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Two competing soft modes and an unusual phase transition
in the stuffed tridymite-type oxide BaAl2O4
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We investigated the structural phase transition of BaAl2O4, which has a network structure with corner-sharing
AlO4 tetrahedra, via synchrotron x-ray thermal diffuse scattering measurements and first-principles calculations.
BaAl2O4 shows the structural phase transition at TC = 451.4 K from the P 6322 parent crystal structure to the
low-temperature superstructure with a cell volume of 2a × 2b × c. This phase transition is unusual, in which two
energetically competing phonon modes at M and K points soften simultaneously. When approaching TC from
above, the K-point mode appears first. However, this K-point mode is overcome by the later-developed M-point
mode. The thermal diffuse scattering intensities from both modes increase sharply at TC; therefore, both modes
soften simultaneously. The first-principles calculations demonstrate that the M-point mode is electrostatically
more preferable than the K-point mode and determines the eventual low-temperature structure, although these
two modes are competing energetically. This competition is characteristic of BaAl2O4, which is ascribed to the
structurally flexible network structure of this compound.
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I. INTRODUCTION

Phonon softening, such as that in charge density waves
(CDWs) [1–4], is one of the recent central issues in solid-state
physics, although it has been extensively studied for decades.
Conventionally, a structural phase transition associated with
soft phonons is driven by a particular soft phonon, in which
the frequency of a single soft mode decreases on cooling and
eventually reaches zero at a transition temperature. Here, a
structural phase transition driven by more than one soft mode
is investigated.

In compounds with a corner-sharing tetrahedral network
structure, e.g., tridymite and quartz which are SiO2 modifi-
cations, characteristic diffuse scatterings have been observed
in electron diffraction patterns [5–7], which are ascribed to
particular phonon modes called rigid unit modes (RUMs) [5,8].
These modes are associated with the rotation or tilting of each
tetrahedral block without distortion of the bonding between
the corner ligand and center atom [9,10]. The distortion energy
caused by these phonon modes is so small that the structure is
likely to fluctuate. The RUM is known to occasionally act as a
soft mode. For example, nepheline, one of the derivatives of the
tridymite-type structure, exhibits a structural phase transition
accompanying a soft mode, which is characterized as a RUM
[11].

We highlighted a network compound, BaAl2O4, which
exhibits structural fluctuations over a wide temperature range.
This compound crystallizes in a stuffed tridymite-type struc-
ture that comprises a corner-sharing, AlO4 tetrahedral network
with occupied six-member cavities. The crystal structure is
chiral and noncentrosymmetric. The high-temperature phase
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with a space-group symmetry of P 6322 undergoes a structural
phase transition at approximately 400 K, accompanying the
significant tilting of the AlO4 tetrahedra [12–14]. This results
in the doubling of the cell parameters in the a and b

axes, and the low-temperature phase with P 63 space group
exhibits a small spontaneous polarization. This transition has
been characterized as an improper-type ferroelectric phase
transition [15].

RUMs have also been investigated in BaAl2O4 through
ab initio calculations. According to previous studies by Perez-
Mato et al., an unstable RUM in an AlO4 tetrahedral framework
plays an important role in the dominant structural instability
of this compound [16]. In the electron diffraction for the high-
temperature phase of BaAl2O4, characteristic honeycomblike
diffuse streaks along three equivalent 〈110〉 reciprocal direc-
tions have been observed [17]. Because the diffuse scattering
intensity is strongly dependent on the temperature, it is
anticipated that this characteristic diffuse streak pattern may
stem from a soft mode. A similar diffuse pattern has also been
observed for Ba0.6Sr0.4Al2O4 polycrystalline samples [18].
According to the structure refinements and maximum-entropy
method (MEM) analyses, three-site disorder exists at the
bridging oxygen atoms, thus indicating that the structural
phase transition of BaAl2O4 is of an order-disorder type.

