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Statistical physics of multicomponent alloys using KKR-CPA
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We apply variational principles from statistical physics and the Landau theory of phase transitions to
multicomponent alloys using the multiple-scattering theory of Korringa-Kohn-Rostoker (KKR) and the coherent
potential approximation (CPA). This theory is a multicomponent generalization of the S theory of binary alloys
developed by G. M. Stocks, J. B. Staunton, D. D. Johnson, and others. It is highly relevant to the chemical phase
stability of high-entropy alloys as it predicts the kind and size of finite-temperature chemical fluctuations. In
doing so, it includes effects of rearranging charge and other electronics due to changing site occupancies. When
chemical fluctuations grow without bound, an absolute instability occurs and a second-order order-disorder phase
transition may be inferred. The S theory is predicated on the fluctuation-dissipation theorem; thus we derive
the linear response of the CPA medium to perturbations in site-dependent chemical potentials in great detail. The
theory lends itself to a natural interpretation in terms of competing effects: entropy driving disorder and favorable
pair interactions driving atomic ordering. To further clarify interpretation, we present results for representative
ternary alloys CuAgAu, NiPdPt, RhPdAg, and CoNiCu within a frozen charge (or band-only) approximation.
These results include the so-called Onsager mean-field correction that extends the temperature range for which

the theory is valid.
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I. INTRODUCTION

Conventional alloys, like steel and aluminum-based alloys,
are composed of one or two base metals and trace additions
to stabilize the structure and tune the material properties. In
contrast, high-entropy alloys (HEAs) are disordered alloys
with five or more base metals [1-4]. Examples include first-
row transition metals in simple FCC or BCC phases, e.g.,
CrMnFeCoNi. HEAs have been found with specific strength,
corrosion resistance, and wear resistance that is comparable
to, or exceeds that of, conventional alloys. From a scientific
standpoint they represent a vast uncharted space of possible
alloys. To date, there is limited phase data available for ternary
alloys and almost none for quaternary or higher. Computation
opens the potential for rapidly exploring this material space for
capturing trends in properties. In particular, we would like to
know whether a possible HEA is stable at room-temperature. In
this paper, we examine the stability of multi-component alloys
to chemical fluctuations. To do so, we properly generalize
and interpret the S® theory developed for binary alloys [5-7].
This theory addresses the stability of multicomponent alloys by
calculating the free energy change as a result of an infinitesimal
change in the site average occupancies of the components.
The free-energy change includes not only entropic effects but
also electronic effects from rearranging charge and changing
electronic structure. The inclusion of all charge effects in the
multicomponent case goes beyond what has been presented in
the past [8,9] and more recently [10,11]. We show a reciprocal
connection between the free energy change and the derived
short-range atomic order. We interpret our results results as a
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competition of entropy terms driving disorder and favorable
pair energetics driving atomic ordering.

Before proceeding, we contrast the S® theory with two
well-known methods for predicting metallic phase transi-
tions: cluster expansions and CALPHAD. Cluster expan-
sions [12,13] are based on expanding the energy of an alloy
configuration using nearest-neighbor lattice clusters. Each
term consists of an unspecified prefactor and the product of
“spin variables” for sites within a cluster. The spin variable
at a site reflects the atomic species occupying that site. The
final energy is the sum of such terms over all permitted
clusters. As is evident, this method has many free parameters
that must be fit to either experimental data or the density-
functional theory (DFT) energetics of specific configurations.
Anywhere from 30-50 DFT energies of ordered compounds
are needed to achieve a reliable fit. In addition, considerable
care is required in choosing, which clusters to permit and
which ordered compounds to fit to. Otherwise, overfitting
or poor reproduction of low-energy configurations occurs.
However, with areliable fit the complete phase diagram may be
assessed using Monte Carlo simulation. The other technique,
CALPHAD [14,15], is based on large databases of experimental
data available for ordered compounds. It predicts the Gibbs
free energy of mixed phases using linear mixing (of Gibbs
energy at end compounds), point entropy, and correction (or
“excess”) terms. The correction terms are fit to be as consistent
with the known experimental and/or DFT data as possible. By
minimizing the Gibbs free energy, it can also be used to predict
a complete phase diagram.

