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Mobile impurity approach to the optical conductivity in the Hubbard chain
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We consider the optical conductivity in the one-dimensional Hubbard model in the metallic phase close to
half-filling. In this regime, most of the spectral weight is located at frequencies above an energy scale Ey
that tends towards the optical gap in the Mott insulating phase for vanishing doping. Using the Bethe ansatz,
we relate Eqpy to thresholds of particular kinds of excitations in the Hubbard model. We then employ a mobile
impurity model to analyze the optical conductivity for frequencies slightly above these thresholds. This entails
generalizing mobile impurity models to excited states that are not the highest weight with regards to the SU(2)
symmetries of the Hubbard chain, and that occur at a maximum of the impurity dispersion.

DOLI: 10.1103/PhysRevB.93.205101

I. INTRODUCTION

Electron-electron interactions play a crucial role in deter-
mining the physical response to external probes of various
quasi-one-dimensional materials, e.g., organic semiconduc-
tors [1]. In order to successfully describe the mechanisms
and excitations responsible for distinct physical phenomena,
it is imperative to have a microscopic model capturing the
essence of the physics involved; providing a framework
within which realistic physical systems may be interpreted.
The one-dimensional Hubbard model [2] offers an excellent
theoretical laboratory in which a comprehensive microscopic
understanding of the origin of various behaviors can be
developed. The Hamiltonian for the Hubbard model is given
by
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Here, ¢, , annihilates a fermion with spin o = 1,] at site

Jin, = c;’gcj’d is the number operator, ¢ is the hopping
parameter, u is the chemical potential, B is the magnetic field,
and U > 0 is the strength of the on-site repulsion.

The low-energy degrees of freedom in the metallic phase
of the Hubbard chain are described [2—4] by a (perturbed)
spin-charge separated Luttinger liquid [5-8], with Hamiltonian

Ve 1 [3d,\> 30,
H= dr | —(Z2) 4k,
Zl6n/x[Ka(8x>+ (3x>:|

o=c,s

+ irrelevant operators. 2)

The parameters K,, v, can be calculated for the Hubbard
model by solving a system of linear integral equations (see
Appendix A). The Bose fields ®,(x) and dual fields ®,(x)
obey the commutation relation

[Po(x),0p(y)] = 4midapsgn(x — y). 3

The spectrum of low-lying excitations relative to the ground
state for a large but finite system of length L in zero magnetic
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field is given by [2—4]
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where AN,, D,, and N7 are integers or half-odd integers
subject to the “selection rules”

AN: + AN;

NfeNy, AN,€Z, D, = fmodl,

AN,

D, = mod 1. 5

At low energies, correlation functions can be calculated
from (2) and generically exhibit singularities at the thresholds
of the allowed collective spin and charge degrees of freedom,
with power-law exponents given in terms of the quantities
ANy, Dy, and N. However, when working at a finite energy
scale RG irrelevant terms have a nonzero coupling and may
(and in fact generically do) significantly alter the predictions
of the unperturbed Luttinger-liquid [9-35]. Over the last
decade or so, a fairly general method for taking into account
the effects of certain irrelevant operators in the vicinities of
kinematic thresholds has been developed, which is reviewed
in Refs. [36,38]. The case of spin-charge separated Luttinger
liquids has very recently been revisited [35] in order to make
it explicitly compatible with exactly known properties of
the Hubbard model. The essence of this approach is that,
when considering a response function, there are thresholds
in the (k,w) plane that correspond to particular excitations. In
integrable models, these excitations hold privileged positions:
they are stable (i.e., have infinite lifetimes) and can be
identified in terms of the exact solution. If the kinematics
near the threshold are described by a case in which small
number of high-energy excitations carry most of the energy
[in the precise sense of up to corrections of O(L™Y)] then
the problem becomes analogous to that of the x-ray edge
singularity problem for a mobile impurity [39].
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In this work, we employ mobile impurity methods to study
the optical conductivity

J
o1(0) = — MA@
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~ L/2-1
x'(w) = —i€2/ dt &' Z (GS|[Ji(2), Jo(0)]|GS), (6)
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where J; is the density of the current operator
- T f
Jj= =it Y le) o€ = €l o) 0
o

In the Mott insulating phase of the Hubbard model, the optical
conductivity has been previously determined [40—44]: o1(®w)
vanishes inside the optical gap 2A, where A is the Mott
gap. At frequencies w > 2A, there is a sudden power-law
onset o1(w) ~ +/w — 2A. Away from half-filling, the system
is a metal and therefore has a finite conductivity for all w,
specifically acquiring a Drude peak [45,46] at w = 0. The
low-frequency behavior has been previously studied [47-49]
in the framework of Luttinger liquid theory, predicting ?
behavior for 0 < w < ¢. Close to half-filling, one expects
most of the spectral weight in o(w) to be located above an
energy scale Ey that tends to 2A as we approach half-filling.
The scale Eqy has been previously correctly identified in
Ref. [50]. In the same work, it was conjectured that the optical
conductivity increases in a power-law fashion above E

o1(w) ~ (o — Eopl){ O(w — Eopt)- (8)

As we will see in the following, the mobile impurity approach
leads to different results.

The outline of this paper is as follows. In Sec. II, we
consider the spectral representation of the optical conductivity
and identify the quantum numbers of the states contributing
nonzero spectral weight. In Sec. III, we review the Bethe ansatz
description of the ground state and construct the excited states
considered in Sec. II, specifically identifying the thresholds
of these continua. In Sec. IV, we calculate the threshold/edge
behavior for the associated excitations via the mobile impurity
approach, fixing the coupling constants using the Bethe ansatz
to determine the finite-size corrections to the energy in the
presence of the high-energy excitation.

II. SPECTRAL REPRESENTATION OF THE
CURRENT-CURRENT CORRELATOR

In considering the optical conductivity as defined in Eq. (6),
the basic quantity of interest is

(GS|Jj4(1)J;(0)|GS)
= > (GS|Jjyeln)(n]J;|GS)eEr—Far - (9)

n

where {|n)} constitute a complete set of energy eigenstates.
To understand threshold behaviors, we wish to identify the
states contributing to this sum. A crucial insight to this
end are global continuous symmetries and their relation to
the energy eigenstates provided by the exact Bethe ansatz
solution [51-55]. In the case of zero magnetic field and chem-
ical potential, the Hubbard model possesses two independent
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SU(2) symmetries [2,56,57]:
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The S generate the well-known spin rotational SU(2) symme-
try, while the n* are known as n-pairing generators. The Bethe
ansatz provides us with the lowest weight states (LWS) [51],
which we denote by [LWS; m). Here, m is a multi-index, which
labels all distinct regular Bethe ansatz states in the sense of
Ref. [51]. The states are the lowest weight with respect to the
two SU(2) algebras in the sense that

7~ ILWS;m) = 0 = STILWS;m) . (11)

Each state |[LWS;m) is defined on a system of length
L and has a well-defined number of electrons N and z
component of spin S*. A complete basis of states is given by
(S |ILWS;m) |k =0,...,L —N; [ =0,...,25}.
For the repulsive Hubbard model below half-filling, the
ground state in zero magnetic field and finite chemical
potential is a spin singlet and a lowest-weight n-pairing state,
ie.,

S7IGS) = ST|GS) = n~|GS) = 0. (12)

Using the algebra defined in Eq. (10), it is readily verified that
[77,[n",J;1] = 0 and therefore for integer m > 0

(LWS;n|(n )"+ J;IGS) = (LWS;n|(n™)"[n~,J;1IGS)
= 8w, o(LWS:n|[n~, J;]|GS). (13)

This shows that the only states that may have a nonzero overlap
with J;|GS) are lowest weight states [LWS;m) or n-pairing
descendant states of the form n*|LWS; m), which implies the
expansion

Ji|GS) = ) (am|LWS;m) + by [LWS;m)),  (14)
m

where ap,, by are complex coefficients. Substituting this
into (9) provides further constraints on the subset of energy
eigenstates that may make nonvanishing contributions to the
correlator. The subset consists of (1) lowest-weight states with
Ngs electrons with S? = S? = 0 and (2) states of the form
n:lLWS;m), with [LWS; m) having Ngs — 2 electrons and
S-=8=0.
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Using that [H,n1] =

Cu(€,1) = (GS|Jj1.4(1)J;(0)|GS)
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—2un™, we can thus express the current-current correlator in the form

= ) (GS|J;+[LWS; m) (LWS; m|J;|GS)e " (Fn=Fos)
m

1
2 5 (G ILWS:
m

m)(LWS; m|n~ J;|GS)e

_i(Em_EGS_ZV-)t. (15)

The factor of (2n%,)~! arises from the normalization of the state n™|LWS,m). We note that u < 0 and hence —2 is a positive
energy shift. It is not obvious how to understand the second term in the framework of a mobile impurity model. However, using
the lowest-weight property n~|GS) = 0, we can rewrite (15) in the form

Cy(l,1) = Z(GS|J,~H|LWS;m><st;m|Jj|Gs>e—f<Em—EGs>’

m

+Z

The main advantage of the representation (16) is that it only
involves regular Bethe ansatz states, which can be constructed
by standard methods. As we concern ourselves only with the
threshold behaviors of the optical conductivity, we need only
focus on the lower edges of the various excitation continua.
As a consequence of kinematic constraints and matrix-element
effects, processes with a small number of excitations above
the ground states give the dominant contributions to response
functions. Defining

O; =", J;1=2it(=1) (cj ycjr11 + ¢js1yci0), (A7)
we can recast (16) in the form

Cuy(e,t) = Y [(GS|J;ILWS; m) [P (Fm~ Fas)tiFnt
m

+Zz
m

—i(Em—Egs2p)tHi (Pn—m)C

FILWS:m)|?

X e
= C\P,1) + CH e, (18)

Here the additional contribution to the momentum arises
because acting with n* shifts the momentum by 7. If the
ground state contains N fermions, the contribution Cy; ) £,t)is
proportional to 1/(L — N + 2), and can therefore be dropped
in the thermodynamic limit away from half-filling. However, as

1 & sink;
2k =kj+ 7 ZZ@(

n=1 a=1 n=1 a=1

oINS A —sinky\ 1 e Ay —
w(he) =7 2 9(“7’) -T2 ®nm<—
j=1 =

N-2M'

A" — sink; 1 & Al — A
s =-p 3 oS - g X e (2
m=1 =1 u

= (GSIL/je " TILWS: m) (LWS; mi[n ™. J;1IGS)e ~H(Em=Fos =20, (16)

(

we are interested in densities close to one fermion per site it is
useful to retain it in view of potential comparisons to numerical
results for finite-size systems. The optical conductivity can
then be written as

2 2 o)
2e—w [Z Z/ dt & 1) — {0 — —w}:|
a=1 ¢ Y~

2
= Zaf‘”(w). (19)
a=1

o(w) =

III. BETHE ANSATZ FOR THE HUBBARD MODEL

To gain further insight into the representation (18), we
now construct the ground state and low-lying excitations
above it. We first calculate the energy of such excitations in
the thermodynamic limit. This will allow us to identify, on
kinematic grounds, which states within the manifold identified
earlier are important with respect to the threshold behaviors we
aim to describe. We therefore recapitulate some results from
Ref. [2] to allow a self-contained discussion.

