + S10,8)” + (9,6,)°]

1 2 2 1 2 2
+ _[(ax¢c)2 + (8)(00)2] + _[(8x¢s)2 + (axes)z]
-[<a P’ + (3,907 + = [(a $)* + (3,01

—[<a $% + (0,007 + [(a G2+ 0,97
(D30)

This is the canonical representation of four copies of the
noninteracting spin-1/2 Tomonaga-Luttinger liquid.

The following Abelian-bosonized representation of various
electron one-body operators is useful [123]. For any o = 1,2,

and A =1, ...,k + &/, denote with

VRicton = YRaar WRicrea = 1/~fR,01,Av (D31)
and with

qu,f:l,a,A = WL,a,As ‘I'L,f=2,a,A = 1h,a,Av (D32)

having or not having the tilde symbol. The label f = 1,2 is a
two-valued flavor that can also be intrepreted as distinguishing
the upper part (layer) from the lower part (layer) in any domino
from Fig. 8.

There are the fermionic bilinears

0 CDW

RL.f,A "= Ei\yRafA\yLafA

a=t.{
1 n e
= — cos(v2m D A)e“m‘bafﬂ
Ta "

(D33a)

that encode a charge-density wave (CDW) for any f = 1,2 and
A=1,....k+k.
There are the fermion bilinears

OB-SDW . _

RL,f,A z : \I]RatA oo’ ‘I,Ld A0

aa'=1,}
-1, X Jp——

= — sin(v/27 P, A)e“md’cvm,
Ta "

(D33b)
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and
A(£),SDW | j:
ORL,f,A Z \IIR af,A Oua \IJL,ot’,f,A’
aa'=t4 (D33c¢)
— 1 iIN/EOM A e_lm&)c,f./&
Ta ’

that encode a spin-density wave (SDW) for any f = 1,2 and
A=1,....,k+k'. Forany f=1,2 and A = 1,2 (ie., k =
k' = 1), the pair of bosonic fields entering the trigonometric
functions on any one of the lines (D33a), (D33b), and (D33c)
is unique. This pair is to be chosen from

éI\DCfA € {qg J) éc}’
€ (0.6..0..6.),
Pora S (D33d)
O 4 €10.,6,,0.,9.),
(:)s.f,A € {95’937{95’55}’

with the rule that the choice dADS,f, , = ¢, implies that @c’f’ 4=
@, for Eq. (D33a), say.
The Abelian bosonization of the twelve mass matrices (D9)

can be organized as follows.
(1) There are two CDW mass matrices

M09, Myggp- (D34a)
(2) There is the triplet of SDW mass matrices
Mz, M3, My, (D34b)
obeying the spin-1/2 algebra.
(3) There is the triplet of SDW mass matrices
Myzz0. Maizgs Moo, (D34c)

obeying the spin-1/2 algebra.
(4) There is the pair of layer-mixing mass matrices

M o105 (D34d)

MIOZO’

obeying the raising and lowering SU(2) algebra.
(5) There is a second pair of layer-mixing mass matrices

Mo10- Mg (D34e)
obeying the raising and lowering SU(2) algebra.
The most general mass Hamiltonian density is
2 3 3 (kk)—1
maSS : Z Z Z M1M2M3C \i]rTz,a,f,A (Tm)m;/
X (G;@)aa/ (Iom)f—f’ (T pn \ijr]/,(x/,f’.A/’ (D35)

where My e is a real number for any u; = 1,2, u,,uy =
0,1,2,3, and ¢=0,--- ,(k+k')> — 1 and the summation
convention over the repeated indices n,n' = 1,2, a,a’ =
1,2, f,f' =1,2, and A,A" =1, ...,k + k' is implied. Time-
reversal symmetry restricts the nonvanishing masses that are
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SU(k + k') singlet to be the ones with the real-valued couplings

Miooo>  M1330> Mi1300  Mi2300  My0100  M10200

and

Maoo0s  Mo2300  Map3z0r  Ma130>  Mogroe Momo-

The most general mass Hamiltonian density that preserves time-reversal symmetry is thus

— N N . . . N
H ase = Miooo Hiooo + M1330 Hizz0 +my130 Hi130 + mia30 Hinzg +mig10 Higro + m1020 Higno

+mog00 Hogoo + Mas330 Hoszzg + myi30 Hyiz0 + Monsg Hozg + mogi0 Hogig + Mogog Hogoo-

The eight contributions
Ao 7= = [cos(/2T ) cos(3/2 )+ cos(y/27 6,) cos(+/2 6,)
+ cos(v2 §,) cos(v2T §,) + cos(v/2x §,) cos(v/2x §,)],
Flan 7= —leos(s/27 ) sin(V/2x §) -+ cos(v/2x ¢, sin(/27 9,
+ cos(v/27 §) sin(v/27 §,) + cos(v2x §) sin(v27 G,

A

A3 = ;—i [sin(v/27 §,) sin(v/27 @) + sin(v/27 @) sin(~v/27 @)

— sin(v/27 ¢,) sin(v/27 ¢,) — sin(v/27 §,) sin(v/27 )],

Hyyyo = -2 [sin(v/27r $,) cos(v/27 ¢,) + sin(v/27 @) cos(v/27 )

Ta

- sin(ﬂqﬁs) cos(x/gdic) — sin(v/27 §,) cos(v/27 §,)1,

A

H\ = ;—i [cos(x/ﬂés) cos(~/2m <13C) + cos(v2m zf}s) cos(~/2m )
— cos(v2m 92) cos(\/ﬂdic) — cos(v2m 55) cos(v27 )1,

N

Hyy = :—i [sin(x/ﬂés) cos(~2m <i3c) + sin(v27 z§s) cos(~/2m é.)
— sin(v27m 92) cos(\/ﬂqzﬁc) — sin(v2m 55) cos(v27 $.)1,

N

Hypq = ;—i [cos(més) sin(v/27 ¢3C) + cos(v2m z§s) sin(v/27 é.)
— cos(v/21 6, sin(v/27 §,) — cos(v/2x B,) sin(v/2x $,)].

and
H,yypsy = ;—z [sin(v/27 6,) sin(v/27 @) + sin(v/27 D) sin(v/27 @)
- sin(\/E 92) sin(«/ﬁqﬁﬁc) — sin(«/E 35) sin(\/g (f)c)],

(D36a)

(D36b)

(D37a)

(D37b)

(D37¢)

(D37d)

(D37e)

(D371)

(D37g)

(D37h)

(D37i)

are diagonal in the flavor index f = 1,2, i.e., they do not mix the bosonic fields without and with the symbol tilde. Any one of
these eight contributions couple the charge to the spin sectors. Each cosine carries the scaling dimension one in the sector of the
theory on which it acts. Consequently, any one of these eight contributions gap the noninteracting critical theory with the four

independent critical sectors, each of which carries the central charge two. The remaining four contributions

A 2 A 2 A 2 2 A~ 2 A
Hyppo = % [cos(V27T (g s + BL.5)) COS(V27 (P ¢ + Pr.c)) + cOS(V27 (R s + By ) cos(v 27 (Prc + by o))