In the present study, we investigated the structural phase
transition of BaAl2O4 by means of synchrotron x-ray thermal
diffuse scatterings (TDS). While the neutron and x-ray inelas-
tic scatterings are traditional for studying phonon dispersion
and its dynamics, the TDS measurement has recently become
well established [19–21] and is a useful method for a
wide range of material sciences. By utilizing the TDS, we
demonstrate that the framework compound BaAl2O4 is an
example in which two distinct phonon modes soften at TC

simultaneously.
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II. EXPERIMENT

Single crystals of BaAl2O4 were grown by the self-flux
method. Previously prepared BaAl2O4 and BaCO3 powders
were mixed at a molar ratio of 50:17. The preparation method
of BaAl2O4 powder can be found in Ref. [22]. The mixture was
placed in a platinum crucible. After heating at 1470 ◦C for 6 h,
the crucible was slowly cooled to 1200 ◦C at a rate of 2 ◦C/h,
then cooled in a furnace to room temperature. The shiny,
colorless crystals had hexagonal shape edges of approximately
100 μm long and were mechanically separated from the flux.
Synchrotron x-ray diffraction experiments at 300–800 K were
performed at the BL02B1 beam line of SPring-8 [23]. The
incident x-ray radiation was set at 25 keV. The diffraction
intensities were recorded on a large cylindrical image-plate
camera. The temperature control was performed using N2

gas flow.
First-principles calculations were performed using the

projector augmented-wave (PAW) method [24] within the
framework of density functional theory (DFT) [25,26], as im-
plemented in VASP code [27,28]. Exchange-correlation interac-
tions were treated by the generalized gradient approximation
(GGA) [29]. Lattice constants and internal coordinates were
optimized by lowering the residual Hellmann-Feynman forces
less than 1.0 × 10−3 eV/Å. Phonon-dispersion calculations
were performed using the PHONON code and PHONOPY [30,31].

III. RESULTS AND DISCUSSION

Figure 1(a) shows the diffraction pattern near the 1110 and
1̄210 fundamental peaks obtained at 500 K. Thermal diffuse
scatterings are observed along [2̄10], which is one of the
three equivalent 〈110〉 directions. This direction corresponds
to �′ − K ′ − M − K − �′′ in the reciprocal space, as shown
in Fig. 1(b). The intensities of these diffuse scatterings are
strongly dependent on the temperature, as reported in Ref. [17],
and exist at all temperatures used for the measurements.
In addition, cross-shaped thermal diffuse scatterings are ob-
served around each fundamental peak, although the intensities
of these diffuse scatterings are largely independent of the
temperature and are present at all temperatures used for the
measurements.

We investigated the temperature dependence of the diffuse
scatterings between two fundamental peaks. Figure 1(c) shows
the intensity obtained at typical temperatures at (1 − 2η,1 +
η,10), in which η = 0 and η = 1 correspond to the (1,1,10)
and (1̄,2,10) reciprocal points, respectively. All of the profiles
obtained at various temperatures between 300 and 800 K are
shown in the Supplemental Material [32] as Figs. S2 and S3.
The intensities were normalized using the 1110 fundamental
peak at each temperature. The intensities below η = 0.2 and
above η = 0.8 come from the 1110 and 1̄210 fundamental
peaks. These diffuse scatterings within 0.2 < η < 0.8 can
be satisfactorily fitted using several Gaussian functions. The
red line shows the superposition of these fitting curves. For
fitting below 445 K, the strong superlattice reflections were
subtracted from each profile.

At 600 K, there are two broad diffuse peaks near η = ±1/3,
as indicated by the green arrows. Similar peaks are also
observed at 700 and 800 K. In addition to these two diffuse
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FIG. 1. (a) Typical diffraction pattern near the 1110 and 1̄210
fundamental peaks recorded on the image-plate camera at 500 K. (b)
Cross-sectional reciprocal space (h, k, 0) of a primitive hexagonal
lattice. The symmetric points are also shown. (c) Intensities from
the 1110 to 1̄210 fundamental peaks at 350–600 K. All profiles
are drawn using the same scale. The intensities were normalized
using the maximum intensity of the 1110 fundamental peak at each
temperature. They are fitted using several Gaussian functions shown
by green, gray, and blue lines. The red lines are the superposition of
these Gaussian functions. For the fitting below 445 K, the superlattice
reflections have been subtracted. The green arrows indicate the peak
positions of diffuse scatterings of the K-point mode. Gray and blue
arrows indicate the peak positions of the broad diffuse scattering of
the M-point mode and the superlattice reflection, respectively. Data
were collected upon heating.

peaks, another broad diffuse peak can be seen near η = 1/2 at
500 K, as indicated by the gray arrow. At 455.2 K, an additional
small peak appears at η = 1/2, as indicated by the blue arrow.
This small peak develops as a superlattice reflection at low
temperature. These diffuse scatterings near η = 1/2 and ±1/3
exist at all temperatures used for the measurements. The small
peak at η = 1/2 at 455.2 K, indicated by the blue arrow in
Fig. 1(c), can be understood as the short-range ordering of the
2a × 2b × c superstructure. There is no apparent difference for
these features when approaching TC from above and below.