For large system sizes, the eigenstates of the repulsive
Hubbard model can be expressed in terms of solutions of
the Takahashi equations, expressed in terms of so-called
counting functions. In the case of N electrons, M of which
are spin-down, these are defined by

sink; — A", , ,
L j=1,...,N—2M, (20)
nu
Ak
Ca=1,....M,, @1

m
) + 2Re[ arcsin (A" + niu)], a=1,....M,, (22)
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where 0(x) = 2 arctan(x), u = U/4t,

x) {e(n ml) + 29(|n7;|+2) t+-+ 20(n+m 2) +0(n+m) n ;é m (23)
nm(X) = P
20(3) +260(3) + - +20(555) +0(%), n=m
and
o0 [o¢]
M = Zn(Mn +M), M = ZnM,;. (24)
n=1 =
Takahashi’s equations are
2 l; 2w J" n 2rJ"
2l = Tz () = T g (a) = T (25)

Here, the sets {I;}, {J}, {J',} consist of integers or half-odd integers depending on the particular state under consideration,
obeying the “selection rules”

Z+3% if Y, (M, + M) odd L L
I/' (S s - < I/‘ g -,
' Z if > (M, + M)) even 2 7 2
; Z if N — M, odd ’J ’ 1 N Z
" € ) " ~ tnm m_ s 26
“ Z—i—% if N — M, even 2 (26)
Z if L — N+ M, odd 1 ad
J" e v L—N+2M =Y tuM, —1),
Z+ 3 if L — N+ M) even 2 oyt

where t,,,, = 2 min(m,n) — §,,,. The energy and momentum, measured in units of ¢, of an eigenstate characterized by the set of
roots {k;,Al, A’m} are given by

N-2M' o M,
— Y @coskj+pu+2u+B)+2BM +4) > Rey/1 — (A% +niu)’ + Lu, 27)
j=1 n=1 p=1
N—2M' © M,
P = Z k; —ZZ 2Rearcsin (A"y + niu) — (n + 1)7) | mod 27. (28)
n=1 p—1

(

The monotonicity of the counting functions ensures that  the previously established notation, by
specifying a set of integers/half-odd integers in accordance
with the “selection rules” uniquely determines a solution of IGS) = |LWS; {1 j},{Jo} }) (€20)
the Takahashi equations.

1. Thermodynamic limit
A. Ground state . T .
On taking the thermodynamic limit at fixed density ngs

We consider the case where L is even, the total number  n4 magnetisation mgg the roots become dense and we can
of electrons Ngs is even and the number of down spins MGs  gescribe the ground state in terms of root densities p, o and
is odd. The ground state is then obtained by choosing the set
{1;,J2,J" 10 be [2]

_Ngs—1 Ngs—1
Negs 1 . . ° h \
Ijz————+j, J:l,...,NGs, (29) 4O—O—O¢........¢OOO LielZ+;
22 -4 B-5-8-3-3 4 & 8§ 3 5
p= Mo 1o, a1 m (30) e AeE
o 2 2 ’ oo es H—o—o—o—%ﬂyez
This configuration is shown for the example L = 16 and FIG. 1. Configuration of the integers for the ground state, explicit

Ngs = 2Mgs = 10 in Fig. 1. We denote the ground state, in numbers given are for L = 16, Ngs = 10, and Mgs = 5.
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0s.0, which satisfy the linear integral equations [2]

1 A
peolk) = 5 + cosk/ dA a (sink — A)ps o(A), (32)
T —A

0
peo(A) = / dkar(A — sink)peo(k)
-0

A
- f A ax(A — Mypoo(A).  (33)
—A

2nu 1
Here, a,(x) = 5 ¢

and A are determined by

and the integration boundaries Q

(¢
/ dk pook) = ngs,
-0

A
1
/ 4A pyo(A) = 5(ncs — mgs), (34)
—A

The energy density of the system is given to o(1) by [2]

¢ dk
egs = ——&c(k) +u, (35
-0 27'[
where
g.(k) = —2cosk—pu—2u—B

A
+/ dA a)(sink — A)eg(A), (36)
—A

o
g(A)=2B + / dk cosk aj(A — sink)e.(k)
-0

A
- / dA’ ax(A — A)eg(A). (37)
—A

The dressed energies e.(k) and &,(A) satisfy e.(£Q) =
&s(£A) = 0. The dressed momenta are given by [2]

A sink — A
pelk) =k + / dA ps0(A)0 <—u ) (38)
—A

Q A —sink
ps(A) = / dk pco(k)0 <—>
-0 u

A A=A
- / dA’ P‘v,o(A/)é‘( 5 ) (39
—A u

B. Excitations contributing to Cﬁ)(l,t).

We now turn to excited states that contribute to the spectral
representation (18) of C J(Jl )(Z,t). These are lowest weight
states of the spin and n-pairing SU(2) algebras with quantum
numbers N = Ngs and M = Mgs.

1. “Particle-hole” excitation with N = Ngs and M = Mgs.

Creating a particle-hole excitation in the charge degrees of
freedom yields a state with the same charge and spin quantum
numbers as the ground state, but with a finite momentum
and energy difference. The (half-odd) integers for this type

PHYSICAL REVIEW B 93, 205101 (2016)

=% o R
1
:I:—'....C..¢OO—O—>I]EZ+§
L 9 z 5 3 1 1 3 5 7 9 L
z 2727272737 3z 2 2 3 2 3
_Mgs—1 Mgs—1
2 2
1
—— oo o0 ¢ Jjcl
-2 -1 0 1 2

FIG. 2. Configuration of the integers for the particle-hole excita-
tion above the ground state, explicit numbers given are for L = 16,
NGS = 10, and MGS =5.

of excitation are given by

—Nestlyjro(—Ystl4j—1"), j=1,...,Ngs—1
= ’
! 17, J = Ngs

(40)
_Mos+1
2

where ©(x) = 1 for x > 0 and 0 otherwise. The arrangement
for these integers is shown in Fig. 2. This excitation is two-
parametric and has an energy and momentum of the form

= +a, a=1,...,Mgs, (41)

E = egsL + e.(k”) — e.(kK") + o(1),
P = p(k?) — p.(k") + o(1), 42)

where the rapidities are determined by z,. (kM = Z”LI " ,2.(kP) =

. This forms a continuum of excitations above the ground
state, shown in Fig. 3.

2n 1P
L

2. “k-A string” excitation

We start by considering excitations with N = Ngg, M =
Mgs involving a single (“k-A string”) bound state. This
excitation has been considered previously, e.g., in Sec. 7.7.2
of Ref. [2]. It involves having a single (half-odd) integer in
the sector corresponding to the set {J/'}. The lowest-energy
bound state, which can be created, comprises of two ks and
one A forming a string pattern in the complex plane. The
Takahashi equations describe the real centres of these and

Particle-hole continuum for U = 8, n = 0.8

E — Legs
no

1 <08 -06 -04 -02 0 02 04 06 08 1
p/m

FIG. 3. Particle-hole excitation continuum above the ground state.
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__Ngs—3 Ngs—3

2
L -

2
1
Ij€Z+§
1 3 5 T L
2 3 3 3 3

[*N
ke
ol

_ Mgs—2
2

e eee - JcL

1 1
272 2 2

Mgs—2
2

2 J'r 2
——o0o0o0eo0o0o0——J ez
-3 -2 -1 0 1 2 3
FIG. 4. Configuration of the integers for the k-A string excited
state.

other root patterns. The case we consider is realized by the
integer configuration

Ngs—2 1
Ij:_L__+j, j=1,...,Nes —2, (43)
2 2
Mgs — 1 1
JJZ_L__—}—Q, a:],...,Mgs—], (44)
2 2
71 'p

which is displayed in Fig. 4. In the notations used above, we
can denote this excited state by [LWS; {I,},{JO}}, {J’/lg}).

We can again take the thermodynamic limit and compare
the energy of this excited state with that of the ground state.
Following similar manipulations to the case of the ground-state
energy, the O(1) corrections can be calculated [2]. The energy
is given by

E = Legs + &a(A?) + o(1), (46)
where
gia(A) = 4Rey/1 — (A —iu)? —2u — 4u
Qo
+ / dkcosk ai(sink — A) e.(k). (47)
-0
0.12
0.09 i
0.06 i
n=>0.8
< 0.03} E
[a]
+ 0
& 0.4+ E
0.3 ¢ ]
02} n=06 / 1
0.1 t+ ’~ -
0 ‘ ‘ P ! L ! !
-1 -0.8-0.6-04-0.2 0 0.2 0.4 06 0.8 1
p/m
(a)

E — Legs
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The momentum is given by P = pga (A7), where

Pia(A') = —2Re arcsin(A’ + iu)
0 A —sink
+ / dk pe.o(k)6 —0 ) (48)
-0

and A? is determined by z{(A?) = % This form can be
readily interpreted physically as a particlelike excitation above
the ground state. The k-A string dispersion describes the
threshold of an excitation continuum obtained by adding, e.g.,
particle-hole excitations in the charge sector. The dispersion
relation for this excitation and the particle-hole continuum is
shown in Fig. 5. The existence of such a continuum at p = 0
is necessary to understand the problem within the mobile
impurity approach to threshold singularities.

C. Excitations contributing to C}?((,t)

We now turn to excited states that contribute to the spectral

representation (18) of C}Jz)(ﬁ,t). As we have re-expressed

C J(?) (€,t) in terms of matrix elements of the operator O' defined
in Eq. (17), we will focus on excited states |LWS;m) that
have nonvanishing matrix elements (GS|O§ ILWS; m) # 0.
These are the lowest weight states of the spin and n-pairing
SU(2) algebras and their quantum numbers are N = Ngs — 2,
M = Mgs — 1.1tis of course straightforward to translate back
to excitations contributing to the original spectral representa-
tion (15): all that is required is to act with ' on the states we
discuss in the following.

1. “Particle-hole” excitation with N = Ngs — 2 and
M = Mgs — 1.

The integer configuration for this type of excitation is given
by

N, . _N, . h .
! 17, J=Ngs—2
(49)
k-A string and particle-hole continuum for U = 8, n = 0.8
9.5 \ \ \ \ \ \ \
7 k-A + particle-hole continuum
9| k-A dispersion |
8.5
8
7.5
71 |
6.5 + |
6 | — |
55 1 1 1 1 1 1 1 1 1
-1 -08 -06 -04 -02 0 02 04 06 038 1
p/m

(b)

FIG. 5. k-A string dispersion for various U and n, and particle-hole excitation continuum above this for U = 8 and n = 0.8. For small
momenta, the k-A string dispersion marks the lower edge of a continuum described by additional excitations, e.g., particle-hole excitations in

the charge sector.
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Nc,s 2 '\c,s 4

w = "

‘o—o—o—e—o—o—o—o—o—o—e—o—o—o—o—o—d €z

L 4 -3 —2 —
-5 4 -3 -2 -1 o0

~Mgg=2 Mgs—2
4¢—O—O—¢—> JaZtl
FIG. 6. Integer configuration for the particle-hole excitation,
explicit numbers for L = 16, Ngs = 10, and Mgs = 5.
M
Ja:—%+ a=1,...,Mgs — 1. (50)

This is shown graphically in Fig. 6.
In complete analogy to the previous case, the energy and
momentum of this state are given by

E = Legs + e.(k”) — e.(K") + o(1),
P = p(k?) — pe(k") £ 2kr + o(1), (51

where kP and k" are determined by z.(k?) = 2L, z (k") =

T’ The contributions 2k arise from the asymmetry of
the charge “Fermi sea,” leaving a choice of two parity-related
states. The continuum of excitations given by (51) is shown
in Fig. 7, and consists of the union of two copies of the
continuum depicted in Fig. 3 shifted by +2k, respectively.
We note that in order to make closer contact with the spectral
representation (18) we have shifted the momentum by 7.

