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We study (24 1)-dimensional phases with topological order, such as fractional quantum Hall states and gapped
spin liquids, in the presence of global symmetries. Phases that share the same topological order can then differ
depending on the action of symmetry, leading to symmetry-enriched topological (SET) phases. Here, we present
a K -matrix Chern-Simons approach to identify distinct phases with Abelian topological order, in the presence of
unitary or antiunitary global symmetries. A key step is the identification of a smooth edge sewing condition that
is used to check if two putative phases are indeed distinct. We illustrate this method by classifying Z, topological
order (Z, spin liquids) in the presence of an internal Z, global symmetry for which we find six distinct
phases. These include two phases with an unconventional action of symmetry that permutes anyons leading
to symmetry-protected Majorana edge modes. Other routes to realizing protected edge states in SET phases
are identified. Symmetry-enriched Laughlin states and double-semion theories are also discussed. Somewhat
surprisingly, we observe that (i) gauging the global symmetry of distinct SET phases leads to topological orders
with the same total quantum dimension, and (ii) a pair of distinct SET phases can yield the same topological

order on gauging the symmetry.
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I. INTRODUCTION

It was long believed that phases of matter arose from
different patterns of symmetry breaking [1,2]. The discovery
of integer [3] and fractional [4] quantum Hall (FQH) effects
demonstrated, however, that there exist many different phases
of matter which lie outside this paradigm. In particular, the
FQH states differ in their internal quasiparticle structure
as well as their boundary excitations while preserving all
symmetries of the system. This phenomenon is robust against
any perturbation and is called [5,6] “topological order,” which
implies ground-state degeneracy (GSD) on a closed manifold
(a Riemann surface of genus g), and emergent anyon excita-
tions [7] which obey neither bosonic nor fermionic statistics.
Another class of topologically ordered phases are gapped
quantum spin liquids [6]. Recently, several examples of gapped
spin liquids have appeared in numerical studies of fairly natural
spin-% Heisenberg models, on the kagome [8] and square
lattice (with nearest- and next-neighbor exchange) [9,10].
Calculations of topological entanglement entropy [11,12]
point to Z, topological order [13,14]. However, the precise
identification of these phases requires understanding the inter-
play between topological order and symmetry in these systems.
The symmetries include both onsite global spin rotation
and time-reversal symmetries, as well as the space-group
symmetries of the lattice. Kagome lattice antiferromagnets,
such as herbertsmithite, may provide experimental realization
of this physics, although experimental challenges arising from
disorder and residual interactions continue to be actively stud-
ied. This motivates the study of distinct topologically ordered
phases that may arise in the presence of symmetry [15-21].
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In the presence of symmetry, the structure of topological
order is even richer. The microscopic degrees of freedom
in the system are either bosons or fermions, and they must
form a linear representation of the symmetry group [22]
G,. The emergent anyons, however, do not need to form
a linear representation of G;. Instead, they could transform
projectively under symmetry operation, i.e., each of them
can carry a fractional quantum number of symmetry. For
example, in Laughlin FQH states [5] at filling fraction v =
1/m, each elementary quasiparticle carries a fraction (1/m)
of the electron charge. This phenomenon is widely known
as fractionalization, although a more appropriate name is
perhaps symmetry fractionalization [18,19,23]. The associated
symmetry in Laughlin states is the U(1) charge conservation
of electrons. While the emergent quasiparticles transform
projectively (instead of linearly), the microscopic degrees of
freedom always transform linearly under symmetry, simply
because each microscopic degrees of freedom can be regarded
as a conglomerate of multiple emergent quasiparticles.

Even in the absence of topological order, when symmetry
Gy is preserved, different symmetry-protected topological
(SPT) phases [24] emerge which are separated from each
other through phase transitions. These SPT phases feature
symmetry-protected boundary states which will be gapless,
unless symmetry G, is (spontaneously or explicitly) broken
on the boundary. Well-known examples of SPT phases are
topological insulators [25,26] and superconductors [27]. In
(2+1) dimensions [(2+1)D] all SPT phases have symmetry-
protected nonchiral edge modes [28-30].

The existence of SPT phases further enriches the structure
of symmetric topological orders. In other words, the topologi-
cally ordered phase is not fully determined by how its (anyon)
quasiparticles transform (projectively or not) under symmetry:
its microscopic degrees of freedom could form a SPT state in
parallel with the topological order [19]. The formation of SPT
state can, e.g., bring in new structures to the edge states of the

©2016 American Physical Society


http://dx.doi.org/10.1103/PhysRevB.93.155121

YUAN-MING LU AND ASHVIN VISHWANATH

topologically ordered system, and lead to a distinct symmetry-
enriched topological (SET) order. Therefore, two different
SET phases sharing the same topological order can differ by
the symmetry transformation on their anyon quasiparticles,
or by their distinct boundary excitations. Clearly, we have a
question here: Given two states sharing the same topological
order while preserving symmetry G, can they be continuously
connected to each other without a phase transition, if symmetry
G, is preserved?

We address this issue for (24+1)D (Abelian) topological
orders. Focusing on onsite (global, instead of spatial) symme-
tries, we present a universal criterion (Criterion I in Sec. IIE)
related to the edge states of these (24+1)D SET phases, which
works for both unitary and antiunitary onsite symmetries. The
physical picture behind this criterion is demonstrated in Fig. 1.
Two SET phases No. 1 and No. 2 living on the two cylinders
are considered the same if they can be smoothly connected
together via tunneling of microscopic degrees of freedom
between the two edges. Distinct SET phases, on the other
hand, present an obstruction to such a smooth sewing.

The above criterion allows us to clarify the structure of
symmetry-enriched topological (SET) orders in (2+1)D. The
method we follow is the Chern-Simons approach, which
provides a unified description for low-energy bulk and edge
properties of a generic Abelian topological order [31-33] in
(24+1)D. In particular, the bulk-edge correspondence [34,35]
in Chern-Simons approach enables us to identify all edge ex-
citations with their bulk counterparts, such as the microscopic
degrees of freedom (bosons/fermions) and anyons. Therefore,
the above criterion of smooth sewing boundary conditions
for two different SET phases can be made precise within the
Chern-Simons approach (see Sec. IIE).

More concretely, a (2+1)D Abelian topological phase is
fully characterized by a symmetric integer matrix K in the

SET /7 SET
phase — phase |
YA

Only microscopic degrees of freedom ("electrons")
can tunnel between the two edges!

FIG. 1. Edge sewing criterion to distinguish symmetry-enriched
topological (SET) phases. Only the microscopic degrees of free-
dom, i.e., “electrons” (and not gauge charged objects such as
anyons/fractionalized quasiparticles), can tunnel between the two
edges of a pair of semi-infinite cylinders. If two SET phases can be
continuously tuned into one another without a phase transition (while
preserving symmetry), there is a “smooth” sewing between the two
cylinders of SET phases No. 1 and No. 2. This implies that all edge
excitations are gapped by a few symmetry-allowed terms that tunnel
“electrons” between the two edges. In the thermodynamic limit these
tunneling terms lead to M degenerate ground states, corresponding
exactly to the M-fold torus degeneracy of the topological order. On
the other hand, if the two SET phases are different, there is no such
“smooth” boundary condition to sew the two edges. A precise version
of this statement is formulated in Criterion I in Sec. ITE.
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TABLE I. Two different Z, spin liquids with (antiunitary) time-
reversal symmetry Z7 classified by Abelian Chern-Simons theory. In
SET phase No. 1 all quasiparticles in (26) transform linearly under
ZT symmetry, while in SET phase No. 2 quasiparticle m transforms
projectively under ZI symmetry. The data set in the second line
completely characterize these SET phases. “Proj. sym.” is short for
“projective realization of symmetry” in the table.

K~ (g 3) with symmetry G, = ZI = {g,e = g°}

Data set in (19): [K = (g (2)),{773 = —1,W¢,8¢%}]

Label No. 1 No. 2

1 0 1 0
we (- (-
Y 0,nm)" 0,7/2 4+ nm)"
Proj. sym. [m = (0,1)"] No Yes
Gapless edges No No

Chern-Simons approach. When symmetry G is preserved
in the system, the anyons could carry a fractional symme-
try quantum number (or transform projectively under the
symmetry [15]), while the microscopic degrees of freedom
(bosons/fermions) must form linear representations of the
symmetry group G; = {g}. The relation between microscopic
degrees of freedom and fractionalized anyon excitations is
especially clear in the Chern-Simons approach.

Based on the mentioned Criterion I to differentiate distinct
SET phases, we can classify all different SET phases with
the same topological order {K} and symmetry G,. In this
work, we studied various examples: Z, spin liquids [36],
double-semion theory [37,38], and bosonic/fermionic Laugh-
lin states [S] at filling fraction v = 1/m. We consider both
antiunitary time-reversal symmetry G, = ZJ, and unitary
Gy = Zyor Z, x Z,. These are the analogs of the spin rotation
symmetry of Heisenberg magnets. Classification of these SET
phases with symmetry G, is summarized in Tables [-V. In
the case of antiunitary time-reversal symmetry (G; = Z7),
our classification based on Chern-Simons approach is unable
to capture one extra SET phase, in which distinct anyons are
permuted by time-reversal operation.

In particular, we highlight the classification of the simplest
class of SETs, Z, (toric code) topological order with a G, =
Z, onsite symmetry. We find a total of six phases with our
method. Of these, only two nontrivial phases are understood in
terms of distinct fractional charges. Other phases include com-
bination with SPTs, or unconventional symmetry action that
permutes anyons and leads to protected Majorana edge states.

Unconventional SET phases. We divide SET phases into
two types: conventional and unconventional. In “conventional”
SET phases, all (anyon) quasiparticles merely obtain a U(1)
phase under any symmetry operation. In contrast, in the
more exotic “unconventional” SET phases, certain symmetry
operations exchange two inequivalent anyons, instead of just
acquiring U(1) phases. For example, under onsite unitary
Z, symmetry operation, the two anyons, i.e., the electric
charge e and magnetic vortex m of a Z, spin liquid are
exchanged (see Table III). Previously, such a transformation
law was considered in the Wen “plaquette” model [39-41]
for translation symmetry, in contrast to the internal G, =
Z, symmetry considered here. These “unconventional” SET
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TABLE II. Classification of “conventional” Z, spin liquids enriched by onsite (unitary) G, = Z, symmetry. There are four different
“conventional” SET phases, where under Z, symmetry all quasiparticles (e,m, f) merely obtain a U(1) phase factor. The data set in the
second line completely characterizes these SET phases. K, denotes the topological order, which is obtained by gauging the unitary G, = Z,
symmetry in the Z, spin liquid. Some of these SET phases have Z, symmetry-protected edge states, which will be gapless unless Z, symmetry
is spontaneously broken. On gauging the Z, symmetry (blue entries), new quasiparticle excitations (coined “Z, symmetry fluxes”) {g,} are
obtained, as described in Appendix B. Their statistics (B3)—(B5) are also summarized in the table: its self-statistics 6,, = 2m h,, has a one-to-one
correspondence with its topological spin ®,, = exp(if,,) = exp(2rwih,,).

K~ (2 (2)) with unitary symmetry G, = Z, = {g,e = g?}

Data set in (19): [K = (0 2) ® (O 1),{r;g = +1,W8 = 144,80%1]

2 0 10
Label No. 1 No. 2 No. 3 No. 4
0 0 /2 n/2 n/2 /2
5 f; 3 o)~ (e )= (2
0 b 0 T 0 T
Proj. sym. [e =~ (1,0,0,0)7] No No Yes Yes
Proj. sym. [m =~ (0,1,0,0)"] No No No Yes
Proj. sym. [ f ~ (1,1,0,0)7] No No Yes No
Symmetry-protected edge states No Yes No Yes
Central charge c of edge states 0 1 0 1
After gauging symmetry g:
0 2 0 0 0 2 0 0
K, =~ o 0 0 2 o 0 2 o (F) (L
0 0 2 0 0 0 0 -2
O /27 = hy, mod 1 0,1/2 +1/4 0,+1/4,1/2 +1/8, £3/8
Ogg.e/2m mod 1 0,1/2 0,1/2 +1/4 +1/4
Oge.m/2m mod 1 0,1/2 0,1/2 0,1/2 +1/4
Comparison to [21] (000) (100) (010),(110),m; =0 my =2

phases have some striking properties. First, the edge features the electric charge e therein will become a magnetic vortex .
gapless Majorana edge modes that are protected by symmetry. Since an electric charge e and a magnetic vortex m differ by
Next, if Z, symmetry is broken at the edge, then a Majorana afermion f (e x f =morm x f = e) in the Z, spin liquid,
fermion is trapped at the edge domain wall. Finally, as this means a fermion mode f must simultaneously appear at
illustrated in Fig. 2, when a pair of electric charge (e) iscreated ~ the boundary separating subsystems A and B, as the Ising
at opposite sides of a sphere, we can divide the system into symmetry is acted on A. This is discussed in Secs. III B 2
two subsystems A and B, so that there is one electric charge and III B 3.

e localized in each subsystem. Now, if we perform the Z; Symmetry-protected edge states. In general, the nonchiral
symmetry operation only in subsystem A (flip all the spins), topological orders, like Z, topological order and double-

TABLE III. Classification of “unconventional” Z, spin liquids enriched by onsite (unitary) Gy = Z, symmetry. There are two different
“unconventional” SET phases, where under Z, symmetry quasiparticles e and m will exchange. The data set in the second line completely
characterizes these SET phases. Both SET phases have Z, symmetry-protected edge states, which will be gapless unless Z, symmetry is broken.
The central charges of these gapless edge states are half integers, in contrast to “conventional” Z, spin liquids where ¢ € Z (see Table II).
As described in Appendix E, gauging this “unconventional” Z, symmetry leads to new non-Abelian quasiparticles (blue entries), which has
quantum dimension d,, = /2 and topological spin ©,, = exp(2wih,,). These new quasiparticle excitations are Z, symmetry fluxes, labeled
by {g¢}. All quasiparticle contents of the non-Abelian topological orders obtained by gauging Z, symmetry are summarized in Table VII. The
“gauged” non-Abelian topological orders for both SET phases have ninefold GSD on a torus, corresponding to nine different superselection
sectors.

K~ (g (2)) with unitary symmetry G, = Z, = {g,e = g%}

Datasetin (19): [k= (3 e () o) {r=rwe=(] )®n.es)

2 0 1 0 10
Label No. 5 No. 6
Sp¢ 0,0,7,0)" ~ (7/2,7/2,7,0)" 0,0,7,7)" ~ (/2,7 /2,7,7)"
Proj. sym. [f ~ (1,1,0,0)7 ] No No
Symmetry-protected edge states Yes Yes
Central charge c of gapless edge states 1/2 3/2
hg, mod 1 +L + 2 +3,+2
Relation to Kitaev’s 16-fold way [44] =)W =152>2wv=7Q (v =9) =39 v=11)=wv=3)x (v =13)
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TABLE IV. Classification of “conventional” v = ﬁ, k = odd bosonic Laughlin states (or chiral spin liquids with 2k-fold GSD on torus)
enriched by onsite (unitary) G, = Z, symmetry. There are four different conventional SET phases, where under Z, symmetry all quasiparticles
merely obtain a U(1) phase factor. The data set in the second line completely characterizes these SET phases. K, denotes the topological
order, which is obtained by gauging the unitary G; = Z, symmetry in the Z, spin liquid. On gauging the Z, symmetry (blue entries), new

quasiparticle excitations {gg} (Z, symmetry fluxes) are obtained. Their statistics (42) and (43) are also summarized in the table.

~ 2k (k = odd) with unitary symmetry G, = Z, = {g.,e = g}
Data set in (19): [ =2k (1 (])),{ng =41,W¢ = 13x3,5¢g}]
Label No. 1 No. 2 No. 3 No. 4
5S¢ 0,7,0)" ©,7,m)" () 2k,,0)" () 2k, 7w, )T
After gauging symmetry:
(2 0 ) (2k 0 0) (Sk 0 o) 2k —-10
K, >~ 0 0 0 2 0 0 0 1])~8k -1 -2 2
0 2 0 0 -2 0 1 0 0 20
hgy = 04, /27 mod 1 mrrlmel) Z+lnel) %i‘mem Ledoth) 1y € 2)
byg.p/2m mod 1 oty nel) oty el 2 L (el el 2 L (el

semion models, do not have gapless excitations at the edge.
However, these may appear with additional symmetry. Indeed,
the unconventional Z, SET phases have Majorana edge states.
Since they are protected by an onsite Z, symmetry, they are
stable even in the presence of disorder that breaks translation
symmetry along the edge. Two further mechanisms for gapless
edge modes in “conventional” SET phases may be identified.
The first is the trivial observation that adding an SPT phase
could lead to a corresponding protected edge state. The second
mechanism operates when both the electric and magnetic
particles of the Z, gauge theory transforms projectively under
symmetry. Then, one cannot condense either of them at the
edge, implying a protected edge. Details and a sufficient
condition for protected edge states will appear in Sec. III F.
Gauging symmetry. A powerful tool in studying the effect
of an onsite unitary symmetry G, is the consequence of
gauging it [21,29]. This means the global G; symmetry
is promoted to a local “gauge symmetry,” which leads to
new topological orders. Distinct topological orders can help
distinguish different actions of the symmetry in the ungauged
theory. By this procedure in (2+1)D, nonlinear sigma models

TABLE V. Classification of conventional v = 21(’

with topological terms, which describe SPT phases [24], can
be mapped to gauge theories with a topological term [21,29],
discussed by Dijkgraaf and Witten [42]. In this work, we
systematically study the consequences of gauging unitary
onsite symmetry in Abelian SET phases. For many ‘“con-
ventional” SET phases with Abelian symmetries, the new
topological order obtained by gauging symmetry is Abelian,
and Chern-Simons theory is a natural framework to derive it.
There are some cases of “conventional” SET phases that will
lead to non-Abelian topological orders by gauging symmetry,
though, an example being Z, spin liquids with Z, x Z, spin
rotational symmetry (see Sec. IIL E).

