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Mutual synchronization of nanoconstriction-based spin Hall nano-oscillators through
evanescent and propagating spin waves
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We perform a micromagnetic study of the synchronization dynamics in nanoconstriction-based spin Hall nano-
oscillator (SHNO) arrays. The simulation reveals that efficient synchronization in this kind of system is possible,
and indicates that the synchronization is mediated by a combination of linear coupling through the overlap of
localized modes and parametric coupling through propagating spin waves which are excited by the second
harmonic oscillation in the SHNOs. Due to the anisotropic spin wave dispersion in the studied system, the synchro-
nization properties decisively depend on the geometrical alignment of the SHNO array with respect to the external
field. We find that, by utilizing the directional spin wave emission and correspondingly optimizing the alignment
of the SHNO array, the synchronization is enhanced with a significant increase of the phase-locking bandwidth.
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I. INTRODUCTION

Since the first theoretical predictions of the spin-transfer
torque (STT) [1,2], current-induced magnetization dynamics
has been a very active research topic, leading to the devel-
opment of nanoscale magnetic auto-oscillators—the so called
spin-torque nano-oscillators (STNOs) [3–5]. STNOs are of
high fundamental interest, because they form a testbed for
different branches of physics, such as spin-dependent transport
theory, magnonics, and nonlinear dynamics. Furthermore
STNOs are promising for application as future GHz oscilla-
tors [6]. STNOs have some attractive advantages compared to
conventional CMOS based oscillators, such as their nanoscale
dimensions, a high frequency tunability, and ultrafast modula-
tion [7]. However, they are also subject to several drawbacks,
such as low output power and comparably large linewidths at
roomtemperature. It is believed that these limitations can be
overcome by implementing arrays of multiple synchronized
STNOs [8–15]. Although much effort has been expended
on this topic to date, a complete synchronization has been
achieved only for a maximum number of five STNOs [16],
mainly due to technological limitations which prevent a
reliable fabrication of larger arrays [14].

Recently a new class of spintronic devices based on the
spin Hall effect (SHE) [17,18] emerged. It has been demon-
strated in several experiments that this effect can provide
a sufficiently large STT to efficiently induce magnetization
dynamics such as domain wall motion, magnetic switching,
and the manipulation of magnetic damping [19–27]. Recently
also autonomous oscillators similar to conventional STNOs
have been found [28–31]. These oscillators are referred to
as spin Hall nano-oscillators (SHNOs). SHNOs are based
on a bilayer system consisting of a ferromagnet and an
adjacent metal layer with strong spin orbit coupling. Here
a perpendicular pure spin current is induced by the SHE in
the metal by spin-dependent scattering of an in-plane electric
charge current. Therefore a fully planar design with the same
lateral geometry of both layers becomes possible [31]. Due to
the reduced fabrication complexity, this kind of system could
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bring arrays of synchronized magnetic oscillators a step closer
to the targeted application.

In this paper we provide a numerical analysis of the
synchronization in a SHNO array by means of micromagnetic
simulations. We find that, although the excited modes in
the single SHNOs are localized, spin waves contribute to
the synchronization. These spin waves are excited at the
second harmonic frequency of the SHNO and mediate the
synchronization by means of parametric excitation [32]. This
is a mechanism which is different from previously studied mu-
tually synchronized STNOs and also highly interesting from
the general viewpoint of nonlinear physics, since here we have
a simultaneous synchronization of oscillators by two modes
with different frequencies and different localization behavior.

II. SYSTEM AND THEORETICAL FRAMEWORK

Figure 1(a) shows the studied SHNO array. The single
SHNO geometry is chosen to match the experiment from
Ref. [31]. The SHNOs consist of 150 nm wide nano-
constrictions in a Pt(8)/Py(5) (thickness in nm) bilayer system.
Each constriction is defined through two cutoff wedges with
a curvature radius of 50 nm and an opening angle of 11◦. In
the general case we consider an array of two SHNOs with
relative lateral shifts �x and �y. The bilayer is traversed by
an in-plane current with a total amplitude ISHNO. An external
magnetic bias field with the amplitude H0 = 450 Oe is applied
under an angle of α = 30◦ with respect to the x axis.

We perform the numerical study with our finite differ-
ences time domain code [15], which solves the Landau-
Lifshitz-Gilbert equation for the Py layer including the SHE
induced torque term τ SHE = β

M2
0

M × (M × [ez × jPt]) [19].