2. “Two-particle” excitation with N = Ngs — 2 and
M = Mgs — 1.

A closely related type of excitation corresponds to the
choice of (half-odd) integers

_N03_4+j’ j:l,...,NGS_4
I; =11, J = Ngs —3, ’ (52)
I, J=Ngs—2

“Particle hole” excitation continuum for U = 8, n = 0.8
4.5 - T

E — Legs

(p—m)/m

FIG. 7. Continuum for particle-hole excitation with momentum
shifted for clarity.
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\(JS 6

Ngs—4
Jig L’; P2

‘HWWWO—»I €z

L 2 —
- 2 -1 o0

~Mgg=2 Mgs=2
4¢—0—0—¢—> Jo€Z+ 3}
FIG. 8. Integer configuration for the particle-particle excitation,
explicit numbers for L = 16, Ngs = 10, and Mgs = 5.
M,
Ja=—$+ a=1,...,Mgs—1. (53)

Such a configuration is shown in Fig. 8 and can be thought
of as involving two particles associated with /7' and 72,
respectively. The energy and momentum of this excitation are

E = Legs + &.(k"") + &.(k”) + o(1),

P = p(k") + pc(k™) £ 2kp + o(1), (54)
with z.(kP') = % The continua corresponding to (54) are
shown in Fig. 9. We note that both possible choices +2kg
have been taken into account, and we have again shifted the

total momentum by 7 in order to make closer contact with the
spectral representation (18) of our correlator.

3. “Two-hole” excitation with N = Ngs — 2, M = Mgs — 1.

Finally, we consider excitations characterized by the distri-
bution of (half-odd) integers

N N
I = _—;S +j +®<——2GS +j— Ih')w

N,
+®(—%+j—1h2>, Jj=1,....Ngs =2,

(55)

Mas
Jo = ——> +
) o,

which is displayed in Fig. 10. We see that these states can
be viewed as involving two holes associated with 1 and 1"

a=1,...,.Mgs—1,  (56)

“Particle-particle” excitation continuum for U = 8, n = 0.8
1.4 .

1.2 + 1

0.8 | J

0.6 | J

E — Legs

04t ]

0.2 J

(p—m)/m

FIG. 9. Continuum for particle-particle excitation with momen-
tum shifted for clarity.
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Nes—2

Ngs

1)11 Ihz )

——— 0000000000 e8¢0 OO0 —I[cl
1 5 L i
2

L -4 -3 -2 -1 0 2 3 4

_ Mgs—2 Mgs—2
2 2

— ¢ o0 ¢ ] cZ+1
3
2

-3 _ 1 3
2 "2 2

ol
ol

FIG. 10. Integer configuration for two hole excited state, explicit
numbers for L = 16, Ngs = 10, and Mgs = 5.

respectively. The energy and momentum of this excitation are
given by

E = Legs — e.(k") — e (k") + o(1),
P = —pc(k") = po(k") £ 2k + o(1), (57)

with z.(k") = % The continua for these excitations are
shown in Fig. 11, where we have taken both possible choices
of +2kp into account and we again have shifted the total
momentum by 7 in order to make closer contact with the

spectral representation (18) of our correlator.

D. Excitation thresholds at commensurate fillings

By considering additional excitations around the “Fermi
points” in the charge sector we can construct other excitations
that are degenerate in energy [to o(1)], but differ in their
momenta by integer multiples of 4kr. As we consider the
case of zero magnetic field, there is no freedom to rearrange
the integers in the spin sector that leads to a lower energy for a
given momentum. In this way, we can determine the thresholds
for a given class of excited states.

(1) The absolute threshold is obtained by combining
the particle-hole excitation of Sec. III B 1 with zero-energy
particle-hole excitations at the “Fermi points” in the charge
sector, which shift the momentum by multiples of 4kg. It is
depicted by a dashed red line in Fig. 12. At zero momentum,
the relevant value for the optical conductivity, the absolute
threshold occurs at zero energy. At low energies, the optical
conductivity is dominated by particle-hole excitations. Close to

“Two hole” excitation continuum for U = 8, n = 0.8

7 : : : : :
6_ 4
5 | J

S o4

~

é 3

1 08 -06 -04 02 0 02 04 06 08 1
(p—m)/m

FIG. 11. Continuum for two hole excitation with momentum
shifted for clarity.
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Spectral features for current-current correlator

9
8 .......................................................................................................................
7
6
. Absolute threshold
» 9 “k-A threshold” ----weevv--
Ry “Particle-hole” edge contributing to o) (w)
“Two-hole” edge contributing to o (w)
3
2
1
-1 -0.5 0 0.5 1

P/m

FIG. 12. The continuum of lowest-lying excitations of the Hub-
bard model involving only the charge sector for n = 0.8, U = 10.
As the optical conductivity is defined at zero momentum, only the
features encountered at P = 0 are relevant. The k-A string dispersion
defines the lower edge of a continuum of excitations involving the k- A
string. The contributions to o ® (w) are shifted by —2, in accordance
with the spectral representation (18).

half-filling, the spectral weight of this contribution is small and
tends to zero for n — 1. In the vicinity of half-filling, most of
the spectral weight concomitantly occurs above a “pseudogap”
that is close in value to the Mott gap of the half-filled system.

(2) Above an energy scale that tends to the Mott gap
as the band filling approaches one from below, excitations
involving a single k-A string of length two exist. Their
threshold is shown as a dashed black line in Fig. 12. Precisely
at half-filling, these excitations do not contribute to the optical
conductivity [2,40,41] as a result of the enhanced symmetry:
at half-filling this excitation describes a singlet of the n-pairing
SU(2) algebra and does not contribute to o;(w).

(3) For band fillings close to n =1 there are other
excitations of the form n*|LWS,m) that contribute to the
optical conductivity. At half-filling, these are the only states
contributing to o} (w) in the frequency regime 2A < w < 4A,
where A is the Mott gap. Below half-filling, their contribution
to o1 (w) can be cast in the form of CJ(JZ)(E,I) in Eq. (18), and the
states to be considered are then given by Sec. III C 1-1I1 C 3.

The thresholds shown in Fig. 12 are at a high commen-
surability: 5(4kr) = 8. We note that thresholds involving
high-order umklapp processes are suppressed in oj(w), cf.
Refs. [10,14,15]. Analytic forms for the “high-energy” thresh-
olds are given below in Egs. (65), (F1), and (F17). These results
show that the contributions from o®(w) do not constitute the
“pseudogap threshold,” and, moreover, are suppressed by a
factor 1/L as we have pointed out before. Hence they do not
play an important role in the initial growth of o (w), even for
finite-size systems, and we therefore relegate their discussion
to Appendix F.

IV. MOBILE IMPURITY APPROACH TO THRESHOLD
SINGULARITIES

Our goal is to determine the behavior of the optical
conductivity in the metallic phase of the Hubbard model close
to half-filling above the excitation thresholds occurring in the
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vicinity of the Mott gap at n = 1. This can be achieved by
following the mobile impurity approach to the Hubbard chain
set out in Ref. [35]. In the main cases of interest to us here,
the mobile impurity model describes low-energy degrees of
freedom in the presence of a single high-energy excitation
with momentum ¢ and takes the general form

H = Hyp + Hinp + Hiy, (58)
_ Vo L *\2 *\2
. = /dx LZ 167 <2Ka (0 Pa)" + 2Ka(0:00) ﬂ
(59
Hipmp = /dx BT(X)[E(CI) —i€'(q)d; — %6//(61)3,3:|B(X),
(60)

Hi = / dx BI(0)BOOLfu(@)d0s(x)

+ fa(@3: @y (O] + -+ (61)

Here, v., and K., are, respectively, the velocities and
Luttinger parameters of low-energy collective spin and charge
degrees of freedom, ¢ and ¢ are chiral charge and spin
Bose fields, and
Of=@f + @, O =¢F—@, a=cs.  (62)
The high-energy excitation under consideration has a “bare”
dispersion €(g) and is described in terms of the field B(x).
Finally, the functions f, ;(¢) and f.;(q) parametrize the inter-
actions between the high-energy excitation and the low-energy
degrees of freedom. Our Bose fields are related to the usual
spin and charge bosons [7,8] by a canonical transformation
@
@y 7
and were introduced in Ref. [35] by bosonizing the physical
fermionic spin and charge excitations in the Hubbard model.
The form of Hj, is fixed by symmetry considerations and
assuming the high-energy excitation to be a pointlike object.
Within the mobile impurity model the current operator is
represented as

0y = V267, (63)

Jj — BI(x)OLL(x), (64)

where Op(x) is an operator acting in the Luttinger liquid
sector of the model (61) only. In order to fully specify our
problem, we proceed as follows.

(1) The spin and charge velocities and Luttinger parameters
are determined directly from the exact solution of the Hubbard
model, see Appendix A for a brief summary.

(2) The relevant (“dressed”) dispersion relations for the
various excitations we need to consider have already been
determined above in Sec. III.

(3) For a given threshold, the projection Oy of the
current operator onto the Luttinger liquid sector is determined
by bosonization/refermionisation techniques. This is done in
Secs.IVA 1,F 1 a, and F 2 a below.

(4) Finally, the interaction parameters f.(q) and f. (q)
are determined in Secs. IV A4, F 1 d, and F 2 d by comparing
finite-size corrections to excitation energies in the Hubbard
model and the mobile impurity model (58).

PHYSICAL REVIEW B 93, 205101 (2016)
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FIG. 13. The threshold of the k-A string &4 (0) is shown for
various U and n.

A. k-A threshold in 0 V()

This threshold is obtained when the entire O(1) contribution
to the excitation energy and momentum are carried by the k-A
string. The functional form of the threshold is

Ef2(q) = eea (M),
q = —2Re arcsin(A + iu)

Q A —sink
+ / dkO(—)Pc,o(k), (65)
-0 u

where p. o(k) is the ground-state root density (32). It important
to note that in the case relevant for the optical conductivity the
k-A string sits at ¢ = 0, which corresponds to a maximum of
exa(A). The mobile impurity Hamiltonian appropriate for the
description of this case is therefore of the form

Himp = / dx BT(x)(e(O) - %e”(O)E)f)B(x), (66)

where €”(0) < 0. We note that by virtue of the interactions
between the mobile impurity and the Luttinger liquid degrees
of freedom, the bare dispersion €(g) is differs from the
actual threshold e;5 (A(q)). The relationship between the two
quantities is established below. The threshold g; 5 (0) is shown
in Fig. 13 for various U and n.