In contrast to the above techniques, we are here primarly
considered with assessing the phase stability of very many
HEAs. This is a single phase which presents itself only
near the center of a multicomponent phase diagram. This
is where the least experimental data is available and where
extrapolation of data from binaries is of questionable validity.
In addition, to enable high-throughput methods, a technique
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that requires limited guidance is needed. The S® theory is a
self-contained DFT theory; requiring only lattice constant and
choice of structure. Most HEAs, in fact, present themselves
in simple close-packed structures: FCC, BCC, and HCP. The
Korringa-Kohn-Rostoker (KKR) [16] method along with the
coherent potential approximation (CPA) [16,17] is ideally
suited to this case.

In the first four sections, we give an overview of Landau
theory, KKR-CPA, and mean-field theory within the context
of multicomponent alloys. In the next four, we discuss the
details of the S@ theory; including mapping to an effective
pair interaction model, calculating the kind and size of
chemical fluctuations, interpreting the possible modes of
chemical polarization, and discussing the equations that give
the complete linear response of the disordered alloy. After this,
we discuss the Onsager mean-field correction that restores
certain sum rules of the short-range order parameter. We also
describe a theoretical simplification that freezes all charge
effects (the band-only approximation). Lastly, as an example,
we apply the theory within the band-only approximation to
equiatomic alloys CuAgAu, NiPdPt, RhPdAg, and CoNiCu.

II. LANDAU THEORY

The phase of an alloy is specified once the temperature,
pressure, and concentration of each component metal is
known. Alternatively, we may choose to fix the alloy lattice
constant and hence volume. We take the latter view throughout.
In substitutional alloys, the lattice structure is fixed and
only atomic occupancies vary. In interstitial alloys, additional
atoms may occupy the interstices. These may also be treated
as substitutional alloys if interstice positions are included in
the lattice and if vacancies are considered as if a component
atom. At high temperatures, entropy dictates component atoms
have no site preference. As the temperature is lowered this site
symmetry is broken and either partial or full site ordering
is established. The Landau theory seeks to predict these site
preferences by minimizing the Helmholtz free energy.

For definiteness consider a crystal with Bravais lattice {R;},
basis {h1,h,, ... ,h,}, and atomic components {o,a, . . .,0,}
at N Bravais sites. We restrict ourselves to the case where all
site positions {R; + h,} are crystallographically equivalent.
Later we will further restrict this to a Bravais lattice without
basis. Let &;, € {0,1} indicate the occupancy of an « atom at
composite site index i = (i,a). Then {&;,} briefly represents a
specific configuration. Now imagine an ensemble of configu-
rations in which we restrict (£iy) = cip and D, ¢io/N = cq.
Here, () refers to an ensemble average. These constraints
permit one to continuously vary site occupancies {ci,} while
preserving the known, total concentrations {cq,,Cq,, - - - ,Ca, }-
The probability distribution P[{§;,}] for this ensemble is
determined by minimizing the Helmholtz free energy F =
(U) — T(S) subject to the aforementioned constraints. It is
not known a priori and will in general permit second and
higher order correlations among site occupancies ;. Relaxing
the constraint (&;,) = ciy gives the physically realized Boltz-
mann distribution. By definition 1 = (}__ &iy) = D, Cio. This
allows us to restrict the independent variables to the subset
{Cia.Cicy, + - - sCi,_yy}- We then speak of the o, atom as a host
species. Results cannot, of course, depend on the choice of
host atom. As mentioned, at high T the site concentrations
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Ciq = €y are site-independent and known. However, at some
reduced T, partial or full ordering is established. If ¢i,(T)
varies smoothly through 7, then the transition is second order.
In a first-order transition, a discontinuity occurs in ciy (7).