The prefactor β = gμBαH/(2etPy) contains the g factor, the
electron-charge e, the layer thickness tPy, and the spin Hall
angle αH . The electric current distribution and the Oersted
fields are obtained by numerical solution of the electrostatic
Poisson equation, together with Ohm’s law for the two-layer
system and employing Ampère’s law [33].

As system parameters we use a saturation magnetization of
M0 = 600 kA/m, a Gilbert damping constant of αG = 0.015,
an exchange stiffness of A = 1.3 × 10−11 J/m, and a spin Hall
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FIG. 1. (a) Schematic representation of the SHNO array. (b)
Current density and (c) internal field in the Py layer for a single
constriction and a total current of ISHNO = 2 mA.

angle of αH = 0.08 [19]. The electric conductivities are set to
σPy = 3.07 × 106 S/m and σPt = 8.93 × 106 S/m [31].

III. SINGLE OSCILLATOR IN THE FREE-RUNNING
REGIME

In the first part of our micromagnetic study we consider
only one constriction defining a single free-running SHNO.
We calculate the current distribution, the Oersted field, and

the equilibrium orientation of the magnetization with the
corresponding internal field. Figure 1(b) shows the current
density distribution in the Pt layer for a single constriction. An
identical distribution is obtained in the Py layer due to the same
lateral geometry; however, more than 82% of the total current
flows through the Pt layer. For a total current ISHNO = 2 mA
the maximal current density is 2.4 × 1012 A/m2. The maxima
are located close to the borders of the nano-constriction.

Figure 1(c) shows the internal field which is calculated
within a micromagnetic simulation without the STT term,
but including the Oersted fields. The internal field in the
constriction is strongly reduced in an elliptical-shaped region
with its long axis oriented perpendicular to the external field. It
has two strong minima near the boundaries of the constriction.

We begin the analysis of the system dynamics with Fig. 2(a),
which shows the power spectral density (PSD) calculated
from the time trace of the spatially averaged dynamical
magnetization in the center of the SHNO, after instantaneously
applying the current ISHNO. We find an oscillation with
the frequency f = 4.95 GHz at the critical current IC1 =
1.5 mA. The frequency shows a nonlinear redshift with
df/dI = −80 MHz/mA. In agreement with the experiment
we observe a second critical current IC2 = 4.5 mA, where
a second peak in the frequency spectrum appears and the
oscillation becomes highly irregular with a strong linewidth
broadening. Furthermore in the regime ISHNO < IC2 the PSD
shows a significant spectral feature at the nonlinear second
harmonic corresponding to the frequency 2f . This oscillation
is particularly pronounced for currents well above the critical
current. The maximum of the ratio between the second-
and first-order harmonic is larger than 30% and is reached
at ISHNO = 3.5 mA. We restrict our study in this paper to
the single-mode regime IC1 < I < IC2. In order to shine
more light on the nature of the excited mode, we calculate

FIG. 2. (a) Power spectral density (PSD) calculated from the spatially averaged dynamic magnetization in a single SHNO. (b)–(f) Spatial
amplitude distribution of the mz component for ISHNO = 2 mA at the fundamental frequency f and second harmonic 2f . (b) and (c) Mode
amplitude profiles in the constriction region on a linear color scaling. (d) and (e) Power distribution on a logarithmic color scaling for the whole
surrounding film. The dashed line shows the direction perpendicular to the external field (⊥ H0). (f) Radial profiles in the direction with angles ϕ,
which are defined with respect to the x axis. (g) Angular profiles for a constant distance r = 350 nm as a function of ϕ.
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its spatial profile at the auto-oscillation frequency f for
ISHNO = 2 mA. Figure 2(b) shows the amplitude distribution
m̃z(x,y,f ) resulting from the temporal Fourier transform
of the z component of the dynamical magnetization in a
small region close to the constriction. Additionally we plot
the spatial power distribution m̃ 2

z for the whole layer in
Fig. 2(d). We can observe a localized mode with a size
(FWHM with respect to the power) of 240 nm perpendicular
to the external field (dashed line) and 110 nm parallel to the
external field. Therefore the mode has a strong elongation
in the direction perpendicular to the external field, consistent
with the experiment [31]. Furthermore the mode is much larger
than the width of a typical self-localized bullet mode [34],
whose size was determined in previous studies as about
80 nm [35]. By comparing the spatial amplitude distribution
[Fig. 2(b)] with the internal field [Fig. 1(c)], we clearly identify
that the shape of the mode is very similar to the profile
of the internal field. The two maxima of the amplitude are
exactly located in the regions with low internal fields. These
results support the interpretation [31] that the studied SHNO
is based on a localized mode in the effective static magnetic
potential created by the inhomogeneous internal field rather
than on a self-localized bullet mode, which can be observed in
homogeneous ferromagnetic films.