1. Projection of the current operator

Having identified the state involving the k- A string as con-
tributing to afl)(w), we wish to project the current operator (7)
onto the operators involved in the mobile impurity model. To
this end we introduce the Hubbard projection operators [2],
defined on site j as

X" = la);;(bl, a,b=0,1,12(1). ©7)

The current operator is expressed in terms of the X ‘]?” as
— : 20 a0 G2 0
Jj =ity (oX7 +X7) (0 X7 + X}%,)
o

— (X3, + X%

j+1)(GX?2 + X?U)' (68)
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In order to proceed further, we now consider the large-U limit,
in which the k- A string corresponds to a doubly-occupied site.
The current operator J can be decomposed into three terms:
a piece, which increases the double occupancy by one (J 1), a
piece, which decreases it by one (J ) and a piece that leaves
the double occupancy unchanged (J°), i.e.,

Li=Jf+77+J0. (69)

As we are concerned with creating an excitation involving
double occupation, we are interested in J j+ only. This is given
by

.:—”ZUXZ"XH_I o X7, XY, (70)

and can be suggestively rewritten as

+ 20 (0! 01 01 0!

I =i XXX = X X))
20 0) 501 01 0!
Xj+1(Xj+1X X]-HX )] (71)

As, in the large-U limit, a k-A string corresponds to a
doubly occupied site, while the ground state has zero double
occupancy, we can identify the operator creating the k- A string
as BT(x) ~ X?O. This allows us to recast J ' in the form

+ . T T
Jim~ =itlBy = B M(e; gy (L= ) =m0, )

— i1y (L=n; (1 —n, ). (72)

In order to complete the projection of the current operator onto
the mobile impurity model, we simply bosonize all remaining
electron operators. The final result is

. b*
Jia(x) ~ (8, BT (x e IO/ 6 (—‘)—i— 73
en(x) ~ ( (x)) WG (73)

2. Finite-size corrections to excitation energies
in the mobile impurity model

Energies of excited states in the mobile impurity model in a
large, finite volume can be calculated following Refs. [20,35].
The chiral spin and charge Bose fields have mode expansions

X
Pa() = Po0+ 7 Qa

> (2. . .
—I—Z\/;[e" g pa+e T al g ] (T4
n=1
(/_);k(x) = ‘/_Ja,() + _Q;
> /2. .
+ 3 g + € TG, L))

Here, Q%, OF, ¢4.0, $u.0 are zero-mode operators, obeying the
commutation relations

[¢3.0- Qo] = —[fﬁ;,o,QZ] = —4mi. (76)

The eigenvalues ¢, and g, of the operators QF and Q7
depend on the boundary conditions of the fields ¢}(x) and
@, (x). These boundary conditions are, crucially, influenced by
the presence of a mobile impurity: coupling the impurity to
the Luttinger liquid will change the boundary conditions and
therefore modify the eigenvalue spectrum, causing a shift in

PHYSICAL REVIEW B 93, 205101 (2016)

the O(L~') spectrum. It is precisely this relationship that will
allow us to determine the coupling constants by examining the
finite-size spectrum of the Hubbard model in the presence of a
high-energy excitation. An important distinction from previous
calculations is that the dispersion of the mobile impurity is
quadratic in our case and has negative curvature.

The interactions between the impurity and the LL degrees
of freedom in Eq. (58) can be removed by a unitary transfor-
mation of the form [35,36]

U = ¢t o dx Too 0s)+7, 9 ()BI@)B(x) (77)
The transformed fields are given by
¢a = Ug,U" = gj(x) = 27y, Cx),
7, = UgsU" = g5(x) + 217, C(x),

B(x) = UB(x)U'
= B(x)é' 2oV Py )+ 7B (X)) p—in Zd(yf—?uz)C(x)’ (78)
where
o0 4
Clx) = / dy sgn(x — y)B'(y)B(y). (79)
—0Q

By choosing the parameters y,, 7, to fulfill

(B)-CF ")) w=5(rs)
fo) " \vg  vf J\w) v T 2 “T2K, )

(80)

we find that, retaining only the most relevant terms, the
impurity decouples in the new basis, i.e.,

H= / [ 16n< ' (o, ¢O)+2Ka(ax@;)2>}

+ /dx ET(x)[?(q) — E’e“”(q)aj]E"(x)+~-- . 8D

We note that the “dressed” impurity dispersion for momenta
k~gq is €(q) — %'é'”(q)(k — ¢)? and differs from its “bare”
value €(k) by a constant [37]. Importantly, it is the dressed
dispersion that relates directly to the Bethe ansatz result for
Eﬁlré\s(k) in Eq. (65). In the decoupled theory of (81) it is a
straightforward matter to calculate the spectrum of low-energy
excitations above the ground state in the presence of an

impurity. The result is [35]

2706 [ 1 (Go+ G -\
AELL=Z 2 [4Ka( - — Vo t+ Va

+Ka( T YeT Va) +) M, +Mna]}
n>0
(82)
Here, Mjfa are non-negative integers corresponding to

particle-hole excitations at the edge of the Fermi seas. Any
operator acting on the ground state will, in general, produce a
superposition of energy eigenstates. Noting that the ground
state is annihilated by QF, Q* the state O(x)|GS) has
well-defined quantum numbers qéo), gV if O(x) satisfies the
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relations

[05,00)] = ¢P0w), [05,000)] =32 0x). (83)

If the operator satisfies such a property then all states in the
superposition defined by O(x)|GS) must have the same g, and

J

PHYSICAL REVIEW B 93, 205101 (2016)

Gu»> namely, g9 and §°. The only difference in the energies
comes from having different M,fa. We can therefore identify
the “minimal” excitation [35]: this is the state with all Mjfa =
0, i.e., no particle-hole excitations. For the specific case of
interest here, namely, acting with the projected current operator
Jia(x) on the ground state, this can be represented pictorially
as

s c I i e 362 e 36}
k-,A/\ k,A/‘\ k,A/\ kA/‘\ kA/\ (84)
N———— N—_———
2=0%",0.=0  da=a", 3=  da=aY, da=ay" da=a%", 4a=3q "
“minimal” M #0 M #0 M #0, MY #0

From the bosonized expression for J;(x), and focusing only on the e/ ®/ 2V2 term with the other following from parity, it

follows that
40 =3 = 27/3;

© _

-39 = —=v2. (85)

The total momentum can also be calculated using the mode expansion, and is found to be of the form

P=

nﬁ 4

a=c,s

where k7 includes finite-size shifts to the rapidity k”. We
can identify the “minimally excited” state with the Bethe
ansatz excitation at the relevant threshold. By matching the
expressions for the finite-size energies, we will be able to
constrain the parameters Vy, V-

3. Finite-size corrections to excitation energies from Bethe ansatz

Finite-size corrections to the energies of states involving
both high- and low-energy excitations can be determined from
the Bethe ansatz solution of the Hubbard model following
Ref. [25]. The details for the excitations of interest here
involving a k- A string are given in Appendix B. The final result
for zero magnetic field and total momentum P = O(L™') is

b 270, [ (AN, — N™)°
E = egsL + €A (0) — 6—L(Uc + )+

L 8K,
) D _Dimp 2
+2KC<DC — D™ 4 T) ]
P Ly AN (P D)’ (87)
L |2 ' 2 2 ’

Here, egs is the ground-state energy per site in the thermo-
dynamic limit, while &;5(0) is the contribution due to the
(high-energy) k-A string excitation and is obtained from the
solution of the integral equations

exa(A) = 4Re/1 — (A —iu)> — 2 — 4u

o
+ / dk cosk a(sink — A) e.(k),
-0

kr _ 2 qo + qa
z (QC - CIC) + Pimp(kllj) + T Z [<—

— Yt %) <q4;q — Yu— m) F(NF - N;)}, (86)
T

[
gc.(k) = —2cosk —pu—2u

0
+ / dk’ cosk’ R(sink — sink")e.(k'), (88)
-0

where the function R(x) is given by

R(x):/ dw e

—_— (89)
0o 27 1 4+ expQulw|)

The spin and charge velocities v;  and the Luttinger parameter
K, are given in Appendix A, while the quantities No" and
D" are given by

. ‘ ‘ 0
D™ =0, D™ =0, N™ = / dk pe1(k), (90)

where

pc,l(k) =cosk a;(sink — A/I’)
0]
+ COSk/ dk/ pc,l(k/)R(Sink — sin k/) (91)
-0

Finally, the quantities AN,, AN;, D., and D, characterize low-
energy excitations of the spin and charge degrees of freedom
and for the “minimal” excitation of interest are given by

AN.=-2, D.=0, AN,=—1, D,=0. (92)

We note that in order to fully specify the mobile impurity
model we require the value of the curvature of the impurity
dispersion at its maximum. This is given by

1 _ 828kA(A) _ 8I/</A(0) 93
E - 9 P - h 2 ( )
P a=0  (2m0"(0))
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where
" 4 Q ! : ’
e A (0) = —m - /Q dk a;(sink)e,(k),
2 (9]
2wa"(0) = Vel 2 , dk ai(sink)pe.ok).  (94)

The total momentum of the state of interest can also be
calculated from the Bethe ansatz and for the case of interest
results in

P = qL + ZkF(ZDC + Ds)

2 . )
= _ imp _ imp + _ —
+ L Z [(AN"‘ Not )(DD‘ Dot )+(Na Na )]’

(95)

with g, the contribution, including finite-size shifts of the
rapidities, from the high-energy impurity and N* are integers
corresponding to particle-hole pairs at the edge of the Fermi
seas. The method used for deriving this result is summarized
in Appendix E.