In the examples studied in this work (Z, spin liquids,
double-semion theories, and v = 1/2k bosonic Laughlin states
with onsite G; = Z, symmetry), different SET phases seem to
lead to distinct topological orders (with different anyon con-
tents) by gauging the unitary symmetry G, = Z,. However,
this does not always happen for a general symmetry group
G,. Remarkably for all different G; symmetry-enriched topo-
logical phases with the same topological orders (same GSD
and anyon statistics), once we gauge the unitary symmetry

k = even, bosonic Laughlin states (or chiral spin liquids with 2k-fold GSD on torus)

enriched by onsite (unitary) G, = Z, symmetry. There are three different conventional SET phases, where under Z, symmetry all quasiparticles
merely obtain a U(1) phase factor. This is in contrast to four distinct SET phases when k£ = odd (see Table IV). The data set in the second line
completely characterizes these SET phases. K, denotes the topological order, which is obtained by gauging the unitary G, = Z, symmetry
in the Z, spin liquid. On gauging the Z, symmetry (blue entries) new quasiparticle excitations {g,} (Z, symmetry fluxes) are obtained. Their
statistics (42) and (43) are also summarized in the table: its self-statistics 8,, = 2wh,, has a one-to-one correspondence with its topological

spin ©,, = exp(2mihy,).
K =~ 2k (k = even) with unitary symmetry G, = Z, = {g.e = g%
Data set in (19): [K = b @ ((1) (])),{ng = +1,WE = 13,3,69¢}]

Label No. 1 No. 2 No. 3
5% (0,7,0)" ©,7,7)" ( )2k, 7,0)7 ~ (/2K 7,70)"
After gauging symmetry:

2% 0 0 2% 0 0 8 0 0 2%k -1 0
K, ~ 0 0 2 0o 2 0 0 0 1)~|-1 —2 2

0 2 0 0 0 -2 0 1 0 0 2 0
hgy = 04y /270 mod 1 mrtlnen) %(neZ) L) 4 1y ¢ 7))
é,,gvp/Zn mod 1 ;—k,;—k—k%(neZ) i’ﬁ"' nez) z'gzl,z’j‘:] E(neZ)
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FIG. 2. A fermion mode ( f) localized at the boundary between
two subsystems A and B which from a bipartition of the on a sphere,
where the unconventional Ising symmetry-enriched Z, spin liquid
resides. Under the Ising symmetry operation, an electric charge e will
transform into a magnetic vortex m. Consider one electric charge is
created in each subsystem. If we perform Ising (Z,) symmetry only
on subsystem A, a fermion mode will emerge on the boundary, as the
electric e charge turns into a magnetic vortex m in A.

G, they lead to distinct intrinsic topological orders with the
same total quantum dimension [43] D = ,/ Za do%. Therefore,
these distinct topological orders obtained by gauging unitary
symmetry G, also share the same topological entanglement
entropy [11,12] y = InD. Although this is an observation
from the examples studied in this paper, we conjecture that
it generically holds for all SET phases with a finite unitary
symmetry group Gj.

Somewhat surprisingly, this furnishes examples where two
gauge theories with distinct Dijkgraaf-Witten [42] topolog-
ical terms correspond to the same topological order. Here,
the topological terms arising for the gauge group Z, x Z,
are obtained by gauging SPT phases and correspond to
elements of H3[Z, x Z», U(1)]. Theories for distinct ele-
ments are shown to be equivalent on relabeling quasipar-
ticles [a GL(4,Z) transformation]. Therefore, the distinc-
tion between these theories requires additional information
such as specification of electric versus magnetic vortices
(Appendix D).

For “unconventional” SET phases, however, gauging the
symmetry always leads to non-Abelian topological orders. A
general argument for this conclusion is provided in Sec. III B 4.
For example, the unconventional Ising symmetry-enriched Z,
spin liquids, after gauging the Ising (G, = Z;) symmetry,
lead to non-Abelian topological orders with ninefold GSD
on a torus. Interestingly, they can be naturally embedded
within Kitaev’s 16-fold way classification [44] of (2+1)D
Z, gauge theories (see Tables III and VII). Notably as
mentioned earlier, these non-Abelian topological orders also
have total quantum dimension D = 16, the same as that of
Abelian Z, x Z, (or Z4) gauge theories which are obtained
by gauging Z, symmetry in “conventional” SET phases. In
this case, a vertex algebra approach [45] can be introduced
to extract all information of the non-Abelian topological
order (Appendix E). In particular, after gauging the on-
site Ising (Z;) symmetry, new quasiparticles {g,} (coined
Z, symmetry fluxes) emerge as deconfined excitations. It
is a non-Abelian anyon in the unconventional SET case,
which corresponds to the edge domain-wall bound state in
Fig. 4.

Spin-% from K-matrix CS theory: We demonstrate how an
emergent “spin-%” excitation can be realized in the Chern-

PHYSICAL REVIEW B 93, 155121 (2016)

Simons formalism, by studying Z, gauge theories with Z, x
Z, symmetry. The latter has a projective representation that can
protect a twofold degenerate state, analogous to spin % This is
accomplished by expanding the 2 x 2 K matrix of a Z, gauge
theory to a 4 x 4 matrix by adding a trivial insulator layer
(a 2 x 2 “trivial” block). Symmetry transformations imple-
mented in this expanded space have the desired properties (in
Sec. III E).

Connection to other work. A symmetry-based approach
was used to classify Z, spin liquids in Ref. [18]. An advantage
of that approach is that it treated both internal and space-
group symmetries. However, topological distinctions and the
appearance of edge states are not captured. Also, the “uncon-
ventional” symmetry realizations were not discussed. Finally,
as mentioned in Ref. [18], the symmetry-based approach
produces forbidden SETs, that cannot be realized in (2+1)D,
but only as the surface state of a (34+1)D SPT phase [46].
Our Chern-Simons approach does not produce such states. A
different classification scheme in Ref. [19] produces a subset of
our “conventional” phases although explicit lattice realizations
are given for them. Finally, Ref. [21] gave a classification based
on gauging the symmetry, which misses distinctions between
phases as discussed previously. In this work, we show that
plausibly different phases given in Refs. [19,21] (belonging
to distinct Dijkgraaf-Witten topological terms) actually cor-
respond to the same SET phase. Our approach is perhaps
closest to that adopted in Ref. [17], which, however, was
restricted to time-reversal-symmetric topological states. Thus,
the results in this paper go beyond previous classifications of
Z, symmetry-enriched Z, gauge theories (including Z, spin
liquid and double-semion theory), and a detailed comparison
is given in Appendix D.

This paper is organized as follows. In Sec. II, we introduce
the Chern-Simons K -matrix approach to (Abelian) symmetry-
enriched topological (SET) phases in (2+1)D. Rules for
implementing onsite symmetry in a topologically ordered
phase are discussed in Sec. II D, with criteria to differentiate
distinct SET phases in Sec. IIE. Next, in Sec. III, we
demonstrate our approach by classifying SET phases in a few
examples. They include (i) Z, spin liquid with (antiunitary)
time-reversal symmetry (G, = Z1) symmetry (Sec. III A,
Table I), (ii)) Z, spin liquid with unitary Ising (G, = Z5)
symmetry (Sec. III B, Tables II and III), (iii) double-semion
theory with unitary Ising (G; = Z;) symmetry (Appendix C,
Table VI), and (iv) even-denominator bosonic Laughlin
state with unitary Ising (G; = Z;) symmetry (Sec. IIIC,
Tables IV and V). Appendixes B and E provide detailed
instructions on how to gauge unitary symmetries in (2+1)D
SET phase.

II. CHERN-SIMONS APPROACH TO
SYMMETRY-ENRICHED ABELIAN
TOPOLOGICAL ORDERS IN (2+1)D

A. Chern-Simons theory description of (2+1)D
Abelian topological orders

In two spatial dimensions, a generic gapped phase of
matter is believed to be described by a low-energy effective
Chern-Simons theory in the long-wavelength limit [31—
33,42,47]. Both the bulk anyon excitations and the gapless
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TABLE VI. Classification of double-semion theory (C1) enriched by onsite (unitary) G, = Z, symmetry (see Appendix C for details).
There are six different “conventional” SET phases, where under Z, symmetry all quasiparticles (s,5,b) merely obtain a U(1) phase factor.
The data set in the second line completely characterize these SET phases. K, denotes the topological order, which is obtained by gauging the
unitary G, = Z, symmetry in the double-semion theory. Some of these SET phases have Z, symmetry-protected edge states, which will be
gapless unless Z, symmetry is spontaneously broken. On gauging the Z, symmetry (blue entries), new quasiparticles {g,} (coined “g symmetry
fluxes”) are obtained, as described in Appendix B. Its statistics (C5) and (C6) are also summarized in the table: its self-statistics 6,, = 2mh,,
has a one-to-one correspondence with its topological spin ®,, = exp(2rih,,). Note, there are no “unconventional” symmetry realizations of
onsite Z, symmetry for this topological order.

K~ (g 92) with unitary symmetry G, = Z, = {g,e = g?}

Datasetin (19): [k=(2 %) &(®  }).tne = +1,We = 1,0.09¢)]

0 2 1 0
Label No. 1 No. 2 No. 3 No. 4 No. 5 No. 6
0 0 /2 7/2 0 0 /2 /2
58 0 0 ol _[o 72\ _ [ =2 7/2 /2
¢ bg g big - g T - g T brg
0 i 0 b4 0 b4 0 b4
Proj. sym. (s) No No Yes No Yes Yes
Proj. sym. (5) No No No Yes Yes Yes
Proj. sym. (b) No No Yes Yes No No
Symmetry-protected edge No No Yes Yes No Yes
Central charge ¢ 0 0 1 1 0 1
After gauging symmetry g:
2 0O 0 0 2 0o 0 0 o 2 0 0
K. ~ o -2 0 o0 0o -2 0 0 8 0 2 0 0 4 2 2 1 0
8 0 o 0 2 0 0 2 0 0 -2 0 -8 4 0 0 1 2 2
0 0o 2 0 0 0 0 -2 o 0 2 0
— 11 ! 1 305 7 13 5 1 1 1
04, /270 = hy, mod 1 0. +2.3 0, %43 6 " iete 16 1616 16016 002 *3
04,.s/2 mod 1 0,1/2 0,1/2 +1/4 0,1/2 +1/4 +1/4
éqg,g/er mod 1 0,1/2 0,1/2 0,1/2 +1/4 +1/4 +1/4
Notation in Ref. [21] (001) (101) my =3 my =1 (011) (111)

edge states are captured by the effective theory [35]. Exam-
ples include integer and fractional quantum Hall states [6],
gapped quantum spin liquids [40,48,49], and topological
insulators/superconductors. When we restrict ourselves to the
case of gapped Abelian phases where all the elementary
excitations in the bulk obey Abelian statistics [7], a complete
description is given in terms of Abelian U(1)" Chern-Simons
theory [31-33,35]. To be specific, the low-energy effective
Lagrangian of U(1)" Chern-Simons theory has the following
generic form:

N N
_ €uvi 1 J I .pn
Les = e Jg_laMKI,javaA - ,E_l a,j;+..., (1)

where u,v,A = 0,1,2in (241)D and summation over repeated
indices are always assumed. Here, . .. represents higher-order
terms, such as Maxwell terms ~(¢,,,,a!)*. K is a symmetric
N x N matrix with integer entries. Notice that the U(1) gauge
fields a{t are all compact in the sense that they are coupled to
quantized gauge charges with currents j/*. In the first quantized
language, the quantized quasiparticle currents j;* are written
as

VIi=1,....N: j'r) = Zl%(r — ™),

Jfa =Y 18— ), a =12

where r® = ("

,ré")) denotes the position of the nth quasi-
particle, and gauge charges l;’” are all quantized as integers.

We can simply label the nth quasiparticle by its gauge charge
vector 17 = (lﬁ"), . ,z(;))T. The self-(exchange) statistics of
a quasiparticle 1 is given by its statistical angle

6 =nl"K ', 1e ZV )

while the mutual (braiding) statistics of a quasiparticle 1 and I
is characterized by

by = 271"K'1, L) e ZV. 3)

The above statistics comes from the nonlocal Hopf La-
grangian [50] of currents j}', obtained by integrating out the
gauge fields al’L in (1). A simple observation from (3) is that
for a quasiparticle excitation with gauge charge

i=K1|, 12V “4)

its mutual statistics with any other quasiparticle I’ is a multiple
of 27r. In other words, the quasiparticles 1 = Kl are local [51]
with respect to any other quasiparticles I'. Therefore, they
are interpreted as the “gauge-invariant” microscopic degrees
of freedom in the physical system, such as electrons [32]
in a fractional quantum Hall state, and spin-1 magnons in
a spin-% Z, spin liquid [15]. Another direct observation is that
when all diagonal elements of matrix K are even integers, the
microscopic degrees of freedom have bosonic statistics 6 = 0
mod 27, and (1) describes a bosonic system. When at least one
diagonal element of K is an odd integer, there are fermionic
microscopic degrees of freedom in the system.

The ground-state degeneracy (GSD), as an important
character for the topologically ordered phase described by
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effective theory (1), is [35]
GSD = |detK|*¢

on a Riemann surface of genus g. On the torus with g = 1,
the corresponding GSD = | det K] also equals the numbers of
different anyon types (or the number of distinct superselection
sectors [44,51]) in the (2+41)D topological ordered system.
A simple picture is the following: two anyons differing by a
(local) microscopic excitation are the same (or, more precisely,
belong to the same superselection sector) in the sense that they
share the same braiding properties:

I~ <1 -1"=Kl, LIl eZ".

Therefore, different quasiparticle types correspond to inequiv-
alent integer vectors 1€ Z" in an N-dimensional lattice,
where the Bravais lattice primitive vectors are nothing but
the N column vectors of matrix K. As a result | det K|, the
volume of the primitive cell in 1 space, counts the number
of different quasiparticle types (or superselection sectors) in a
topologically ordered system described by effective theory (1).

B. Edge excitations of an Abelian topological order

There is a bulk-edge correspondence [35,52] for effective
theory (1). When put on an open manifold M with a boundary
d.M, the gauge invariance of effective Lagrangian (1) implies
the existence of edge states on the boundary d M. The N chiral
boson fields {¢; =~ ¢; + 2w |1 < I < N} capture the edge
excitations. To be specific, assuming the manifold M covers
the lower half-plane r, < 0, then edge excitations localized
on the boundary oM = {(ry,r;)|r, = 0} have the following
effective Lagrangian:

1
Lrp= ;(K,,Jao@am — V0060, (5

where r E stands for the right edge. On the other hand, if the
manifold M instead covers the upper half-plane r, > 0, the
corresponding edge theory becomes

1
Lip === (K ydopidi6s + Vi siditds), ()
T 1,J

where [ E means left edge here. V is a positive-definite real
symmetric N x N matrix, determined by microscopic details
of the system. The edge effective theories (5) and (6) imply
the following Kac-Moody algebra [35] of chiral boson fields:

[1(x).0,¢s ()] = £27K] }id(x — y), )

where + (—) sign corresponds to the right (left) edge. The
signature (ny,n_) of matrix K now has a clear physical
meaning from (5) and (6): each positive (negative) eigenvalue
of K corresponds to a right mover (left mover) on the right
edge (5) and a left mover (right mover) on the left edge (6).
Similar to the quasiparticle excitations in the bulk labeled
by their gauge charge 1, associated quasiparticles on the edge
Vi = exp(i ), I;¢;) are also labeled by an integer vector 1 =
(y, ...,Iy)T. This identification between bulk quasiparticle 1
and edge excitations V; indicates that each (local) microscopic
degree of freedom (4) in the bulk also has a correspondent
local excitation on the edge: \71 = VK]- For a N x N matrix

PHYSICAL REVIEW B 93, 155121 (2016)

K, all these local excitations on the edge are composed of
the following N-independent local excitations (microscopic
degrees of freedom on the edge):

et Z_/KI,.I(PJ(XJ)’ 1<1<N.

In the context of fractional quantum Hall states, these local
operators on the edge are called [35,53] “electron operators.”

Here, let us go over the simplest case with no symmetry,
when symmetry group G, = {e} and e denotes the identity
element of a group. In this case, all the (local) microscopic
boson degrees of freedom can condense in the bulk, and
accordingly on the edge the following Higgs terms can be
added to Lagrangians (5) and (6):

£Higgs = Z C] (eiX’ M[ + HC)
1

N
= Z Cjcos (Pl ZKI,J¢J(XJ) + X1>, (8)
=1 F;

where C; and yx; are all real parameters. Notice that constant
factor

pr=Q@—(=D%N/2, YIKI<N
guarantees the self-statistics (2) of local quasiparticle
M,(x,t) = il 2, Kisbse) 1 < T <N )

is bosonic since if M; is fermionic the Higgs term (8) will
violate locality. The Abelian topological order (featured by
GSD on genus-g Riemann surfaces and anyon statistics) will
not be affected by these Higgs terms [30,54,55], since all
anyon excitations are local with respect to the microscopic
boson degrees of freedom. As a result, the condensation of
local bosonic degrees of freedom {M;} will not trigger a
phase transition, when there is no symmetry in the Abelian
topological order. Hence, in a general ground these Higgs
terms (8) should be included in the low-energy effective
theories (1), (5), and (6) of an Abelian topological order,
in the absence of any symmetry. Although naively effective
theories (1) and (5) and (6) seem to have N-conserved U(1)
currents, this U(1)¥ symmetry will disappear when these
Higgs terms are considered.