In the following we analyze the oscillation at the second
harmonic 2f . Figure 2(c) shows the spatial amplitude of these
dynamics in the region of the constriction. Similarly to the
spatial profile of the first harmonic, the amplitude has two
pronounced maxima close to the borders of the constriction.
However, here we observe an additional maximum located
in the center of the constriction. This can be explained by
interference of spin waves which can be emitted due to the
fact that the frequency 2f is well above the ferromagnetic
resonance fFMR = 5.31 GHz, in contrast to the frequency f

of the localized mode. By providing further analysis of the
spatial distribution in a larger region outside the constriction
[see Figs. 2(e)–2(g)], we can show that an efficient emission
of spin waves is possible. We perform a fit of the spin wave
intensity [36] to m̃ 2

z ∝ 1
r
e−2r/ξ , where r is the distance from

the center of the SHNO and ξ denotes the decay length of the
spin wave amplitude. The fit is performed to a radial profile
through the intensity emitted perpendicular to the external field
which corresponds to an angle ϕ = 120◦ with respect to the
x axis [see Fig. 2(f)]. This yields ξ2f = 930 nm, which is
more than twice the decay length of the evanescent wave with
ξf = 404 nm. These values depend strongly on the emission
direction, which can be seen in Fig. 2(g), where the angular
profile of the spin wave intensity as a function of ϕ with
a radius of r = 350 nm is plotted. The emitted spin waves
have a strong directionality with emission perpendicular to
the external field, which is an expected result considering
the anisotropic dispersion in the studied in-plane magnetized
system [36,37]. While the intensity of the evanescent spin
waves has a single maximum for emission in the direction
ϕ = 120◦, the main peak in the intensity for the spin waves 2f

is shifted to smaller angles and there are several maxima and
minima present. This is because the two observed maxima in
the amplitude inside the constriction [see Fig. 2(c)] provide
two separate coherent sources for spin waves which are
well separated. Therefore the observed spatial profile of the

FIG. 3. (a)–(d) Spatial amplitude profile of mz for two synchro-
nized SHNOs with ISHNO = 2.0 mA for (a),(b) �x = 0 nm and for
(c),(d) �x = dH⊥. (e) and (f) Sum of the PSDs calculated from signals
of two SHNOs for (e) �x = 0 nm and (f) �x = dH⊥.

emitted spin waves can be explained in terms of spin wave
interference.

In order to obtain the wavelengths of the emitted spin waves,
we furthermore analyze the spatial distribution of the phases
of the emitted spin waves. The analysis yields values of λ =
125 nm for the emission parallel to the external field and
λ = 180 nm for the emission perpendicular to the external
field, which is in very good agreement with the spin wave
dispersion [37] of an infinitely extended Py layer. This gives
additional proof that the SHNO can indeed excite propagating
spin waves at the frequency 2f .

IV. SYNCHRONIZATION OF TWO OSCILLATORS

In the remainder of the paper we analyze the synchro-
nization dynamics of an array with two SHNOs. We propose
an array geometry which is designed to increase the mutual
exchange of spin waves by utilizing the strongly directional
emission of the spin waves perpendicular to the external
field. Therefore, for two SHNOs with a distance of �y in y

direction, we compare two different structures: a conventional,
aligned one (�x = 0) and one which includes a shift of �x =
dH⊥ = �y tan α [see Fig. 1(a)]. In the latter case the direction
perpendicular to the external field forms a direct connection
line through the points in the center of the nanoconstrictions.
The spin wave amplitudes for ISHNO = 2 mA and �y =
350 nm are plotted in Figs. 3(a) and 3(b) for �x = 0 nm
and in Figs. 3(c) and 3(d) for �x = dH⊥ = 202 nm. As
expected from the single SHNO propagation properties [see
Fig. 2(f)], in the case �x = dH⊥ we find a much larger
amplitude of the evanescent spin wave and the interference
pattern produced by the propagating spin waves in between
both SHNOs. In order to investigate the influence of the
achieved increased mutual spin wave emission, we study the
synchronization dynamics as a function of d =

√
�x2 + �y2.

