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Modeling of surface roughness scattering in nanowires based on atomistic wave function:
Application to hole mobility in rectangular germanium nanowires
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The authors present a calculation model of surface roughness scattering (SRS) in nanowires (NWs) based on
atomistic description of electronic states by an sp3d5s∗ tight-binding scheme, and then this model is applied to
hole transport in rectangular cross-sectional germanium (Ge) NWs. In this SRS model, the change of electronic
band structures due to width or height reduction is first computed, and then it is expressed using an equivalent
potential near the surface. The perturbation corresponding to a surface roughness is calculated from this equivalent
potential. Using the aforementioned SRS model, hole mobility in Ge NWs was computed taking into account
phonon scattering and SRS. The impacts of SRS on hole mobility in Ge NWs were analyzed, focusing on
the valence band structure and hole states of NWs. The main results are as follows. At low hole density, the
impacts of SRS are strongly dependent on NW geometry, and Ge NWs with high phonon-limited hole mobility,
such as rectangular cross-sectional [110]-oriented NWs with large height along the [001] direction and square
cross-sectional [111]-oriented NWs, tend to be less affected by SRS. At high hole density, however, the geometry
dependence of hole mobility becomes weaker. These are understood from the nature of hole states and the valence
band structure.
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I. INTRODUCTION

Semiconductor nanowires (NWs) are a promising candidate
as a channel material of future metal-oxide-semiconductor
field-effect transistors (MOSFETs) owing to their high elec-
trostatic controllability and resulting excellent immunity to
short-channel effects [1–4]. In particular, germanium (Ge)
NWs are attracting a great deal of attention as a p-channel
material because of the high hole mobility of Ge [5,6]. For
these reasons, a lot of theoretical [7–11] and experimental
[12–14] studies on carrier transport in Ge NWs have been
reported. Previous studies on hole transport properties in Ge
NWs predict that higher phonon-limited hole mobility than
in bulk Ge may be achieved in thin (cross-sectional size of
several nanometers) Ge NWs with proper geometries [15,16].

However, carriers in thin NWs, where carriers have large
confinement-induced energy, suffer strong surface roughness
scattering (SRS) due to large fluctuation of confinement-
induced energy [17–19]. For example, holes in Ge NWs can
suffer an energy change of a few tens of meV due to height
fluctuation of one bilayer when the NW height is 2 nm. To
our knowledge, existing theoretical studies on hole mobility
in Ge NWs are limited to phonon-limited mobility, which
corresponds to the mobility in NWs without imperfections
such as surface roughness. To investigate the potential of Ge
NWs as a p-channel material in realistic devices with surface
roughness, analyzing the impacts of SRS on hole mobility in
Ge NWs is important.

SRS in NWs has been studied by various authors using
various models [19–22]. Here, we focus on perturbative
models, which are suitable for mobility calculation [23]. Jin
et al. [19] developed an SRS model for circular cross-sectional
NWs in the framework of an effective mass approximation. In
the same way as their SRS model for ultrathin-body MOSFETs
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[24], their model for NWs is an extension of Ando’s SRS
model [25] being valid for bulk MOSFETs. Their models are
based on the “generalized Prange-Nee term,” which reduces
to the Prange-Nee term [26] when carriers are confined by
an infinitely high potential barrier, and also consider the
roughness-induced Coulomb scattering potential [24]. SRS
models based on effective mass approximation are extended
to NWs with square and rectangular cross sections [27,28].
As an SRS model with more sophisticated description of
electronic states, pseudopotential-based modeling of SRS was
reported and applied to silicon NWs [23]. Recently, another
SRS model, that can take into account the band anisotropy by
using anisotropic effective mass [29,30] or k · p theory [31],
was presented for arbitrarily shaped structures including NWs.
This model is based on an extension of the Prange-Nee term
to nonplaner structures.

On the other hand, SRS models in NWs based on
the tight-binding approximation, which describes electrons
atomistically and is suitable for nanostructures, have also
been reported [32–35]. However, these models treat surface
roughness as one-dimensional (along the transport direction)
fluctuation of cross-sectional shape of NWs [32–34], or require
interpolation of the tight-binding wave function in order to
use the expression derived for the continuum wave function
[35]. Since atomistic calculations of phonon-limited carrier
mobility in NWs using the tight-binding approximation for
electrons and the valence force field model for phonons are a
timely issue [11,15,16,36–41], a more accurate and useful SRS
model for NWs that can be combined with atomistic treatment
of phonon scattering is beneficial to extend such atomistic
calculation of phonon-limited mobility to SRS.