The Landau theory is a series expansion of the free energy
as an analytic function of order parameters that characterize the
phase transition. In this case, F is being considered a functional
of site-concentrations {ci, = ¢y + dciy} [18]. The perturbation
amplitudes {§c ja} vanish in the high-T phase. Thus they are
long-range order parameters. Performing a Taylor expansion
of this F about the high T reference state gives

Fl{cii,cia, - - - Cin—1)}]

r oF
= Fl{ca}l + ) 8cia
— JCiy {ca)
1003 o
1 r oF
— - SciSc -
+ ZZ 9Ciadcrs . Cia0Cjp +
iasjp o

where the prime on summations means the «, (host) index
should be omitted. As all sites are equivalent in the reference
state, d F'/dciq|(c,) must be independent of site position i. And
clearly ) . 8ciq = 0 to conserve total concentrations. Taken
together this implies the first order term vanishes. Because the
reference state has translational symmetry, it is preferable to
use Fourier transformed components §c,, (k) (see Appendix A
for definition of lattice Fourier transforms). See Fig. 1 for
an example of such a representation for a hypothetical one
dimensional alloy. The wave vector k is confined to the first
Brillouin zone in all such transforms. Then

§ F[{ca(k)}]

1 /
= E Z ZScaa(k)*F(z)(k)aa;bﬂ(scbﬂ(k) + ... (1)

awsbp  k

for suitably defined F®(k)yps — FP (k). The diagonaliza-
tion in k space of the second order term is a consequence of
translational symmetry. As long as F®) (k) is a positive definite
matrix (i.e., all positive eigenvalues), the system is stable
to infinitesimal fluctuations from the high T reference state.
A second-order phase transition occurs when the minimum
in free energy expanded about the homogenuous reference
bifurcates along some mode &y and its star. This can only occur
if both the second- and third-order terms for this star of wave
vectors vanishes at T,.. The mode &y and temperature T, is fixed
by zeroing the lowest eigenvalue: ming , A, [F®(k,T.)] = 0.
Here, A, (M) stands for the oth eigenvalue of matrix M. This
determines the partial ordering established (ko) and tempera-
ture at which it occurs (T,). To ensure the transition is indeed
second order, a selection rule is needed for the third order term

1 ’
5 2 X POk ke Seak)Bens(k)dcey ()
“aasbicy kikoks

By translational symmetry F®(k;,k;,k3) vanishes unless k| +
k> + k3 = K is areciprocal lattice vector. Thus a second-order
transition generally only occurs when k; + k, 4+ k3 %= K for
any vectors {k; } within the star of ko [18-20]. If the third-order
term does not vanish then a first-order transition may take
place at some higher temperature. In either case, the vanishing
of the second-order term marks an absolute instability point.
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FIG. 1. (a) High-temperature fully disordered state of a hypothetical one-dimensional equiatomic alloy “ABC” with unspecified atomic
interactions. The filling at each site represents an ensemble average of the occupancy by atoms of type A (red cross hatch), B (blue grid), and C
(green north east lines). We are concerned with the free-energy change on imposing an infinitesimal, site-dependent variation in these average
occupancies (i.e., concentrations). (b) A finite variation in site concentrations establishing partial to full ordering. This variation may be viewed
as the sum of two concentration waves: ¢(x) = [1/3,1/3,1/3] + n([—1/2 — ~/3i/2, — 12 + +/3i/2,1]¢!>*/%* 4 ¢.c.) for components A, B,

and C, respectively, and lattice constant a.