The sum of the two PSDs calculated individually from the
oscillation signal produced by both SHNOs is shown in
Figs. 3(e) and 3(f). We have introduced a small mismatch
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FIG. 4. (a) and (b) Sum of the PSDs calculated from the signals
of two SHNOs under the influence of a nanowire with Iwire for (a)
�x = 0 nm and (b) �x = 150 nm, ISHNO = 2.0 mA. (c) Size of the
synchronization region �Iwire as a function of the angle ϕ for different
values of ISHNO. (d) �Iwire as a function of the SHNO distance for a
fixed value ϕ = 120◦, ISHNO = 2.0 mA. The insets show the spatial
amplitude profile for the second harmonic m̃z(2f ). The lines are
guides to the eye.

in the free-running frequencies by increasing the width of one
of the constrictions to 170 nm. This ensures that we can clearly
distinguish synchronized regions (single peak in the frequency
spectrum) from unsynchronized regions (multiple peaks in the
frequency spectrum). In the simple geometry [Fig. 3(e)] we
find synchronization for distances below d < 350 nm and in
a very small region close to d = 450 nm. In the case of the
optimized geometry [Fig. 3(f)], synchronization is possible
for much larger distances, up to d = 750 nm. Interestingly
the frequency spectra reveal a pronounced periodic behavior
with a periodicity corresponding to the wavelength of the spin
waves emitted at the second harmonic, which will be analyzed
in more detail below [see the discussion of Fig. 4(d)]. For
larger distances the simulation results also show synchronized
and unsynchronized regions alternately as a function of the
distance. Both features are expected from the theory of

mutual phase locking in auto-oscillators [10,38] and previous
micromagnetic simulations [11,15] if the synchronization is
mediated by propagating spin waves. Therefore the simulation
of the SHNO array indicates that the spin waves emitted at the
second harmonic contribute to the mutual synchronization.
This can be explained by parametric coupling of the emitted
spin waves by each SHNO with the auto-oscillation mode
of the other SHNO respectively. Experimental proof for
parametric synchronization of nanocontact STNOs has been
provided already in Ref. [32]. However, in contrast to the
present paper, the synchronization was achieved by excitation
of the auto-oscillator with an external microwave signal with
a frequency of twice the auto-oscillator frequency. Here this
signal intrinsically appears as the nonlinear second harmonic
of the oscillation from the SHNOs themselves and provides
a channel for mutual synchronization via spin waves. The
observed mutual parametric coupling is a distinct feature for
the studied SHNO array, which is caused by the fact that here
the fundamental mode is below the spin wave spectrum and has
a strong attenuation. The second harmonic has still quite low
relaxation frequencies and and has a large amplitude compared
to the localized mode for reasonable distances. In contrast to
this, in typical nanocontact STNOs the fundamental mode is
already propagating—the so called Slonczewski mode [39,40].
These spin waves are exchange dominated and the second
harmonic frequency is so high that due to the strong attenuation
no significant contribution to the synchronization is expected.

The focus of the last part of the paper is to investigate the ori-
gin of the synchronization and to show which synchronization
mechanisms are particularly important based on the choice of
the system parameters. This can be achieved by analyzing the
phase-locking bandwidth for different conditions, which favor
either linear synchronization or parametric synchronization
mediated by spin waves. The phase-locking bandwidth is
defined as the maximum frequency detuning for which
synchronization is possible. In contrast to systems based on
nanocontact STNOs with independent bias currents, here it
is not directly possible to change the frequency detuning.
We solve this problem in the simulation by introducing an
additional external magnetic field with a spatial gradient which
mainly influences one of the SHNOs. This could be realized
for example by the Oersted field produced by a nanowire,
which is sketched in Fig. 1(a). Figures 4(a) and 4(b) show
that the detuning can be controlled by the current Iwire through
the nanowire. While the frequency of the SHNO close to the
wire experiences a linear shift with about 42 MHz/mA, the
frequency of the second SHNO is barely affected. Therefore
we can identify the phase-locking region �Iwire, which is
approximately proportional to the phase-locking bandwidth.