In this paper, we developed an SRS model suitable for a
tight-binding description of electronic states. In this model,
we first compute the electronic band structures when the
width or height of a NW is slightly reduced. Next the change
of E-k dispersion due to size reduction is converted to an
equivalent potential near the surface. Using this potential, the
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perturbation corresponding to surface roughness is calculated.
Scattering probability is computed by Fermi’s golden rule,
taking into account the tight-binding wave function and
two-dimensional surface roughness. Then, we applied this
model to a calculation of the hole mobility in rectangular
cross-sectional Ge NWs considering phonon scattering and
SRS. The considered orientations and sidewalls of Ge NWs are
[001]/(010)/(100), [110]/(110)/(001), [111]/(110)/(112), and
[112]/(110)/(111), and the cross sections are rectangles with 4
nm width and varied height from 2 to 10 nm. The impacts of
SRS on hole mobility were investigated at both low and high
hole density, and the effects of NW geometry, hole density,
and gate electric field were analyzed.

This paper is organized as follows. Section II explains the
developed model of SRS in NWs and the calculation method of
mobility. In Sec. III, the calculated hole mobility in Ge NWs
is shown, and its geometry and hole density dependencies
are presented. The physical understanding of their behavior is
discussed. The paper is concluded in Sec. IV.

II. CALCULATION METHODS

A. Modeling of surface roughness scattering

Here, we describe the model of SRS developed in this
work. This model is suitable for a tight-binding description
of electronic states, but it can be applied to other models for
electronic states.

In this model, the effect of surface roughness on elec-
tronic states is expressed by an equivalent potential near the
surface (equivalent surface roughness potential, VESR) as in
Fig. 1, and the scattering by the corresponding perturbation
is formulated by Fermi’s golden rule. By introducing VESR,
the two-dimensionality of surface roughness can be taken
into account perturbatively without interpolating the wave
function. Here, the derivation of the matrix element of the
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NW width surface layer

Barrier
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surface layer

Potential

Surface roughness Perturbation 

Using for a state ( ),

Matrix element between ( ) and ( ) is written as

surface layer

FIG. 1. Schematic image of the SRS model presented in this
work. First, the energy variation of subbands due to a small
displacement of a sidewall was computed numerically, and this was
converted to an equivalent potential applied to thin layers near the
sidewall. Then the matrix element corresponding to the perturbation
by surface roughness is calculated using this potential energy.

perturbation Hamiltonian is explained. The roughness on the
four faces of a rectangular cross-sectional NW was assumed to
be uncorrelated, and the total SRS probability was calculated
as the sum of the scattering probabilities by each surface,
which means that the corners are included in the calculations
corresponding to the two neighboring faces. Therefore, the
matrix element due to the surface roughness on one sidewall
is discussed below.

First, the variation of subband structure (E-k dispersion)
due to displacement of a sidewall by a small distance δ,
En,k(δ) − En,k(0), was calculated for each electronic state
(n,k). Here, n and k indicate the subband index and wavenum-
ber, respectively. E-k dispersions were calculated with surface
dangling bonds passivated by giving an excess energy to
the corresponding sp3 hybridized orbitals [42]. The small
displacement δ is two atomic layers, in order to keep the
parity of the total layer number, and the E-k dispersion En,k(δ)
was calculated by eliminating two atomic layers from the
considered structure. Then, we define the sum of probability
density of this state (n,k) in the Nlayer atomic layers near the
surface as

P
n,k
surface layer =

∫
surface

[∫
layer

∣∣∣∣ eikz

√
Ncell

un,k

∣∣∣∣
2

dt

]
ds dz. (1)

Here, z and s denote the position along the transport axis
and the perimeter, respectively.

∫
layer dt is the integration

along the depth direction for Nlayer atomic layers from the
surface. This integration means the summation of tight-binding
coefficients belonging to the atoms in the Nlayer atomic layers
in the tight-binding picture. The tight-binding Bloch function
eikzun,k is normalized in each unit cell with the length
Lcell, and eikz√

Ncell
un,k is normalized in the whole system with

Ncell unit cells, whose length is L = Lcell × Ncell. Using the
aforementioned quantities, the equivalent surface roughness
potential for (n,k), V

n,k
ESR, is given as

V
n,k

ESR = En,k(δ) − En,k(0)

δ

1

P
n,k
surface layer

. (2)

δ × V
n,k

ESR reproduces the energy variation due to the uniform
displacement of a sidewall by δ, as a first-order perturbation
potential applied to the Nlayer atomic layers near the surface.
The normalization by P

n,k
surface layer in the denominator is required

to balance with the probability density in the Nlayer atomic
layers to which the potential is applied. Nlayer should not be
too small because the results should not be affected by the
delicate electronic states near the surface. At the same time, it
should not be too large in order to avoid the phase variation of
wave function along the depth direction. Thus Nlayer is chosen
as 4.