+ coS(V 27 (P s + PLs)) cosS(V27 (P . + Pro)) + cos(v2r(Frs + @) cos(V2r(Fre + P NI, (D3T))

A

—2 A 2 A 2 2 A 2 s
Higyg := — [cos(V 27 (Pg ¢ + PLs)) SIN(V 27 (P o + L)) — COS(V2 (PR s + @p ) Sin(v 27 (Prc + ¢p )
ma

+ cos(vV 27 (P, + PL.0)) SIN(V 27 (P o + Pr.e)) — cos(vV 2 (Gr s + @1 ) sin(v 27 (Gre + P )], (D3TK)
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A —2 A 2 A 2 2 A~ 2 A~
Hooy = — [cos(V2 (dg s + B1.)) SIn(v27 (P . + Pr.c)) + cos(v 27 (s + Py o) sin(v27 (dr.c + By )

+ coS(V27 (P s + P1.5) sin(v27 (@ . + Pr.e)) + cos(v2r (Grs + P ) sin(v21(re + @ )], (D3TD)

and

A

2 A 2 A 2 2 A 2 A
o = :—a [coS(v2r (g, + D)) cOS(V2m (P + D)) — cOS(V2m (G + b)) COS(V2m (Prc + b))
+ coS(V 2 (P s + PLs)) cOS(V2r (P . + Pr.c)) — cos(v2m (Fr s + @y ) cos(V2r (Gr e + Py )], (D37m)

couple the spin and charge sectors as well as the sector U(2k) x U(2k’) with the sector U(2k) x U(2k"), where we recall that
k=k=1.

The strongly interacting critical theory with the central charge (3.57) results from adding non-Abelian current-current
interaction between the sector SU(2k) x SU(2k") and the sector SU(2k) X SU(Zk ) to the noninteracting critical theory with central
charge ¢ = 8. Although we do not know how to represent the strongly interacting critical theory with the central charge (3.57)
by a local Hamiltonian density, we may safely infer that the projection of any one of the eight contributions (D37b)—(D37i) onto
the strongly interacting critical theory with the central charge (3.57) must be vanishing, since movers with opposite chiralities
carry dictinct eigenvalues of the generator X y,5,. This argument fails for any one of the four contributions (D37j)—(D37m), since
the eigenvalues of the generator X )5, are not anymore good quantum numbers. Imposing the U(1) symmetry generated by X 4,
forbids the presence of the four contributions (D37j)—(D37m). Imposing the U(1) symmetry generated by X3, guarantees the
stability of the strongly interacting critical theory with the central charge (3.57) to the eight one-body masses (D37b)-(D37i).

We close this Appendix by representing the transformation
law (3.60) on the chiral bosonic fields introduced in Eq. (D13).
They are

~ ~ 1 2 2 1
OPraa P Proat—06, Pron = Proa— —0,
R,a,A R,a,A \/4—7_[ R,a,A R,a,A \/E
(D38a)
for the right-moving bosonic fields and
$ $ Lo 4 Brant ——0
= ———0, wA P o —0,
L,a,A Lo, A m L,a,A La,A m
(D38b)
for the left moving bosonic fields. Here, 0 < 6 < 2. One

verifies the following facts.

First, the eight one-body masses (D37b)—(D37i) are invari-
ant under the transformation law (D38).

Second, all trigonometric functions depending on the
bosonic fields with the spin label that enter the four one-body
masses (D37j)—(D37m) are invariant under the transformation

[
law (D38). For example, the function

cos(\/ﬂ(d;R,s + $L,s))
= cos(VT (B y = iy +91p —dLy)

> cos(V2T By s + b1.5)) (D39)

from A 1010 1 unchanged under the transformation law (D38)
for arbitrary 0 < 6 < 27.

Third, all trigonometric functions depending on the bosonic
fields with the charge label that enter the four one-body
masses (D37j)-(D37m) are not invariant under the transfor-
mation law (D38). For example, the function

cos(v/2m (b + $L,c))
= cos(+/7 ((IER,T + <ZA5R,¢ + (Zlm + ‘ZL,i))

> cos(v27 (s + bL.0) + 26) (D40)
from ﬁlmo is not invariant for arbitrary 0 < 6 < 27. More-

over, the right-hand side does not match any one of the trigono-
metric functions entering the four one-body masses (D37j)—
(D37m). This is why the U(1) symmetry (D38) suffices to
prevent the layer-mixing masses from gapping the strongly
interacting critical theory with the central charge (3.57).

[1] X.-G. Wen, Int. J. Mod. Phys. B 05, 1641 (1991).

[2] M. Oshikawa and T. Senthil, Phys. Rev. Lett. 96, 060601
(2006).

[3] J. Leinaas and J. Myrheim, Nuovo Cimento B 37, 1 (1977).

[4] F. Wilczek, Phys. Rev. Lett. 49, 957 (1982).

[5]1 J. Frohlich, Nonperturbative Quantum Field Theory, NATO
ASI Series, Vol. 185 (Springer US, Boston, MA, 1988),
pp. 71-100.

[6] J. Frohlich and F. Gabbiani, Rev. Math. Phys. 02, 251 (1990).

[7]1 J. Frohlich, F. Gabbiani, and P.-A. Marchetti, in The Algebraic
Theory of Superselection Sectors. Introduction and Recent
Results, edited by D. Kastler (World Scientific, Singapore,
1990), p. 259.

[8] K. Rehren, in The Algebraic Theory of Superselection Sectors.
Introduction and Recent Results, edited by D. Kastler (World
Scientific, Singapore, 1990), p. 333.

[9] J. Frohlich and P. A. Marchetti, Nucl. Phys. B 356, 533
(1991).

205123-37


http://dx.doi.org/10.1142/S0217979291001541
http://dx.doi.org/10.1142/S0217979291001541
http://dx.doi.org/10.1142/S0217979291001541
http://dx.doi.org/10.1142/S0217979291001541
http://dx.doi.org/10.1103/PhysRevLett.96.060601
http://dx.doi.org/10.1103/PhysRevLett.96.060601
http://dx.doi.org/10.1103/PhysRevLett.96.060601
http://dx.doi.org/10.1103/PhysRevLett.96.060601
http://dx.doi.org/10.1007/BF02727953
http://dx.doi.org/10.1007/BF02727953
http://dx.doi.org/10.1007/BF02727953
http://dx.doi.org/10.1007/BF02727953
http://dx.doi.org/10.1103/PhysRevLett.49.957
http://dx.doi.org/10.1103/PhysRevLett.49.957
http://dx.doi.org/10.1103/PhysRevLett.49.957
http://dx.doi.org/10.1103/PhysRevLett.49.957
http://dx.doi.org/10.1142/S0129055X90000107
http://dx.doi.org/10.1142/S0129055X90000107
http://dx.doi.org/10.1142/S0129055X90000107
http://dx.doi.org/10.1142/S0129055X90000107
http://dx.doi.org/10.1016/0550-3213(91)90378-B
http://dx.doi.org/10.1016/0550-3213(91)90378-B
http://dx.doi.org/10.1016/0550-3213(91)90378-B
http://dx.doi.org/10.1016/0550-3213(91)90378-B

HUANG, CHEN, GOMES, NEUPERT, CHAMON, AND MUDRY

[10] G. Moore and N. Read, Nucl. Phys. B 360, 362 (1991).