We will also take advantage of the grand canonical
ensemble throughout much of this article. In this case, the
relevant thermodynamic potential is the grand potential as a
function of chemical potentials v;, for atoms of type « at site
index i. We can write the grand potential as

1
Q(T, {\)ia}) = ——1In Z e_ls(QeI[{sw}]—Zw Uiuéia)’ (2)
{&ia)

where the electronic grand potential 2.[{&;,}] isolates the
electronic degrees of freedom and B is inverse temper-
ature. The above expression should make clear the site-
dependent chemical potentials may undergo a gauge transform
Vig = Vig + ¥ without changing the probabilities P[{§i4}].
We use this freedom to set vy, =0 (for brevity vi,, —
vip). Note that there is a reciprocal relationship between
site-concentrations {cij ci2, .. ..Ci—1)} and chemical poten-
tials {vir,viz, ..., Vip—n} via (Eio)[{vir,viz, .o Vet =
Cig- Thus we may alternatively seek to minimize 2(7,{ciy})
relative to {ci,} with unspecified {v;,} subject to the constraint
> i Cia/N = co. We may then perform the same perturbative
expansion in site concentrations as for the Helmholtz F.

III. VARIATIONAL GRAND POTENTIAL

It remains to determine an explicit form for the grand
potential Q2(7,{ciy}). In principle, Q2. [{&i,}] of Eq. (2) can be
computed for a supercell within the context of DFT. However,
this is near the limit of computational tractability. The first
simplification that can be made is to consider the distribution
P[{&,}] to be a perturbation from an uncorrelated distribu-
tion Py[{&ia}] = [; Po(&ie). Here, Pol&ir.éiz, - - - 6] = Cig
if &, = 1. The bar notation ¢, is a reminder that the
uncorrelated distribution is arbitrary at this stage. If Hy is
the mean-field Hamiltonian that gives rise to the uncorrelated
distribution Py[{&;,}], then a first-order expansion of Eq. (2)
from this reference state is

QT {via})

L 3 e PO H—pH = vk
{Sio{}

%

1
—5In Z a- IB(Qel - HO))e_ﬂ(HO_Zia Vigia)
{&ia}

Qo + (Qa — Ho)o = Q, 3)

X

where the logarithm has been expanded to first order in
B(Q2 — Hp) and (-)p means ensemble average with respect
to the uncorrelated distribution. We emphasize that this
expansion is most valid for small 8 and/or weakly correlated
systems. The entropy of the uncorrelated reference state is
easily known and we explicitly write

Q(l)[{via}v{éia}]

= —TSo— Y viaNoa + (ol (Tl

o

=Y G — Y Vel + (Qedol(Eall, (@)

where as before v;, = 0. By the Gibbs-Bogoliubov-Feynman
inequality [21], QU is in fact a variational upper bound on
. Minimizing with respect to {Cii,...,Ci(n—1)} gives the
optimal uncorrelated reference system. See Fig. 2 for an
example application of this variational principle applied to
a hypothetical one dimensional alloy. That is

0= _ g le 4 28 g

0Ciq Cin 0Ciq

This equation establishes a reciprocal relationship between
{ci1, ... ,Ei(nfl)} and {viq,... ’Vi(n—l)}- It effectively pins
each uncorrelated reference system to a corresponding
physical system and vice versa depending on (S2)o. A
perturbative Landau analysis on Q(1[{¢i,}] precedes as
before. Also note that Ci, = (§i)o and ciy = (&) need
not coincide for given {v;,}. While the above relation
for Q ~ QM is more explicit than before, it remains to
determine

(Qado =Y _ [ | Polia)Qeil{£ia}].
{Eia} 1

Note (€2¢1)0 has no explicit dependence on chemical potentials
{viy}. While the ensemble average is now uncorrelated, it still
contains the intractable factor Q¢ [{&i,}]. We now consider
the computation of this term from first-principles electronic
structure theory.
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FIG. 2. Results for a toy one-dimensional binary alloy consisting
of twelve sites with periodic boundary conditions. Atoms are of kind
A or B and the units of energy are arbitrary. Nearest-neighbor A-A
pair energy is 5.0 and second nearest-neighbor A-A pair energy is 2.0.
All other pair interactions are zero. (a) Exact and variational grand
potential for fixed concentration 0.5. The exact answer is calculated
from a grand canonical weighted sum over all 2!2 configurations.
Note that the variational upper bound becomes loose at large f.
(b) Exact and variational Helmholtz free energy versus concentration
of A atoms for B8 = 0.2 (lower curves) and 8 = 2.0 (upper curves).
The variational bound becomes tight in the ordered limits ¢ — 0 and
c— 1.