Then, when we define the displacement of interface at a
position (s,z) as �(s,z), the corresponding perturbation for a
state (n,k) is expressed by a potential V

n,k
ESR × �(s,z) applied

on Nlayer atomic layers near the surface. The sign of �(s,z)
(whether the displacement is inward or outward) is reflected in
the sign of the potential. The diagonal matrix element of this
perturbation for a uniform displacement [� = δ independently
of (s,z)] reproduces the energy shift caused by the same
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displacement of a sidewall:

M
n,n
SR (k,k) = P

n,k
surface layer × V

n,k
ESRδ = En,k(δ) − En,k(0). (3)

This validates the definition of Eq. (2), especially the normal-
ization by P

n,k
surface layer, which may seem counterintuitive. The

nondiagonal element between states (n,k) and (n′,k′) is written

as
√

V
n′,k′

ESR V
n,k

ESR × �(s,z), assuming the form of a product of
factors originating from both states (n,k) and (n′,k′), as well
as the Prange-Nee term [24–26]. The resulting matrix element
for scattering is, by summing up the contribution from each
position (s,z),

M
n,n′
SR (k,k′) =

∫
surface

[ ∫
layer

(
e−ik′z
√

Ncell
u∗

n′,k′
eikz

√
Ncell

un,k

)
dt

×
√

V
n′,k′

ESR V
n,k

ESR�(s,z)

]
ds dz. (4)

The integral over position means the sum of atomic orbitals in
the case of tight binding considered here. The expression of the
matrix element in a real-space formalism, which may serve to
bridge the real-space treatment of surface roughness based
on the nonequilibrium Green’s function formalism [20,21]
and perturbative approaches, distinguishes our model from
previously reported atomistic modelings of surface roughness
scattering such as Ref. [23].

To compute the scattering probability from an initial state
(n,k) to a final state (n′,k′) by Fermi’s golden rule,

Sn,n′
(k,k′) = 2π

�

〈∣∣Mn,n′
SR (k,k′)

∣∣2〉
δ(En′,k′ − En,k), (5)

we need the squared matrix element averaged over stochastic
surface roughness 〈|Mn,n′

SR (k,k′)|2〉. Defining the local product
of the periodic part of Bloch function at (s,z) as[∫

layer
u∗

n′,k′un,kdt

]
= D

k,n,k′,n′
layer (s,z), (6)

we have

〈∣∣Mn,n′
SR (k,k′)

∣∣2〉 = ∣∣V n′,k′
ESR V

n,k
ESR

∣∣〈∣∣∣∣∣
∫

surface

[∫
layer

u∗
n′,k′un,kdt

]
ei(k−k′)z

Ncell
�(s,z) ds dz

∣∣∣∣∣
2〉

= ∣∣V n′,k′
ESR V

n,k
ESR

∣∣〈∫
surface

D
k,n,k′,n′
layer (s,z)

ei(k−k′)z

Ncell
�(s,z) dsdz

∫
surface

D∗k,n,k′,n′
layer (s ′,z′)

e−i(k−k′)z′

Ncell
�(s ′,z′) ds ′dz′

〉

= ∣∣V n′,k′
ESR V

n,k
ESR

∣∣ ∫
surface

∫
surface

D
k,n,k′,n′
layer (s,z)D∗k,n,k′,n′

layer (s ′,z′)
ei(k−k′)(z−z′)

N2
cell

〈�(s,z)�(s ′,z′)〉 ds dz ds ′dz′, (7)

which is similar to Eq. (4) in Ref. [29] except for the coefficient. Here, we describe the surface roughness by a correlation function
of exponential type [43] with correlation length λc and root mean square (RMS) roughness amplitude �rms as

〈�(s,z)�(s ′,z′)〉 = 〈�(0,0)�(s ′ − s,z′ − z)〉 = �2
rmse

−√
2
√

(s ′−s)2+(z′−z)2/λc . (8)

Then, in the integration over the whole surface, the integral along the transport direction z is split into an integral within each
unit cell j (length of Lcell) at position z = Zj and a summation over unit cells (Ncell cells):

∫
surface

ds dz =
∫

peri
ds

∫
L=Lcell×Ncell

dz =
∫

peri
ds

Ncell∑
j=1

∫
Lcell

dz (9)