Figure 2 shows the maximum intensity and full width at half
maximum (FWHM) of the superlattice reflections as a function
of temperature. The small peaks such as those observed at
455.2 K in Fig. 1(c) are also included. The inset shows the
square root of the superlattice intensity, (I/I0)1/2, and the
FWHM in the range of T = 430–470 K. The superlattice
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FIG. 2. Normalized maximum superlattice intensity (left axis)
and FWHM (right axis) plotted against temperature. The open and
closed symbols represent the data obtained upon heating and cooling,
respectively. The standard deviations of the normalized intensity data
were considerably smaller than the marker size. The inset shows the
square root of the superlattice intensity (left axis) and FWHM (right
axis) near TC. TC is indicated by arrows in each figure. The solid lines
are the fits using a power law (T < TC) and an exponential function
(T > TC).

intensity decreases with increasing temperature. It shows a
kink at approximately 450 K, as indicated by the arrows in
the figures. Above ∼450 K, the weak intensity still exists
as a tail, and the FWHM increases abruptly with increasing
temperature. A similar tail behavior has also been observed
in BaMnF4, with high concentrations of defects [33,34], and
manganese compounds [35–37]. Below ∼450 K, the long-
range ordering of the 2a × 2b × c superstructure appears.
Therefore, it is reasonable to regard this temperature as TC.
The (I/I0)1/2 values shown in the inset were fitted using a
power function and exponential function. The curve below
TC was fitted using a power function, A0(TC − T )β , where
β = 0.40 and TC = 451.4. A0 is a coefficient. The obtained
critical index β coincides well with the theoretical value of the
order-disorder type [38]. An exponential function was found
to accurately reproduce the tail part above TC.

Figures 3(a)–3(h) display the temperature dependence
of the intensities, peak positions (ηpeak), FWHMs, and the
correlation length (ξ ) of the thermal diffuse scatterings near
η = 1/2 and ±1/3. The scattering intensities of both diffuse
scatterings increase sharply at TC, as shown in Figs. 3(a) and
3(e). This result means that these diffuse scatterings stem from
phonon modes, and both modes soften at TC simultaneously.
As described later, these diffuse peaks near η = 1/2 and ±1/3
can be attributed to the soft modes at the M and K points,
respectively. Because the diffuse peak of the M-point mode is
sufficiently broad, the ηpeak of the M-point mode is difficult
to determine with high accuracy, as shown in Fig. 3(b). It
is reasonable to consider that the ηpeak of the M-point mode
has a commensurate value, η = 1/2. The peak positions of
the superlattice reflections are also plotted in Fig. 3(b). The
superlattice reflections are at the commensurate position. In
contrast, the ηpeak for the diffuse peak near η = 1/3 shows an
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FIG. 3. Normalized maximum intensity, peak position (ηpeak),
FWHM, and correlation length (ξ ) of the thermal diffuse scatterings
near η = 1/2 and 1/3, which correspond to the soft modes at the
M point and K point, respectively. (a)–(d) and (e)–(h) correspond
to the thermal diffuse scatterings of the M- and K-point modes,
respectively. The peak positions of the superlattice reflections and
the thermal diffuse peaks near η = −1/3 are also plotted in (b) and
(f), respectively. The open and closed symbols represent the data
obtained upon heating and cooling, respectively.

intriguing behavior, as shown in Fig. 3(f); namely, ηpeak∼0.36
above 600 K, ηpeak ∼ 0.32 at TC < T < 550 K, and then
it shifts toward 1/2 below TC. Neither ηpeak above TC nor
below TC show the commensurate values. Similar results were
obtained for the diffuse peak near η = −1/3. The FWHMs of
the diffuse peaks are plotted in Figs. 3(c) and 3(g), respectively.
The FWHM of the M-point diffuse peak abruptly decreases
at TC as the superlattice develops. Correspondingly, the ξ1/2

develops below TC. In contrast, the FWHM of the K-point
diffuse peak decreases gradually with decreasing temperature,
showing a minimum at TC, and then increases below TC.
Consequently, ξ1/3 exhibits a maximum at TC, as shown in
Fig. 3(h). These behaviors are also observed on heating.