Since Higgs terms (8) are generally present in the edge
effective theory (when there is no symmetry), they will
introduce backscattering processes on the edge. A natural
question is the stability of gapless edge excitations [56]. When
ny # n_ for the p signature (n4,n_) of matrix K, there is a
net chirality for edge states (5) and (6) and they cannot be fully
gapped out by the Higgs terms (8). A physical consequence
is a nonzero thermal Hall conductance in the system [57].
If ny =n_, on the other hand, there is no net chirality on
the edge. But, this does not mean the edge states can be
gapped out by Higgs term (8): the simplest counterexample
is K= ((3, _05), whose edge cannot be gapped out even in
the absence of any symmetry [58]. When the system preserves
symmetry Gy, the structure of edge states is richer. Typically,
some Higgs terms in (8) will be forbidden by symmetry, and
there will be symmetry-protected edge excitations [30,41,59]
in the Abelian topological order. In other words, certain
branches of edge excitations will either remain gapless when
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symmetry G is preserved, or become gapped out when
symmetry G, is spontaneously broken on the edge. For a
general discussion on the stability of edge modes in an Abelian
topological order, we refer the readers to Sec. III of Ref. [30].
For the SET phases studied in this work, their edge stabilities
are briefly discussed in Sec. IITF.

C. Different Chern-Simons theories can describe
the same topological order

For symmetric unimodular K matrix with det K = =41, the
ground state of system (1) is unique on any closed manifold.
Consistent with the nondegenerate ground state on torus,
any quasiparticle 1 is either bosonic or fermionic with trivial
mutual statistics with each other. Hence, there is no topological
order in the system [17,30] when detK = £1. However, the
corresponding gapped phase can still have gapless chiral
edge modes on its boundary, which are stable against any
perturbations. Well-known examples are the integer quantum
Hall effects where Kisan N x N identity matrix. On the other
hand, if K matrix satisfies the following “trivial” condition

Trivial phase : for N = dimK = even,

detK = (—DM2, (ny,n_)=(N/2,N/2), (10)

the edge excitations will be nonchiral (the same number of
right and left movers) and are generally gapped in the absence
of symmetry [30]. In these cases, we call the corresponding
phase a trivial phase in (24+1)D since it is featureless both in
the bulk and on the edge and can be continuously connected
to a trivial product state without any phase transition [24].

One key point we want to emphasize is that the Chern-
Simons theory description for a certain topologically ordered
phase is not unique. In other words, two different K matrices
for effective theory (1) can correspond to the same topological
phase, with the same set of quasiparticle (anyon) excitations.
The two features described below are crucial for the classifi-
cation of symmetry-enriched topological orders.

First of all, the following G L(N,Z) transformation on the
K matrix yields an equivalent description for the same phase

K ~K = X"KX, X € GL(N,7) (11)

where GL(N,Z) represents the group of N x N unimodular
matrices. This GL(N,Z) transformation X merely relabels the
quasiparticle (anyon) excitations so that I — I = X~'L It is
straightforward to see that all the topological properties, such
as quasiparticle statistics and GSD, are invariant under such
a GL(N,Z) transformation. A brief introduction to GL(N,Z)
group is given in Appendix A.

Second, notice that a trivial phase satisfying (10) can always
be added to a topologically ordered phase without changing
any topological properties (such as quasiparticle statistics,
GSD, and chiral central charge of edge excitations [44]). One
just needs to enlarge the Hilbert space to include some new
microscopic degrees of freedom, which form a trivial phase.
Mathematical addition of a topologically ordered phase with
matrix K and a trivial phase with matrix K; satisfying (10) is
carried out by the matrix direct sum [30]

K~K =KaK,
detK, = (=D)V/?, N, =dimK, =even.  (12)
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Therefore, two K matrices of different dimensions can describe
the same topologically ordered phase. Typically in a bosonic
system (where the microscopic degrees of freedom are all
bosons), the generic trivial phase is represented by [17,30]

0 1 0 1 0 1
Kt=<1 0)@(1 0)69-~-ea<1 0>. (13)

Meanwhile, in a fermionic system, both (13) and
0
h 1) (14)

10\ _(1 0 I
K’=<0 —1)@(0 —1)69'“@(0

together represent a generic trivial phase.

D. Implementing symmetries in Abelian topological orders

Our discussions in the previous section did not assume any
symmetry [60] in the topologically ordered phase. Without any
symmetry, an Abelian topological order is fully characterized
by its K matrix. In the presence of symmetry, however, K
matrix alone is not enough to describe a symmetry-enriched
topological (SET) phase: e.g., distinct SET phases that are
separated from each other by phase transitions can share
the same K matrix. The missing information is how the
bulk quasiparticles (with currents j;') in effective theory (1)
transform under the symmetry. The corresponding information
in the edge states (5) and (6) is how the chiral boson fields
{¢1, 1 < I < N} transform under symmetry.

We will restrict to unitary and antiunitary onsite (or global)
symmetries in this work. By onsite symmetries we mean the
local Hilbert space is mapped to itself [28] under the symmetry
transformation, so that the symmetries act in an “onsite”
fashion. In this case, studying the symmetry transformations
of bulk quasiparticles (with currents j}') is equivalent to [30]
studying the symmetry transformations of edge chiral bosons
{¢;, 1 < I < N}. Henceforth, we will focus on the chiral
boson variables on the edge to study their transformation rules
under symmetry operations, in the presence of a symmetry
group Gy.

Most generally, under the operation of symmetry group
element g € Gy, the chiral boson fields {¢;} transform in the
following way [30]:

¢1(x,0) > Y EWE ¢, (x,0) + 897,
J

n*K = (W&)'KW#, W8 € GL(N,Z),  (15)

where n8 = +1 (—1) for a unitary (antiunitary) onsite sym-
metry. This is simply because under an antiunitary symmetry
operation (such as time reversal t — —t) the Chern-Simons
term €"*a!d,a] changes sign, and in order to keep the
Lagrangian (1) in the bulk or (5) and (6) on the edge invariant,
K must change sign under the GL(N,Z) rotation W5.

Notice that the above symmetry transformations
{Ws . 5¢8|g € G} must be compatible with group structure
of symmetry group G. This provides a strong constraint on
the allowed choices of GL(N,Z) rotations {W8} and U(1)
phase shifts {§¢% ~ §¢F + 27}. To be precise, the consistent
conditions for symmetry transformations {W%,5¢%|g € G,}
on an Abelian topological order characterized by matrix K
are summarized in the following statement: The (rnonlocal)
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quasiparticle excitations {Q;(x,r) = '™} transform pro-
Jjectively under symmetry group G, while the (local) micro-
scopic boson degrees of freedom {M(x 1) = e'P1 Xy Krs#s(x.0y
in (9) must form a linear representation of symmetry group
G,. Here, constant factor p; = 1 if K; ; = even, or p; = 2 if
K]’] = odd.

In the following, we will discuss why (local) microscopic
boson degrees of freedom must form a linear representation of
symmetry group G,. Imagine an Abelian topolgical ordered
phase preserves symmetry G,. For simplicity, let us consider
Gy = Z, = {g,e} for an illustration. We denote the generator
of the Z, group as g. It satisfies the following Z, multiplication
rule:

g g=g"=e (16)

And under this Z, symmetry operation g the edge chiral
bosons transform as (15). Consider we weakly break the
Z, symmetry without closing the bulk energy gap (no phase
transition). Now, Z, operation g is not a symmetry anymore
and there is no symmetry in the system. Therefore, all the local
bosonic degrees of freedom {M;(x,t) = /P! Ly Krs9sx.0|] <
I < N} can be condensed and Higgs term (8) should be
allowed. At the same time, notice that g2 =e is still a
“symmetry” of the system. When symmetry operation g
acts twice, its transformations on chiral bosons ¢(x,t) =

(1(x,0), ..., pn(x,1))" become
bx,1) 5> nEWEG(x,1) + 5¢¢
5 (WE2G(x,1) + (Lysn + n8WESHE, (17)

where 1y, denotes an N x N identity matrix. And we must
require all Higgs terms (8) with arbitrary parameters {Cy, x,}
are allowed by “symmetry” g> = e in (17). In other words,
all the Higgs terms in (8) should remain invariant when Z,
operation g acts twice as in (17)! This means the argument of
any cosine (Higgs) terms in (8) must be invariant up to a 27w
phase, leading to the following relation:

PK(W#)?2 = PK, PK(Iyxy + 18W8)548 = 27rn,

where we defined N x N diagonal matrix P;; = p;6;
andn= (n,...,ny)7 € Z" is an integer vector. The above
relation can be rewritten as

(W8)? = 1yxn, n°K = (W) TKWS,
sy + n5WE)S¢# = 27(PK) 'n, n e ZV. (18)

These are the group compatibility conditions on the symmetry
transformation (15) for a Z, symmetry group G, = {g.,e =
g?}. These conditions will be applied in the examples later.
In a generic case, symmetry group G (and its multiplication
table) is fully determined by a set of algebraic relations

my MNg

— o™ —
Aml ..... mNg:gl 'gz gN =e,

g

where {g,...,8gy,} is a set of generators in group G. Each
algebraic relation A,,, N gives rise to a consistent condition
with an integer vector Ny s just like (18) in the G5 =

Z, case. When all these group compatibility conditions are
satisfied, any local bosonic degrees of freedom

Bi(x,1) = exp(il"PK(x,1)), 1€ ZV

PHYSICAL REVIEW B 93, 155121 (2016)

are invariant under symmetry operation A,,, Mg - By defini-
tion, they form a linear representation of the symmetry group
G,. On the other hand, a generic quasiparticle excitation

Vi(x,1) = exp(il” $(x,1)), 1€ ZV

could still transform nontrivially under consecutive symmetry
operation A, N (which equals identity e in symmetry
group Gy). Therefore, these (fermionic or anyonic) excitations
transform projectively [15,30] under symmetry group Gj.

E. Criteria for different symmetry-enriched topological orders

In the previous section, we discussed the consistent con-
ditions on the symmetry transformations on the quasiparticle
excitations in an Abelian topological order. In terms of chiral
boson fields ¢(x,#) which capture the quasiparticle contents
in an Abelian topological order, under symmetry transforma-
tions (15) (labeled by {W#,6¢%|g € G} for symmetry group
Gy), the (local) bosonic degrees of freedom (9) transform
linearly while (nonlocal) anyonic degrees of freedom {e’?' } can
transform projectively. Together with matrix K which contains
all the topological properties, the following set of data

(K, {n¢,WE,56¢|g € G,}] (19)

fully characterize a symmetry-enriched topological (SET)
phase in the presence of symmetry group Gj.

A natural question is as follows: Is such data a unique
fingerprint for a SET phase? Can two different sets of data
describe the same SET phase? Not surprisingly, the answer
is yes. A trivial example is discussed earlier when symmetry
group is trivial G; = {e} (i.e., no symmetry) and two different
K matrices correspond to the same Abelian topological order.
So, how can we tell whether two sets of data (19) describe the
same SET phase or not? In the following, we will propose a
few criteria, which thoroughly address this issue.

The first criterion comes from the physical picture that there
is no “smooth” boundary condition under which we can sew
two different SET phases with the same topological order and
symmetry group G. This is rooted in the fact that two different
SET phases cannot be continuously (no phase transitions
in between) connected to each other without breaking the
symmetry. On the other hand, if two symmetric states belong
to the same SET phase, there must exist a “transparent” smooth
boundary between these two states that preserves symmetry.
In the following, we will establish the above physical picture
in a more precise mathematical setup.

Consider two symmetric Abelian states described by K
matrices K- and K. First, we require K- ~ K¥ describe the
same Abelian topological order in the absence of symmetry,
i.e., they have the same topological properties such as GSD
(| det KE| = | det K®|) and quasiparticle statistics. This is be-
cause two SET phases are certainly different if they correspond
to different topological orders when symmetry is broken.

Consider a left edge (6) of SET phase
[KL,{ng,Wg,8¢f|g € Gs}] and the right edge (5) of
SET phase [KR,{ng,Wg,8$§|g € Gy}] are sewed together
by introducing tunneling terms between the two edges (see
Fig. 1). We denote the chiral boson fields as {¢,L} on the left
edge and {¢je } on the right edge. Notice that only microscopic
degrees of freedom (4) whose mutual statistics (3) with any
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quasiparticle are multiples of 2w can appear in the tunneling
term between the right and left edges [53] as shown in
Fig. 1. Therefore, a general tunneling term has the following
Lagrangian density:

7_ltunne] = Z Toz Cos ((lé)TKL(ZL - (lg)TKRéR + (pOl)a

LR 20, (1)K - (5 KAME=0,va  (20)
where T,,¢, are real parameters. According to Kac-Moody
algebra (7) for the chiral bosons, the condition on the
second line means the variables in each cosine term of (20)
commute with itself and can be localized at a classical value
(ANTKLGE — ARTKR@R). Of course, every tunneling term
in (20) must be allowed by symmetry, i.e., they remain
invariant under symmetry transformation (15). The edge states
are fully gapped [30] if each chiral boson field qﬁf/ R is either
pinned at a classical value or does not commute with at least
one variable of the cosine terms in (20). Notice that each cosine
term in (20) must contain local operators from both edges.

If the set of symmetric tunneling terms (20) cannot fully gap
out the boundary between the two states, the two symmetric
states clearly cannot belong to the same SET phase. On
the contrary, even if the boundary can be fully gapped out
by (20), the two states on both sides of the boundary may still
correspond to different SET phases, as elaborated below.

For an Abelian topological order characterized by N x N

matrix K, its Abelian anyons ¢/#? are labeled by vectors ji €
Z" which form an N-dimensional integer lattice [32,33,61].
The primitive vectors {b’} are given by rows of K matrix,
i.e., b{ = K ;, which forms a Bravais lattice. This defines
an equivalence relation between anyon vectors I: two anyon
vectors differing by a Bravais lattice vector correspond to the
same sector of Abelian anyon. Distinct anyons in an Abelian
topological order thus correspond to different “sublattices”
of the anyon lattice. Fusion rule of distinct anyon sectors
corresponds to addition of the anyon vectors in the anyon
lattice Ag.

The effective K matrix for the boundary between K- and
K® is K = Kf @ (—KR). If a set of tunneling terms (20)
fully gap out the boundary, tunneling an anyon [z from
the right side through the boundary would inject a different
anyon ji; into the left side in a way compatible with the
boundary terms (20). Mathematically, we can define the vector
product between two anyons [ and fi’ in terms of bilinear
form (ft,/1') = 4" K~!ji’, and the anyons tunneled through the
boundary (ji], — ji%)" are compatible with tunneling terms
if and only if they are orthogonal to all tunneling vectors
(HTKE, — ARTKRY e,

gl — ARl =0, ¥ a. 1)

This establishes a mapping between anyons ji; in the left
state K- and anyons /iy in the right state K, once tunneling
terms (20) fully gap out the boundary.

Definition of smooth edge sewing condition. Symmetric
tunneling terms (20) provide a smoothing sewing between the
left and right sides, if and only if (i) they fully gap out the
boundary without breaking symmetry, (ii) the mapping (21)
from anyons iz € Ay on the left side to anyons jig € Ag on
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the right side realizes an isomorphism between their anyon
lattices Ay, and Ag.

Since an isomorphism between the two anyon lattices
preserves all the fusion rules (vector addition) and anyon
statistics (vector product) of all anyon sectors. Therefore, the
smooth sewed boundary would be transparent for the two
sides: tunneling an anyon iy from the right side through the
boundary would inject an anyon ji; with the same fractional
statistics and fusion rules into the left side, as if the anyon
iLr passes through the boundary. This provides a one-to-one
correspondence between anyons on both sides in a way
compatible with the symmetry. This motivates our criterion
for different Abelian SET phases. .

Criterion I. Two sets of data [KL,{n%, W% 5¢%|g € G,}]
(for the left edge) and [KR,{ng,Wg,8¢3§|g € G,)] (for the
right edge) belong to the same SET phase if and only if there
exists a set of tunneling terms (20) connecting the two edges,
which satisfy the smooth sewing condition defined above.

We have argued the sufficiency of this criterion; following,
we show that it is also a necessary condition. Assume that
smooth sewing condition cannot be achieved for the boundary
between two states. Since the distinct anyon sectors are the
same for KX and K®, we only need to consider the case that
the mapping from A; to Ag is not injective without loss
of generality [62]. This means tunneling a nontrivial anyon
iir.o # 0 from the left side can simply inject a local boson
(vacuum sector) jig o ~ O into the right side, via the symmetric
tunneling terms (20). This will lead to significant observable
effects. Consider a hybrid sphere where the “equator belt”
region is our symmetric state K-, while the rest region (near
north and south poles) is occupied by symmetric state KX. We
can immediately show the hybrid system actually have ground-
state degeneracy [63,064] on a sphere since we can create

quasiparticles ¢ Lo 9L=HroPR) on the pair of boundaries, and

drag the pair of nontrivial anyon ¢! 2.0 towards the equator
before annihilating them on the equator. Such a string operator
gives rise to a degenerate ground state. Such degenerate gapped
ground states are impossible on a sphere (no noncontractible
loops) if the two regions host the same SET phase.