By using the expressions above, we obtain from Eq. (7)

∣∣V n′,k′
ESR V

n,k
ESR

∣∣ ∫
surface

∫
surface

D
k,n,k′,n′
layer (s,z)D∗k,n,k′,n′

layer (s ′,z′)
ei(k−k′)(z−z′)

N2
cell

�2
rmse

−√
2
√

(s ′−s)2+(z′−z)2/λc ds dz ds ′dz′

= ∣∣V n′,k′
ESR V

n,k
ESR

∣∣ Ncell∑
j ′=1

∫
Lcell

Ncell∑
j=1

∫
Lcell

∫
peri

∫
peri

D
k,n,k′,n′
layer (s,z + Zj )D∗k,n,k′,n′

layer (s ′,z′ + Zj ′ )

× ei(k−k′)(z+Zj −z′−Zj ′ )

N2
cell

�2
rmse

−√
2
√

(s ′−s)2+(z′+Zj ′ −z−Zj )2/λc ds ds ′dz dz′

= ∣∣V n′,k′
ESR V

n,k
ESR

∣∣�2
rms

Ncell

∑
Zj−j ′

∫
Lcell

∫
Lcell

∫
peri

∫
peri

D
k,n,k′,n′
layer (s,z)D∗k,n,k′,n′

layer (s ′,z′)

× ei(k−k′)(z−z′)ei(k−k′)Zj−j ′ e−√
2
√

(s−s ′)2+(z−z′+Zj−j ′ )2/λc ds ds ′dz dz′. (10)
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In the final expression of Eq. (10), the summation over Zj−j ′

(= Zj − Zj ′ ) in the range Zj−j ′ � λc can be omitted. In
this work, the summation was limited to the range Zj−j ′ �
10 × λc. The Ncell in the denominator of the last expression,
which equals the number of wavenumber indexes k in the first
Brillouin zone (e.g., Ncell = (2π/Lcell) × (L/2π ) = 980 in
[110]-oriented NWs), is canceled by the density of states L/2π

in the integration over wavenumber in calculating scattering
rates or collision terms.

In contrast to the case of bulk MOSFETs, where SRS is
dominated by the electric field vertical to the surface and is
important only at high carrier density, in NWs (and quantum
wells) roughness-induced energy fluctuation is caused not
only by the vertical field but also by geometrical quantum
confinement [17–19]. Thus in NWs, considering both vertical
field and geometrical confinement is needed to treat SRS,
and SRS is important even at low carrier density. In the
model described above, the effect of geometrical quantum
confinement is directly included through En,k(δ) − En,k(0). By
calculating En,k(δ) − En,k(0) using the electrostatic potential
obtained from self-consistent calculation, the effect of the
vertical field can also be considered in this model. At the
same time, the two-dimensionality of the surface roughness (in
other words, the existence of roughness along the confinement
direction) is retained in this model.

B. Calculation procedure of hole mobility

In this subsection, the procedure to calculate the hole
mobility limited by phonon scattering and SRS is described.
The valence band structures and hole states of Ge NWs
were computed by a nearest-neighbor sp3d5s∗ tight-binding
approximation [44–47] taking the spin-orbit coupling into
account. This model considers one s orbital, three p orbitals
{px, py, pz}, five d orbitals {dyz, dzx, dxy, d3z2−r2 , dx2−y2}, and
one excited s∗ orbital. For each orbital, up-spin and down-spin
states are considered. Adopted tight-binding parameters were
those fitted to the band structure of bulk Ge [47], and are given
in Tables I and II in Ref. [47]. Surface dangling bonds were
passivated by giving an excess energy to the corresponding
sp3 hybridized orbitals [42], which brings a situation similar
to hydrogen termination.

To model phonon scattering atomistically [36,39], the
dispersion relations and vibrational modes of phonons were
calculated by a valence force field model [48–50]. Used
parameters were fitted to the phonon dispersion relation of
bulk Ge [49], and a free boundary condition was assumed at the
surface. To calculate the scattering probability, initial and final
hole states and phonon states that satisfy the wavenumber and
energy conservation laws were searched using the computed
valence band structure and phonon dispersion relation. Then,
the transition probability was calculated for these states by
Fermi’s golden rule using the computed wave functions and
phonon modes. All phonons were considered as inelastic
scattering, and energy conservation was treated using the
transformation of the delta function in Ref. [36]. The hole-
phonon interaction Hamiltonian was derived from the change
of the tight-binding Hamiltonian by atomic displacement due
to phonons, and the matrix elements were obtained from the
first-order derivative with respect to the bond vector [36,39].