4. Fixing the parameters y, and y,

By equating the Bethe ansatz results (87) and (95) for en-
ergy and momentum with the ones obtained in the framework
of the mobile impurity model (82) and (86), we can fix the
parameters vy, 7, to be

I I (AN, — NI™) o
Ye = Ve = 2«/5 ) Vs = Vs = Zﬁ
(96)

S

5. Current-current correlator in the mobile impurity model

We are now in a position to work out the current-current
correlation function (15) in the mobile impurity model
framework. Given the expression (73) for the projection of

the current operator, we have
CEn ~ G, = (J, (.0 0,00).  (97)

In order to evaluate G(x,t) we go over to the transformed
basis, in which the impurity decouples from the LL degrees of

J

PHYSICAL REVIEW B 93, 205101 (2016)

freedom. Given (96), the leading contribution takes the form

~ .o AN(—N[i.mp
Jea(x) ~ 0, Bl (x)e! ™R
2 7N{i‘mp

~ 10 (x) ANe=Ne™
+i Bl 08,07 ()

[ cor oy ANe—NSP
LB )a, @) W . (98)

22

Substituting this back into (97) leads to three kinds of
contributions to the correlator

G(x,1) = Gy(x,1){0, B(x,1)d, B'(0,0))
+ G, (x,1)(B(x,1)B(0,0))
+ G3(x.0)i[(3, B(x.1)B(0,0))
— (B(x,1)3, BT (0,0))1. (99)

Here, G ;(x,t) are correlation functions in the LL sector of the
theory and can be evaluated by standard methods. The results
are

1

=)

Ga(x,t) 22| xr+vi?
Gi(x,t) K, (x2 — v212)
1 x? 4022

2 (2 —2e2)’
Gi(x,1)

. Y ; 2x
=iy | Lsgn(N™ +2) — =X (100
Gion T N4 G (100

where we have defined

_ ! 1+Ngmpz
V=K. 2 )

Gi(x,t) =

n 2yx?
(x2 — v§t2)2

(101)
The free impurity correlator is given by
~ ~. A dp _. .
(Bx,0)B'(0,0)) = f SZeTPeT N (102)
-A

where ¢(p) is the dispersion relation for the k-A string
and A is a momentum cutoff for the impurity excitation.
Using (97), (99), (100), and (102), we may now determine
the contribution from the k- A string excitation to the retarded
correlator (6). The result can be written in the form

1 2 2 ~ ~ ~
o1@)la ~ = / dp{ T (1 + By @ = £(p)p) + §af@ = o(p).p)] = 27 (@ = £(p).P))
—A

c

4 ~ ~ ~
| g 7Pl (@ = e(p).p) = G i@ = &(p). P)] + PGS, (0 = e(p), p)

+¥[G (@ — e(p).p) + G (w — 8(p),—p)]},

where we have defined
2n)?

oy @) = T ST D @ey 7

Y+,V-

(@ + vep)* o — vep)-"'0(w — v.| pl),

(103)

(104)
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O — vyp)s?’ (1 —s5)7!

~ 1 27 2
Gyl@.p) :/o ds[r(w]

(22

vp)

21)6((1) — U P)
v —v?

The dependence of (103) on the momentum cutoff A is
shown in Fig. 14. We see that over a wide range the result
is only weakly cutoff-dependent. Unfortunately, the mobile
impurity method provides no simple way of predicting how
large the cutoff should be. The only obvious constraint is that
it should fulfill A <« 7w (1 — n). If we approach the threshold
from above, i.e. consider the limit w — &4, (0), the remaining
integral in Eq. (103) can be carried out and yields a power-law
behavior of the form

lim o (a))
w—>exa(0)

1 y—1
~ 5[a) — SkA(O)] @((,() - EkA(O))'
(106)

This is shown in Fig. 14 together with numerical evaluations
of (103) for several values of the cutoff A, and is seen to
provide a good approximation across the entire frequency
range examined. Importantly, the exponent y — 1 is always
larger than one, which is in disagreement with that of Ref. [50].
Additionally, the exponent y can be calculated for a variety of
parameters, as presented in Fig. 15.

V. COMPARISON WITH NUMERICAL RESULTS

In Ref. [59], the optical conductivity of the one dimen-
sional Hubbard model has been computed by matrix product
methods. The approach requires introduction of a damping
parameter 1 > 0 and provides Im x”’(w + in) for a chain of
finite length. In order to facilitate a comparison with the results
obtained here it is necessary to remove this broadening. In

Onset behaviour for U = 10, n = 5/6 for various cutoffs A

1 ‘ ‘ ‘
A=m(1—n)/5 e
A=n(l—-n)/10
0.8 A =7m(1—=n)/100 e 1
Power-law
I 06} ]
3
N 04} i
0.2 + A
0
7.4 7.5 7.6 7.7 7.8 7.9
w
FIG. 14. Optical conductivity (103) for U =10, n =5/6 and

several values of the cutoff A. The different curves have been
normalized such that oy (e¢4 + 0.5)] = 1. For comparison, we show
the power-law behavior (106), valid for @ — &;,. We see that the
power law in fact provides a good approximation over the entire
range of comparison.

W — VP 6 2v.(w —
Ve — U v —v?

(105)

(

order to do this approximately, we proceed as follows. For
positive frequencies, the zero temperature optical conductivity
can be expressed as

1
1@ > 0) = M X@)
w
e |(GS|J|n)|?
= — . 107
@) =7 e B (10D
Reference [59] provides results for the quantity
( . ) /oo-'riO do' 277 m ( /)
w; L,n) = _—— '),
X+ g Co0ti0 27T N* 4 (0w — )? e+
(108)

where L is the chain length and w takes values on a regular
grid of frequencies. We first use rational function interpo-
lation to extract a continuous function from the numerical
data, which we then deconvolve using the Richardson-Lucy
algorithm [60,61].

The deconvolved numerical results obtained in this way can
then be compared to the onset predicted at the lowest threshold,
as given by (103). We allow for an unknown scale factor in
the calculation, as well as a small constant contribution from
the particle-hole excitations. We choose a specific value of the
cutoff A, but as noted earlier, the results do not depend strongly
on the precise choice. Due to the soft nature of the onset
predicted, it is only realistic to compare the initial onset due
to the k-A string, as when moving away from this point
less relevant operators will begin to contribute. Comparisons
between the prediction of the MIM and numerical results are
shown in Fig. 16. The agreement is not perfect, but the results

1.8
1.7+
1.6 +
1.5

o 14
1.3
1.2
1.1

1

SSES
e

DO — i~ =
L

0.1 02 03 04 05 06 07 08 09 1

n

FIG. 15. Value of the exponent y in Eq. (106) characterizing the
power-law behavior of o;(w) just above the pseudogap, for several
values of U and n.
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FIG. 16. Comparison of deconvolved DMRG data with the onset as predicted in Eq. (103), varying the offset and overall scale factor and

choosing A = (1 — n)m/10.

are seen to be compatible. As usual the size of the frequency
window in which the MIM prediction applies is not known.
The theoretical and numerical results of the onset being convex
are in stark contrast to the results of Ref. [50], which for the
parameters we consider predicts concave power-law behavior.

VI. AWAY FROM g =0

One can easily generalize the results here to examine the
conductivity at finite momentum, i.e., consider

x'(w,q) = —ie? / dt
0

L/2—1
x Y G| (1), Jo(0)]IGS),
I=—L/2

(109)

for g # 0. The analysis proceeds in an identical manner
to identify the quantities Neg, Dey, as the high-energy
impurity simply shifts its momentum. However, in order to find
the threshold away from g € [(n — 1)7,(1 — n)], umklapp
processes must be involved. For an arbitrary filling, these will
generically be of a very large order, which will suppress the
contributions. The dispersion relation is generically no longer
a saddle point and therefore in the region where one impurity
is involved and one can linearize, power-law behavior for
the onset will be obtained. For the k-A string at momentum
q, one must first solve for A” such that pys(A?) =g, and
then N."P(AP), D™ (AP) can be calculated. y is still given
by (101). The most relevant contribution will then have the
form

1

Im x(w,q #0) ~ W,

(110)
where y(AP) is a function of the quantities No™, D™, and
K,.

VII. SUMMARY AND CONCLUSIONS

We have studied the optical conductivity oj(w) in the one
dimensional Hubbard at zero temperature and close to half

filling. Recent DMRG computations [59] have shown that
in this regime o(w) is very small within a “pseudogap”
and exhibits a rapid increase above an energy scale Eqp
that depends on doping as well as the interaction strength
U. Using the Bethe ansatz, we have identified the relevant
excitations that contribute to oy (w) for > E,p. One of these,
the k-A string excitation, had been previously proposed to
describe the scale Eqy [50]. We then followed Ref. [35] to
construct a mobile impurity model describing the behavior of
o1(w) above E,py. The analysis of this model entailed several
generalizations relating to the projection of lattice operators to
local fields in the MIM, the treatment of excitations that are
not highest weight states with respect to the n-pairing algebra
of the Hubbard model, and considering the mobile impurity
to be located at a maximum of its dispersion. We also derived
an explicit expression for the finite-size momentum of the
relevant Bethe ansatz states, which is useful in determining
the various unknown parameters in the MIM. Our main result
is to show that the MIM approach predicts a smooth, slow
increase in o (w) for frequencies above Eqp. This is in contrast
to the half-filled case [40] and previous predictions [50], but
consistent with recent dynamical DMRG computations [59].
The results presented in this work are by construction specific
to the Hubbard model. However, we expect the gross features
seen in the optical conductivity to be quite general for weakly
doped Mott insulators. In particular, we expect that such
systems to exhibit a rapid increase of o (w) above a pseudogap.
As the functional form of the increase is nonuniversal, it is
conceivable that for other models it could be considerably
steeper than in the case considered here.
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APPENDIX A: VELOCITIES AND LUTTINGER
PARAMETERS IN ZERO MAGNETIC FIELD

In zero magnetic field, the charge and spin velocities
are given in terms of the solutions to the linear integral
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equations (32), (33), (36), and (37) for the dressed energies
and root densities as
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energy, so that corrections to (A2) are negligible. The charge
Luttinger parameter is

()N GO 2
YT @ T Zmpae AP k=22 (A3)

The spin Luttinger parameter is fixed by spin rotational

where £ (k) is the solution of the linear integral equation
symmetry to be

Q0
Ky =1. (A2) Ek) =1+ / dk’ cosk’ R(sink — sink’) £(k'). (A4)
-0

We stress that all spin excitations relevant to our mobile
impurity model description occur at (approximately) zero

|
APPENDIX B: BETHE ANSATZ RESULTS FOR k-A STRING

Here, R(x) is defined in Eq. (89).

Having established that the threshold above the low-energy continuum can be explained by a k- A string excitation, the simplest
equations to consider are the Takahashi equations [2] in the presence of a single k- A string of length 2, i.e., consisting of 1 A
and 2 ks. It is also clear that as the correlator is a zero momentum quantity, the k-A string is pinned to zero momentum. The
Takahashi equations can be analyzed for large L, keeping terms to O(L~?) in order to calculate the finite-size corrections to the
energy. The counting functions in this specific case are given by

M—1 . .
sink; — Ag sink; — A'"? .
Lze(kj) = kL + 26’(7) +e<T . j=1...N=-2
N-2 M-1
A —sink; —A
Lzs(Aa)=29< sin ) Ze( ﬂ), a=1,....M—1 (B1)
J=1 =1
Employing the Euler-Maclaurin summation formula
anzfn /d fo+—— (=) - (%)) + (B2)
J— — — X X JR— f— _ e,
L= \L = 2412 L L
where ny =ny + % andn_ =n; — %, it can be seen that
) = k+ /A+ dA 0 sink — A (A)+ 1 ) sink — AP N 2 [ai(sink —Ay) a(sink — A_) ®3)
“OEET L w )UTL u M2 plAy) PXVSE |
0+ A —sink A+ A—AN
awy = [ aco (A= o~ [T ano( 25 Jaaa)
_ u A 2u
2 |:a1(A —sinQy)cos @y aj(A—sinQ_ )cosQ_  ax(A—Ay) a(A— A_):| (B4)
2412 pe(Q+) p(Q+) ps(Ay) ps(AD) |
Taking derivatives, equations for the root densities can be found
1 A+ 1
oc(k) = + / dA coskay(sink — A)ps(A) + 7 coskai(sink — A'P)
1 [coskai(sink —A})  coskaj(sink — A_)] (B5)
2412 ps(Ay) ps(A) ’
[ Ay
p) = [k —sinbp.o— [ AN as(h — Mo
. 1 |:ai(A —sinQy)cos Q4 B aj(A —sinQ_)cos O_ B ay(A—Ay)  ab(A— A_)i|. (B6)
2412 pe(Q+) pe(Q-) ps(Ay) ps(A-)
As the integral equations are linear, we can write
(o)
1 1 Jap (2)
w(Za) ‘= Pa o 7 Pa o B7
Pale) = PaoCa) + 7 PtGe) + 5z D (55 (B7)
B.o Pp o
here X = Q,, X = A,. The integral equations satisfied by the first two terms in Eq. (B7) are
Pua(@) = pih(2) + Kap * ppa, @ =01, (BS)
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B
with Kop * f denoting the convolution ) " [ ;,,* dzg Kup(za,2p) f5(2p), the kernels defined by

Koo(k,K) =0, Ke(k,A) = coskaj(sink — A),

Ko(Ak) = aj(A —sink), Kg(A,A)=—ar(A—A), (B9)
and the driving terms given by
8¢
(0) a,c
= = B10
Pad = 5 (B10)
P} = 8ac cosk aj(sink — A'7). (B11)

The final integral equation is determined by

£33 =d3) + Kay * £15), (B12)

where

o 8 /
Ay = —0—Keup(2.2) (B13)

07

7=x?