[11] X. G. Wen, Phys. Rev. Lett. 66, 802 (1991).

[12] A. Kitaev, Ann. Phys. 321, 2 (2006).

[13] C. Nayak, S. H. Simon, A. Stern, M. Freedman, and S. Das
Sarma, Rev. Mod. Phys. 80, 1083 (2008).

[14] A. P. Schnyder, S. Ryu, A. Furusaki, and A. W. W. Ludwig,
AIP Conf. Proc. 1134, 10 (2009).

[15] A. Kitaev, AIP Conf. Proc. 1134, 22 (2009).

[16] A. P. Schnyder, S. Ryu, A. Furusaki, and A. W. W. Ludwig,
Phys. Rev. B 78, 195125 (2008).

[17] S. Ryu, A. P. Schnyder, A. Furusaki, and A. W. W. Ludwig,
New J. Phys. 12, 065010 (2010).

[18] T. Neupert, C. Chamon, C. Mudry, and R. Thomale, Phys.
Rev. B 90, 205101 (2014).

[19] N. Read and D. Green, Phys. Rev. B 61, 10267 (2000).

[20] D. A. Ivanov, Phys. Rev. Lett. 86, 268 (2001).

[21] T. Neupert, L. Santos, S. Ryu, C. Chamon, and C. Mudry, Phys.
Rev. B 84, 165107 (2011).

[22] B. Scharfenberger, R. Thomale, and M. Greiter, Phys. Rev. B
84, 140404 (2011).

[23] 1. Affleck, Nucl. Phys. B 336, 517 (1990).

[24] 1. Affleck and A. W. W. Ludwig, Nucl. Phys. B 352, 849 (1991).

[25] 1. Affleck and A. W. W. Ludwig, Nucl. Phys. B 360, 641 (1991).

[26] E. Dagotto, J. Riera, and D. Scalapino, Phys. Rev. B 45, 5744
(1992).

[27] T. M. Rice, S. Gopalan, and M. Sigrist, Europhys. Lett. 23, 445
(1993).

[28] M. Fabrizio, Phys. Rev. B 48, 15838 (1993).

[29] E. Dagotto and T. M. Rice, Science 271, 618 (1996).

[30] L. Balents and M. P. A. Fisher, Phys. Rev. B 53, 12133 (1996).

[31] H.-H. Lin, L. Balents, and M. P. A. Fisher, Phys. Rev. B 56,
6569 (1997).

[32] E. W. Carlson, D. Orgad, S. A. Kivelson, and V. J. Emery,
Phys. Rev. B 62, 3422 (2000).

[33] F. H. L. Essler and A. M. Tsvelik, Phys. Rev. B 65, 115117
(2002).

[34] A. A. Nersesyan and A. M. Tsvelik, Phys. Rev. B 67, 024422
(2003).

[35] O. A. Starykh and L. Balents, Phys. Rev. Lett. 93, 127202
(2004).

[36] A. Jaefari, S. Lal, and E. Fradkin, Phys. Rev. B 82, 144531
(2010).

[37] D. Poilblanc, G. Montambaux, M. Héritier, and P. Lederer,
Phys. Rev. Lett. 58, 270 (1987).

[38] V. M. Yakovenko, Phys. Rev. B 43, 11353 (1991).

[39] B. I. Halperin, Jpn. J. Appl. Phys., Suppl. 26, 1913 (1987).

[40] J. E. Moore and L. Balents, Phys. Rev. B 75, 121306 (2007).

[41] J. T. Chalker and P. D. Coddington, J. Phys. C 21, 2665 (1988).

[42] D.-H. Lee, Phys. Rev. B 50, 10788 (1994).

[43] C. S. O’Hern, T. C. Lubensky, and J. Toner, Phys. Rev. Lett.
83, 2745 (1999).

[44] V. ]. Emery, E. Fradkin, S. A. Kivelson, and T. C. Lubensky,
Phys. Rev. Lett. 85, 2160 (2000).

[45] A. Vishwanath and D. Carpentier, Phys. Rev. Lett. 86, 676
(2001).

[46] R. Mukhopadhyay, C. L. Kane, and T. C. Lubensky, Phys.
Rev. B 63, 081103 (2001).

[47] S. L. Sondhi and K. Yang, Phys. Rev. B 63, 054430 (2001).

[48] C.L.Kane, R. Mukhopadhyay, and T. C. Lubensky, Phys. Rev.
Lett. 88, 036401 (2002).

PHYSICAL REVIEW B 93, 205123 (2016)

[49] J. C. Y. Teo and C. L. Kane, Phys. Rev. B 89, 085101 (2014).

[50] J. Klinovaja and D. Loss, Eur. Phys. J. B 87, 171 (2014).

[51] T. Meng, P. Stano, J. Klinovaja, and D. Loss, Eur. Phys. J. B
87,203 (2014).

[52] J. Klinovaja and Y. Tserkovnyak, Phys. Rev. B 90, 115426
(2014).

[53] E. Sagi and Y. Oreg, Phys. Rev. B 90, 201102 (2014).

[54] A. Vaezi, Phys. Rev. X 4, 031009 (2014).

[55] T. Meng and E. Sela, Phys. Rev. B 90, 235425 (2014).

[56] J. Klinovaja, Y. Tserkovnyak, and D. Loss, Phys. Rev. B 91,
085426 (2015).

[57] R. A. Santos, C.-W. Huang, Y. Gefen, and D. B. Gutman, Phys.
Rev. B 91, 205141 (2015).

[58] E. Sagi, Y. Oreg, A. Stern, and B. I. Halperin, Phys. Rev. B 91,
245144 (2015).

[59] T. Meng, Phys. Rev. B 92, 115152 (2015).

[60] A. Feiguin, S. Trebst, A. W. W. Ludwig, M. Troyer, A. Kitaev,
Z. Wang, and M. H. Freedman, Phys. Rev. Lett. 98, 160409
(2007).

[61] C. Gils, E. Ardonne, S. Trebst, A. W. W. Ludwig, M. Troyer,
and Z. Wang, Phys. Rev. Lett. 103, 070401 (2009).

[62] A. W. W. Ludwig, D. Poilblanc, S. Trebst, and M. Troyer, New
J. Phys. 13, 045014 (2011).

[63] D. Poilblanc, A. W. W. Ludwig, S. Trebst, and M. Troyer, Phys.
Rev. B 83, 134439 (2011).

[64] R. S. K. Mong, D. J. Clarke, J. Alicea, N. H. Lindner, P.
Fendley, C. Nayak, Y. Oreg, A. Stern, E. Berg, K. Shtengel,
and M. P. A. Fisher, Phys. Rev. X 4, 011036 (2014).