The SRS rate is calculated from the model discussed in
Sec. II A based on the tight-binding framework. Using the
average squared matrix element [Eq. (10)] of the perturbation
corresponding to surface roughness, the scattering probability
was computed by Fermi’s golden rule similarly to phonon
scattering. The correlation length λc and RMS �rms of
surface roughness were assumed to be 1.3 nm and 0.48 nm,
respectively [43], which are typical values used in simulations
of SRS in silicon MOSFETs [19,29]. The RMS and correlation
length will be different in Ge NW MOSFETs, but it was
confirmed that the qualitative trends discussed below were
common to the cases with doubled or halved values of RMS
or correlation length.

Using the scattering probabilities calculated as above, the
low-field hole mobility was computed by solving the linearized
Boltzmann transport equation [36,39]. The temperature was
assumed to be 300 K, and the targeted NWs were assumed to be
undoped. Here, both the mobility at low hole density with the
Fermi level at the mid-gap and the hole density dependence of
mobility were calculated. As for the hole density dependence,
hole mobility considering self-consistent calculation of band
structure and potential distribution was also computed. In this
case, a gate-all-around structure with metal gate and 0.6-nm-
thick SiO2 as a gate oxide were assumed.

III. RESULTS AND DISCUSSION

In this section, we discuss the calculated results of hole mo-
bility in rectangular cross-sectional Ge NWs. Hole mobilities
at low and high hole densities are shown, and their behavior is
discussed in terms of hole states and valence band structures.
Also, the NW geometries suitable for p-channel material in
terms of hole mobility are proposed.

A. Hole mobility in germanium nanowires at low hole density

We first calculated the hole mobility at low hole density in
rectangular cross-sectional Ge NWs with various orientations
and substrate faces. The NW width was fixed at 4 nm, and the
height was varied from 2 to 10 nm. In the model of this work,
the mobility is independent of hole density as far as the hole
density is low enough for the hole distribution function to be
approximated by a Boltzmann distribution (hole occupation
�1). Thus, the Fermi level is fixed at the mid-gap of bulk
Ge for all the NWs. In this case, owing to the negligible
space charge density, the electrostatic potential in the cross
section of the NWs is almost constant, and the band structure
was calculated with a flat electrostatic potential. SRS thus
originates from quantum confinement.

As examples to clarify the calculation process, the cal-
culated valence band structure and scattering rates in a
[110]/(001) NW with 4 nm width and 8 nm height are presented
in Figs. 2(a) and 2(b), respectively. The computation of the
band structure, phonon scattering, and SRS took about 1 h,
2 h, and 45 min, respectively, on our personal computer with
a six-core CPU. The dashed line in Fig. 2(a) is the energy
dispersion En,k(δ) used to calculate V

n,k
ESR for the roughness on

sidewalls. The energy variation due to sidewall displacement
is larger for subbands with higher order. This causes the larger
scattering rates by SRS at higher hole energy as shown in
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FIG. 2. (a) Valence band structure of the [110]/(001) NW with
4 nm width and 8 nm height. Dashed lines show the valence band
structure when the width is reduced by two monolayers. a0 is the
lattice constant of bulk Ge (0.565 79 nm [51,52]), and the energy is
referenced from the valence band maximum of bulk Ge. (b) Scattering
rates by SRS, phonon scattering, and the sum of them in the same NW
as (a). The peaks of scattering rates correspond to the subband edges
with large DOS. The scattering rates by SRS become larger at higher
hole energy (negative energy with large absolute value), because the
energy variation of subbands caused by the NW width reduction is
larger at higher energy.

Fig. 2(b). The peaks of scattering rates in Fig. 2(b) correspond
to the subband edges with large density of states (DOS). The
peaks are not so evident for the rates of phonon scattering,
because of the inelastic nature of phonon scattering.