The exact finite-size energy of the system is given by (27). Using the Euler-Maclaurin summation formula (B2) again, corrections
can be kept to O(L™"), yielding

Xy
E=Lu+L Z/ dz £Q(2)pa(2) + egn (A). (B14)

Expanding in powers of L and exploiting the identical kernels of the integral equations for dressed charge and root density
equations, if the energy is now considered as a functional of the integration boundaries, performing an expansion about o X* to
second order (the first order term vanishes) [25], it can be shown that

E = Leas({X"}) + &ia(A”) + L7 Y Vel (pu0(X*) XS — X*)* + (pao(X*)X* + X))} (B15)

o

1. Impurity densities

The following are taken as definitions:

x¢
ng = / dz pu(2), (B16)
X*
L
2D, =1, +1_= E[ZC(Q-i_) + z.(02)], B17)
2Dy = Iy + = %[zx(/m +2(A)] (B18)

The corrections from adding the “impurity,” i.e., the high-energy excitation can be identified and separated off from the terms
that would be present without it. This is achieved by using that

Jim z(A) = — 1lim z,(A), (B19)
4+ A AP
lim z.(k) = —/ dA 9<—>pS(A) - 0( ) (B20)
k—xm B u u

This allows the “quantum numbers” to be expressed in terms of integrals of the root densities, which can then be split off
order-by-order in 1/L. More explicitly, one finds that

A_ 00
2D = L</ dA ps(A) — / dA ps(A)),
—00 Ax

A_ o0
= L( f dA pyo(A) — f dA ,Ox,o(A)) +2Di™, (B21)
where
) —A (o)
2D™ = / dA ps1(A) — f dA ps(A). (B22)
—00 A
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Similarly for the charge sector

L Ar A 2 (AP
2D, = —(zc(Q+) +20(02) — 2(m) — z(—m) — 2 / dn ps(A)G(—> - —9(—)),
2 ~ u L u
o- g 1 Ay A .
- L( / dk peok) — / K peo(®) — — f dn Ps,o(A)9<;>> + 2D, (B23)
-7 + A_
: -0 ” 1[4 A N
2D = / dk pe (k) — / dk pey () — — / dn ps,1<A>9(—> - —9( ) (B24)
x 0 T J_4 u 1 u
Similarly,
. XE’
N = f 0z pa @) (B25)
_X«

2. Relation between X? — o X* and the impurity densities

Following Ref. [25], considering the variation of the integration bounds X¢ with respect to ng, it can be seen that, in terms of
the dressed charge matrix [2] Z,g, defined by

Zop = Eap(XP),

Eaﬁ(zﬁ) = 801/3 + éay * Kyﬁ’ (B26)
with K, given by (BY), one finds
1z, 1. z! 1.
X¢—oX=0-—2L (Ang— Ny |+ —2%_(ds — —Dy"™). (B27)
2 pa,O(Xa) L pa,O(Xa) L
These results can be inserted into the finite-size energy, which now reads as
1 b4 1 ~ ~ ~ ~
E = Legs({X%)) + £24(0) + - (—g(vs + ) + 27 [ZANQ(ZT)O[;U},Z;}; ANg + DazwvyzjﬁDBD, (B28)
where
Dy = Dy — D™, (B29)
AN, = AN, — NI™. (B30)

3. Simplifications for zero magnetic field

Inthe B — 0 limit, the integration boundary A — oo and many results simplify by use of Fourier transforms. Useful identities
used can be found in Ch. 17 of Ref. [2]. First, the dressed charge matrix adopts the simple form

& 0
Z=\: 1), (B31)
2 V2
where £ = £(Q) and &£(k) obeys (A4). Following a similar method to Ref. [25], the root densities can be shown to simplify as
0
pe1(k) = cosk aj(sink — A7) + cosk/ dk’ p..1(kK")R(sink — sink’), (B32)
-0
0
psi(A) = / dk pe.i(k) s(A — sink), (B33)
-0
where
1
= —. B34
s(x) 4u cosh (%) ®34)
Considering the Fourier transform of (B33), it can be shown that
NimP = L i, (B35)

In the A'? — 0 limit, both p, ;(k) and p, 1(A) are even functions and therefore

D™ = D™ — (), (B36)
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It is useful to note that the dressed energies take the form

o
gc(k) = —2cosk — . — 2u + / dk’ cosk’ R(sink — sink')e.(k), (B37)
-0
Qo
g(A) = / dk cosk s[A — sink] e.(k), (B38)
-0
0
gea(A) = 4Rey/T — (A — iu)? — 2 — du + / dk cosk aj(sink — A) g, (k). (B39)
-0

The value of g4, (0) provides the location of the threshold at zero momentum in this sector. The finite-size energy can therefore
be simply written as

imp\ 2 i 2
mve | 2mve | (AN = N™)° imp , Ds = D™
E=L X« 0) — D.— D™+ ————— . B40
ecs({X“}) + exa(0) o T L |: 182 +£ et > (B40)

APPENDIX C: BETHE ANSATZ RESULTS FOR HIGH-ENERGY CHARGE PARTICLE
1. Bethe ansatz calculation

Starting from the Takahashi equations

U sink; — A
Lz.(kj) = kjL+Ze<#>, j=1,....N,

u
a=I
N . M
Ay — sink; Ay — A
Lzs(Ay) = S — [ Ze P w=1,... M.
25(Ag) Ze( - ) Ze( - ) a=1 M (C1)
j=1 B=1
We can use the Euler-Maclaurin formula (B2) to recast this as
© K+ /A+ ind sink — A (A) + 2n [ai(sink — Ay) ai(sink — A_) ©)
CEEET L w )Ty p(A) [

0+ A —sink Ar A— AN 1 (A —sink?
zS(A):/ dk9(¢>pc(k)—/ dA/9< )ps(A/)—F—@(i)
u 2u L u

2 |:a1(A —sinQy)cos @y ay(A—sinQ_)cosQ_  ax(A—Ay)  a(A— A_):| (€3
2412 pc(Q4) pP(Q-) ps(Ay) ps(A) |
Taking derivatives gives the root densities
1 A+ 1 ‘(sink — A ‘(sink — A_
pelk) = — +f dAay(sink — A)py(A) cosk + ——— ¢ k[a‘(sm +) _ @(sin )], (C4)
2 A_ 24L p.s(A+) ps(A—)
Oy Ap 1
ps(A) = / dka; (A — sink)p.(k) — / dA ar(A — A)pg(A) + zal(A — sink?)
n 1 |:a§(A —sinQi)cos O aj(A—sinQ_)cosQ_  ay(A—A_) ayA-— A+)i| ©5)
24L2 pc(Q+) /Oc(Q—) /Os(A—) Ps(A+) .
We can again split these linear integral equations into the form (B7), (B8), and (B12) where in this case,
60{ c .
0 = s Py (Za) = 8us1(2q — SINK?). (C6)
s 27.[ s
and the integral kernels are again given by (B9). We can then construct the impurity densities
. Xa
N‘;mp = f dzapa,l(zot)’ (C7)
; i - I A
2D;™ = f dk[pe,1(=k) — pe1(k)] — = f dA ps,l(A)G(—>, (C8)
0 T J_aA u
. [e ]
2D = / dA [ps,1(=A) = ps1(A)]. (€9)
A
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To determine the thermodynamic rapidity k” and the finite-size correction §k”, we can examine the requirements that

2P
c kp = 5
z ( L) I

2w 1P
cok?) = T,
Zc,0(k") I

wit = + ——. Expandin 1n the deviation and usin 1elds
ith k} = k” + % Expanding (C10) in the deviation 8k? and using (C11) yield

L 1 A A — sink?
) — Wk (X — o XP ——/ dAp, 1 (M) ———— ),
27 peso(k?) ﬁz # DG =X | sy | e T

where

©) oA —sink A ©) A —sink
Wy (k) = ops0(A)0 — ds.p + dArg 4(A)O — )
~A

reg = o0p.0(X" ) Kap(2a0 X7) + Kay %1

Using the results of Appendix E, this can be shown to reduce to

1
pc.O(kP)

SkP =

> (N™D, + D" AN, — D™ N}™).

a=c,s

We then have that

skPm 21~ o~ ~
E = egsL + &.(k”) + g;,(kf’)T — oL@+ — [—ANy(ZT)y;vaZaﬁlANﬂ + DJ,ZWUO,ZaTﬁDﬂ:|,

4
with the form of D, AN,, and Z,g given by (B29), (B30), and (B26).

2. Simplification for B — 0

In the B — 0 limit, the integral equations describing the impurity densities are given by

0
Pe.1(k) = cosk R(sink — sink”) + cosk/ dk’ R(sink — sink")p. 1 (k'),
Y

, o , 1 ,
N = [ koo, NPT = S(14NE),

o

‘ m i I(}—i8k)p(1 4 48k
2D, = [ dk[pc,1(—k) — p. <k>1+’—{1n[ s Y
0 1 1 7 D3+ i) (1 =i %)

0 (5 — S (1 4 80k

— dko. 1(k)11 2 du du ,
T )H (G imnr(i— i)
D™ = ()

This gives the finite-size corrections to the energy as

imp\ 2 2
8kP . 2mv.| (AN, — N:™ ‘ D,
E =easL + k) + £ R0 — T 4 2 [( . $2<Dc _ pim 4 7) }

6L L

L L AN 12+D§
L |2 s 2 2 2 0

where & = £(Q) and & (k) obeys (A4).
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APPENDIX D: BETHE ANSATZ RESULTS FOR TWO HIGH-ENERGY CHARGE HOLE EXCITATIONS

We again start from (C1). Following similar steps to Appendices B and C, applying the Euler-Maclaurin summation
formula (B2) then allows us to write

(o)
1 1 faﬁ (za)
palza) = Pa0(@e) + 7 Put(Za) + 5775 D e (D1)
L 24L I ,O,s(Xa)
We can again split these linear integral equations into the form (B7), (B8), and (B12) where in this case,
8
) a,c
= = D2
Pad = 5 (D2)
o _ s nh s hy
Pot = —Saslar(A —sink™) 4 a;(A — sink™)]. (D3)
and the integral kernels are given by (B9). We can now determine
. m 1[4 A
2D™ = / dk[pe,1(=k) — pe,1(k)] — —/ dA9<—>ps,1(A), (D4)
0 T J_aA u
2D =/ dA[ps.1(=A) = ps.1(M)]. (D5)
A
We also have that
N 2mIh 2w
ze(ky') = L zeok) = =—, (D6)
with k)" = k" 4 " yielding
Skl L Z ql(d)(kh)(xa Xﬂ) 1 /A dA (A)G(A — Sinkhi) (D7)
== ' -0 — o s Emm—
2mpeo(kh) | 4= " ’ 27peokiy J_ u

with W) (k) given by (C13). We now have all of the quantities required to evaluate the finite-size spectrum in the presence of
the two high-energy holons:

I ha s Ok AN
E = egsL — (k") — e.(k™) — &,(k )T —e.(k )T - 6—L(vx +ve)
2r (1~ _+ o~ ~ T~
+ | 3 AN @0 20y AN + D, Z,0vaZ5y Dy . (DS)

with the form of D, AN,, and Z,g given by (B29), (B30), and (B26).