[65] S. Sahoo, Z. Zhang, and J. C. Y. Teo, arXiv:1509.07133 [cond-
mat.str-el].

[66] A. Hutter and D. Loss, Phys. Rev. B 93, 125105 (2016).

[67] T. Meng, T. Neupert, M. Greiter, and R. Thomale, Phys.
Rev. B 91, 241106 (2015).

[68] G. Gorohovsky, R. G. Pereira, and E. Sela, Phys. Rev. B 91,
245139 (2015).

[69] V. Kalmeyer and R. B. Laughlin, Phys. Rev. Lett. 59, 2095
(1987).

[70] X. G. Wen, F. Wilczek, and A. Zee, Phys. Rev. B 39, 11413
(1989).

[71] C. Mudry and E. Fradkin, Phys. Rev. B 40, 11177 (1989).

[72] D. E. Schroeter, E. Kapit, R. Thomale, and M. Greiter, Phys.
Rev. Lett. 99, 097202 (2007).

[73] S.-S. Gong, W. Zhu, and D. N. Sheng, Sci. Rep. 4, 6317
(2014).

[74] B. Bauer, L. Cincio, B. P. Keller, M. Dolfi, G. Vidal, S. Trebst,
and A. W. W. Ludwig, Nat. Comm. 5, 5137 (2014).

[75] Y.-C. He and Y. Chen, Phys. Rev. Lett. 114, 037201 (2015).

[76] W.-J. Hu, W. Zhu, Y. Zhang, S. Gong, F. Becca, and D. N.
Sheng, Phys. Rev. B 91, 041124 (2015).

[77] S.-S. Gong, W. Zhu, L. Balents, and D. N. Sheng, Phys.
Rev. B 91, 075112 (2015).

[78] K. Kumar, K. Sun, and E. Fradkin, Phys. Rev. B 92, 094433
(2015).

[79] J.-W. Mei and X.-G. Wen, arXiv:1407.0869 [cond-mat.str-el].

[80] J.-W. Mei and X.-G. Wen, arXiv:1507.03007 [cond-mat.str-el].

[81] L. Cincio and Y. Qi, arXiv:1511.02226 [cond-mat.str-el].

[82] S. Bieri, C. Lhuillier, and L. Messio, Phys. Rev. B 93, 094437
(2016).

[83] Y.-C. He, Y. Fuji, and S. Bhattacharjee, arXiv:1512.05381
[cond-mat.str-el].