Let us take a look at the simplest case, when the two SET
states share exactly the same set of data (19). In this case, the
tunneling term (20) essentially sews the left and right edges of
the same SET phase. The smooth sewing between left and right
edges basically tunnels the same local microscopic degrees of
freedom V5 of one edge with its counterpart V;& on the other
edge. The following tunneling term

N
Mo = »_, 1 cos (Z K (@7 — o))+ <p1> (22)
=1 J

is allowed by symmetry G, and will gap out the edge states.
Notice that all cosine terms commute with each other, so they
can be minimized simultaneously. One important feature of
the above tunneling terms is that there are | det K | inequivalent
classical minima [53] for the {¢§‘ - ¢f} variables of the cosine
terms. In other words, the chiral bosons will be pinned at one
of the |det K| classical values by the above tunneling terms.
In this case, the one-to-one correspondence between left and
right anyons is simply iy = fig.
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This criterion applies universally to both unitary and
antiunitary symmetries (such as time-reversal symmetry).
When det KE/R = +£1 it automatically reduces to the criterion
for different symmetry-protected topological (SPT) phases in
the Chern-Simons approach [30]. A direct consequence of
Criterion I are the following two corollaries.

Corollary I. If the two sets of data share the same
matrix KX = KX, and all their local microscopic degrees of
freedom (4) transform in the same way under symmetry Gy,
then they belong to the same SET phase since their edges can
be sewed together smoothly by term (22).

Next, notice that a GL(N,Z) transformation (11) can
always be performed on a K matrix without changing the
topological order. It simply relabels different quasiparticles.
Besides, U(1) gauge transformations can always be performed
on gauge fields a;i and chiral bosons {¢,}. The most general
gauge transformations that relabel quasiparticles have the form

¢r(x,t) = ZX1J¢J(x,t) + A¢;, X e GL(N,Z) (23)
J

where A¢; € [0,27) are constants. We denote such a gauge
transformation as {X, A¢}. Under such a gauge transformation,
the set of data (19) changes as

K X4 XTKX,
{X,29)
—

VgeG, W8 X~ 'WeX, (24)

668 22 XTI6GF + (FWE — 1) A)
and 1% remains invariant. Here comes the second corollary.

Corollary II. Any two sets of data (19) that can be related
to each other by a gauge transformation (24) correspond to the
same SET phase.

Last but not least, an important lesson from studying SPT
phases is that there is a duality [29,42] between SPT phases and
gauge theories (or intrinsic topological orders). This duality is
established by gauging the (unitary) symmetry G in the SPT
phase, i.e., coupling the physical degrees of freedom (which
transform under symmetry G;) to a gauge field [29] (with
gauge group G;). One conjecture is that different SPT phases
with G, symmetry always lead to distinct G gauge theories.
Naively, one can ask the same question for SET phases [20],
i.e., will two different SET phases (with G; symmetry) always
lead to distinct intrinsic topological orders, when the symmetry
G, is gauged? In the examples studied in this work, by
gauging unitary symmetry G, = Z, different SET phases do
lead to distinct topological orders, with different quasiparticle
statistics. Besides, these distinct topological orders all share
the same total quantum dimension [43] D (and hence the
same topological entanglement entropy [11,12] y = InD).
However, one can show that for a general symmetry group
this not true: i.e., different SET phases can result in the
same topological order by gauging the symmetry. For a
counterexample, let us consider two different SET phases with
Gy = Z, x Z, symmetry. They are constructed by stacking a
topologically ordered layer, which does not transform under
symmetry at all, with two different Z, x Z, SPT layers,
respectively [65]. Clearly, they cannot be smoothly connected
to each other without phase transitions while preserving
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Z, x Z, symmetry, thus are distinct SET phases. However,
after gauging the global Z, x Z, symmetry, they can lead to
the same intrinsic topological order, e.g.,

0 2 0 2
(2 0) @ K(010) ~ (2 O) @ K(110),

where K(nn,n3) are intrinsic topological orders obtained by
gauging Z, x Z, SPT phases in 2D, as defined in (D1).

Although the above statement is not always true, the
converse (or inverse) statement is necessarily true:

Criterion II. After gauging the unitary symmetry G, if
two SET phases (with symmetry G;) lead to two different
topological orders, they must belong to two distinct SET
phases.

Criterion II only applies to unitary symmetries. As will
become clear in the examples, in certain cases (including
those which we call “unconventional” SET phases), gauging
an Abelian symmetry in an Abelian topological order will lead
to non-Abelian topological orders [66].

In the following sections, we will demonstrate these criteria
by classifying different SET phases with (anti)unitary Z;
symmetries. The Abelian topological orders that will be

studied include Z, spin liquid [40,49] with K~ (3 {),

double-semion theory [37,38] with K ~ (3 _02), and Laugh-
lin states [5] (K ~ m) at different filling fractions v = 1/m.
Among them, Z, spin liquid and double-semion theory
are nonchiral Abelian phases, in the sense that their edge
excitations have no net chirality. And in the absence of
symmetry their edge excitations will generically be gapped.
On the other hand, Laughlin states are chiral Abelian phases
with quantized thermal Hall conductance.

III. EXAMPLES

In this section, we will apply the Chern-Simons approach
discussed in previous sections to various Abelian topolog-
ical orders. We start by classifying Z, spin liquids with
time-reversal symmetry G, = ZI and with a unitary Z
symmetry G, = Z,. Usually by Z, spin liquids people refer
to gapped many-spin ground states supporting fractionalized
spin-carrying quasiparticles, coined “spinons,” and other frac-
tionalized quasiparticles carrying no spin quantum numbers,
coined “visons.” The mutual (braiding) statistics of a spinon
and a vison is semionic (6;,, = ), while the self-statistics of
a spinon/vison is bosonic. A Z; spin liquid has fourfold GSD
on a torus. All these topological properties are captured by the
Chern-Simons theory (1) with

0 2
K:(z 0). 25)

In the context of this work, we do not assume spin rotational
symmetry and hence visons/spinons generally cannot be
distinguished from their spin quantum numbers. Despite this
fact we still use the name “Z, spin liquid” to label this Abelian
topological order. The four degenerate ground states on a
torus correspond to the four superselection sectors, which are
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associated with the four inequivalent quasiparticles
|~ 0y _(2\ (O
—\0) T \0) T \2)
1 0 1
(o) () =) e

where both e and m have bosonic (self-)statistics and they
correspond to electric charge and magnetic vortex in a Z;
gauge theory [36], respectively. f is the bound state of an
electric charge and a magnetic vortex, with fermionic statistic.
0 corresponds to any local excitations (4) with no fractional
statistics, belonging to the vacuum sector. In the folklore of
Z, spin liquid, a vison is e (or m) and accordingly a bosonic
spinon is m (or e).

A. Classifying Z, spin liquids with time-reversal symmetry

As a warmup we consider Abelian topological order (25)
with symmetry group Z1 = {g,e = g?} with algebra (16).
Notice that the generator of ZJ group g is an antiunitary
operation with n¥ = —1 in (15). In this case, we rely on
Criterion I and its corollaries to differentiate various ZJ SET
phases.

The associated group compatibility condition (18) for G, =
ZT in Abelian topological order (25) is

(Wo) = 1o, — (2 (2)) = (wg)T(g (2)>Wg,

(laxz — WE)S¢8 = ﬂ((l) é)n ne 7’ (27)

The W8 € GL(2,7Z) solution to the above conditions is W& =
:i:((l) f)l). However, notice that the following G L(2,7Z) gauge
transformations (24) keep the K matrix (25) invariant:

0 1
X = £1542, :i:(1 0)'

Therefore, W8 = ((1) ?1) and W8 = (_0l (1)) are equivalent,

related by gauge transformation X = £(] ) in (24). We can
fix the gauge by choosing

I 0
g
v=(o 5)

for time-reversal operation g. Then, solving the second line of
conditions (27) we obtain

ny, =0, 8(2) = <§ﬂ¢;) mod 27.

2

We can always choose a gauge transformation {X = 12X2,A$}
in (24) so that 8¢ = 0. Meanwhile, since 1= (2,0)7 and
1 = (0,2)7 are the local excitations in the system, according to
Corollary II, n; = even all correspond to the same SET phase.
Meanwhile, n; = odd leads to another SET phase, which
is distinct from the n; = even SET phase. This is because
the magnetic vortex m =~ (0,1)7 transforms projectively in
n; = odd phase, but transforms linearly in the n, = even
phase under time-reversal symmetry. It is straightforward to
check that there is no way to smoothly sew the two edges of
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ny =even and n; = odd SET phases by a time-reversal-
invariant tunneling term (20), which has fourfold-degenerate
classical minima. Therefore, according to Criterion I they
belong to two different SET phases. Hence, Chern-Simons
approach produces two different classes of Z7 symmetry-
enriched Z, spin liquids, as summarized in Table I.

Since the previous calculations are based on 2 x 2 K
matrix (25), it is natural to ask the following: What if we
enlarge the dimension of K matrix (12) by introducing the
trivial part with (13)? In this new representation of the same
Abelian topological order, will we get more SET phases or not?
Notice that the trivial part (13) is nothing but the K matrix for
a bosonic SPT phase [17,30] in (2+1)D. For antiunitary Z7
symmetry, there is no nontrivial bosonic SPT phase [24,30] in
(24+1)D. This means the edge chiral bosons for the trivial parts
can always be gapped out by introducing symmetry-allowed
backscattering cosine (Higgs) terms, whose classical minima
is pinned at a unique classical value since |detK;| = 1.
According to Criterion I, in the presence of ZI symmetry,
when the dimension of K is enlarged by adding the trivial
parts, it will not introduce any new SET phases.

At the end we discuss the stability of edge excitations in the
two SET phases. Notice that the chiral bosons {¢; »} transform

as
$r(x, 1)) ¢ —¢i(x,1)
e n
<¢2(XJ) $o(x,t) + F
under time-reversal operation g. As a result, the edges can be
completely gapped by introducing Higgs terms

HHiggs =C COS[Z(b](X,I)],

which pins chiral boson field ¢;(x,7) to a classical value
(¢1(x,t)) = 0 or m, without breaking the time-reversal sym-
metry. Therefore, in general there are no gapless edge states
for the two SET phases with G, = ZZT .

Potentially, one could conceive of a phase where both
electric and magnetic vortices transform projectively under
time-reversal symmetry. However, such a phase is only
possible as the surface state of a (3+1)D SPT phase with time-
reversal symmetry [46]. The K-matrix classification correctly
reproduces the fact that this phase is forbidden.

Meanwhile, in the presence of time-reversal symmetry
only, there exists one Z, spin liquid phase which cannot be
described by Abelian Chern-Simons theory with a K matrix.
This SET phase can be constructed, e.g., in terms of Abrikosov-
fermion [67-69] representation of a spin-% system, where the

spin-% fermionic spinons form a topological superconductor
in class DIII [70,71]. Roughly speaking, such a topological
superconductor consists of a p 4+ip chiral superconductor
of spin-1 fermions, and a p —ip chiral superconductor of
spin-|, fermions so that time-reversal symmetry is preserved.
In contrast, SET phase No. 2 in Table I corresponds to a
nontopological s-wave singlet superconductor of fermionic
spinons. On the other hand, phase No. 1 in Table I can be
realized in a spin-1 system, where fermionic spinons (carrying
integer spins) again form a trivial s-wave superconductor in
the fermion representation [72] of spin-1. These three time-
reversal-enriched Z, spin liquids cannot be adiabatically tuned
into each other without a phase transition. A full classification
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of Z, spin liquids with time-reversal symmetry is constituted
of these three distinct phases.

B. Classifying Z, spin liquids with onsite Z, symmetry

As discussed earlier, the reason why 2 x 2 matrix K =
(g (2)) is enough to describe ZJ -symmetric Z, spin liquids
is that there are no nontrivial ZI SPT phases of bosons
in (241)D. In other words, the possible trivial part (13)
that can be added to K in (12) does not bring in new
structure to SET phases. However, for a unitary G, = Z,
symmetry, as will become clear later, there is a nontrivial
bosonic SPT phase [24,28,29] whose edge cannot be gapped
without breaking the Z, symmetry. This Z, SPT phase can
be understood in Chern-Simons approach with K = ((1) (1)).
Therefore, we need to consider the 4 x 4 matrix

(0 e -

to represent a generic Z, spin liquid enriched by a unitary
Z, symmetry. The group compatibility condition (18) for the
unitary Z, symmetry (n®¥ = 1) transformation (15) becomes

0 2 O

o — O O

2 0 0
0 0 O
0 1

(W8)? = Ly,
0 2 0 1 {0 2 0 1
G o)l o= o)e(i o)
(14x4+Wg)5<Zg=n((1) (1)>€B<(2) (2)>n ne Z*.
(28)

The gauge-inequivalent solutions to W# are the following [73]:

0 1
W& = 1444, <1 0) @ 1axo.

We will discuss these two cases separately in the following.
In particular, we will call the first case (W8 = 14,4) “conven-
tional” Z, spin liquids. In contrast, we will call the second
case [W8 = (? (1)) @ 1,x2] “unconventional” Z, spin liquids,
in the sense that distinct quasiparticles (e and m) are exchanged
under Z, symmetry operation g.

1. “Conventional” Z, symmetry-enriched Z, spin liquids

First, we discuss the solution W& = 14.4. In this case,
each anyon quasiparticle (26) in the Z, spin liquids merely
obtains a U(1) phase factor under the Z, symmetry operation
g, and we call them “conventional” SET phases. Due to
the gauge transformations X = ((1J (1)) @D 12x2,100 @ ((1) (1))
which leave the K matrix invariant, we know that the integer
vector n in (28) has the following equivalency relation:

ni nz ni
n= 2 ~ nl ~ 2
ns ns na
ny ny ns3
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Moreover, Corollary II tells us

ny+2 n n ni
ny n, +2 ny no
n~ o~ ~ ~
ns n3 n3y+2 n3
ny ng ny ng + 2
and
nj nj nj
np olny) .o |n
o)~ (1] 1o
0 0 1

Naively, there are six inequivalent solutions with W& =
laxa under Z, symmetry:

0 0 0 0 1 1
o) o) [} 1) |1} (1
=10l li ol il ol 1] &
1 1 1 1 1 1
0 0 /2 /2 /2 /2
sar— (O (O[] © | 2]
T T T T T T
0 T 0 T 0 T

However, these six SET phases are not all different. According
to Criterion I, one can show that

/2 /2 /2
- 0 0 - -
g ~ ~ —X"l§hHg
S¢p% = 1= 2 | = =X 8¢
0 T T

by a GL(4,7) gauge transformation (24) with

1 0 0 0
o 11 0] eree
X=|o o 1 ol XKX=K
2 0 0 1

Similarly, another two states belong to the same SET phase by
the gauge transformation X:

/2 /2 /2
e |72 | 7/2 /2| _ -ls7e
S¢pf = 1= 2 | = x =X""§¢5.
0 T b4

As a result, we obtain four inequivalent SET phases
with W& = 14,4 under Z, symmetry, with their symmetry
transformations 6¢¢ summarized in Table II. We require
8¢ #0 so that the local excitations (4) form a faithful
representation [30] of symmetry group G;. In the following,
we briefly discuss the consequence of gauging the unitary Z,
symmetry. A detailed prescription of gauging a unitary sym-
metry in the Chern-Simons approach is given in Appendix B,
where we have shown that gauging Z; symmetry {W¢ =
lyxa,008 = m(i1/2,i2/2, Li)T} yields an Abelian topological
order described by matrix K, in (B2). Take No. 4 for an
example, after gauging Z, symmetry we have

0o 0 0 2 4 0 0 0
k|0 0o 2 1] _[o -4 00
¢=lo 2 o —1]=fo o0 0o 1

2 -1 -1 =2 0 0 1 0
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(4 0
=\o -4)

where the first equivalency = is realized by gauge transforma-
tion (24) with

2 -1 0 0
1 -1 0 0

X=|_, 53 | ] dex=1
2 -2 0 -1

From Table II, one can see that different SET phases lead
to distinct (intrinsic) topological orders by gauging their Z,
symmetry. New quasiparticles {gg} emerge when we gauge
the symmetry, whose topological spins ©,, = exp(2rihg,)
and mutual statistics §,, .0, ,, with original anyons (e and m)
serves as important characters of the SET phase (see Table II).

The stability of edge excitations is also summarized in
Table II. For SET phases No. 2 the gapless edge excitations
come from the trivial ((1) (l)) part (lower 2 x 2 part) of the K
matrix, which corresponds to the symmetry-protected edge
modes of bosonic Z, SPT phases. In fact, No. 2 phase
corresponds to nothing but stacking a layer of bosonic Z;
SPT phase with a layer of Z, spin liquid which does not
transform under Z, symmetry operation. On the other hand,
for No. 4, the topologically ordered (g S) part (upper 2 x 2)
of the K matrix contributes to ¢ = 1 gapless edge states. In
other words, in a Z, spin liquid, if both ¢ and m transform
projectively under Z, symmetry, the edge excitations are
protected to be gapless unless symmetry is broken. The edge
chiral bosons {¢;,} for K = (g é) can be refermionized as
right-moving branch g ~ exp [i(¢1 + ¢»)] and left-moving
branch v, ~ exp [i(¢; — ¢»)]. The edge effective theory (5)
can be rewritten as

Lo = iYh(d —vid)We — iV @ —v_ 00y, (29)

wherevy = (Vi £V V% 5 + V1,1V22)/2 are the velocities of
edge modes. It is easy to see that under Z, symmetry g the
chiral fermions transform as ¥ g — —¥g and Y, — V¥ for
SET phase No. 4, and hence backscattering term v, ¥z + H.c.
and wz Y + H.c. are forbidden by Z, symmetry. As a result,
there are gapless edge states in No. 4 SET phase, protected by
Z, symmetry.