IV. MULTIPLE SCATTERING THEORY

To evaluate ()9 a framework is needed to solve
the electronic structure problem and to effectively perform
the ensemble average. Here the intention is to solve the
electronic structure using DFT and the multiple scattering
technique. The advantage of the multiple-scattering (or KKR)
technique [22,23] is that it provides a generalization for
approximating the ensemble averages. This is based on the
CPA and described in the next section. We briefly mention
the key notions and equations of multiple-scattering without
derivation. This will provide a starting point for the linear
response theory outlined later.

Density functional theory maps the many-electron problem
to that of a single electron traveling in a effective crystal
potential V(r). The V(r) is the average Coloumb field
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of the nuclei and electrons plus an additional tem Vi.(r)
that compensates for exchange and correlation effects. It is
nominally a full functional of the electron-density. In the
local-density approximation, this dependence is reduced to
Vie(®) = f(p(r)), where f(p) is a univariate function. Many
choices are available for Vi.(r) and any of them is equally
suitable for our purposes.

Multiple-scattering theory solves the reduced one-electron
Schrodinger equation by giving a procedure for calculating the
Greens function G(E;r,r') = (r|(E — H)™'|r'). Tt is based
on a partitioning of real space into volumes V; about each
site. This naturally defines a set of nonoverlapping potentials
Vi(r) = V(r) for r € V; and Vi(r) = 0 otherwise. The proce-
dure for G then proceeds in two steps:

Step 1. For each site i and composite angular momentum in-
dex L = (£,m), the Schrodinger equation [—V? + Vi(r)]y =
Er is solved for two linearly independent solutions ¢i (E; r)
and Jiz (E;r). These are defined by boundary conditions

}ii%@L(E;r) — je(ﬁr)Yem(r),
lim i (E;7) — JeWEF)Y(r)

for spherical bessel j;(r) and spherical harmonic Yy, (7).
The Jost function ¢;;(E;r) is transformed to the more
useful Zi (E;r)=)", ¢1L/(E;r)((xiti_1)LrL using matrices
ai.rr/(E) and ti.1 1/ (E) to be defined presently. Both Zi; (E;r)
and Ji (E;r) play a key role in the theory. Occasionally,
we also have need for the regular scattering solution; self-
consistently defined as

Ri(E;r) = jo(NEr)Yu,(r)

n / dr'Go(E.rrWir R (Esr'),  (6)

where Go(E,r,r’) is the well-known free-particle Green
function. From this, we can also define a so-called alpha
matrix Qi1 via Ry (E;r) — ZL’ jg/(\/fr)YL/(l")Oli;L/L as
r — 0. The alpha matrix will be used in Lloyd’s formula,
to be described later.

In addition to these wave solutions, the on-shell scatter-
ing T(E) operator for each potential Vi(r) is needed. The
definition and computation of the 7 operator follows from
conventional scattering theory [24]. We calculate this operator
in a basis of jg(«/fr)ng(r), writing ;.21 (E). When Vi(r)
is a spherical scatterer and the site scattering phase shifts
8i¢(E) are known, then f;.; 1 /(E) = —8;€'%¢®) sin 84 (E) /v E
for Kronecker delta §,¢ . It is not, however, necessary that V;(r)
be spherical. In general,

ti;LL’(E):/drjl(\/fr)ylm(r)vi(r)RiL’(E;r)~ (N

Lastly, the #; matrices are concatenated along the diagonal of
a supermatrix tiz;;; (E) = &ti;r/(E). This supermatrix has
combined row (column) index (i,L).