205123-38


http://dx.doi.org/10.1016/0550-3213(91)90407-O
http://dx.doi.org/10.1016/0550-3213(91)90407-O
http://dx.doi.org/10.1016/0550-3213(91)90407-O
http://dx.doi.org/10.1016/0550-3213(91)90407-O
http://dx.doi.org/10.1103/PhysRevLett.66.802
http://dx.doi.org/10.1103/PhysRevLett.66.802
http://dx.doi.org/10.1103/PhysRevLett.66.802
http://dx.doi.org/10.1103/PhysRevLett.66.802
http://dx.doi.org/10.1016/j.aop.2005.10.005
http://dx.doi.org/10.1016/j.aop.2005.10.005
http://dx.doi.org/10.1016/j.aop.2005.10.005
http://dx.doi.org/10.1016/j.aop.2005.10.005
http://dx.doi.org/10.1103/RevModPhys.80.1083
http://dx.doi.org/10.1103/RevModPhys.80.1083
http://dx.doi.org/10.1103/RevModPhys.80.1083
http://dx.doi.org/10.1103/RevModPhys.80.1083
http://dx.doi.org/10.1063/1.3149481
http://dx.doi.org/10.1063/1.3149481
http://dx.doi.org/10.1063/1.3149481
http://dx.doi.org/10.1063/1.3149481
http://dx.doi.org/10.1063/1.3149495
http://dx.doi.org/10.1063/1.3149495
http://dx.doi.org/10.1063/1.3149495
http://dx.doi.org/10.1063/1.3149495
http://dx.doi.org/10.1103/PhysRevB.78.195125
http://dx.doi.org/10.1103/PhysRevB.78.195125
http://dx.doi.org/10.1103/PhysRevB.78.195125
http://dx.doi.org/10.1103/PhysRevB.78.195125
http://dx.doi.org/10.1088/1367-2630/12/6/065010
http://dx.doi.org/10.1088/1367-2630/12/6/065010
http://dx.doi.org/10.1088/1367-2630/12/6/065010
http://dx.doi.org/10.1088/1367-2630/12/6/065010
http://dx.doi.org/10.1103/PhysRevB.90.205101
http://dx.doi.org/10.1103/PhysRevB.90.205101
http://dx.doi.org/10.1103/PhysRevB.90.205101
http://dx.doi.org/10.1103/PhysRevB.90.205101
http://dx.doi.org/10.1103/PhysRevB.61.10267
http://dx.doi.org/10.1103/PhysRevB.61.10267
http://dx.doi.org/10.1103/PhysRevB.61.10267
http://dx.doi.org/10.1103/PhysRevB.61.10267
http://dx.doi.org/10.1103/PhysRevLett.86.268
http://dx.doi.org/10.1103/PhysRevLett.86.268
http://dx.doi.org/10.1103/PhysRevLett.86.268
http://dx.doi.org/10.1103/PhysRevLett.86.268
http://dx.doi.org/10.1103/PhysRevB.84.165107
http://dx.doi.org/10.1103/PhysRevB.84.165107
http://dx.doi.org/10.1103/PhysRevB.84.165107
http://dx.doi.org/10.1103/PhysRevB.84.165107
http://dx.doi.org/10.1103/PhysRevB.84.140404
http://dx.doi.org/10.1103/PhysRevB.84.140404
http://dx.doi.org/10.1103/PhysRevB.84.140404
http://dx.doi.org/10.1103/PhysRevB.84.140404
http://dx.doi.org/10.1016/0550-3213(90)90440-O
http://dx.doi.org/10.1016/0550-3213(90)90440-O
http://dx.doi.org/10.1016/0550-3213(90)90440-O
http://dx.doi.org/10.1016/0550-3213(90)90440-O
http://dx.doi.org/10.1016/0550-3213(91)90109-B
http://dx.doi.org/10.1016/0550-3213(91)90109-B
http://dx.doi.org/10.1016/0550-3213(91)90109-B
http://dx.doi.org/10.1016/0550-3213(91)90109-B
http://dx.doi.org/10.1016/0550-3213(91)90419-X
http://dx.doi.org/10.1016/0550-3213(91)90419-X
http://dx.doi.org/10.1016/0550-3213(91)90419-X
http://dx.doi.org/10.1016/0550-3213(91)90419-X
http://dx.doi.org/10.1103/PhysRevB.45.5744
http://dx.doi.org/10.1103/PhysRevB.45.5744
http://dx.doi.org/10.1103/PhysRevB.45.5744
http://dx.doi.org/10.1103/PhysRevB.45.5744
http://dx.doi.org/10.1209/0295-5075/23/6/011
http://dx.doi.org/10.1209/0295-5075/23/6/011
http://dx.doi.org/10.1209/0295-5075/23/6/011
http://dx.doi.org/10.1209/0295-5075/23/6/011
http://dx.doi.org/10.1103/PhysRevB.48.15838
http://dx.doi.org/10.1103/PhysRevB.48.15838
http://dx.doi.org/10.1103/PhysRevB.48.15838
http://dx.doi.org/10.1103/PhysRevB.48.15838
http://dx.doi.org/10.1126/science.271.5249.618
http://dx.doi.org/10.1126/science.271.5249.618
http://dx.doi.org/10.1126/science.271.5249.618
http://dx.doi.org/10.1126/science.271.5249.618
http://dx.doi.org/10.1103/PhysRevB.53.12133
http://dx.doi.org/10.1103/PhysRevB.53.12133
http://dx.doi.org/10.1103/PhysRevB.53.12133
http://dx.doi.org/10.1103/PhysRevB.53.12133
http://dx.doi.org/10.1103/PhysRevB.56.6569
http://dx.doi.org/10.1103/PhysRevB.56.6569
http://dx.doi.org/10.1103/PhysRevB.56.6569
http://dx.doi.org/10.1103/PhysRevB.56.6569
http://dx.doi.org/10.1103/PhysRevB.62.3422
http://dx.doi.org/10.1103/PhysRevB.62.3422
http://dx.doi.org/10.1103/PhysRevB.62.3422
http://dx.doi.org/10.1103/PhysRevB.62.3422
http://dx.doi.org/10.1103/PhysRevB.65.115117
http://dx.doi.org/10.1103/PhysRevB.65.115117
http://dx.doi.org/10.1103/PhysRevB.65.115117
http://dx.doi.org/10.1103/PhysRevB.65.115117
http://dx.doi.org/10.1103/PhysRevB.67.024422
http://dx.doi.org/10.1103/PhysRevB.67.024422
http://dx.doi.org/10.1103/PhysRevB.67.024422
http://dx.doi.org/10.1103/PhysRevB.67.024422
http://dx.doi.org/10.1103/PhysRevLett.93.127202
http://dx.doi.org/10.1103/PhysRevLett.93.127202
http://dx.doi.org/10.1103/PhysRevLett.93.127202
http://dx.doi.org/10.1103/PhysRevLett.93.127202
http://dx.doi.org/10.1103/PhysRevB.82.144531
http://dx.doi.org/10.1103/PhysRevB.82.144531
http://dx.doi.org/10.1103/PhysRevB.82.144531
http://dx.doi.org/10.1103/PhysRevB.82.144531
http://dx.doi.org/10.1103/PhysRevLett.58.270
http://dx.doi.org/10.1103/PhysRevLett.58.270
http://dx.doi.org/10.1103/PhysRevLett.58.270
http://dx.doi.org/10.1103/PhysRevLett.58.270
http://dx.doi.org/10.1103/PhysRevB.43.11353
http://dx.doi.org/10.1103/PhysRevB.43.11353
http://dx.doi.org/10.1103/PhysRevB.43.11353
http://dx.doi.org/10.1103/PhysRevB.43.11353
http://dx.doi.org/10.7567/JJAPS.26S3.1913
http://dx.doi.org/10.7567/JJAPS.26S3.1913
http://dx.doi.org/10.7567/JJAPS.26S3.1913
http://dx.doi.org/10.7567/JJAPS.26S3.1913
http://dx.doi.org/10.1103/PhysRevB.75.121306
http://dx.doi.org/10.1103/PhysRevB.75.121306
http://dx.doi.org/10.1103/PhysRevB.75.121306
http://dx.doi.org/10.1103/PhysRevB.75.121306
http://dx.doi.org/10.1088/0022-3719/21/14/008
http://dx.doi.org/10.1088/0022-3719/21/14/008
http://dx.doi.org/10.1088/0022-3719/21/14/008
http://dx.doi.org/10.1088/0022-3719/21/14/008
http://dx.doi.org/10.1103/PhysRevB.50.10788
http://dx.doi.org/10.1103/PhysRevB.50.10788
http://dx.doi.org/10.1103/PhysRevB.50.10788
http://dx.doi.org/10.1103/PhysRevB.50.10788
http://dx.doi.org/10.1103/PhysRevLett.83.2745
http://dx.doi.org/10.1103/PhysRevLett.83.2745
http://dx.doi.org/10.1103/PhysRevLett.83.2745
http://dx.doi.org/10.1103/PhysRevLett.83.2745
http://dx.doi.org/10.1103/PhysRevLett.85.2160
http://dx.doi.org/10.1103/PhysRevLett.85.2160
http://dx.doi.org/10.1103/PhysRevLett.85.2160
http://dx.doi.org/10.1103/PhysRevLett.85.2160
http://dx.doi.org/10.1103/PhysRevLett.86.676