2. “Unconventional” Z, symmetry-enriched Z, spin liquids

Now we turn to solutions to (28) with W& = ((1) (1)) @D 1r40.

Notice that one can always choose a proper gauge A(Z) in (24)
so that 5¢ig = 8¢§, and hence n; = n; in (28). Naively, there
are four different solutions of this type to (28): they are 8q3g =
w(ny/2,n1/2,1,n3) with n; 3 = 0,1. However, one can show
that these four solutions are related by a gauge transformation
Ap = (1/2,0,0,0) and X = 14,4 in (24):

/2 0 0
2o | 7/2] o 0 N
8% = b2 N U A R 4
n3mw n3mw n3mw

= X' (8¢5 + (W8 — 14,4)Ad),
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where the second equivalency is due to Criterion I. Conse-
quently, there are only two different “unconventional” Z; spin
liquids enriched by unitary onsite Z, symmetry, as summarized
in Table III. We can see that two distinct superselection sectors,
i.e., the electric charge e and magnetic vortex m exchange
under onsite Z, symmetry g, hence, we call them “unconven-
tional” SET phases. Notice that unlike “conventional” SET
phases in Table II, we cannot determine whether e or m
transform projectively under unitary Z, symmetry g or not
since they transform into each other under g. Both SET phases
in Table III host symmetry-protected edge excitations on the
boundary, but the central charge of the gapless edge states is
c= %, different from ¢ = 1 in “conventional” SET phases (see
Table II).

For SET phase No. 5, the edge chiral bosons ¢34 for the

trivial ((1) (1)) part of K matrix can be fully gapped by a cos ¢4
term. However, the chiral bosons ¢, , for topologically ordered
(g (2)) part of K are protected by Z, symmetry. To be precise,

in the refermionized description (29) for edge states, the chiral
fermions transform as

YR = (=11, ¥ -5 ) (30)

for 8$g =mn(n,/2,n,/2,1,n3) with n;3 = 0,1 in Table III.
We can rewrite each chiral fermion in terms of two Majorana
fermions [40] &g/, and g/

Yr/L = Er/L +iNgyL.

When n| = 0, the following backscattering term is allowed by
Z, symmetry

Hps < Yr(Yr 4+ ¥)) + Hee. = £k,

Therefore, the £/, branch of Majorana fermions is gapped,
while the ng/; branch is protected by Z, symmetry. When
ny = 1, similarly the following backscattering term

Hps < Yr(YL — ¥)) + Hee. = dngny,

is allowed by Z, symmetry. It will gap out ng,;, modes and
leave Majorana modes &g/, gapless. As a consequence, a
c= % branch of Majorana fermions will remain gapless, unless
Z, symmetry is broken on the edge. Together withthec = 1 Z;
symmetry-protected chiral boson edge [30] from ((1) (1)) part
for SET phase No. 6, we obtain the total central charge
¢ for both ‘unconventional SET phases as summarized in
Table III.

Aside from gapless edge states, another important feature
for these unconventional SET phases is that they lead to
non-Abelian topological orders once the unitary Z, symmetry
is gauged. For these unconventional SET phases, a vertex
algebra approach is introduced in Appendix E to gauge the
unitary symmetry. The quasiparticle contents of the “gauged”
non-Abelian topological orders for both SET phases are
summarized in Table VII. The “gauged” topological orders
are related to the unconventional Z, gauge theories describing
fermions with odd Chern number v coupled to a Z, gauge field,
as Kitaev described in his 16-fold way classification of (2+1)D
Z, gauge theories [44]. More specifically, these non-Abelian
topological orders are Z, x Z, gauge theories, the direct
product of v =o0dd Z, gauge theory and its time-reversal
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counterpart ¥ = 16 — v, as summarized in Table III. Hence,
these “gauged” topological orders both have nonchiral edge
states (chiral central charge c_ = 0), which will generally be
gapped in the absence of extra symmetry.

After gauging the symmetry, new quasiparticles with quan-
tum dimension d,, = V2 emerge as deconfined excitations,
called Z, symmetry fluxes {g,}. When any quasiparticle g
in the original SET phase is moved adiabatically around
a Z, symmetry flux, it becomes its image gq under Z,
symmetry operation. These Z, symmetry fluxes are similar
to a Majorana bound state in the vortex core of a spinless
p + ip superconductor [74] in (24+1)D. However, they have
different topological spin than those in p + ip superconduc-
tors. To be specific, there are four inequivalent Z, symmetry
fluxes with topological spin exp(£z27i) and exp(j: 8825,
as shown in Table III. All these non-Abelian topologlcal
orders have ninefold GSD on a torus, corresponding to
nine different superselection sectors shown in Table VII. It
is not hard to see that SET phases No. 5 and No. 6 do
lead to different non-Abelian topological orders after Z,
symmetry is gauged. In particular, their 9 x 9 modular S
and 7 matrices in the basis of Table VII are shown in the
end of Appendix E. Combining the edge states and “gauged”
topological orders summarized in Table III, indeed there are
two distinct unconventional Z, symmetry-enriched Z, spin
liquids.

Therefore, a full classification of Z, spin liquids (or
Z, toric codes) enriched by unitary onsite Z, symmetry
includes six different SET phases. Two of these six SET
phases are unconventional (Table III), in the sense that
distinct superselction sectors are exchanged under onsite Z;
symmetry, while the other four SET phases are conventional
(Table II). Here, many conventional SET phases lead to
Abelian topological orders by gauging the unitary symmetry,
while unconventional SET phases always lead to non-Abelian
topological orders. In spite of these diversities, a general rule
seems to apply to all SET phases:

Conjecture 1. All different SET phases (with the same
“ungauged” topological order and onsite unitary symmetry
Gy) always lead to topological orders with the same total
quantum dimension [43,44] D (and hence the same topological
entanglement entropy [11,12] y = InD), after finite unitary
symmetry G, is gauged.

One can easily see this conjecture holds for all examples
studied in this paper, such as Z, spin liquids in Tables II
and III, double-semion theories in Table VI, and v = 1/2k
Laughlin states in Tables IV and V. For example, all “gauged”
topological orders from Z, symmetry-enriched Z, spin liquids
have D = 16, no matter Abelian (conventional) or non-
Abelian (unconventional). Similarly, v = 1/2k Laughlin states
enriched by Z, symmetry has D = 8k.

This conclusion, however, does not apply to continuous
(unitary) symmetries. For a simplest example, let us consider
bosonic SPT phases protected by G, = U(1) symmetry [30]
as a special case of Gy = U(1) SET phases. They are featured
by even integer Hall conductance o, = 2¢q, q € Z in units of
e? / h where e is the fundamental charge of bosons. Gauging the
unitary G, = U(1) symmetry leads to Abelian U(1),, Chern-
Simons theories, whose total quantum dimension D = |2¢|
clearly differs for different U(1) SPT phases.
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V2|£) = |e) £ |m) =

FIG. 3. The Ising symmetry eigenstates are linear combinations
of minimal entropy states (MESs) for an unconventional Ising
symmetry-enriched Z, spin liquid since one MES |e) transforms
into another MES |m) under Ising symmetry operation.

3. Measurable effects of unconventional Z, symmetry realizations

Suppose there is a Z; spin liquid which preserves Z, spin
rotational symmetry (for integer spins), are there measurable
effects for these SET phases? More specifically, what are the
distinctive measurable features of the unconventional Z, SET
phases? In this section, we will try to answer these questions
in two aspects, i.e., measurements in the bulk and on the edge.
We will focus on unconventional SET phases in this section.

First of all, an important ingredient of SET phases is
how their quasiparticles transform under symmetry G,. This
gives us one way to measure an SET phase: to create
quasiparticle excitations and apply symmetry operation on
them. For example, for a Z, spin liquid on a closed manifold
(a sphere, say), a pair of electric charges e ~ (1,0,0,0)” [or
magnetic vortices m ~ (0,1,0,0)”] can be created on top of
the ground state. For an onsite unitary symmetry (such as
Z, spin-flip symmetry g), one can choose to perform the
symmetry operation only on a part of the whole system. For
example, Fig. 2 shows such a striking measurable effect on
the unconventional Z, symmetry-enriched Z, spin liquids.
Assume in the SET phase a pair of electric charges e are
created, one in subsystem A and the other in subsystem B.
The whole system A | J B lives on a closed manifold, say a
sphere on which the ground state is unique. If we only perform
the unconventional Z, symmetry operation g in subsystem A
(but not in B), the electric charge e ~ (1,0,0,0)7 in subsystem
A will become a magnetic vortex m =~ (0, 1,0,0)7. However,
one electric charge and one magnetic vortex cannot be created
simultaneously (e x m = f # 1) on top of the ground state:
the conservation of “topological charge” requires the existence
of an extra fermion f in the system! Such a fermion mode
f lives on the boundary (dashed line in Fig. 2) between
subsystems A and B, as shown by the wavy line in Fig. 2.
This effect happens in all four SET phases in Table III.

Second, there are degenerate ground states once we put
the SET phases on a closed manifold with nontrivial topology
(with nonzero genus). For example, they have fourfold GSD
on a torus (or infinite cylinder). How these ground states
transform under symmetry is a reflection of how anyon
quasiparticles transform under symmetry. Specifically, one
can always choose a set of bases called the minimal entropy
states (MESs) [75]. As the name implies, each MES is a
superposition of degenerate ground states which minimizes
the bipartite entanglement entropy [76] once a certain entan-
glement cut is chosen, e.g., along the y direction in the middle
of the infinite cylinder as shown in Fig. 3. The MESs are
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flux eigenstates [77], which keep maximum knowledge of the
states after the entanglement cut. Specifically for a Z, spin
liquid, we can label the four MESs as [1),]e),|m),| f) on an
infinite cylinder. Remarkably under the unconventional Ising
symmetry operation, two MESs (|e) and |m) exchanges) and
their linear combinations |+) = (|e) = |m))/~/2 are the Ising
symmetry eigenstates. Therefore, the MESs necessarily break
Ising symmetry in such an unconventional SET phase! These
phenomena can be measured in numerical studies [13].
Third, the edge state structure encodes much information
of a SET phase, when it supports symmetry-protected edge
modes. For unconventional SET phases, there are always
gapless edge excitations protected by symmetry, unless the
symmetry is spontaneously broken on the boundary. In the
specific case of unconventional Z, symmetry-enriched Z,
spin liquids summarized in Table III, one important feature
is that SET phases No. 1 and No. 2 support gapless (nonchiral)
Majorana fermion excitations on the boundary, with central
charge ¢ = % mod 1. However, this is not universal for all
unconventional SET phases. A more interesting effect comes
from the bound state localized at a Z, domain wall on the edge.
Take SET phase No. 1 for example, a perturbation on the edge

Hy = A1 cos(2¢1) + Ay cos(2¢2) + Agcosgy (31)

can fully gap out the edge excitations in (5) and (6) with
K=0C D& ). if Ajs#0 (or Ay # 0). On one side
of the Z, domain wall on the edge of SET phase No. 1, we break
Z, symmetry with A, = 0 and A; 4 # 0. On the other side of
the Z, domain wall, Z, symmetry is broken in the opposite way
so that A| = 0 and A, 4 # 0. Physically, the electric charges
are condensed on one side of the domain wall, while magnetic
vortices condense on the other side. At the domain wall a non-
Abelian (Majorana) bound state [39,78] is localized, which
has quantum dimension +/2, as illustrated in Fig. 4. Such a
domain-wall bound state is similar to those localized at the
(ferromagnetism/superconductivity) mass domain walls of a
quantum spin Hall insulator [79]. In the vertex algebra context,
these domain-wall bound states correspond to quasiparticle
ge (in the eighth role) in Table VII. In SET phase No. 5 in
Table I11, e.g., it has topological spin exp(—im/8). In the bulk-
edge correspondence of SET phases, such a bound state on the
edge is related to the Z, symmetry flux g, in the bulk.

4. Gauging symmetry in unconventional SET phases

In this section, we provide a simple pictorial argument, which
shows that gauging symmetry in an Abelian unconventional
SET phase will lead to a non-Abelian topological order. In par-
ticular, we would like to show that in the new topological order
obtained by gauging the symmetry, the quantum dimensions of
certain quasiparticle excitations are larger than 1. Therefore,
the topological order obtained by gauging symmetry must be
non-Abelian. Although we will use G; = Z, symmetry as an
illustration, this argument naturally generalizes to other finite
unitary symmetry groups.

Let us assume two distinct quasiparticle types a and b in an
Abelian SET phase are exchanged under unitary Z, symmetry
operation g. Once Z, symmetry g is gauged, Z, symmetry
flux g, becomes a deconfined excitation in the system. Hence,
the new ground state after gauging symmetry g is a condensate
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FIG. 4. Domain-wall bound state on the edge of unconventional
Ising symmetry-enriched Z, spin liquids (see Table III). In these
SET phases, under Z, symmetry operation, one electric charge will
transform into a magnetic vortex and vice versa. The onsite unitary
Z, (Ising) symmetry can be, e.g., a spin-flip symmetry. On the two
sides of the Ising symmetry domain wall, two different backscattering
“mass” terms related by spin-flip Ising symmetry are added to gap
out the edge states. These two mass terms break Z, symmetry in
opposite ways. A non-Abelian bound state with quantum dimension
dg, = /2 is localized at each Ising domain wall. For a conventional
Z, SET phase, such an Ising mass domain wall will trap an Abelian
bound state with quantum dimension 1.

of closed loops (or sting-net condensate [38]), which are
trajectories of a symmetry flux g, and its antiparticle g, before
they annihilate each other (see Fig. 5). Whenever such a closed
loop is created, symmetry g is implemented in the region
enclosed by the loop which will transform a quasiparticle a
inside the loop into b. After gauging symmetry g, since these
closed loops (string nets) are condensed in the new ground
state, quasiparticles a and b are not separately deconfined
excitations anymore. Instead, their quantum superposition

a=a+b

becomes a well-defined finite-energy excitation after gauging
Z, symmetry g.

More precisely, e.g., the excited-state wave function
with spatially separated quasiparticles {o(r;),x(r3), ...} (we

use ... to denote other quasiparticles) is a quantum
dg dg
o* *‘\ o"‘ ----- ~’\
a s kY B i
O —>> 1 a® i —> he® :
qg*_:* g i S

FIG. 5. The process in which a symmetry flux g, and its
antiparticle g, are created out of the vacuum, dragged around a
quasiparticle a, and then annihilated. The dashed line denotes the
trajectory of g, and g, from their creation to annihilation. After this
process, symmetry g is implemented in the region inside the closed
loop (dashed line), and hence quasiparticle a is transformed into b
under g symmetry operation.
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superposition of four amplitudes

la(ry),a(ra), ...) = la(r),a(ry), ... ) + la(r),b(rz), ...)
+1b(r1),a(ra), ... ) + |b(r)),b(ry), ...).

Therefore, by definition the quantum dimension of new
quasiparticle « is D, = +/4 = 2, after gauging unitary Z,
symmetry g. In the example we studied in this paper, this
new quasiparticle is listed on the fifth row of Table VII.

Similarly, it is straightforward to show that after gauging
unconventional Zy symmetry which permutes N distinct
anyons, a new quasiparticle o with quantum dimension
D, = N > 1 will emerge. This demonstrates that gauging an
unconventional SET phase will inevitably lead to non-Abelian
topological orders.

In previous sections, we use the Chern-Simons approach to
study SET phases which are nonchiral, i.e., there are no gapless
edge excitations in the absence symmetry. Chern-Simons
approach also applies to chiral topological phases, which have
gapless edge modes even in the absence of symmetry. These
chiral phases have a nonzero chiral central charge [44] c_ and
quantized thermal Hall effect [57], which necessarily breaks
time-reversal symmetry. In the following, we will use Laughlin
states as illustrative examples of chiral SET phases.

C. Classifying bosonic Laughlin state at v = ﬁ (keZ)
with onsite Z, symmetry

A Laughlin state [5] at filling fraction v = 1/m is described
by K =~ m in effective theory (1). When m = even it describes
a bosonic topological order, while m = odd corresponds to a
fermionic state. Such an effective theory also describes chiral
spin liquids [48,80]. Here, we start from the simplest case,
i.e., m = 2. It has twofold GSD on torus, corresponding to
two different types of quasiparticles (or two superselection
sectors): boson 1 and semion s. Under a unitary Z, symmetry,
a semion always transforms into a semion, hence, we do not
expect any unconventional SET phases where two inequivalent
quasiparticles exchange under Z, operation. Again, due to the
existence of nontrivial Z, SPT phase of bosons in (241)D, we
use the following 3 x 3 matrix:

2 0 0
K=[0 0 1 (32)
01 0

in (1) to represent a generic v =% Laughlin state with

Z, symmetry. The group compatibility conditions (18) for
symmetry transformations (15) are (n¥ = 1 for unitary Z,
symmetry)

2 0 0 2 0 0
(We2 =135, 10 0 1]=wW&)'|0o 0 1]|ws,
0 1 0 01 0
_(y 00
(33 +WESps =0 0 2|nm, neZ (33)
0 2 0
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The inequivalent solutions to the above conditions are W8 =
13><3 and

2g i17T . T
§¢p% = 7771'7137[ . 34

In this case, they correspond to four different SET phases with
ii =0,1and i3 = 0,1, as summarized in Table IV with k = 1.
This can be easily understood according to Criterion II since
they lead to four distinct topological orders when we gauge
the unitary Z, symmetry.