1. Zero field

In zero field, the integral equations for the functions p.; and p; ; simplify due to A — oo allowing the use of a Fourier
transform, specifically

0
pe.1(k) = — cos k[ R(sink — sin k") 4+ R(sink — sin k"2)] + cosk/ dk’ R(sink — sink")p. 1 (K'), (D9)
-0
(¢
pot = —s(A — sink") — s(A — sink") + / dk s(A — sink)pe 1 (k). (D10)
-0

We also have
N™ = INI™P — 1, (D11)

The finite-size spectrum can then be written as

E = egsL — el — eu(t) — K grgomy — B2 iy _ T 4y
= egsL — &, — & - —s - —¢ — — (Ve + vy
s L c L ¢ 6L

27v, [ (AN, — N™)? D, — D™\?
n T, |:( ) +$2<DC_D2mp++>

L 42 2
2mvs | 1 AN, 2 (Ds — D;mp)2
+ |3 AN, — > +1 ~I—f . (D12)
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APPENDIX E: FINITE-SIZE MOMENTUM SPECTRUM
As well as the finite-size energies, it is also possible to match the finite-size momentum spectra. We consider here the simple

case of a single high-energy charge excitation, but the reasoning is the same for other excitations.

1. Mobile impurity model momentum spectrum

We bosonize the Hubbard chain at U = 0, decomposing the fermionic annihilation operator as
Co(X) = Ry (x)e™ ™ + L, (x)e . (ED)
To identify the momentum operator, we consider it as the generator of translations by one site, i.e.,
= ¢o(x + ao), (E2)

which means that R, (x) — R, (x + ag)e’*r@. By utilising the refermionization identities [35]

Ry ~ [] e % wa%, Ly~ [ es% %, (E3)

a=c,s a=c,s

7[(10P ia()P

e cq(x)e

Po*

we can identify that, in terms of the mode expansion of the spin and charge modes, the momentum operator is given by

P =0 [0 - 02 + 017 - 07
fdeT(x)a Bx)+ Yy Z 2”—”(% RonCaRon = Ch 1 nCatn)- (E4)
a=c.s n=1
Employing the unitary transformation, this can be written as
P= nk\F/E(QS — 00 — 4wy, +47m7) + #[Q;2 -0+ 07 - 07 +i f dxB'a,B
+ Z Z ZJT_n(c[-x RnCa,Rn — Cl,L,nca,L,n)’ (ES)
a=c,s n=1

which therefore predicts a finite-size spectrum of the form

kF QC+QC - QC_qc _
c Pmlm k - Vc c i ~ Vc T rc
nﬁ —q0)+ p(k7) + — [( i Ye + ¥ i Ye — V.

q5+q_s — qs_st _ 27[ + _
— v+ 7 S —§ NI — N.), E6
+( = V+J/>< = i V)]+L (N ) (E6)

k=c,s

P=

where the N ,f are non-negative integers enumerating the number of particle-hole pairs in the vicinity of the “Fermi points.”

2. Bethe ansatz calculation: high-energy charge particle

We wish to know the momentum contribution from the high-energy charge particle: there will be finite-size contributions to
this from interactions with the low-energy sector. As we know precisely the integers forming this state from (50), we can simply
sum these integers to find the momentum. This approach, however, yields no information on which contributions come from the
finite-size shift of the rapidity and which contributions come from interactions between the high-energy and low-energy degrees
of freedom. The solution is to explicitly include the finite-size shift of the rapidity and calculate the remaining corrections in
terms of the quantites Ng™, D™, N, and D,, as we had for the finite-size energy.

a. Basic integral equations

The solution for p,,; implicitly defined by (C6), can be formally written as
Pu1(ze) = (Kap % (1 = K)5!)(za k). (E7)
We introduce the shift functions [58]

1 ink — A
FOU k) =0, FO%,A)= _9<Sm_>,
’ 21 u

) 1 A —sink , 1 A— AN
FoNk)=—0| —— |, Fus(AAN)=—--0 , (E8)
: 2 u 2 2u
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and the “dressed” shift functions
Fup(Za2p) = Fag (2ar2p) + (Fay * Kyp)(za.2p)- (E9)
It is useful to note that
Kup(za2p) = 0, Fop - (E10)
Both the finite-size energy and momentum spectra involve the function
P (20) = Kap(2a 0 XP) + Kay % 715 (E11)

b. Finite-size momentum spectrum

As for the energy of the system, the momentum can also be expanded as an asymptotic series in powers of L~'. In the analysis
of the finite-size energy calculation, when determining 6k” as in Eq. (C12), one finds

SkP sink? — o X# A sink? — A
B ~(0) B B
—+ ;ﬂ opp.0(X )[9(T>5m +/ dAQ(T)rSﬁ (A)i| [Xf — o X?]

ze(kp) = zeo(k?) + z¢ o(k?)

-A
14 sink? — A
+— dA O ———— ) ps.1(A). (E12)
L —A u
We will first look at the term in the sum multiplied by X# — o X#. Equations (E9) and (E11) imply that
Fop =FO x(1—K) ), ) =1 — K),) * Kyp(za0 XP), (E13)
allowing us to write
FQU? 0 XP) + FO x 73 (k") = Fop(k? .o XP). (E14)
It can also be shown that
A sink — A
dA O ———— ) ps.1(A) =27 Foo(k k7). (E15)
—A u
The finite-size momentum can therefore be written in terms of the dressed shift functions as
Sk? 2
ze (kD) = z¢, (k") + z’c,o(k”)T + Y o2mppo(XP)Fep(k? .o XP)[ X0 — o XP] + T Feek? D). (E16)
o.p

We now wish to relate the functions Fyg(z4,24) to the impurity densities NP pimp
c. Relating shift functions to impurity densities

By using (E7) and (E10) in Egs. (C7) and (C8), it can be shown that

2D = F, (X% ,kP) + Fye(—X%,kP), (E17)
NP = Fo (X% kP) — Fye(—Xo kP, (E18)
ie.,
) imp
D™+ % — F,.(+X%kP). (E19)

d. Determining boundary terms

To express the finite-size momentum Eq. (E16) in terms of the N;mp, D(i,(mp (E19), we need to relate F,.(oc X*,k?) to
F.4(k? o' X?). By considering the Neumann series of (E13) and integrating by parts, it can be shown that

FupZa2p) + Fpa(2p.2a) = = Y 0 Fya(0 X7 ,24) Fyp(o X7 2p). (E20)
Y,0

To establish the desired relationship, (E20) implies that we require the values Fop(t X, 7'X £y, It is simple to show that
Fop(X*, XP) = Fup(=X*XP) = Zap — Sup, (E21)
with Z the dressed charge matrix as defined in Eq. (B26). Equation (E20) also implies that

Fup(X*, XP) + Fpo(XP,X*) = = “[Fya(X", X*)Fyp(X7 . XP) = Fya(=X? X“)Fyp(—= X", XP)]. (E22)
Y
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Substituting (E21) into (E22) and simplifying, if we define F to be the matrix Fog(X*,X?), then it satisfies the equation

Z'F+F'Z=(1-2)"(1-2).

Considering

Fpo(—XP,X*) — Fop(—X*,XP) = ZGFW(JXV,X“)Fy,g(—aXV,Xﬂ),

and using (E21) again, we find the similar equation

Z'F—F'z=7z-2".

Equations (E23) and (E25) determine F uniquely, giving

a /yp T 7’ -1T
Fup(e X0 XP) = 2(Z = Do+ 527 = g,

(E23)

(E24)

(E25)

(E26)

This therefore allows us to write down the dressed shift functions appearing in Eq. (E16) in terms of the known quantities N}J“P

and D,™, viz.

Foek? k7) = = " DJPN,™, (E27)
¥

o T im -1T im

Fo(k?,1X%) = — Z (ENV vz, + D PZW). (E28)
¥
Combining the previous results, we find
p ’ SkP 2n im, im im im

ze(k) = ze.o(k?) + Ze ok == = [N Dy + DE™ AN, — DI N™]. (E29)

Using Eq. (8.38) from Ref. [2], the full finite-size momentum spectrum in the presence of a high-energy charge particle is given

by

kv 2 or L
P =2Dckpy +2(D. + Dokp | + zc0(k?) + 271,00,0(1(1’)7 + A AN' - AD + Z (N =N |

(E30)
ke{c,s}

where the N, ki are non-negative integers enumerating the number of particle-hole pairs in the vicinity of the Fermi points and
ke = %(nnc =+ 27 m). In the zero-field limit m = 0 and therefore kr 4 = kr | = kp, giving

SkP
P = 2kF(2Dc + Ds) + Zc,O(kp) + 27Tpc,0(kp)T +

APPENDIX F: MOBILE IMPURITY
CONTRIBUTIONS TO ¢?(w)

1. Threshold of the “particle-hole” continuum in ¢® (@)

Next we examine the thresholds in the second contribution
Eq. (19) to the optical conductivity. The lowest threshold
arises in the “particle-hole” and “two-particle” excitations
considered in Secs. IIIC1 and IIIC2 respectively. The
threshold in both cases is given by

EP (@) = ec(k(@)) — 2.,

o sink — A
q= k—i—/ dA9<T),Os,o(A), (F1)

oo

where p;o(A) is the ground-state root density (33). The
threshold for the particle-hole (two-particle) excitation is
obtained by fixing the position of the hole (one of the particles)
in momentum space at one of the Fermi points, so that it
contributes only at O(L ") to the excitation energy. Hence the

2 ~ ~
T aNT- AD+ Y v - N
L

ke{c,s}

(E31)

(

impurity degree of freedom corresponds to a particle in both
cases.

a. Projection of the operator O;

We will use the representation (18) to determine the
contribution CJ(JZ)(E,t) to the current-current correlator. Hence
we require the projection of the operator O; defined in Eq. (17)
to the mobile impurity model Eq. (61). This can be worked out
by following Ref. [35]. We start by taking the continuum limit
of the lattice fermion operators

Cio ™ Rg(x)eikFx + Lg(x)e_ik” +--, x= jao, (FZ)

where q is the lattice spacing. The continuum limit of O; then
takes the form

O(X) ~ eix(2kp7n)Rcax Rcein(/ioo dx’ Q. (x)) +oen, (F3)
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with Q.(x) = RI(x)R.(x) + LI(x)Lc(x). Next we decompose
the charge part into the low-energy and impurity pieces

R.(x) ~ ro + Bi(x)e!=2krx 4 ... (F4)

Substituting this back into (F3) and then bosonizing the low-
energy degrees of freedom, we obtain

O(x) ~ Bi(x)e 22%W ... (F5)

where we have retained only the most relevant piece in the
sector with a single impurity.