In Fig. 3(a), the height dependence of the mobility limited
by both phonon scattering and SRS in Ge NWs is shown. The
comparison with phonon-limited mobility is also presented for
some NWs in Fig. 3(b). The phonon-limited mobility of square
NWs in Fig. 3(b) is similar to the calculation in Ref. [15].
Our somewhat lower mobility in [110] and [111] NWs can
be explained by the difference of cross-sectional geometry
(square in the present work and circular in Ref. [15]). From
Fig. 3, we can see that NWs with small cross section show
low mobility with SRS. In thin NWs, where the holes are
strongly confined, the quantum-confinement-induced energy
of holes and its fluctuation are large. This leads to the strong
SRS in thin NWs, as already reported [19,32]. The calculated
confinement-induced energy shift of the first subband at k = 0
is shown in Fig. 4. The larger energy shift in thinner NWs
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FIG. 4. The calculated confinement-induced energy shift at
k = 0. The energy is referenced from the valence band maximum
of bulk Ge. A large absolute value of energy shift means light
confinement mass and gives large perturbation due to roughness.

can be confirmed. In some previous works on Si NWs [20,53],
in contrast to the above result, stronger impacts of SRS in
thicker NWs were observed due to inter-subband coupling. As
can be seen from Fig. 2(b), inter-subband SRS increases the
scattering rate also in the present work on Ge NWs. Since the
subband separation is larger in Ge NWs than in Si NWs (for
example, the separation just below the valence band maximum
is 41 meV in a 4 nm × 8 nm [110]/(001) Ge NW, which is
about twice as large as 19 meV in a 4 nm × 8 nm [110]/(001) Si
NW), this larger subband separation in Ge NWs may weaken
the impacts of inter-subband SRS on mobility in the considered
cross-sectional size range and lead to the different tendency.

As for the choice of NW geometry preferable for p-channel
material, the [111] NW showed the highest mobility, followed
by [110], [112], and [001] NWs in descending order in the
case of square cross-sectional NWs [Fig. 3(a)]. High hole
mobility in [111] NWs coincides with previous reports for
Si NWs [32,37,40]. In the case of rectangular cross sections,
[110] NWs with the larger side (height or width) along [001]
outperformed [111] NWs, owing to the highly anisotropic
quantum confinement effects on holes in [110] NWs, which
have been reported for Si NWs [53–55]. These results at low
hole density were common to both cases with and without
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FIG. 3. (a) Height dependence of calculated hole mobility in 4-nm-wide Ge NWs with various orientations and substrate faces considering
phonon scattering and SRS. The gray horizontal dashed line indicates the phonon-limited hole mobility in bulk Ge calculated by a similar
method [15]. Here, the Fermi level is fixed at the mid-gap and electrostatic potential is assumed to be constant in a NW cross section. (b) The
comparison between phonon-limited mobility (PH) and mobility limited by both phonon and SRS [PH+SRS, the same as (a)] for some NWs.
Phonon-limited mobility is plotted by pale colored lines.
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FIG. 5. The calculated hole transport mass averaged by hole
distribution function. m0 is defined as the rest mass of an electron.
NWs with light transport mass tend to have heavy confinement mass,
which leads to a small confinement-induced energy shift (Fig. 4).

SRS. The effective mass along the transport direction averaged
by the hole distribution function is plotted in Fig. 5. This
average effective mass mavg was calculated as the reciprocal
number of inverse effective mass averaged by equilibrium hole
occupation fn(k) [16]:

1

mavg
=

∑
n

∫
1

−mn(k)fn(k)dk∑
n

∫
fn(k)dk

. (11)

Here, mn(k) is the effective mass at a given (n,k) as an electron.
From Fig. 5, it is confirmed that NWs with high mobility have
light transport mass. At the same time, smaller DOS near
the band edge leads to higher mobility in both cases with
and without SRS. Therefore, it seems natural that NWs with
high phonon-limited mobility tend to show high mobility even
with SRS. In Fig. 3(b), however, the impact of SRS, i.e., the
degradation rate of mobility due to SRS, is also small in the
geometries with high phonon-limited mobility. This is not so
self-evident, and will be discussed in the next subsection.

In the rest of this subsection, we briefly discuss the
comparison with thinner NWs with a 2 nm width. The high
mobility in rectangular [110]/(001) NWs with large height and
square [111] NWs was also obtained for phonon-limited hole
mobility in 2-nm-wide Ge NWs [16]. However, when it comes
to the comparison of mobility limited by phonon scattering and
SRS (μPH+SRS) between NWs with 2 nm width and 4 nm width,
competition between the reduction of transport mass and the
enhancement of SRS both resulting from stronger quantum
confinement becomes a delicate problem. Here, we focus on
[110]/(001) NWs. In our previous work [16], the phonon-
limited mobility in [110]/(001) Ge NWs with large height and
2 nm width (e.g., 	4000 cm2/V s for a 2 nm × 8 nm NW)
was higher than that in 4-nm-wide NWs targeted in this work.
Although [110]/(001) NWs with a 2 nm width had a lighter
average transport mass (e.g., 	0.07 m0 for a 2 nm × 8 nm
NW), they suffer from stronger SRS due to stronger quantum
confinement. We also calculated μPH+SRS of such NWs, and
they showed lower mobility (e.g., μPH+SRS 	 1500 cm2/V s
for a 2 nm × 8 nm NW) than those with a 4 nm width.
Of course, if the RMS of roughness is smaller, 2-nm-wide
NWs may outperform 4-nm-wide NWs. For example, in case
of halved RMS (�rms = 0.24 nm), μPH+SRS 	 2700 cm2/V s

and 	2100 cm2/V s for 2 nm × 8 nm and 4 nm × 8 nm NWs,
respectively.