The results shown in Figs. 3 indicate that these two soft
modes at the M and K points coexist and compete above TC.
In the high-temperature phase, the K-point mode has already
appeared above 600 K, as shown in Fig. 3(e), whereas the
M-point mode appears at 550 K. Moreover, the K-point mode
exhibits a stronger intensity and longer ξ1/3 than the M-point
mode. Nevertheless, the M-point mode is selected to form the
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FIG. 4. Phonon-dispersion curves of BaAl2O4 obtained by first-
principles calculations. The calculations were performed on the
P 6322 parent structure. The inset shows the first Brillouin zone of
a primitive hexagonal lattice. Three acoustic phonon branches are
shown as red, blue, and thick black lines. One of the acoustic phonon
branches shows imaginary frequencies at the A, K, and M points, as
indicated by red arrows.

superstructure below TC, and the K-point mode is overcome by
the later-developed M-point mode. In this unusual structural
phase transition, the soft phonon fluctuates between the M
point and K point, that is, “fluctuation in phonons” in the
k space. These two soft modes have also been reported in
Ba1−xSrxAl2O4 recently [39].

We investigated the phonon dispersions via first-principles
calculations. The calculated phonon dispersion of BaAl2O4

is shown in Fig. 4. We found one of the acoustic phonon
branches showing the imaginary frequencies at the A, K, and
M points, which indicates the structural instability giving rise
to the structural phase transition. The calculated imaginary
frequencies were 0.67, 1.77, and 1.80 THz at the A, K,
and M points, respectively. The structural instabilities at the
M and K points are larger than that at the A point. These
two structural instabilities cause the M- and K-point soft
modes. The calculation also reveals that the difference in the
destabilization energy at the M and K points is quite small.

The obtained vibration patterns at the M and K points are
shown in Fig. 5. The vibration displacements for each atom are
listed in Table I. We also attached the animation files showing
the vibration patterns at the M and K points (see Supplemental
Material [32] for 2phonon-m-c.avi and phonon-m-c-441.avi
for the M-point mode, and 2phonon-k-c.avi and phonon-k-

FIG. 5. Vibration patterns of imaginary-frequency component at
the (a) M and (b) K points for each atom in a primitive cell of the parent
P 6322 structure. Ba, Al, and O atoms are indicated by a gray, blue, and
red ball, respectively. Arrows show the direction of vibration for each
atom. The calculations were performed for a 3 × 3 × 2 supercell.

TABLE I. Vibration displacement at the M and K points for each
atom in a primitive cell of P 6322 phase. Displacement is composed
of a complex number to indicate vibration phase and amplitude.

Vibration displacement

Atom Real part Imaginary part

a b c a b c

M point (Å)
Ba1 0.001 − 0.002 0.004 0.000 0.000 0.000
Ba2 − 0.001 0.002 0.004 0.000 0.000 0.000
Al1 − 0.006 0.008 − 0.006 0.010 − 0.014 0.011
Al2 0.006 − 0.008 − 0.006 0.010 − 0.014 − 0.011
Al3 0.004 − 0.009 − 0.006 0.007 − 0.016 − 0.011
Al4 − 0.004 0.009 − 0.006 0.007 − 0.016 0.011
O1 − 0.032 0.056 − 0.006 0.056 − 0.097 0.011
O2 0.032 − 0.056 − 0.006 0.056 − 0.097 − 0.011
O3 0.000 0.003 0.033 0.000 0.006 0.064
O4 − 0.003 − 0.002 − 0.043 0.000 0.000 0.000
O5 0.003 − 0.001 0.033 − 0.005 0.003 − 0.064
O6 0.000 − 0.003 0.033 0.000 0.006 − 0.064
O7 0.003 0.002 − 0.043 0.000 0.000 0.000
O8 − 0.003 0.001 0.033 − 0.005 0.003 0.064
K point (Å)
Ba1 0.000 0.000 0.006 0.000 0.000 − 0.005
Ba2 0.000 0.000 0.006 0.000 0.000 − 0.005
Al1 0.014 0.010 0.000 0.010 − 0.014 0.000
Al2 0.007 − 0.015 0.000 0.015 0.007 0.000
Al3 − 0.001 − 0.017 0.000 0.017 − 0.001 0.000
Al4 0.016 0.001 0.000 0.001 − 0.017 0.000
O1 0.087 0.030 0.000 0.030 − 0.087 0.000
O2 0.017 − 0.091 0.000 0.091 0.017 0.000
O3 0.000 0.008 0.042 0.000 − 0.004 0.046
O4 − 0.007 − 0.004 0.042 0.003 0.002 0.046
O5 − 0.007 0.004 0.012 − 0.004 0.002 − 0.060
O6 0.000 − 0.005 − 0.039 0.000 0.008 − 0.048
O7 0.004 0.002 − 0.039 − 0.007 − 0.004 − 0.048
O8 − 0.003 0.002 0.062 − 0.007 0.004 − 0.004