Following the Chern-Simons approach to gauge the unitary
Z, symmetry described in Appendix B, we obtain the
following “gauged” topological order:

10 4
K,/ =M'K"'M\M=[0 1 %
0 0 3
and, hence,
2 —i;p 0
K,=|-i1 —2i3 2 (35)
0 2 0

Take SET phase No. 3 (i; = 1, i3 = 0) in Table IV, for
example, its gauged topological order contains the following
quasiparticles in (35):

0 2
y=|0].6, =27 y=01,....7 (36)
, 8

with (1,0,0)7 ~ (0,0,2)7 and (0,1,0)” ~ (0,0,4)”. The new
quasiparticles, i.e., Z, symmetry fluxes with y = odd, in (36)
have topological spins +e'™/3.

Meanwhile, for SET phase No. 4 in Table 1V, its gauged
theory has the following quasiparticle contents in (35):

0 2
5
v=[o0].6, =7 y=01....7. 37
y 8

where (1,0,0)” ~ (0,0,2)7 and (0,1,0)” ~ (0,0,4)7. One can
easily show that i3 = 0,1 in (35) correspond to distinct
topological orders, e.g., the new quasiparticles or Z, symmetry
fluxes with y =odd in (37) in SET phase No. 4 have
topological spins ¢/3"/8, in contrast to +¢'/® in phase No. 3.
In a complete parallel fashion, we can study generic conven-
tional Z, symmetry-enriched even-denominator Laughlin state
atv = 1/(2k),k € Z. Without loss of generality, av = 1/(2k)
Laughlin state with unitary Z, symmetry is represented by

0 1 2% 0 0
K=2k€B<1 0): 0 o0 1]. (38)
0 1 0

It has 2k different quasiparticles (or superselection sectors)
labeled as

Qa=

a
9
0, g, =22==", a=01,...2k—1.
O ZJT 2k
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The group compatibility conditions (18) for symmetry
transformations (15) have the following inequivalent solutions:
We = 1, 53¢ = (W i) 39
= l3x3, 8¢° = <EJTJ37T) ) (39)
where i; 3 = 0, 1. The solution i} = 2 represents the same SET
phase as i; = 0, according to Corollary II in the Criteria.
Comparing with the v = % bosonic Laughlin state case, we can
see there is a universal structure for all bosonic Lauglin state
with K ~ 2k, k = odd. To be specific, for a v = 1/2k (k =
odd) bosonic Laughlin state, there are four different Z, SET
phases as summarized in Table IV. The quasiparticles (or edge
chiral bosons) transform as
g i\,
¢—>¢+<§,Tf,l3ﬂ’> 5 l1’3=0,1 (40)
under conventional Z, operation.
Again following the Chern-Simons approach to gauge the
unitary Z, symmetry described in Appendix B, we obtain the
following topological order

10 4
K,'=M'K"'M.M=|0 1 &%
0 0 1
and, hence,
2 —ip O
K,=|-ii -2y 2|, i15=0,1. (A1)
0 2 0

All these four Abelian topological orders obtained by gauging
symmetry have | det K,| = 8k-fold GSD on a torus.

After gauging the Z, symmetry, we obtain new quasipar-
ticles which are the Z, symmetry fluxes {g,}. A generic Z,
symmetry flux is represented by g, = (i1,i3,1)7 /2 +1, 1 € Z.
Its topological spin is given by exp(2rih,, ), where

0, 1 . _

hquz_;ziq;K ]q,g
1(8¢8\" 8¢ 1, . 1 . -
= () K2 4 'K 1+ —176¢%
2<27r> 27r+2 +27r ¢

.2 2 . .
i I+l i3

16k 4k 4
Its mutual statistics with the fundamental Laughlin quasihole
p=1,p2py)'is
~ _ iy + 20)

Q‘IK’P - 2k

as summarized in Table I'V.

It is straightforward to check that No. 3 and No. 4 are
different SET phases since they lead to distinct topological
orders after gauging Z, symmetry (Corollary II). For example,
certain Z, symmetry flux in phase No. 3 has topological spin
¢/ while such Z, symmetry flux does not exist in phase
No. 4 when k = odd.

When k& = even, on the other hand, No. 3 and No. 4 states
actually lead to the same Z, SET phase. A careful analysis
reveals that i3 =0 and 1 actually belong to the same SET

b + izl

mod 1. (42)

+m(py+i3ps) mod2x  (43)
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phase when i; = 1 in Sec. III C. They are related by gauge
transformation (24) as follows:

1 0 -1
X=[2t 1 —k], XTKX=K,
0 0 1
. % % % T .
s =m0 |~ —kn | =X""8¢8
T T T

when k = even. Therefore, with k = even there are only three
different conventional v = ﬁ Laughlin states enriched by a
unitary Z, symmetry, as summarized in Table V.

In general, there are also many unconventional v = 1/2k
Laughlin states, where distinct superselection sectors ex-
change under Z, symmetry operation. We leave the classifica-
tion of these unconventional Laughlin states to future study. A
few interesting examples are discussed in [81].

D. Fermionic Laughlin state at v = ke?)

ot
with sz symmetry is unique
Now, let us turn to the simplest fermionic Laughlin state
with K >~ 3. Tt has threefold GSD on a torus and anyon
excitations with statistics 8 = /3, — 27 /3. We consider the
following matrix in effective theory (1):

K=3¢K, (44)

where K, generically take the form of (13) and (14). Notice
that for a fermion system with only zf = {e.g = (DY)
(fermion number parity) symmetry, there is no nontrivial
SPT phases [30,83] in (24-1)D, which hosts gapless edge
excitations protected by Z{ symmetry. This fact suggests that
K = 3 is enough to describe a v = % fermionic Laughlin state
with only Z{ symmetry. Now for such a 1 x 1 matrix K = 3,
the group compatibility conditions (18) becomes (note that
P = 2 for fermions)

2
WE =1, 28¢¢ = ?”n, nez (45)

for a unitary Z, symmetry g. The gauge-inequivalent solutions
are 6¢p¥ = g with n € Z. However, notice fermions in this
system have gauge charge 3 in (1), or alternatively it is
represented by ¢¥¢ on the edges (5) and (6). Under the Z{
operation g each fermion obtains a —1 sign, which means
35¢p%8 = 1 mod 27 and n must be even in (45). Therefore,
the quasiparticle (chiral boson) transforms as

—(—=D)Ns 2 1
P ¢+%n,nez. (46)

According to Corollary IT on smooth sewing condition between
edges, we know different integer n € Z above correspond to
the same Z{ SET phase. As a result, when only fermion
number parity (Zg symmetry) is conserved, the Laughlin
V= % state of fermions is unique.

It is straightforward to see that after gauging the Z{
symmetry, we obtain an Abelian topological order

K, =3x4=12 (47)
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In fact, the above conclusion is true for any fermionic Laughlin
stateat v = 1/(2k + 1), k € Z, with conserved fermion num-
ber parity. In the presence of Z{ symmetry, it is unique with
K =2k + 1. After gauging the Z{ symmetry, we obtain an
Abelian topological order K, = 4(2k + 1).

E. Z, spin liquids with onsite Z, x Z, symmetry

In the end we turn to a Z, spin liquid K =~ (g (2)) in the
presence of Z, x Z, symmetry. The symmetry group G, =
Zy x Zy =1{e,g,,.8,,8,8,} consists of two generators g, and
g,, satisfying the following algebra:

gi=gl=(g.8) " =e (48)

In an integer-spin [82] system, these two generators g,
can correspond to, e.g., spin rotations along x(g,) and Z(g,)
direction by an angle of 7. Naturally, the 7 -spin rotation along
the § direction corresponds to group element g, g,.

Here, we will not attempt to fully classify all Z, x Z,
symmetry-enriched Z, spin liquids. Instead, we focus on
one nontrivial example, where spinons transform projectively
under Z, x Z, symmetry, in the sense that under 2m-spin
rotation along any (%,7,Z) direction the spinon (or electric
charge e) obtains a phase —1, just like a half-integer spin. On
the other hand, the vison (or magnetic vortex m) transforms
trivially under the spin rotations. Such a SET phase can be
easily realized by, e.g., Schwinger boson [84] representation
of Z, spin liquids, for integer spin-S (§ = 0,1,2, ...):

AN
_ pud 1
S = 2(4) a<b¢>, (49)

where ¢ are Pauli matrices. The following constraint needs to
be enforced for each spin

biby +blb, =28 (50)

to guarantee S?> = S(S + 1) for a spin-S system. Once the
bosons b4, form a pair superfluid (but not a superfluid)
with (bb) # 0 (but (b) = 0), the resulting spin-S state after
projection into the physical Hilbert space (50) is a Z, spin
liquid [16,85]. Its spinon excitations b4, carry half-spin
each, hence transforming projectively under SO(3) (and hence
Z, X Z3) spin rotations. By “transforming projectively” we
simply mean that after all three symmetry operations in (48)
which equals identity operation e, all spinons obtain —1 phase
instead of remaining invariant (or transforming linearly). In
the following, we will show such a Z, x Z, SET phase can be
captured in the Chern-Simons approach.

Starting from a 4 x 4 matrix Ky = ((2] (2))69((1) (1)) to

describe Z, spin liquid, for clarity we first perform a GL(4,Z)
gauge transformation (24) on Ky:

0
K=X"KX= _(1)
1

—_——O O
OO = =
OO = =
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1 0 0 0
0 0 -1 0

X=[; | o ol dx=1 1)
00 1 1

We study Z, spin liquid with Z, x Z, spin rotational symme-
try in the above representation K. Notice that

0 0 —1/2 172
0 0 12 1,2
~1/2 12 0 0
12 12 0 0

S
K'=-K=
2

Apparently, the first two components (¢, » in the edge chiral
boson context) can be regarded as spinons, which obey
semionic mutual statistics with the last two components (¢3 4),
i.e., the visons. Two spinons (visons) are mutually local w.r.t.
each other as indicated by (3).

Ina Z; x Z, symmetry group (48), the group compatibility
conditions for symmetry transformations {W512,§¢%#12}in (15)
are

(We2)? = (WEIWE)? = 1y,
(Lixs + WEI2)5812 = 27K 'y 5,
(Luxa + WEWE)(SE + W58 = 27K ',

wheren;,ny,n € Z*. Among all inequivalent solutions to these
group compatibility conditions (48), the following one

01 0 0 /2
10 0 0) .o [n2

8 — 8 —

Wo=1o0 0o -1 of %"= 0o |
00 0 1 0

We = Ly, 868 = (1/2, — 7/2.0,0)7,
n=n= (0705071)T7 n = (0907 - laO)T
corresponds to such an integer-spin Z, spin liquid where

spinons transform projectively under the Z, x Z, spin rota-
tions. To be specific, the quasiparticles transform as

fo) ¢+ /2
> || & | D1 +7/2
¢= o R -3 |
4 4
1 ¢1+m/2
> || & [2—7/2
¢= o ®3 ’ (52)
4 on

Indeed, each spinon (¢; ») acquires —1 phase after every 2m-
spin rotation, while visons (¢3 4) transform trivially.

Notice that in such a SET phase there are no symmetry-
protected gapless edge states, i.e., generically all edge states
are gapped in the presence of Z, x Z, symmetry. Specifically,
the following backscattering terms can be added to the edge
actions (5) and (6) without breaking symmetry

Liggs = C3c08(2¢h3) + C4 cos(2¢h4).

All the chiral boson modes {¢;|i = 1,2,3,4} on the edge will
be gapped out by this term.
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F. Condition for symmetry-protected edge states in SET phases

In this section, we briefly comment on the symmetry-
protected edge states in all SET phases discussed above. First
of all for a chiral topological order, such as Laughlin state [5] at
filling fraction v = 1/m, its edge excitations have net chirality
[ny —n_] # 0 and hence cannot be destroyed even in the
absence of any symmetry. These chiral topological orders are
featured by quantized thermal Hall transport [57].

On the other hand, the edge excitations of a nonchiral
topological order have both right and left movers and can
be fully gapped out in the absence of any symmetry [86], such

as in Z, spin liquids K ~ (g (2)) and double-semion theory

K~ ((2) 5)2). In the presence of global symmetry G, they

might have symmetry-protected gapless edge modes, if the
edge backscattering terms are forbidden by symmetry. To be
specific, the backscattering terms are typically Higgs terms (8).
The edge states will be fully gapped, if and only if each chiral
boson field ¢; is either pinned at a classical minimal by the
Higgs terms or does not commute with at least one Higgs
term [30].

Take Z, spin liquids with K= 2@ ( ), for ex-
ample, either A;cos(2¢; + ;) or A;cos(2¢, + ) could
gap out chiral boson fields ¢, since [¢;(x),p2(y)] # 0.
Similarly, either Ajcos(¢s + a3) or Ascos(ps + aq) could
gap out chiral bosons ¢3 4. When these terms are not allowed
by symmetry, there could be gapless excitations on the edge
protected by symmetry. The symmetry-protected edge modes
in conventional Ising symmetry-enriched Z, spin liquids are
summarized in Table II. Among the four different conventional
SET phases, No. 2 and No. 4 support symmetry-protected
gapless edge modes.

SET phase No. 4 provides an interesting example. Here,
both electric and magnetic particles transform projectively
under the global Z, symmetry. Hence, the edge pertur-
bations A; cos(2¢; + ;) and A, cos(2¢, + @) which at-
tempt to condense them are both disallowed, leading to
a symmetry-protected edge state. Although symmetry does
allow one backscattering term, such as cos(2¢; + ¢3 + «13)
in SET phase No. 4, the rest part (generated by ¢, — ¢4
and ¢;) still remains gapless and is responsible for central
charge ¢ = 1.

For unconventional Ising symmetry-enriched Z, spin lig-
uids summarized in Table I1I, there are always Ising symmetry-
protected Majorana edge modes with central charge ¢ = %
mod 1.

For double-semion theory with K= ((2) 92) ® ((1) (1)),
on the other hand, either A, cos(2¢; + 2¢> +ay) or
A_cos(2¢1 — 2¢, 4 a_) can fully gap out chiral bosons ¢ .
Meanwhile again either Az cos(¢s + «3) or Ay cos(gy + oq)
could gap out chiral bosons ¢34. When symmetry forbids
these terms on the edge, there will be gapless edge exci-
tations. The results are summarized in Table VI for Ising
symmetry-enriched double-semion theories. Among the six
different SET phases, only No. 3, No. 4, and No. 6 host
symmetry-protected gapless edge states. They all have central
charge ¢ = 1.

An immediate observation from results in Tables II-VI is
summarized as follows:

PHYSICAL REVIEW B 93, 155121 (2016)

Conjecture II. If every g symmetry flux {g,} in a nonchi-
ral SET phase carries nontrivial topological spin (h,, # 0
mod 1) after gauging the symmetry, this SET phase must
support g symmetry-protected gapless edge states.

There is a natural physical picture behind this conclusion.
Symmetric edge states can always be obtained when we
start from a symmetry-breaking edge. By proliferating or
condensing the defects of the broken symmetry, such as
domain walls for unitary Z, symmetry g here, one can restore
symmetry on the edge [63] and obtain a gapped symmetric
edge. The symmetry defects or domain walls on the edge are
nothing but g symmetry flux discussed earlier, as illustrated
by Fig. 4. If all g symmetry fluxes carry nontrivial topological
spin, i.e., none of the symmetry defects on the edge obey
bosonic statistics [63], we cannot condense them to restore the
symmetry. Hence, a gapped symmetric edge is not possible in
this situation, and there must be g symmetry-protected gapless
edge states.

IV. CONCLUDING REMARKS

In summary, we have presented a general framework to
study (24+1)D symmetry-enriched topological phases with
Abelian topological order, using the Chern-Simons approach.
It allows us to implement generic onsite unitary (or antiunitary)
symmetry in an Abelian topologically ordered phase in
(2+1)D to differentiate whether two states belong to the
same SET phase or not, and to gauge a unitary (discrete)
Abelian symmetry and extract the resultant topological order.
Symmetry-protected edge states are also easily captured in this
framework. Based on this general formulation, we classify all
different SET phases in a series of examples, including Z, spin
liquids with time-reversal symmetry (Table 1), Z, spin liquids
with unitary Ising symmetry (Tables II and III), double-semion
theory with unitary Ising symmetry (Table VI), bosonic
Laughlin states with unitary Ising symmetry (Tables IV
and V), and others. We also show that (odd-denominator)
fermionic Laughlin states with only conserved fermion number
parity (Z{ symmetry) are unique. Consequences of gauging
symmetries and measurable effects, such as gapless edge
states, are also discussed for these SET phases.

A number of directions remain. Can the approach applied
be extended to spatial symmetries? Can we extend this
framework to symmetry-enriched non-Abelian topological
orders in (2+1)D and SET phases in (3+1)D? While SPT
phases form an Abelian group, it is presently unclear if the
set of SET phases have additional structure. We leave these
questions to future work.
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APPENDIX A: INTRODUCTION TO GL(N,Z)

GL(N,Z) is the group of all N x N unimodular matrices.
All GL(N,Z) matrices can be generated by the following basic
transformations (i # j):

Ta(f},]) = 8ab + 84,10,

SSP = 8ap(1 = 8a.)(1 = 84.7) + 80, i8pi — 8a.ibhj.