B. Relationship between the impacts of surface roughness
scattering and phonon-limited mobility

In the previous subsection, by comparing both mobilities
with and without SRS at each height in Fig. 3(b), we found
that NWs with high phonon-limited mobility tend to be less
affected by SRS. Here, we discuss the physical understanding
of this aforementioned tendency about hole mobility at low
hole density. As shown in Fig. 4, the confinement-induced
energy shift is dependent on NW orientations and substrate
faces. The larger energy shift of the hole states means high
sensitivity to confinement, i.e., a light “confinement effective
mass.” Thus it is reasonable to interpret that the NWs with
light confinement mass suffer from larger energy fluctuation
by roughness and are affected by the resulting stronger SRS.
This is confirmed from Fig. 4 and the degradation rate of
mobility due to SRS in Fig. 3(b). If this confinement mass is
heavy, the energy fluctuation is small, and thus SRS becomes
weak.

On the other hand, the comparison of energy shift (Fig. 4)
and transport mass (Fig. 5) tells us that the NWs with smaller
energy shift, which means heavier confinement mass, tend to
possess lighter transport mass, and vice versa. This negative
correlation between the transport mass and confinement mass
is the reason for the tendency that NWs with high phonon-
limited mobility (light transport mass) are tolerant to SRS
(heavy confinement mass).

To understand the physical background of the correlation
of transport and confinement masses, a relationship between
effective mass and wave function of holes in NWs [55]
is useful. If the hole states of a subband have dominant
composition of p orbitals along the transport direction, which
can easily travel along the transport direction, this subband
will have light transport mass and heavy confinement mass.
When such subbands dominate the hole transport in a NW, the
NW will have light average transport mass, which leads to high
phonon-limited mobility, and heavy confinement mass, which
leads to small confinement-induced energy (this itself makes it
easy for the subbands to dominate transport at low density) and
weak SRS. In contrast, hole states with larger composition of
p orbitals along confinement directions have heavy transport
mass and light confinement mass, and their contribution to
conduction in a NW leads to heavier average transport mass
and stronger SRS. This mechanism can explain the negative
correlation between the transport mass and confinement mass,
and the resulting trend of immunity to SRS of NWs with high
phonon-limited mobility.

To be precise, although holes in NWs are actually con-
fined along two directions (width and height directions), the
anisotropy of confinement mass, which is evident in [110]
NWs, is not considered explicitly in the discussion above.
In NWs with a high aspect ratio, SRS is dominated by
the confinement mass along the one direction with stronger
confinement (shorter side), and thus the correlation between
transport mass and SRS may not be so valid. However, as
for the NWs targeted in this work (aspect ratio ∼2), the
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FIG. 6. (a) Hole density dependence of calculated hole mobility in a [110]/(001) Ge NW with 4 nm width and 8 nm height. Lines and
symbols show the results without and with self-consistent (SC) calculation, respectively. In the case with SC, gate-all-around structure with
metal gate and 0.6-nm-thick SiO2 as a gate oxide were assumed. Steeper mobility degradation by SRS compared with phonon scattering at high
hole density originates from the contribution of higher-order subbands with larger confinement energy and the vertical field. (b) The valence
band structure and the DOS in the NW without SC. The Fermi level is also shown for two hole densities by horizontal dashed lines.

correspondence between light transport mass and weak SRS
seems reasonable.

C. Hole density dependence of hole mobility
in germanium nanowires

Here, hole density dependence of mobility is discussed.
We first targeted 4 nm × 8 nm [110]/(001) Ge NW, and
the calculated hole density dependence of mobility is shown
in Fig. 6. The mobilities limited by SRS, phonon, and both
phonon and SRS are plotted. Self-consistent (SC) calculation
of the band structure and the electrostatic potential was
also performed. Since the contribution of roughness-induced
Coulomb-related scattering and the dielectric screening effects
are not taken into account in this calculation, the mobility
at high hole density may be quantitatively inaccurate, but
qualitative physical trends will be maintained.