In Fig. 4(c) we examine the value �Iwire as a function of
ϕ, which is the angle between the center-to-center connection
line between the SHNOs with the x axis. We perform these
calculations for two different parameter sets: (i) the squares
show the simulation results for a distance of 500 nm with a
current ISHNO = 2.0 mA and (ii) the points show the data for
800 nm with ISHNO = 3.0 mA. These parameters are chosen to
prefer the linear synchronization by the overlap of the localized
modes in case (i) and the spin wave mediated parametric
synchronization in case (ii). This is because the influence of
the parametric coupling increases for larger distances due to
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the larger decay length ξ2f > ξf [see Fig. 2(e)]. Furthermore
the parametric coupling becomes more important for larger
current densities because the ratio between the power of the
evanescent waves and propagating waves increases in this
case [see Fig. 2(a)]. For better visibility the data for the
larger distance (ii) have been multiplied by a factor 1.7 to
compensate for the reduced synchronization bandwidth at the
maximum, which is simply related to the spatial attenuation
of both the localized and propagating modes. The data for
parameter set (i) shows a pronounced maximum at an angle of
ϕ = 125◦, which is close to the expected value of ϕ = 120◦,
corresponding to �x = dH⊥ (alignment of the center-to-center
connection line between the SHNOs perpendicular to the
external field). The value for the phase locking-bandwidth at
the conventional, aligned geometry with ϕ = 90◦ is reduced
by a factor of 8 in comparison to the main maximum. In
contrast to these results, the phase-locking bandwidth as a
function of ϕ for the parameter set (ii) has multiple pronounced
maxima at different values of ϕ. This can be explained by the
fact that the propagating spin waves, which are generated by
two sources at each constriction, can interfere. Therefore the
results are reminiscent of the angular behavior obtained for a
single SHNO [see Fig. 2(g)], which is characterized by one
maximum for the localized mode and multiple maxima for
the propagating modes. However, in the case of two SHNOs
additional quantization effects can occur due to the finite
extension of the permalloy film between the wedges defining
the top and bottom constrictions. Therefore more complicated
interference patterns are possible for the propagating spin
waves [see Figs. 3(b) and 3(d)]. These observations are
consistent with the increased number of side maxima in the
phase-locking bandwidth as a function of ϕ.

The same method for obtaining the phase-locking band-
width can be used to obtain the latter as a function of the
SHNO distance. Figure 4(d) shows periodic features in the
phase-locking bandwidth. To understand the reason for this
periodicity in more detail, we show the spatial amplitude
profile for the second harmonic m̃z(2f ) in the insets of
Fig. 4(d). These spatial profiles are calculated for SHNO
distances corresponding to the values where we obtain maxima
in the phase-locking bandwidth (see the arrows in the insets).
For all distances we can see an interference pattern created by
the spin waves emitted at the second harmonic. Comparing the
number of maxima in the interference pattern for the chosen
distances we obtain three, five, and seven maxima between
the SHNOs. Therefore the difference in the distance between
two maxima in the phase-locking bandwidth corresponds to
one additional wavelength, which is again evidence for the

parametric synchronization mediated by the spin waves at the
second harmonic.

The obtained periodic behavior of the phase-locking band-
width can explain the alternate appearance of synchronized
and unsynchronized regions as a function of the distance
in Figs. 3(e) and 3(f), because it shows that the phase-
locking bandwidth is a nonmonotonic function, which in
combination with a constant detuning between the SHNOs
leads to the observed features. Furthermore this emphasizes
the importance of taking into account the second harmonic
spin waves in the design of an SHNO array, because for certain
geometries the bandwidth can be significantly reduced.

V. CONCLUSION

In conclusion, we have performed a micromagnetic study
of the synchronization in SHNO arrays. We found that,
in contrast to previously studied nanocontact STNOs, the
synchronization is composed of two mechanisms: linear
synchronization through the overlap of the localized modes
and parametric synchronization mediated by propagating spin
waves which are excited by the nonlinear second harmonic
of the SHNOs. The synchronization mechanism based on
propagating spin waves can be favored in two ways. One of
these ways is based on the geometry of the array. By choosing
larger distances between the SHNOs, the influence of the
localized modes is reduced due to their strong attenuation
compared to the propagating spin waves. The second way is
to operate the SHNOs at larger current densities. In this case
the ratio between the amplitude of the second harmonic and
the fundamental mode can be increased.

Furthermore our study revealed that it is important to take
into account the directionality of the spin wave emission in the
design of the SHNO array geometry. By proposing a geometry
which maximizes the overlap of the spin wave modes, we
show that the synchronization bandwidth can be substantially
improved. This result applies for both synchronization medi-
ated by the propagating mode and the localized one.

Our simulations therefore provide multiple general predic-
tions for the operation of synchronized SHNOs which should
be carefully considered in the design of future devices based
on SHNO arrays.
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