Da,b - (Sa,b - 2(sa,N(Sb,N- (Al)

T@)K will add the jth row of matrix K to the ith row of K,
while S@/K will exchange the ith and jth rows of K with a
factor of —1 multiplied on the ith row. DK will just multiply
the Nth row of K by a factor of —1. KT@/), KS%/, and
KD correspond to similar operations to columns (instead of
rows). A subgroup of G L(N,Z) with determinant +1 is called
SL(N,Z) and it is generated by {7/, §@},

As a simple example when N =2, group GL(2,Z) is
generated by the following basic transformations:

0 -1 1 1 1 0
S:(1 0>,T=<0 1>’D=<O _]). (A2)

The following results will be useful:

a_ (1 n a1 0
pe s ) corse=(, e

APPENDIX B: CHERN-SIMONS APPROACH TO
GAUGE A UNITARY SYMMETRY

In this appendix, we discuss how to obtain the (intrinsic)
topological order by gauging the unitary symmetry [29]
in an Abelian SET phase. We will restrict ourselves to
“conventional” SE”l: phases, characterized by data [K,{n% =
+1,W8& = 1N, n,008|g € G,}]. In these cases, the chiral
bosons ¢; only acquire U(1) phase factors ¢; — ¢; + 8¢§
after unitary symmetry operation g € G;. When we couple
the quasiparticles to a gauge field (with gauge group Gy), the
following gauge flux

€ d,al (r,1) = 8¢ 8(r — 1)

becomes deconfined excitations in the system. Since in a
Chern-Simons theory (1) gauge charges are always accom-
panied by gauge fluxes by the following equation of motion:

6;LUA
2w

> K d.a].
J

i =

Clearly, this quasiparticle carries gauge charge vector
Ké¢# /(2m). We coin such new excitations emerged after
gauging unitary symmetry g as “g symmetry fluxes” and
denote them as {gg}. A generic g symmetry flux corresponds
to gauge charge vector %‘fg +1 where 1 € Z" since it can
always combine with any gapped excitation (¥ 1 € Z") in the
original (ungauged) SET phase.

The new topological order K, obtained by gauging sym-
metry must include these new excitations in its quasiparticle
content. More precisely, the quasiparticle content of topologi-
cal order K, is expanded by all the integer vectors as well as
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multiples of vectors {KBq;g /(2m)} for g, particles

Kg¢
=1+ n, ¢,leZN,ngeZ (B1)
8

2

where {g} denote the generators of symmetry group G, that
are gauged. Also, we can identify the new matrix K, which
contains all these quasiparticles in its spectrum.

The above procedures work for all discrete Abelian sym-
metries. Gauging continuous Abelian symmetries [i.e., direct
product of U(1) and discrete Z,, groups] symmetry can also
be done conveniently in the Chern-Simons approach. To be
specific, to gauge each U(1) subgroup we coupled the physical
degrees of freedom to a dynamical U(1) gauge field, which
increases the dimension of K matrix by 1. However, we
will restrict ourselves to discrete Abelian symmetries for all
examples in this paper.

In the following, we work on one example to demonstrate
this gauging procedure. We consider all four SET phases in

Table II, with K = (g 3) ® ((1) (1,) and symmetry transforma-
tion W& = 14,4, (Ségg = 7T(i1/2,i2/2,1,i4)T with 124 = 0,1.
According to (B1) we know here a generic quasiparticle is
labeled by gauge charge vector

/2 1 0 0

s e iz 010 s

r=mi M= |0 0 g [ 1ezt
12 0 0 0

Since this new Abelian topological order is determined by the
statistics of its quasiparticles, we immediately obtain

ADTK, = 17K, ', 1, =M,
and therefore
L2l /4 iy/4 1/2

K- — MTK-'M = i1/4 0 1/2 0

8 ir/4 1/2 0 0
1/2 0 0 0
0 0 0 2
K=Y 0 2 (B2)
£ 1o 2 0 —i
2 —ip —ip —2iy
Clearly from (2) and (}) we know the statistical angle of new
quasiparticle g, = % +1is

spe\T spE R
6y = 7q K gy = n(in> K% + K+ 175¢¢

il + i)l .
+hb+ii7£2+h+uu> (B3)

as summarized in Table II. In addition to their (self-)statistics,
another important character of these “g symmetry fluxes” {g,}
is their mutual statistics with the original quasiparticles in the
(ungauged) SET phase. Here, e.g., a generic electric charge
is represented by gauge charge vector e = (1,2e;,e3,e4)"
with e¢; € Z, and its mutual statistics with g symmetry flux
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qu%—i—lis

x i
Og.c = (51 +h+eir+es+ e4i4>n. (B4)

Meanwhile, a generic magnetic vortex m = (2m, 1,m3,m4)7
has mutual statistics

~ i
Ogg.m = <52 + I +myiy +m3 + m4i4>ﬂ (B5)

with g symmetry flux g,. Topological spin [44] exp(2rih,),
the Berry phase obtained by adiabatically rotating a quasiparti-
cle g by 27, is an important character of a (2+1)D topological
order. In Abelian topological orders, the topological spin
exp(2mih,,) has a one-to-one correspondence to the self-
statistics (B3) of a quasiparticle in unit of 27:

O 42 i+l Wb+l sl
LR 8 4 2 ‘

(B6)

All these statistical properties are summarized in Table II.

For the unconventional SET phases, e.g., in our case with
Gy = Z,, the Z, symmetry would exchange quasiparticles
that belong to different superselection sectors in Abelian
topological order K. Gauging this kind of Z, symmetry will in
general lead to U(1)"Y x Z, Chern-Simons theory [66], which
describes non-Abelian topological orders in relation to Z;
orbifold conformal field theory [87,88].

APPENDIX C: CLASSIFYING DOUBLE-SEMION THEORY
WITH ONSITE Z, SYMMETRY

Double-semion theory [37,38] is a “twisted” Z, gauge
theory in (2+1)D, with Abelian topological order described
by K = (3 _02). Due to the presence of nontrivial bosonic Z,
SPT phase in (2+1)D, again here we use a 4 x 4 matrix

2 0 0 0
2 0\ (0 1y_[o =2 0 0

K:(o —2)69(1 0)2 o o o 1| ©D
0 0 1 0

to capture all the different Z, symmetry-enriched double-
semion theory. Such a theory has the following quasiparticle
contents in its spectra:

cocoo
[

oc—~oc S

— o oo

, b~

“i
12

(C2)

0 1
1 1
0 oy
0 0

S oo~

where s and § represent semion and antisemion, respectively,
and b is the bound state of a semion and an antisemion.
b has bosonic (self-)statistics (2) but mutual semion (anti-
semion) statistics with s (5). Here, {1,s,5,b} represent the
four superselection sectors of double-semion theory. Any two
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quasiparticles differing by a local excitation >0 belong to the
same superselection sector.

Now, let us consider the implementation of unitary G; = Z,
symmetry on double-semion theory. We have group compat-
ibility condition (18) for symmetry transformation (15) on
quasiparticles:

(W8)? = 1y,
2 0 0 0 2 0 0 0
0 o o 1|=™ 0 oo 1|
0 0 1 0 0 0 1 0
1 0 0 0
(Laxs + WE)SHE = 1 8 _(1) 8 gn, neZ!
0 0 2 0
(C3)

We consider [89] the solutions to (C3) with W8 = 14,4. Due
to Criterion L, naively there are eight distinct solutions to (C3):
8% = 1w (i1/2,i/2,1,is)" withi; » 4 = 0,1. However a careful
analysis reveals the following gauge equivalence between
certain solutions:

/2 /2 —1/2

- 0 0 T ez
0 b4 b4
0 b4

- /2 _#7/2) _|—7/2 o7

qué) = T - T - T =X 18¢é)’
0 b4 b4
1 0 1 0

. 0 1 -1 0 T .
X = 0 0 1 ol X"KX =K.

-2 =2 0 1

As aresult, there are only six gauge-inequivalent solutions of
8¢8 to (C3), as summarized in Table VI.

Following Appendix B, we briefly discuss the consequence
of gauging the unitary Z, symmetry in the double-semion
theory. Since the symmetry transformation is a U(1) phase
shift §¢8 = n(i1/2,i2/2,1,i4)T as shown in Table VI, the
quasiparticle content in the new topological order obtained
by gauging Z, symmetry is expanded by gauge charge vector:

2 1 0 0

s =2 010 s

r=Mi M=|""0 o []1ezZ
1/2 0 0 0

and therefore

ii—i3+4iy . 4 4 10

= a/4 i /
i1/4 1/2 0 0
ir/4 0 -1/2 0
1/2 0 0 0

K,' =M'K'M=
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o 0 o0 2
o 2 0 4

K=o o —2 & €4
2 i b -2

Take No. 5 as an example with (Sq;g =m(1/2,1/2,1,0)T (or
iy =iy =1, iy = 0), the Abelian topological order obtained
by gauging Z, symmetry is

0 4 0 0
Cwie v |40 0 0 (0 4
Ke=XKX=19 0 0 1]\ o)
00 1 0
1 00 0
1 1 0 0
x="1 1] O)GGL(4,Z).
2 2 11

Notice that

8 0\ _(0 4 2 0\ _(0 4
0 —-2)~\4 6)0\0 -8)—\4 2/
Again, from (2) and (3) we can obtain the (self-)statistics of g

Ksge +1,1e7Z"V, as

2w
Ty—1 5¢¢\" . 8¢8 Te—1y L 1T 578
O =714, K g =7\ =— | Ko—=+7al'K"'1+1"5¢

symmetry flux g, =

21 2
it —i5 =G A4is+il+idl
=7T<1 241 2 ! o 22+i4l4+l3).
8 2
(C5)
Its mutual statistics with original quasiparticles s =

(1,257,83,84) and 5 = (251,1,53,54) are
= 77(% + 1 +ixsp+ 53+ i4S4),
Ogps = (2 + 0151 — b + 53 + is54). (C6)

04

g5

The topological spin of new quasiparticle g, is givenby 0, =
exp(2rwih,,) where

0, i2—i2 P —D2ig4ig 1 +igl a1
hege = 75 = gt + —=—7 22"'[“;”' (€7)

Unlike others, for SET phases No. 3, No. 4, and No. 6,
it is not easy to find a GL(4,Z) transformation (11) on K,
matrix (C4) to reduce it to a simpler form. For example, one
can only show for SET phase No. 3

-2 0 0 O
0 2 1 0
~XT -
Ky = XK X = o 1 2 2)
0 0 2 0
0 1 1 1
0 1 0 0
X = 1 0 0 0 € GL4,Z)
0 01 0
and for SET phase No. 4
2 0 0 O
0 -2 1 0
~XT -
Ke=X'KX=1o 1 2 2f
0 0 2 0
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- o o
(e

e GL4,Z).

[N ]
—_—0 O =

0 0

However, a one-to-one correspondence between the quasipar-
ticle contents of two seemingly different K, matrices can be
established. For example, there are 16 different superselection
sectors (or 16 quasiparticle types) for Abelian topological
order K, in (C4), obtained by gauging Z, symmetry in No. 3
SET phase (i} = 1 = i4, ip = 0):

yi+4y
. Yi. 8 0
i+ in (C4) © (Vz)ln(o —2)’
0
Y1 =0,1, ...,7, 2 =0,1
For No. 4 SET phase (i = 1 = i4, i} = 0):
4y; + 3y
Y1+ ¥ . 71\. 2 0
0 in (C4) & <y2)1n<0 —8)’
0
)2) :0,1, ...,7, Y1 :0,1.

The Abelian topological order obtained by gauging Z, sym-
metry in No. 6 SET phase (i, = iy = i} = 1) is characterized
by the following matrix:

0 2 0 0
2 2 1 0
~ XT —
K~XKX=|c 7 , 5| ©»
0 0 2 0
0 0 1 1
-1 -1 0 0
X=|", "0 o of dX=1
0 0O 1 O

It has 16 different types of quasiparticles:

Y1
y = ’62 in (C4), y12=0,1,2,3.
0

Among them, four have bosonic self-statistics (6 =0
mod 277), six with semionic statistics (6 = % mod 2s), and
the other six with antisemionic statistics (6 = —% mod 27).
In the above basis, the 16 x 16 modular S matrix [43,44] of

this Abelian topological order is given by

. 2
1 Tl / / /
Sy = 7 8%p [7<ZZ YaVa T V1V2 + ym)]. (€9
a=1

APPENDIX D: DISCUSSIONS ON Z,
SYMMETRY-ENRICHED Z, GAUGE THEORIES

First, we discuss the results for conventional SET phases
with onsite Z, symmetry, and their relation to Dijkgraaf-
Witten gauge theories [42] in (2+1)D. For Z, spin liquids
K~ ((2) 3), with onsite Z, symmetry we obtain four different
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conventional Z, SET phases as summarized in Table II. For
double-semion theory K =~ ((2) Pz), with onsite Z, symmetry
we obtain six different conventional Z, SET phases as
summarized in Table VI. Here, we make some connection
between these SET phases and Z, symmetry-enriched Z,
gauge theories obtained in previous studies [19,21].

In Ref. [19] the exact soluble lattice models for eight
different Gy = Z, symmetry-enriched G, = Z, gauge the-
ories are obtained. They correspond to group cohomol-
ogy H[G, x G,,U(1)] = H3[Z, x Z,,U(1)] = Z3. Among
these eight different SET phases, four come from Z, spin
liquids with onsite Gy = Z, symmetry, and the other four
from double-semion theory with onsite Gy, = Z, symmetry.
They are nothing but No. 1, No. 2, and No. 3 in Table II,
together with No. 1, No. 2, No. 5, and No. 6 in Table VI. In
fact, two different models constructed in Ref. [19], labeled by
(010) and (110) in Table II, belong to the same SET phase (No.
3 in Table II).

On the other hand, Ref. [21] claimed 12 different Z,
symmetry-enriched Z, topological orders, among which 6 are
Z, spin liquids and the others are double-semion theories.
It was conjectured that different G, symmetry-enriched G,
gauge theory (with gauge group G,) are classified by group
cohomology HY™'[G,U(1)] or Dijkgraaf-Witten G gauge
theory [42] in d-spatial dimensions, where G is an extension
of symmetry group G by gauge group G, (in other words
G/Gys =Gg). WhenGy = Gy = Zrywehave G = Z, x Zpor
G = Z4. The number 12 = 23 + 4 is associated with H>[Z, x
Z,,U(1)] ® H[Z4,U(1)] = Z3 @ Z,. The proposed eight dif-
ferent SET phases from H3[Z, x Z,,U(1)] are the same
as those in Ref. [19], which are discussed earlier. After
gauging the Gy = Z, symmetry, these eight different SET
phases lead to Abelian topological orders described by a4 x 4
matrix [21]

2n1 2 nyp 0
2 0 0 O

K(n1n2n3) = 1, 0 2)13 21 (Dl)
0O 0 2 O

where ny,n,,n3 = 0,1. It is not difficult to check that these
eight different SET phases labeled by (nin;n3) have the
following correspondence with our results:

0 2 0 O
K(000) = 3 8 8 (2) < No. 1 in Table II,
0O 0 2 0
0o 2 0 O
K(100) ~ (2) 8 g 8 < No. 2 in Table II,
o 0 0 =2
K(010) ~ (2 g) & No. 3 in Table II,
K(110) ~ (2 g) & No. 3 in Table II
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and
2 0 0 O
K(001) ~ (8 _(2) 8 (2) < No. 1 in Table VI,
0 0 2 0
2 0 0 O
K(101) ~ 8 _3 (2) 8 < No. 2 in Table VI,
0 0 0 -2
K(@011) ~ (2 g) < No. 5 in Table VI,
0 2 0 O
K(111) ~ (2) % ; g < No. 6 in Table VI.
0 0 2 O

The other four SET phases proposed in Ref. [21] are associated
to group cohomology H3[Z4,U(1)] = Z4. Reference [21]
asserted that after gauging the Z, symmetry they lead to
Abelian Z, topological orders described by

K(m,) = (2’2“ g), m=0,1,23.

We found that these four different SET phases have overlap
with the previous seven SET phases associated to H>[Z; x
Z,,U(1)] = Z%: they turn out to be

K(m; =0) = <2 g) & No. 3 in Table II,

K(m, =2) > (?) _04> < No. 4 in Table I1.

and

K(m, =3)~ (g _02) 4 No. 3 in Table VI,

Kim, =1)x~ <§ —08> < No. 4 in Table VI.

We want to emphasize that when the onsite unitary Z,
symmetry is gauged, a Z, spin liquid and another double-
semion theory could result in the same “gauged” topological
order. For Z, spin liquid No. 2 in Table II and double-semion
theory No. 1 in Table VI, it is straightforward to see K(100) ~
K(001). Similarly, for Z, spin liquid No. 3 in Table II and
double-semion theory No. 5 in Table VI, with X, , € GL(4,Z)
we have

0 4 0 0
4 0 0 0
X7 K(©010) - X; = X7 - K(110)- X, = 00 o 1l
0 0 1 0
2 0 0-1 2 0 0 -1
01 00 -1 1 00
Xi=l o210 X¥=(220-1 1
-1 0 00 -1 0 00

and one can further show K(110) ~ K(011). In fact, the
eight different K matrices K(ninyns) describe only five
different Abelian topological orders. Since these eight theories
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correspond to different Dijkgraaf-Witten [42] theories, i.e.,
gauge theories with different topological terms specified
by H3[Z> x Z,,U(1)] = Z3, this also implies that different
Dijkgraaf-Witten theories based on a particular gauge group
can share the same topological order, and correspond to
the same SET phase. Further information regarding which
particles comprise electric charges and magnetic vortices is
required to uniquely define those phases.