http://dx.doi.org/10.1103/PhysRevLett.86.676
http://dx.doi.org/10.1103/PhysRevLett.86.676
http://dx.doi.org/10.1103/PhysRevLett.86.676
http://dx.doi.org/10.1103/PhysRevB.63.081103
http://dx.doi.org/10.1103/PhysRevB.63.081103
http://dx.doi.org/10.1103/PhysRevB.63.081103
http://dx.doi.org/10.1103/PhysRevB.63.081103
http://dx.doi.org/10.1103/PhysRevB.63.054430
http://dx.doi.org/10.1103/PhysRevB.63.054430
http://dx.doi.org/10.1103/PhysRevB.63.054430
http://dx.doi.org/10.1103/PhysRevB.63.054430
http://dx.doi.org/10.1103/PhysRevLett.88.036401
http://dx.doi.org/10.1103/PhysRevLett.88.036401
http://dx.doi.org/10.1103/PhysRevLett.88.036401
http://dx.doi.org/10.1103/PhysRevLett.88.036401
http://dx.doi.org/10.1103/PhysRevB.89.085101
http://dx.doi.org/10.1103/PhysRevB.89.085101
http://dx.doi.org/10.1103/PhysRevB.89.085101
http://dx.doi.org/10.1103/PhysRevB.89.085101
http://dx.doi.org/10.1140/epjb/e2014-50395-6
http://dx.doi.org/10.1140/epjb/e2014-50395-6
http://dx.doi.org/10.1140/epjb/e2014-50395-6
http://dx.doi.org/10.1140/epjb/e2014-50395-6
http://dx.doi.org/10.1140/epjb/e2014-50445-1
http://dx.doi.org/10.1140/epjb/e2014-50445-1
http://dx.doi.org/10.1140/epjb/e2014-50445-1
http://dx.doi.org/10.1140/epjb/e2014-50445-1
http://dx.doi.org/10.1103/PhysRevB.90.115426
http://dx.doi.org/10.1103/PhysRevB.90.115426
http://dx.doi.org/10.1103/PhysRevB.90.115426
http://dx.doi.org/10.1103/PhysRevB.90.115426
http://dx.doi.org/10.1103/PhysRevB.90.201102
http://dx.doi.org/10.1103/PhysRevB.90.201102
http://dx.doi.org/10.1103/PhysRevB.90.201102
http://dx.doi.org/10.1103/PhysRevB.90.201102
http://dx.doi.org/10.1103/PhysRevX.4.031009
http://dx.doi.org/10.1103/PhysRevX.4.031009
http://dx.doi.org/10.1103/PhysRevX.4.031009
http://dx.doi.org/10.1103/PhysRevX.4.031009
http://dx.doi.org/10.1103/PhysRevB.90.235425
http://dx.doi.org/10.1103/PhysRevB.90.235425
http://dx.doi.org/10.1103/PhysRevB.90.235425
http://dx.doi.org/10.1103/PhysRevB.90.235425
http://dx.doi.org/10.1103/PhysRevB.91.085426
http://dx.doi.org/10.1103/PhysRevB.91.085426
http://dx.doi.org/10.1103/PhysRevB.91.085426
http://dx.doi.org/10.1103/PhysRevB.91.085426
http://dx.doi.org/10.1103/PhysRevB.91.205141
http://dx.doi.org/10.1103/PhysRevB.91.205141
http://dx.doi.org/10.1103/PhysRevB.91.205141
http://dx.doi.org/10.1103/PhysRevB.91.205141
http://dx.doi.org/10.1103/PhysRevB.91.245144
http://dx.doi.org/10.1103/PhysRevB.91.245144
http://dx.doi.org/10.1103/PhysRevB.91.245144
http://dx.doi.org/10.1103/PhysRevB.91.245144
http://dx.doi.org/10.1103/PhysRevB.92.115152
http://dx.doi.org/10.1103/PhysRevB.92.115152
http://dx.doi.org/10.1103/PhysRevB.92.115152
http://dx.doi.org/10.1103/PhysRevB.92.115152
http://dx.doi.org/10.1103/PhysRevLett.98.160409
http://dx.doi.org/10.1103/PhysRevLett.98.160409
http://dx.doi.org/10.1103/PhysRevLett.98.160409
http://dx.doi.org/10.1103/PhysRevLett.98.160409
http://dx.doi.org/10.1103/PhysRevLett.103.070401
http://dx.doi.org/10.1103/PhysRevLett.103.070401
http://dx.doi.org/10.1103/PhysRevLett.103.070401
http://dx.doi.org/10.1103/PhysRevLett.103.070401
http://dx.doi.org/10.1088/1367-2630/13/4/045014
http://dx.doi.org/10.1088/1367-2630/13/4/045014
http://dx.doi.org/10.1088/1367-2630/13/4/045014
http://dx.doi.org/10.1088/1367-2630/13/4/045014
http://dx.doi.org/10.1103/PhysRevB.83.134439
http://dx.doi.org/10.1103/PhysRevB.83.134439
http://dx.doi.org/10.1103/PhysRevB.83.134439
http://dx.doi.org/10.1103/PhysRevB.83.134439
http://dx.doi.org/10.1103/PhysRevX.4.011036
http://dx.doi.org/10.1103/PhysRevX.4.011036
http://dx.doi.org/10.1103/PhysRevX.4.011036
http://dx.doi.org/10.1103/PhysRevX.4.011036
http://arxiv.org/abs/arXiv:1509.07133
http://dx.doi.org/10.1103/PhysRevB.93.125105
http://dx.doi.org/10.1103/PhysRevB.93.125105
http://dx.doi.org/10.1103/PhysRevB.93.125105
http://dx.doi.org/10.1103/PhysRevB.93.125105
http://dx.doi.org/10.1103/PhysRevB.91.241106
http://dx.doi.org/10.1103/PhysRevB.91.241106
http://dx.doi.org/10.1103/PhysRevB.91.241106
http://dx.doi.org/10.1103/PhysRevB.91.241106
http://dx.doi.org/10.1103/PhysRevB.91.245139
http://dx.doi.org/10.1103/PhysRevB.91.245139
http://dx.doi.org/10.1103/PhysRevB.91.245139
http://dx.doi.org/10.1103/PhysRevB.91.245139
http://dx.doi.org/10.1103/PhysRevLett.59.2095
http://dx.doi.org/10.1103/PhysRevLett.59.2095
http://dx.doi.org/10.1103/PhysRevLett.59.2095
http://dx.doi.org/10.1103/PhysRevLett.59.2095
http://dx.doi.org/10.1103/PhysRevB.39.11413
http://dx.doi.org/10.1103/PhysRevB.39.11413
http://dx.doi.org/10.1103/PhysRevB.39.11413
http://dx.doi.org/10.1103/PhysRevB.39.11413
http://dx.doi.org/10.1103/PhysRevB.40.11177
http://dx.doi.org/10.1103/PhysRevB.40.11177
http://dx.doi.org/10.1103/PhysRevB.40.11177
http://dx.doi.org/10.1103/PhysRevB.40.11177
http://dx.doi.org/10.1103/PhysRevLett.99.097202
http://dx.doi.org/10.1103/PhysRevLett.99.097202
http://dx.doi.org/10.1103/PhysRevLett.99.097202
http://dx.doi.org/10.1103/PhysRevLett.99.097202
http://dx.doi.org/10.1038/srep06317
http://dx.doi.org/10.1038/srep06317
http://dx.doi.org/10.1038/srep06317
http://dx.doi.org/10.1038/srep06317
http://dx.doi.org/10.1038/ncomms6137
http://dx.doi.org/10.1038/ncomms6137
http://dx.doi.org/10.1038/ncomms6137
http://dx.doi.org/10.1038/ncomms6137
http://dx.doi.org/10.1103/PhysRevLett.114.037201
http://dx.doi.org/10.1103/PhysRevLett.114.037201
http://dx.doi.org/10.1103/PhysRevLett.114.037201
http://dx.doi.org/10.1103/PhysRevLett.114.037201
http://dx.doi.org/10.1103/PhysRevB.91.041124
http://dx.doi.org/10.1103/PhysRevB.91.041124
http://dx.doi.org/10.1103/PhysRevB.91.041124
http://dx.doi.org/10.1103/PhysRevB.91.041124
http://dx.doi.org/10.1103/PhysRevB.91.075112
http://dx.doi.org/10.1103/PhysRevB.91.075112
http://dx.doi.org/10.1103/PhysRevB.91.075112
http://dx.doi.org/10.1103/PhysRevB.91.075112
http://dx.doi.org/10.1103/PhysRevB.92.094433
http://dx.doi.org/10.1103/PhysRevB.92.094433
http://dx.doi.org/10.1103/PhysRevB.92.094433
http://dx.doi.org/10.1103/PhysRevB.92.094433
http://arxiv.org/abs/arXiv:1407.0869
http://arxiv.org/abs/arXiv:1507.03007
http://arxiv.org/abs/arXiv:1511.02226
http://dx.doi.org/10.1103/PhysRevB.93.094437
http://dx.doi.org/10.1103/PhysRevB.93.094437
http://dx.doi.org/10.1103/PhysRevB.93.094437
http://dx.doi.org/10.1103/PhysRevB.93.094437
http://arxiv.org/abs/arXiv:1512.05381