J

2w v,

PHYSICAL REVIEW B 93, 205101 (2016)

b. Finite-size excitation energy in the mobile impurity model

As the mobile impurity model is again given by (59)
to (61), and the impurity again is located at a maximum of
its dispersion, we can follow through the same steps as in our
analysis of the k-A string threshold. The finite-size spectrum
is, accordingly, of the same form as (82). The values of qo([o)
follow from the form of the Luttinger liquid part of (F5) to be

¢V =30 =2V ¢ =q"=0. (F6)

c. Finite-size excitation energy from Bethe ansatz

We consider again the excitation described in Sec. III C 1.
The finite-size corrections to the excitation energy are calcu-
lated in Appendix C. The final result is of the form

(AN, — NI™)?

E = easl+e.k”) + X e k) — T (v, + vy +
— €GS c I ‘¢ 6L c s

L

|

) D. — Dimp 2
2K.( D, — D™ e
sk, ( <t )

2

+2nvs 1 AN. — NP
L g s 2

AN, — Ni‘“f’)z L (D- D”“P)z}

5 (F7)

Here the ground-state energy per site egs and dressed energy ¢.(k) are given in Egs. (35) and (36) respectively, while the velocities
vy, and the Luttinger parameter K. are calculated in Appendix A. The thermodynamic value k” of the impurity rapidity and its
finite-size correction 6k” are determined by (C11) and (C15). Finally, we have

AN, = -3, AN;=—

0 .
NP — oNimP _ | = / dk pe1(k), D™ =

2Dicmp = / dk[pc,l(_k) Pe, l(k)] +
0

D.=0, D;=0,

i [? ri-
+—/ dk pe,1(k)}1In | —>
TJ-0 r(; +

where p. (k) is the solution of the integral equation

pe1(k) = cosk R(sink — sink”) + cos k

In order to fully specify our mobile impurity model we also
require the the curvature of the dispersion relations of ¢.(k) at
k = m, which is given by

2+ [2, dk R'(sink)e, (k)
B Q27 pe.0())?

1 d’e.(k(q))
m  dg?

. (F11)

k=m

d. Fixing the parameters y,, y,

By matching the expressions (F7) and (82) for the finite-size
energies we can fix the parameters y,, and y,:

v = L 1 ( N, — Nlmp) ys =0,
Ni 22
A —= (AN = NI™), 7 =0. (FI2)
27/2 22

0, (F8)
1 _ 51211;” ( sm k”)
F( smkﬁ (1 _lsmkl’)
)F (1 4 jsink smk
F
Sri i )| "
Q
/ dk’ R(sink — sink")p. 1 (k"). (F10)
-0

e. Current-current correlator in the mobile impurity model

Given the expression (F5) for the projection of the operator
O;, we have

CP 1) ~ H(x,t) = (O (x,nO(0,0))

~ (B(x,0ema %D Bi(0,00e” 7 %00 (F13)

This is readily calculated using the unitary transformation (77).
In the new basis, the correlator factorizes

i _ imp o
H(x,t) ~ (ezﬁ(AM NeO 0
i _ imp 0)° ~ ot
x & 2NN B B (0,0))

A
~ —1 d_pe*ipxefit?(p)t (F14)
(x2 — vgtz)'7 _A 2w ’
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Particle-hole onset behaviour for U = 10, n = 5/6
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7.8

FIG. 17. Contribution to onset of al(z)(a)) from particle-hole
excitation in Eq. (F16) for U = 10 and n = 5/6.

where in this case (p) is given by &.(7 + p) and

_ ! (3 . Ni”“l[’)2 F15)
= \2T 2 )
Fourier transforming and using (19), we arrive at
@ L
! (w)\ph ~ = f Ap G @ —e(pp) (FI6)

where G¢, (w,p) is given by (104). The behavior of (F16)
is shown in Fig. 17. We see that the contribution vanishes
smoothly at the threshold and increases slowly above it.

2. Threshold of the two-hole continuum in ¢.” ()

Last but not least we wish to consider the threshold of the
contribution of the two-hole continuum to 01(2) (w). This occurs
at a higher energy than the threshold of the particle-hole and
particle-particle continua, but unlike the latter two persists as
we approach half-filling. The threshold is parametrized by

Egne(@) = —Zec(@> —2pu, (F17)

2

where k(q) is again fixed by (F1). The threshold corresponds
to having fwo high-energy hole excitations with momentum

J

PHYSICAL REVIEW B 93, 205101 (2016)

q/2 each. As we are now dealing with two impurities with
equal momenta, the appropriate mobile impurity model is of
the form (61), but we now have to retain impurity-impurity
interactions:

Himp = /dx[BT(x)(e —iud, — iaf)B(x)
2m

+V Bf(x)a, BT (x) B(x)BXB(x)i|. (F18)

a. Projection of the operator O

Next, we require the projection of the operator O; onto the
mobile impurity model. This proceeds as before, cf. Egs. (F2)
and (F3), but now we take

Ro(x) ~ re(x) + B (x)e 4"/, (F19)

Substituting this into the expression (F3) for O(x), we find

O(x) ~ & @kr=7=0% Bl ()5 Bl (x)er3 %™ 4 ... | (F20)

where we have retained only the most relevant term in the
sector with two impurities.

b. Finite-size corrections to excitation energies
in the mobile impurity model

The interactions between the mobile impurities and the
Luttinger liquid degrees of freedom can again be removed
by the unitary transformation (77). In the transformed basis,
finite-size corrections to the excitation energies in the LL part
of the theory can then be calculated as before, and lead to the
result (82).

The zero mode eigenvalues for the “minimal” excitation
[cf. Eq. (83)] associated with O(x) as defined in Eq. (F20) are

¢ =-nv2, " =7v2, ¢© =0, g =0. (F21)

¢. Finite-size corrections to excitation energies
from the Bethe ansatz

The two-hole excitation has been constructed in Sec. III C 3,
and the threshold of interest here occurs when, in the
thermodynamic limit, the two holes have equal momentum.
The finite-size corrections to the excitation energy can be
calculated following Ref. [25], details are given in Appendix D.
The final result in zero magnetic field is

Sk kM T
E = egsL — (k") = ec(K™) = ——e((k") = ——e((k") = (v +v)
2w v, (ANC — N:.mp)2 . D, — D;mp 2
‘ +2K.D.— D™ 4 =
L 8K. ¢ 2
2w, [ 1 AN, — N™\? (D, — DI™)’
”L” [§<ANS — Nim — ) L - )| (F22)

Here, the ground-state energy per site egs and dressed energy &.(k) are given in Egs. (35) and (36) respectively, while the
velocities v, . and the Luttinger parameter K, are calculated in Appendix A. The thermodynamic values k" of the impurity
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rapidities and the finite-size corrections 8k" are determined by (D6) and (D7). Finally, we have
1
AN. =0, AN,=-1, D,= X D, =0,

——

' P . (L — . sin k" r(1+ . sin k"
2Di‘mp=/ dk[pcl(_k)_pc,l(k)]_ Z L:ll’l|: (2 l 4y ) ( l 4y )
0 b/

j=1,2 F(%""i%)r(l _i%)

. 0 r 1 _ .sink (1 + sink
L5 / dk pe1 ()] 1n (f l.g?:k) ( +z.;:¢k) , (F24)
mJo Dz +i50)r (= i55)

Q 4
dk pc,1(k), D™ =0, (F23)
o

where p, (k) is the solution of the integral equation

Q

pe.1(k) = —cosk [R(sink — sink™) + R(sink — sink")] + cosk/ dk’ p.1(K")R(sink — sink’). (F25)
0

d. Fixing the parameters y,, y,

By comparing the finite-size spectra calculated from the Bethe ansatz (F22) with those obtained from the mobile impurity
model (82), we are again able to determine the parameters y,, ¥, . In the case at hand, we obtain

. 1 .
Vet Ve = —\/zDimp, Ve — Ve = _ﬁNgmp’ Vs =7 =0.
(F26)
e. Current-current correlator in the mobile impurity model
Given the expression (F20) for the projection of the operator O;, we have
C 1) ~ (O (x,)O0,0)) ~ (3, B(x,0)B(x,0)e * D2V B1(0,0)9, B (0,00 * “0/2¥2) = L(x,1). (F27)
This is readily calculated using the unitary transformation (77). In the new basis, the correlator factorizes
~ ~ ~ - 1 iEmp 5 ‘N(i‘mp . 1 iEmp B N
L(x.1) = (3, B(x,nB(x,nB(0,0)0, B1(0,0)) (™" v~ P m Ocunl g 005 000) (F28)
The Luttinger liquid part of the correlator is readily calculated
L(x,1) = (3 BGx,) B(x,0)B(0,000, B'(0,0)) (x — vet) ™" (x + v.1) ™", (F29)
where
1 . NP
vy =2|VK.| = —2D" - :
=G =
1 ) 2 ( imp)2
V=1, v = 4K“(§ — QD;mP> + T (F30)

In the absence of interactions between our two high-energy impurities (V = 0), the impurity part of the correlator is readily
calculated as

(3, B(x,)B(x,1)B(0,0)8, B1(0,0)) ~ ﬂ%a(x — ut). (F31)

In order to gain some insight in the importance of interactions, they can be taken into account in a random phase approximation
in the impurity-impurity interaction. Summing up the RPA bubble diagrams does not change the behavior sufficiently close to
the threshold. Putting everything together we find

Lxt) 1 1 8(x — ut) (F32)
X,t) ~
(x —vet)+ (x +vH)- 1372
The resulting contribution to afz)(w) for frequencies close to wy = —2u — 286(@) is thus
@ 1 il
0 (@) two—hole ~ ;(w —wg)" "2 O(w — wo). (F33)

As we have pointed out before, the excitation with two high-energy holes persists at half-filling. Importantly, this contribution
is no longer suppressed at half-filling, and in fact gives rise to the square root increase above the absolute threshold in the optical
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conductivity in this limit [28,40,41]. Our result (F33) is reconciled with this behavior by noting that the frequency range w — wg
over which (F33) holds is related to the cutoff A, of the charge sector of the Luttinger liquid degrees of freedom. As we approach
half-filling, this cutoff tends to zero, i.e., the frequency window in which (F33) applies vanishes. At sufficiently high frequencies,
® > wy + A, we expect on general grounds to recover the square root behavior observed at half-filling.
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