APPENDIX E: VERTEX ALGEBRA APPROACH
TO GAUGE A UNITARY SYMMETRY

The Chern-Simons approach to gauge a unitary symmetry,
introduced in Appendix B, applies to all cases where we obtain
an Abelian topological order after gauging the symmetry.
Thus, for many “conventional” SET phases we can gauge its
unitary symmetry and obtain an Abelian topological order

J

PHYSICAL REVIEW B 93, 155121 (2016)

in the Chern-Simons approach. For “unconventional” SET
phases (and certain conventional ones, e.g., in Sec. IIIE),
such as those summarized in Table III, gauging a unitary
(e.g., Z») symmetry will result in non-Abelian topological
orders. In the case Gy, = Z, as discussed in this work, these
non-Abelian topological orders are described by U(1)Y x Z,
Chern-Simons theory [66]. In these unconventional cases, the
Chern-Simons approach introduced previously is not enough.
In order to obtain the full structure [such as topological spin
exp(2mih) of quasiparticles and modular S matrix associated
with quasiparticle statistics] of these non-Abelian topological
orders, here we introduce a vertex algebra approach to gauge
the unitary symmetry. It applies to both the conventional and
unconventional SET phases and in the following we will
demonstrate its power by two examples: conventional and
unconventional Z, symmetry-enriched Z; spin liquids.

1. The vertex algebra formalism, and application to conventional SET phases

The vertex algebra approach [45,90,91] is based on the close connection [52,88] between the bulk topological order [described
by (24+1)D topological field theory] and its boundary excitations [described by (14-1)D conformal field theory] in two spatial
dimensions. Let us take Z; spin liquid (25) for an example. The edge effective theory (5) contains two branches of chiral bosons
{¢1.2}, which could be reformulated by a ¢ = 1 U(1) x U(1) Gaussian model with a holomorphic and antiholomorphic part:

Px +it) = ¢(2) = ¢1(x,1) + Pa(x,1), @(x —it) = @(T) = P1(x,1) — Pa(x,1).
The Gaussian model has Lagrangian density Lgaussian = 3= 09(2)9(2) = 2= |V|%, yielding the following correlation function
(p(Dp(w)) = —In(z — w) (E1)

and (¢(Z)@(w)) = — In(z — w). The free boson field ¢ has compactification radius R = 2 for Z, spin liquid (25) so that periodicity

¢ ~ ¢ + 27 R holds. In general, for K = (](\), 1(\)7) in (5) the associated compactification radius of scalar boson

2 2
\/;fﬂ(Z) = ¢1(x,1) + ¢2(x,0), \/;WZ) = ¢1(x,1) — da(x,1) (E2)

is R = +/2N. The allowed physical excitations must be compatible with 27t R periodicity of bosons and they are [92]

Vi) = e VN j=01,... 2N — 1 (E3)

for holomorphic part (and similarly V; for antiholomorphic part). These 2N vertex operators are primary fields of the holomorphic
U(1) conformal field theory (CFT) and they form different representations of the conformal algebra. From (E1) one can see they
have the following (radial-ordered) operator product expansion [93,94] (OPE):

£1a9(@) piBe(w) _ (z— w)aﬁei(w+/3)w(w) + ... (E4)
for o + B # 0. There is an energy-momentum tensor 7' = —%(8(,0)2 which generates the conformal transformation of the vertex
algebra, so that any primary field P(z) has the following OPE with energy-momentum tensor:
1
T(2)P(w) = ———— P(w) + ——dP(w) + ..., (ES5)
(z—w) Z—w

where hp is the scaling dimension of primary field P. Apparently, the vertex operator exp [ic¢(z)] has scaling dimension
hy = %az. Another primary field is the current operator j(z) = id¢(z) which has scaling dimension #; = 1. In addition, we have

1 aj(w)
(z—w)*  (z—w)!
These OPEs imply the following fusion rules of primary fields:

€Y x e =14 (a#0),

ol49(@) p—iapw)

+...

el x PP — pilathlp (o # —PB).

Similar results hold for antiholomorphic @(Z) part, only that all scaling dimensions change sign for their antiholomorphic
counterparts.

A natural question is among all these primary fields: Which ones appear in the physical edge spectra of the topologically
ordered phase? There are a few physical principles to follow. First of all, every physical edge excitation (¢/ =% [; € 7Z) must
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be a primary field. Second, there are electron operators (or the microscopic local degrees of freedom e’ 2K . e 7)) which
is local with respect to all other edge excitations. In the context of vertex algebra, two operators A and B are local w.r.t. each
other if and only if in OPE

fisCw)

A(Z)B(U)) = m

+O0((z—w)'"™™*), arpel (E6)

where C is also a primary field and f/f 5 1s a structure constant. For example, before we gauge the Z, symmetry, for Abelian

topological order K = (1(\), ](\)[) the electron operator is

e N1t — exp [i\/g[(ll + L))+ () — lz)@(Z)]:|, LhaeZ. (ET)

It is straightforward to check that all allowed quasiparticles (local w.r.t. the above electron operator) have the following form:

ol (h91+12¢2) _ exp [i (h + b)e@) + (I — L)p(2)
V2N
Lastly, any two primary fields differing by an electron operator are regarded as the same (or belong to the same superselection
sector).
Now, let us go back to Z; spin liquids with K = (g é) @ ((1) (1)), which have four branches of chiral bosons {¢;, 1 < i < 4}.

We can introduce free bosons ¢;(z),9;(Z) for chiral bosons ¢, as in (E2) with N = 2, and free bosons ¢,(z),@»(Z) for chiral
bosons ¢3 4 as in (E2) with N = 1. In other words, we have

:|, 11,2 e 7.

¢ 172172 1
;| |1/2 —-1/2 @1
¢ V2 V2 [ e
b4 1/V2 —1/42) \@

Before gauging the unitary Z, symmetry, the four superselection sectors (or four types of different quasiparticles) correspond to

- 92 (2)£gr ()

201Q) NG ORI L [) ~ p(z) ~ e~ V2R V2R,

1L~ ji@)~ jiz) ~e
;01O NAGRIIE)
2

e~e ,mn~e f’ f ~ ei¢1(2) ~ eiﬁzl(z). (E8)

Now, after gauging the conventional Z, symmetries in Table II, as discussed in Appendix B, a new type of quasiparticle g,
becomes deconfined excitations:
Go ~ o oo KT e [,. (i1 + )¢ + (i — i@t + V2(1 + is)ps + V2(is — 1)@]
g : )
4

where ij 4 =0,11n 8$g . Notice that when such a Z, symmetry flux ¢, is deconfined, we have to modify the previous definition
of electron operators 1 in (E8). The new electron operator is defined as anything that is local w.r.t. quasiparticles {e,m, f,qg}.
With this new definition for electron operators, we can track down all the inequivalent quasiparticles (superselection sectors) and
obtain the full structure of the topological order obtained by gauging Z, symmetry. One can easily check this approach indeed
reproduces Table II, consistent with the result of Chern-Simons approach.

In the vertex algebra context, the scaling dimension & of a quasiparticle determines its topological spin ® = exp(2rih), the
Berry phase obtained by self-rotating a quasiparticle adiabatically by 2. On the other hand, the mutual statistics of quasiparticles
A and B is given by 8, g = —27wa, g in OPE (E6).

2. Application to unconventional SET phases

For an unconventional SET phase, e.g., where two inequivalent quasiparticles (e and m in Z, spin liquid) are exchanged under
Z, symmetry operation as summarized in Table III, a non-Abelian topological order is obtained by gauging the Z, symmetry.
Here, we apply the vertex algebra approach to extract the full structure of these non-Abelian topological orders.

First, let us review some known results, discussed in detail in Refs. [66,92]. When the unconventional Z, symmetry (w8 =

(‘1) (1)),5433 =0 is gauged for Abelian topological order K = (,(\), 1(\)] ), the resultant topological order is described by U(1) x U(1) x

Z, Chern-Simons theory (coined “twisted” Zy gauge theory in [92]), which has GSD = (N§/2)[N¢ + 1 + (2% — )N+ 1)]
on a genus-g Riemann surface. It contains 2N different quasiparticles with quantum dimension d = 1, another 2N quasiparticles
withd = +/N,and N(N — 1)/2 quasiparticles with d = 2. Under the unconventional Z, symmetry operation, two superselection
sectors e <> m exchange and so do chiral bosons ¢; <> ¢,. Therefore, in the context of vertex algebra (E2) the antiholomorphic
free boson ¢ — —@ under Z, symmetry operation! After this unconventional Z, symmetry is gauged for Z, spin liquids (N = 2),
we obtain a non-Abelian topological order whose quasiparticle content has an antiholomorphic part (from ¢) given by Z, orbifold
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CFT [87,88] with compactification radius R = 2. It has been shown that Z, orbifold CFT is equivalent to Ising x Ising (or Ising?)
CFT [87]. In each Ising CFT, there are three different quasiparticles: vacuum (or boson) 1, fermion 1, and the “disorder” field [95]
o with the following fusion rules:

vYx¢y=1¢Yvxo0=00x0=1+1y. (E9)

Both 1 and ¥ have quantum dimension 1 while disorder operator o has quantum dimension +/2. Their scaling dimensions are
0, %, and 1—16 Therefore, the Z, orbifold CFT, equivalent to the direct product of two copies of Ising CFTs, contains 9 = 3 x 3
inequivalent quasiparticles (superselection sectors). The quasiparticle contents of the Z, orbifold CFT are summarized in the
first three columns of TABLE VII.

Now, let us get back to our cases of Z, spin liquids with unconventional onsite Z, symmetry. There are two such SET phases
as summarized in Table III. After gauging the unitary Z, symmetry, they both lead to non-Abelian topological orders with
nine inequivalent quasiparticles (superselection sectors). In the vertex algebra context, they share the same antiholomorphic (@;)
part which gives rise to the non-Abelian quasiparticles. However, their different holomorphic parts discriminate these two SET
phases. A key issue in determining the quasiparticle contents is as follows: Which quasiparticles are identical (or belong to the
same superselection sector), after the symmetry is gauged?

In the vertex algebra context, once we fix the electron operator 1 ~ ? (or the vacuum/trivial sector) which is local w.r.t. all
quasiparticles, the full structure of inequivalent quasiparticles is determined. So, the above issue becomes the following question:
How to determine the electron operators in the vertex algebra, once we gauge the unitary symmetry? The answer lies in the
following physical principle:

If in the original SET phase, two quasiparticles belong to the same superselection sector (i.e., they are equivalent) and
transform in the same way under a unitary symmetry, then they belong to the same superselection sector after the unitary
symmetry is gauged.

To be specific, if two quasiparticles g4 and gp belong to the same superselection sector and transform in the same way under
unitary symmetry, then after gauging the symmetry, quasiparticle g Aqg ~1 (qg is the antiparticle of gp) belongs to the trivial
sector. For instance, in SET phase No. 1 in Tables III and VII, the following two quasiparticles belong to the the trivial sector
and are both odd under Z, symmetry g:

Ji~et =
and they are both their own antiparticles. Besides, the following two fermions also belong to the same superselection sector and
are both even under Z, symmetry:

f' = cos(¢; — ¢o) = cos(@y) ~ PUCE T NI

Both of them are also their own antiparticles. Therefore, we have the following definitions of electron operators (or trivial sector)
as shown in Table VII:

- 2t sl i
1~ jie 72 ~ fle'?,

This enables us to obtain all the nine inequivalent quasiparticles (superselection sectors) as summarized in Table VII, for the
non-Abelian topological order acquired by gauging Z, symmetry in these SET phases.

As discussed earlier, in the vertex algebra approach, the mutual statistics of two quasiparticles A and B is given in their OPE (E6)
by Sa.p = exp(ifa.p) = exp(—2mia 4, p). If quasiparticles A and B lead to more than one fusion channel, the corresponding entry
Sa,p = 0 vanishes in the modular S matrix. Besides, scaling dimensions {/,} of quasiparticles {g} determine their topological
spins 74 p = §4.p exp(2mwih ), which correspond to the modular 7" matrix. So, we can extract all the topological properties of
the non-Abelian topological orders, obtained by gauging Z, symmetry in SET phases.

The modular S matrix in the basis g, (0 < a < 8,see Table VII) of the nine different quasiparticles (superselection sectors)
is Snos =

1 1 1 1 2 V2 V2 V2 2
1 1 1 1 2 =2 =2 =2 =2
1 1 1 1 =2 =2 V2 V2 V2
1 1 1 1 =2 V2 V2 V2 =2
2 2 B ) 0 0 0 0
V2 =2 V2 V20 0 2 0 )
V2o -V2 V2 V20 2 0 2 0
V2 =V2 V2 V20 0 -2 0 2
V2 =V2 V2 =2 0 =2 0 2 0
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for gauged unconventional SET phase No. 5. Meanwhile, the 7 matrix is a diagonal unitary matrix 7, , = &, exp(2wih,),
where h, gives the topological spin ®, = exp(2wih,) of quasiparticle g, shown in Table VII. To be specific, we have

1

ein/S
eftn/S
_em/S

_efir[/S

For SET phase No. 6, after gauging the unitary Z, symmetry we have its modular & matrix as Sno6 =

1 1 1 1 2 V2 V2 V2 V2
1 1 1 1 2 =2 V2 V2 =2
1 1 1 1 =2 V2 V2 V2 2
1 1 1 1 2 V2 V2 V2 =2
il 2 2 -2 =2 0 0 0 0 0
V2 V2 V2 V20 0 -2 0 2
V2 =V2 V2 =2 0 =2 0 2 0
V2 =V2 =2 V20 0 2 0 -2
V2 =V2 V2 =20 2 0 -2 0
and its 7 matrix as
1
1
—1
—1
,TN0A6= 1
£i57/8
£i37/8
_i5T/8

_e3i:'r/8

Clearly, after gauging the unconventional Z, symmetry, 8(}53 = (0,0,7,0)” and &Eg = (m/2,7/2,7,0)7 lead to the same
non-Abelian topological order since they belong to the same SET phase. They share the same S and 7" matrices, differing by a
relabel of quasiparticles in Table VII. For example, quasiparticle gs in 8¢g = (0,0,7,0)7 case corresponds to quasiparticle g in
88 = (/2,7/2,7,0)7 case. Similarly, two cases 8¢ = (0,0,7,7)" and 8¢¢ = (7r/2,7/2,7,7)7 lead to the same non-Abelian
topological order, by gauging the unconventional Z, symmetry.

It is easy to verify that they satisfy the following consistency conditions [44] for modular transformations:

(STY=0.-8%, §*=1, (E10)

O=die?™"e ) |3 d2 =N, (E11)
a

d, and h, correspond to the quantum dimension and topological spin exp(2rih,) of quasiparticle q,, respectively. c_ is the chiral
central charge of the edge excitations of the topological ordered phase. Both non-Abelian topological orders in Table VII have

_ =0 and hence ® = 1. In fact, for both non-Abelian topological orders (No. 5 and No. 6) summarized in Table VII, their
modular S and 7 matrices satisfy S? = (S7)* = 1g,0.

Starting from a Z, gauge theory (Z, spin liquid or double-semion theory) with unitary Z, symmetry, once the symmetry
is gauged, a resultant Z, x Z, gauge theory is expected [21,42]. The above non-Abelian topological orders can be regarded
as unconventional Z, x Z, gauge theories, related to Kitaev’s 16-fold way classification [44] of Z, gauge theories in (2+1)D.
In particular, they are associated with Z, gauge theories where fermions having an odd Chern number (v = odd) couple to Z,
gauge fields. Notice that before gauging the symmetry, all SET phases have nonchiral edge excitations with chiral central charge
c_ = 0. As aresult, we expect that after gauging the Z, symmetry their edge states remain nonchiral and should be gapped due
to backscattering in a generic situation. Indeed, in all the “gauged” non-Abelian topological orders in Table VII, a Z, gauge

where the U(1) phase factor ® is defined as
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theory with fermion Chern number v is always accompanied by its time-reversal counterpart ¥ = 16 — v mod 16 through a
direct product.

Specifically, in [44] Kitaev introduced a 16-fold way classification of (2+1)D Z, gauge theories, describing fermions coupled
to a Z, gauge field. When the Chern number v of fermions changes by 16, one ends up with the same Z, gauge theory. Specifically
when v = odd, associated Z, gauge theory contains three inequivalent quasiparticles: vaccum (or boson) 1, fermion ¥ (¢ in
Kitaev’s notation [44]), and vortex o . Their fusion rules are the same as (E9), i.e., those in Ising anyon theory [43]. Their quantum
dimensions are

di=dy=1, dy =2.
The topological spin exp(2mih) of these quasiparticles is given by
1 h - v
277716
Therefore, when v = 1 this corresponds to the Ising anyon theory. When a direct product of a Z, gauge theory with Chern number
v (we denote this Z, gauge theory by v) and its time-reversal counterpart ¥ = 16 — v is made, one can combine the fermion v
1 L 8]’—6". Therefore, one can clearly

hy =0, hy =

in v and the vortex & in ¥ to form a new vortex operator, which has scaling dimension 5 — ¢ =
see the following two seemingly different direct products

vR®(16—v) =28 —1v)® @B+ )
lead to the same topological order. As a result, SET phases No. 5 and No. 6 in Table III lead to two distinct non-Abelian

(E12)

topological orders (v = 1,7 and v = 3,5), by gauging the unitary Z, symmetry.
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