Step 2. The independent, site-centered solutions are stitched
together by calculating the so-called scattering path operator
(SPO) supermatrix

_ —1
Tiir= [ = Gol 0 (®)
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Thestructure constants Goir;ji/(E) are a priori known given
lattice site positions {R; = R; + h,} [22]. They are indepen-
dent of the crystal potential V(r). Since we consider the lattice
fixed we may take the structure constants for granted. The
interpretation of the SPO element tj; is it gives the analog of
the 7" matrix that connects incoming waves on site j to outgoing
waves on site i. Finally,

G(E;rr') =Y Zu(E;r)tiu(E)Zi(E;r')
LL

— 8y ZZiL(E;V<)JiL(E;V>) )
L

forr € Viandr’ € Vjandr. = min(r — Ri,r’ — Ry)andr. =
max(r — R;,r’ — R;).

Using the Greens function it is easy to compute the electron
density p(r) and density of states n(E) as a post-processing
step. These are

1
or)=—— 1in})Im/ f(E —w)G(E +ie;r,r)dE,

JT €~

1 (10)
nE)=—— lin(l)Im/ f(E —nw)G(E +ie;r,r)dr

JT €~

for Fermi-Dirac function f(E — w). The electronic potential
w is fixed to ensure an overall charge-neutral system. It
is at this stage that finite-temperatures enter the electronic
formalism. The choice of a numerical grid of energies { E;} for
evaluating the above densities dictates the energies that need
to be considered in the above process. If a potential Vi () is
solved via the Poisson equation V2 Vi, (r) = —ep(r), then the
previous procedure can be repeated until Vou () := Vigar. (r) +
Vie.(r) = Vin(r). This establishes a self-consistent potential.
Using p(r) and V(r) it is possible to write an expression for
the grand potential €2.;. We do this in the next section when
we simultaneously consider how to simulate the () ensemble
averaging.

V. COHERENT POTENTIAL APPROXIMATION

PHYSICAL REVIEW B 93, 054206 (2016)

{tio(E)}. To continue, the CPA seeks an optimal mean-field
medium of scatterers {t;.(E)} (¢ for CPA) that coherently
accounts for the average scattering properties of {ti,}. As per
multiple-scattering theory, this optimal mean-field medium has
corresponding SPO ri"L;j = [tc’1 - GO]_ii;‘ - Now consider
the same mean-field medium {#;.} but with embedded impurity
atom « at site ig. In this case, we make the site substitution
t:(iogle’ = (Sij(snol‘ia;LL/ + (Sij(l — 8iig)tic;LL" Its COITCSpOIldiIlg
SPO is Ti% = [(t*)~! — Gy]~!. Using Eq. (9), we can also
construct an associated Greens function G*(E,r,r"). To fix
the medium {#;.(E)}, the CPA makes the physically sensible
constraint that

=) Gaty (11)
at every site i for ensemble provided site concentrations
Ciw = (&€ix)o. This condition states that performing an SPO
averaging over impurities at a given site restores the mean-field
SPO. It could also be reformulated as an averaging over Greens
functions if desired. Given 7* we can define site-dependent
electron densities pi,(r) and density of states ni,(E) via
Eq. (10) with G = G*. It remains how to determine Vig.out(r)-
This has been considered in detail by Johnson et al. [25] and
is given by

Vie(r) = Vae(0ia(r)) + 62/ dr’M

Vi lr —r']
= (v _Za /
+622/ dr' p](r) i6(r") ’ (12)
o V; |r+Ri—Rj—r/|

where Z, is the atomic number of atom «, and p;(r) =
Y, Ciapie(r) and Zi =Y ¢iuZ, are site averages. The
second and third terms represent the intra- and intersite
Coloumb interactions respectively. Using this prescription,
one can take Viy ou(r) = Vig.in(r) until self-consistency is
achieved.