In this NW, SRS at low hole density was weak, as discussed
above. At high hole density, the degradation of mobility
is steeper for SRS-limited mobility than for phonon-limited
mobility. As hole density increases, the Fermi level goes down,
and the contribution of subbands with a heavier transport
mass and larger DOS near the Fermi level [Fig. 6(b)] cause
mobility degradation irrespectively of considered scattering
mechanisms. In addition, SRS is enhanced at larger hole energy
[Fig. 2(b)] by the larger energy fluctuation of higher-order
subbands due to roughness [Fig. 2(a)]. At the same time,
the effect of vertical field, which is taken into account
by self-consistent calculation, on SRS becomes significant
and further degrades mobility at high hole density. These
factors cause steeper degradation of SRS-limited mobility than
phonon-limited mobility. For these reasons, in [110]/(001)
NWs, SRS is weak at low hole density, but becomes strong at
high hole density.

In a previous work on cylindrical Si NWs with 12 nm
diameter [34], hole mobility enhancement owing to gate-bias-
induced effective mass reduction was reported. In Fig. 6(a),
the slight improvement of phonon-limited mobility by SC has
the same origin. However, the smaller cross-sectional size
in the present work (4 nm × 8 nm) leads to light effective

mass even without gate bias, and hinders the gate-bias-induced
mobility enhancement.

Finally, we discuss comparison of mobility with other
geometries at high hole density. The mobility limited by both
phonon and SRS is compared among NWs with different
orientations and substrate faces in Fig. 7. The cross section
of NWs was fixed at 4 nm × 8 nm, and the results with SC are
indicated by symbols. For comparison, the mobilities of some
NWs calculated without SC are also shown by lines.

As can be seen from Fig. 7, the geometry dependence of
mobility is small at high hole density, compared to the large
geometry dependence at low hole density [Fig. 3(a)]. One
reason for this is the effect of vertical field, which is less
dependent on geometry than confinement mass, though this
explanation only applies to the case with SC. In addition, in
both cases with and without SC, the contribution of many
subbands to hole transport at high hole density leads to
the averaging of characteristics (confinement and transport
masses) of subbands, and the difference of DOS among
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FIG. 7. Comparison of hole density dependence of hole mobility
in Ge NWs with 4 nm width and 8 nm height among various
geometries. Both phonon and SRS are considered, and lines and
symbols show the results without and with self-consistent (SC)
calculation, respectively.
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different geometries is partly canceled due to the deeper
degeneracy in NWs with smaller DOS. The smaller geometry
dependence at high hole density has been also observed in Si
NWs [33].

Though the geometry dependence of mobility is smaller
at high hole density, [110] and [111] NWs still show higher
mobility than other geometries. Thus, it can be concluded that
these geometries are preferable as a high-mobility p-channel
material even with SRS. It is interesting that the [110]/(110)
NW exhibits high mobility at high hole density. This NW
has heavier average transport mass and lower mobility at low
hole density than [110]/(001) NW, which is characterized by
the light mass at the band edge [Fig. 6(b)]. At high hole
density, however, the average transport masses of [110]/(110)
NW and [110]/(001) NW become comparable, owing to the
contribution of hole states with higher hole energy. Thus at
high hole density, the superiority of [110]/(001) NW over
[110]/(110) NW is lost, and both types of [110] NWs exhibit
similar mobility.

IV. CONCLUSION

In this work, SRS in NWs was formulated based on
tight-binding approximation. By the calculated wave function
of electronic states and subband energy change due to width

or height fluctuation, the effect of surface roughness was
expressed using an equivalent potential near the surface. The
perturbation caused by a surface roughness and resulting
scattering probability were computed using the equivalent
potential. Then, we calculated the hole mobility in rectangular
cross-sectional Ge NWs taking into account phonon scattering
and SRS, and the impacts of SRS on hole mobility were
analyzed. SRS at low hole density was dominated by quan-
tum confinement, and strongly dependent on NW geometry.
Because of the relationship between transport mass and
confinement mass, NWs with high phonon-limited mobility
tend to show high mobility even with SRS. On the other hand,
at high hole density, the vertical field is important as in planer
MOSFETs. In addition, the contribution of many subbands
blurs the characteristics of the band edge. Thus the impacts of
SRS were less dependent on NW geometry. Finally, from the
geometry dependence of calculated hole mobility limited by
phonon and surface roughness, we suggest that [110] Ge NWs
with large height along the [001] direction and [111] Ge NWs
are promising for a p-channel material.
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