c-441.avi for the K-point mode). The vibration patterns of
oxygen atoms are predominantly arranged along the c axis
except for O1 and O2 atoms, which are the bridging atoms of
two AlO4 tetrahedrons (see Fig. 5). The vibrations of bridging
O atoms are found in the ab plane. In both modes, the a- and
b-axis vibration of the bridging O atoms is π/2 out of phase.
Therefore, the bridging O atoms show circular motion.

Based on these calculation results, the following consid-
erations can be given. First, according to our calculations,
both the M- and K-point modes include the tilting of AlO4

tetrahedra, as shown in Fig. 5 and the animation files (see
Supplemental Material [32]). In other words, both modes can
be associated with the tilting of AlO4 tetrahedra, which are
related to the previously reported RUMs [16]. In addition,
the crystal structure of BaAl2O4 is quite gappy and spatially
flexible owing to the AlO4 network structure. These situations
happen to allow this compound to possess the competing two
modes. In this point of view, BaAl2O4 is exceptional and
unique among the compounds with a polyhedral network.

Second, as can be seen in the animation files (see Supple-
mental Material [32]), the distortion caused by the K-point
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mode induces a considerable Coulomb repulsion between
the bridging O atoms and the basal O atoms; the basal O
atoms move toward the bridging O atoms, which causes a
too much shorter distance between the bridging O atoms and
the basal O atoms. This mode is electrostatically unfavorable.
On the other hand, the vibration pattern at the M point
relieves this Coulomb repulsion by avoiding the bridging
atoms to get close to the basal O atoms. Therefore, the M-point
mode is electrostatically more preferable when the structural
phase transition happens. The previously reported threefold
superstructure in Ba(Al,Fe)2O4 [40] is probably caused by
a slight modification in the structural stability owing to the
Al-site disorder.

The dispersion showing the structural instabilities is char-
acterized as one of the transverse acoustic modes, which
degenerates at the Brillouin zone boundary of kz = π/c. This
degeneracy is lifted at kz = 0. The longitudinal acoustic mode
is indicated by the blue line in Fig. 4. Because the diffuse
scattering intensity is proportional to |K · ej,q |/ω2

q , where K ,
ej,q , and ωq are the scattering vector, atomic displacement unit
vector of the j atom, and the phonon frequency, respectively,
the scattering intensity by the transverse soft mode with
q//[110] is expected to disappear along K//[110]. This is
evidenced by the transmission electron microscope (TEM)
experiments, as shown in Fig. S4 of the Supplemental
Material [32].

Recently observed intriguing phenomena, such as uncon-
ventional superconductivity [41,42], multiferroics [43–45],
and spin Hall effect [46], are closely related to the inver-
sion symmetry breaking of crystal structures. Fundamental
understandings of phonon modes during the structural phase
transition of such a crystal without inversion center are very
important to design these emergent functionalities. In addition,
the ferroelectric transition in BaAl2O4 is of an improper type,
which is essential to multiferroics. We believe that the finding
of the simultaneous softening of the two distinct phonon

modes in noncentrosymmetric and chiral BaAl2O4 will be
significantly important for further developments of these novel
functionalities.

IV. CONCLUSION

BaAl2O4 is a rare compound that shows the unusual
structural phase transition associated with two unstable phonon
modes. Its high-temperature phase has energetically compet-
ing, unstable phonon modes at the M and K points. Both
modes soften simultaneously at TC, which results in the sharp
increase in the thermal diffuse scattering intensities at the M
and K points. Because the K-point mode is electrostatically
unfavorable, the M-point mode determines the eventual crystal
structure of the low-temperature phase. This is characteristic
in BaAl2O4 and can be attributed to the corner-sharing AlO4

network structure in this compound.
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