NON-ABELIAN TOPOLOGICAL SPIN LIQUIDS FROM ...

[84] M. Greiter and R. Thomale, Phys. Rev. Lett. 102, 207203
(2009).

[85] M. Greiter, D. F. Schroeter, and R. Thomale, Phys. Rev. B 89,
165125 (2014).

[86] J. Behrmann, Z. Liu, and E. J. Bergholtz, arXiv:1512.04553
[cond-mat.str-el].

[87] X.-G. Wen, Natl. Sci. Rev. 3, 68 (2016).

[88] P. Di Francesco, P. Mathieu, and D. Sénéchal, Conformal Field
Theory, Graduate Texts in Contemporary Physics (Springer,
New York, 1997).

[89] J. Wess and B. Zumino, Phys. Lett. B 37, 95 (1971).

[90] E. Witten, Commun. Math. Phys. 92, 455 (1984).

[91] H. Sugawara, Phys. Rev. 170, 1659 (1968).

[92] N. Nagaosa, Quantum Field Theory in Strongly Correlated
Electronic Systems (Springer-Verlag, Berlin, 1999).

[93] A. M. Tsvelik, A. O. Gogolin, and A. A. Nersesyan, Bosoniza-
tion and Strongly Correlated Systems (Cambridge University
Press, Cambridge, UK, 2004).

[94] R. Dashen and Y. Frishman, Phys. Rev. D 11, 2781 (1975).

[95] A.W.W.Ludwig, M. P. A. Fisher, R. Shankar, and G. Grinstein,
Phys. Rev. B 50, 7526 (1994).

[96] C. L. Kane and E. J. Mele, Phys. Rev. Lett. 95, 226801
(2005).

[97] B. A. Bernevig and S.-C. Zhang, Phys. Rev. Lett. 96, 106802
(2006).

[98] L. Takhtajan, Phys. Lett. A 87, 479 (1982).

[99] H. Babujian, Phys. Lett. A 90, 479 (1982).

[100] F. Haldane, Phys. Lett. A 93, 464 (1983).

[101] F. D. M. Haldane, Phys. Rev. Lett. 50, 1153 (1983).

[102] 1. Affleck, T. Kennedy, E. H. Lieb, and H. Tasaki, Phys. Rev.
Lett. 59, 799 (1987).

PHYSICAL REVIEW B 93, 205123 (2016)

[103] A. M. Tsvelik, Phys. Rev. B 42, 10499 (1990).

[104] A. V. Chubukov, Phys. Rev. B 43, 3337 (1991).

[105] A. Kitazawa and K. Nomura, Phys. Rev. B 59, 11358 (1999).

[106] B. A. Ivanov and A. K. Kolezhuk, Phys. Rev. B 68, 052401
(2003).

[107] Z.-X. Liu, Y. Zhou, H.-H. Tu, X.-G. Wen, and T.-K. Ng, Phys.
Rev. B 85, 195144 (2012).

[108] V. Lahtinen, T. Mansson, and E. Ardonne, Phys. Rev. B 89,
014409 (2014).

[109] K.-T. Chen, arXiv:1512.00967 [cond-mat.str-el].

[110] D. G. Shelton, A. A. Nersesyan, and A. M. Tsvelik, Phys.
Rev. B 53, 8521 (1996).

[111] S. R. White and I. Affleck, Phys. Rev. B 54, 9862 (1996).

[112] A. A. Nersesyan, A. O. Gogolin, and F. H. L. EBler, Phys. Rev.
Lett. 81,910 (1998).

[113] D. Allen and D. Sénéchal, Phys. Rev. B 55, 299 (1997).

[114] D. Allen and D. Sénéchal, Phys. Rev. B 61, 12134 (2000).

[115] R. M. Konik, T. M. Rice, and A. M. Tsvelik, Phys. Rev. B 82,
054501 (2010).

[116] A. M. Tsvelik, Phys. Rev. B 83, 104405 (2011).

[117] P. Lecheminant and H. Nonne, Phys. Rev. B 85, 195121
(2012).

[118] P. Lecheminant and A. M. Tsvelik, Phys. Rev. B 91, 174407
(2015).

[119] T. Iadecola, T. Neupert, C. Chamon, and C. Mudry, Phys. Rev.
B 90, 205115 (2014).

[120] M. Levin and A. Stern, Phys. Rev. Lett. 103, 196803 (2009).

[121] M. Levin and A. Stern, Phys. Rev. B 86, 115131 (2012).

[122] A. Altland and M. R. Zirnbauer, Phys. Rev. B 55, 1142 (1997).

[123] E. Fradkin, Field Theories of Condensed Matter Physics
(Cambridge University Press, Cambridge, UK, 2013).