For convenience, we here define CPA related quantities that
are used extensively in expressions to follow:

The coherent potential approximation (CPA) [17] is a N A (13)
mean-field technique for addressing the ensemble average in

(Qe1)o. To accommodate disorder, the single potential V;(r) Dy, =[1+ rﬁAw]_] = AL Xia, (14)
at each site i is replaced by the set of potentials {Vi,(r)}.

This in turn leads to a series of associated 7 matrices Diy = [1 +Amr§]7l =XmAi_al. (15)
|

The electronic grand potential is related to the total number of electrons by the thermodynamic relation 92/du = —N. The

average integrated density of states (N(E)) is approximated within the CPA by Lloyd’s formula [26]

1 . _ _ ~
Ne(E) = No(E) + —Im | In 7)) + 3 & (In oty | —n | DG/ | (16)

i

where Ny(E) is the free-electron integrated density of states and the «;;, matrix is defined in Sec. IV. The determinant ||7¢|| is over
the composite indices (i,L), while the remaining determinants are over indices L only. The Lloyd formula obeys a variational
property SN, /8t;, ! = 0 when varying the mean-field medium {r;.} away from the CPA solution while holding potentials { Vio (1)}
fixed. Notably, this formula is the multiple scattering generalization of the Friedel sum rule.
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Performing a series of integrations and nontrivial substitutions on 9$2/du = —N, one obtains an expression for the grand

potential. Johnson et al. [25] have derived

Q, = [—/dE f(E — w)N(E) — Zfia/ drpm(r)Vw(r)}
i Vi

1 L / 47 pa(Pexe(pia) + & ch / dr / ar’

2Z48(r)pia(r)]

1010( (r) Pia (V ) —

[pia(M)psp(r) — 2Za8(r)pip(r') + Zo8(r)Zgs(rH1 ¢ (17)

+ = ZZC‘“CJﬁ/dr/ |r+R—R

i# of

The univariate function ex.(p) will depend on the choice
of exchange-correlation functional. It can be shown that the
first term in braces is the band contribution and the remaining
term is double-counting corrections. An important property
Q. satisfies is §$2./8pi(r) = 0 for all pi,(r) at fixed {Ciy}.
Therefore it satisfies a variational principle much in the spirit
of finite-temperature DFT as described by Mermin for ordered
systems [27]. The above 2. provides the explicit description
for (Qe)o needed to evaluate Q.

VI. EFFECTIVE PAIR INTERACTION

Considerable effort must be expended to evaluate (€2¢1) in
a first-principles framework. We see in this section how the
resulting theory can be mapped to an effective pair interaction
model. These effective pair potentials are ideally suited for
Monte Carlo simulation. This circumvents the need for Landau
theory and in-principle enables us to anticipate both first and
second-order transitions. Recall the Landau theory as we have
applied it only computes an absolute instability of the high-
temperature state. Therefore the Landau based theory is best
suited for second-order transitions.

Key to this section is that the expansion in Eq. (4) will be
unaffected if we substitute some (Hegr)o that mimics (Q21.)o.
In particular, we desire §{Heg)o[{Cin}] = §{e1.)0[{Cis}] for
allowed {Ci,}. In this case, Eq. (4) may be identified as the
grand potential of a system with uncorrelated probability
distribution Py[{&i,}] and total energy U = (H.s)o. Suppose
we make the ansatz that a given configuration {&;,} has
effective energies