205123-39


http://dx.doi.org/10.1103/PhysRevLett.102.207203
http://dx.doi.org/10.1103/PhysRevLett.102.207203
http://dx.doi.org/10.1103/PhysRevLett.102.207203
http://dx.doi.org/10.1103/PhysRevLett.102.207203
http://dx.doi.org/10.1103/PhysRevB.89.165125
http://dx.doi.org/10.1103/PhysRevB.89.165125
http://dx.doi.org/10.1103/PhysRevB.89.165125
http://dx.doi.org/10.1103/PhysRevB.89.165125
http://arxiv.org/abs/arXiv:1512.04553
http://dx.doi.org/10.1093/nsr/nwv077 
http://dx.doi.org/10.1093/nsr/nwv077 
http://dx.doi.org/10.1093/nsr/nwv077 
http://dx.doi.org/10.1093/nsr/nwv077 
http://dx.doi.org/10.1016/0370-2693(71)90582-X
http://dx.doi.org/10.1016/0370-2693(71)90582-X
http://dx.doi.org/10.1016/0370-2693(71)90582-X
http://dx.doi.org/10.1016/0370-2693(71)90582-X
http://dx.doi.org/10.1007/BF01215276
http://dx.doi.org/10.1007/BF01215276
http://dx.doi.org/10.1007/BF01215276
http://dx.doi.org/10.1007/BF01215276
http://dx.doi.org/10.1103/PhysRev.170.1659
http://dx.doi.org/10.1103/PhysRev.170.1659
http://dx.doi.org/10.1103/PhysRev.170.1659
http://dx.doi.org/10.1103/PhysRev.170.1659
http://dx.doi.org/10.1103/PhysRevD.11.2781
http://dx.doi.org/10.1103/PhysRevD.11.2781
http://dx.doi.org/10.1103/PhysRevD.11.2781
http://dx.doi.org/10.1103/PhysRevD.11.2781
http://dx.doi.org/10.1103/PhysRevB.50.7526
http://dx.doi.org/10.1103/PhysRevB.50.7526
http://dx.doi.org/10.1103/PhysRevB.50.7526
http://dx.doi.org/10.1103/PhysRevB.50.7526
http://dx.doi.org/10.1103/PhysRevLett.95.226801
http://dx.doi.org/10.1103/PhysRevLett.95.226801
http://dx.doi.org/10.1103/PhysRevLett.95.226801
http://dx.doi.org/10.1103/PhysRevLett.95.226801
http://dx.doi.org/10.1103/PhysRevLett.96.106802
http://dx.doi.org/10.1103/PhysRevLett.96.106802
http://dx.doi.org/10.1103/PhysRevLett.96.106802
http://dx.doi.org/10.1103/PhysRevLett.96.106802
http://dx.doi.org/10.1016/0375-9601(82)90764-2
http://dx.doi.org/10.1016/0375-9601(82)90764-2
http://dx.doi.org/10.1016/0375-9601(82)90764-2
http://dx.doi.org/10.1016/0375-9601(82)90764-2
http://dx.doi.org/10.1016/0375-9601(82)90403-0
http://dx.doi.org/10.1016/0375-9601(82)90403-0
http://dx.doi.org/10.1016/0375-9601(82)90403-0
http://dx.doi.org/10.1016/0375-9601(82)90403-0
http://dx.doi.org/10.1016/0375-9601(83)90631-X
http://dx.doi.org/10.1016/0375-9601(83)90631-X
http://dx.doi.org/10.1016/0375-9601(83)90631-X
http://dx.doi.org/10.1016/0375-9601(83)90631-X
http://dx.doi.org/10.1103/PhysRevLett.50.1153
http://dx.doi.org/10.1103/PhysRevLett.50.1153
http://dx.doi.org/10.1103/PhysRevLett.50.1153
http://dx.doi.org/10.1103/PhysRevLett.50.1153
http://dx.doi.org/10.1103/PhysRevLett.59.799
http://dx.doi.org/10.1103/PhysRevLett.59.799
http://dx.doi.org/10.1103/PhysRevLett.59.799
http://dx.doi.org/10.1103/PhysRevLett.59.799
http://dx.doi.org/10.1103/PhysRevB.42.10499
http://dx.doi.org/10.1103/PhysRevB.42.10499
http://dx.doi.org/10.1103/PhysRevB.42.10499
http://dx.doi.org/10.1103/PhysRevB.42.10499
http://dx.doi.org/10.1103/PhysRevB.43.3337
http://dx.doi.org/10.1103/PhysRevB.43.3337
http://dx.doi.org/10.1103/PhysRevB.43.3337
http://dx.doi.org/10.1103/PhysRevB.43.3337
http://dx.doi.org/10.1103/PhysRevB.59.11358
http://dx.doi.org/10.1103/PhysRevB.59.11358
http://dx.doi.org/10.1103/PhysRevB.59.11358
http://dx.doi.org/10.1103/PhysRevB.59.11358
http://dx.doi.org/10.1103/PhysRevB.68.052401
http://dx.doi.org/10.1103/PhysRevB.68.052401
http://dx.doi.org/10.1103/PhysRevB.68.052401
http://dx.doi.org/10.1103/PhysRevB.68.052401
http://dx.doi.org/10.1103/PhysRevB.85.195144
http://dx.doi.org/10.1103/PhysRevB.85.195144
http://dx.doi.org/10.1103/PhysRevB.85.195144
http://dx.doi.org/10.1103/PhysRevB.85.195144
http://dx.doi.org/10.1103/PhysRevB.89.014409
http://dx.doi.org/10.1103/PhysRevB.89.014409
http://dx.doi.org/10.1103/PhysRevB.89.014409
http://dx.doi.org/10.1103/PhysRevB.89.014409
http://arxiv.org/abs/arXiv:1512.00967
http://dx.doi.org/10.1103/PhysRevB.53.8521
http://dx.doi.org/10.1103/PhysRevB.53.8521
http://dx.doi.org/10.1103/PhysRevB.53.8521
http://dx.doi.org/10.1103/PhysRevB.53.8521
http://dx.doi.org/10.1103/PhysRevB.54.9862
http://dx.doi.org/10.1103/PhysRevB.54.9862
http://dx.doi.org/10.1103/PhysRevB.54.9862
http://dx.doi.org/10.1103/PhysRevB.54.9862
http://dx.doi.org/10.1103/PhysRevLett.81.910
http://dx.doi.org/10.1103/PhysRevLett.81.910
http://dx.doi.org/10.1103/PhysRevLett.81.910
http://dx.doi.org/10.1103/PhysRevLett.81.910
http://dx.doi.org/10.1103/PhysRevB.55.299
http://dx.doi.org/10.1103/PhysRevB.55.299
http://dx.doi.org/10.1103/PhysRevB.55.299
http://dx.doi.org/10.1103/PhysRevB.55.299
http://dx.doi.org/10.1103/PhysRevB.61.12134
http://dx.doi.org/10.1103/PhysRevB.61.12134
http://dx.doi.org/10.1103/PhysRevB.61.12134
http://dx.doi.org/10.1103/PhysRevB.61.12134
http://dx.doi.org/10.1103/PhysRevB.82.054501
http://dx.doi.org/10.1103/PhysRevB.82.054501
http://dx.doi.org/10.1103/PhysRevB.82.054501
http://dx.doi.org/10.1103/PhysRevB.82.054501
http://dx.doi.org/10.1103/PhysRevB.83.104405
http://dx.doi.org/10.1103/PhysRevB.83.104405
http://dx.doi.org/10.1103/PhysRevB.83.104405
http://dx.doi.org/10.1103/PhysRevB.83.104405
http://dx.doi.org/10.1103/PhysRevB.85.195121
http://dx.doi.org/10.1103/PhysRevB.85.195121
http://dx.doi.org/10.1103/PhysRevB.85.195121
http://dx.doi.org/10.1103/PhysRevB.85.195121
http://dx.doi.org/10.1103/PhysRevB.91.174407
http://dx.doi.org/10.1103/PhysRevB.91.174407
http://dx.doi.org/10.1103/PhysRevB.91.174407
http://dx.doi.org/10.1103/PhysRevB.91.174407
http://dx.doi.org/10.1103/PhysRevB.90.205115
http://dx.doi.org/10.1103/PhysRevB.90.205115
http://dx.doi.org/10.1103/PhysRevB.90.205115
http://dx.doi.org/10.1103/PhysRevB.90.205115
http://dx.doi.org/10.1103/PhysRevLett.103.196803
http://dx.doi.org/10.1103/PhysRevLett.103.196803
http://dx.doi.org/10.1103/PhysRevLett.103.196803
http://dx.doi.org/10.1103/PhysRevLett.103.196803
http://dx.doi.org/10.1103/PhysRevB.86.115131
http://dx.doi.org/10.1103/PhysRevB.86.115131
http://dx.doi.org/10.1103/PhysRevB.86.115131
http://dx.doi.org/10.1103/PhysRevB.86.115131
http://dx.doi.org/10.1103/PhysRevB.55.1142
http://dx.doi.org/10.1103/PhysRevB.55.1142
http://dx.doi.org/10.1103/PhysRevB.55.1142
http://dx.doi.org/10.1103/PhysRevB.55.1142