Hel{Ei0}] = Z Viesip€ia&ips (18)
iojp

HellEal = 3 Viajsbiabip- (19)
i) B

Recall a prime on a summation omits the «, index. We take

the above pair interaction parameters to be symmetric, that is,
Vie;jp = Vigje» €tc., Eq. (18) assumes a host-invariant picture
and assigns pair energy Vi,.js between atom « at site i and
atom S at j. Via;j g 1s an n x n matrix in component indices.
On the other hand, Eq. (19) considers Viqjg as the energy
of exciting pairs from a host medium of «, atoms. In this
case, Vig;jp 1s an (n — 1) x (n — 1) matrix. Again, our key
requirement is for Egs. (18) and (19) to be valid substitutions in

_r/|

(

Eq (4) Therefore we demand 5( eff)() = 5( eff)() = 5( )()
for allowed site-concentration variations. Thus

8{Herr)o = Y Viarjp(8TiaCp + CadCip + 8CiadCip)

iasjp
/ ~
= Y ViaipbCiaCip = Y ViasipdCiaBlip  (20)
iasjp iasjp

when expanding about the high-temperature disordered state.
The first-order terms vanish due to translational invariance and
> . 8¢iq = 0 for allowed variations. Equation (20) relates the
two pair parameters by

Vieip = Viesjp + Vinjn — Vi — Viagjn- 2D
The reverse transform from Vig.jg — Vigjp is not unambigu-
ously defined. In fact, we may gauge transform Vm;j g —>
Via;j g + ¢o¢p for any mean-field term ¢, without affecting the
expansion in Eq. (20). We fix this gauge momentarily. By com-
parison to Eq. (4), we can make the convenient identification

2
Vie: 3 = a Qe O/BC]/S 0Ciy |rm dependent = Sfa)]ﬁ’ (22)
> 2
Via;jﬂ = 8 el ()/acjﬁ 8sz |c.,, independent — Sl(a)w (23)

In Eq. (22), the last concentration ¢;,, is considered dependent
on the others via ), ¢, = 1. In Eq. (23), this constraint is
dropped and the derivative is only defined in a formal sense.

The superscript “(2)” is conventional and denotes a second
derivative. We shall see in Sec. XI that Sfi) i obeys the sum rule

Z CiaSinis = (24)

for all i;jB. This permits us to fix the gauge on Vw,;jﬁ and
define a reverse map Vigjp — Via;jp. This is

~ !
Vingjn = E CiaCia Via:jp
a
E Cio Vi i

Vieip = Viaip — Vinn + Vinig + Vinga-

Vin;jﬂ - ln gn T

It will be convenient to convert between host-dependent and
host-invariant interaction pictures as needed.
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VII. CHEMICAL FLUCTUATIONS

The diffuse scattering intensity in alloy diffraction exper-
iments is directly proportional to a sum over second-order
correlations among site occupancies. We define short-range
order

Vigjp := (Sindip) — (§ia) (5ip)- (25)

From Eq. (2), it is easy to see —0R/0viy = (€ig) = ciq and
—02Q/0VigdVviy = dCig/0Vig = B Wig:jp. It is also easy to see
> Yiasjp = 0. Therefore this is a singular n x n matrix for
given 1i,j. Now the relation between site concentrations {cis}
and site chemical potentials {v;,} is unknown. Instead, we can
relate optimal variational parameters {Ci, } to {vi,} via Eq. (5).
This allows us to estimate Wiq;jg via

Wigiip = B 0Ciq/OVip. (26)

The bar notation is a reminder that this is an approximation.
Because ), ¢, = 1, it also satisfies ) _, Wiy.ip = 0. Never-
theless, Wi,;jp is not guaranteed to satisfy all the sum rules
Wi, does. For instance, the site-diagonal piece Wiy.ig =
(8iadap) — (§ia)(5ia) = Ciabup — CiacCip. This need not be true
for Wi4.jg. We discuss how to restore this site-diagonal sum
rule in Sec. X. By differentiating Eq. (5) with respect to cjg
while holding remaining {ciy, ... ci,—1)} fixed, we find

3up 1 i 3%
0= 8" 1%( + _—> o+ —3-4( ael_?o,
iB Cjp0Cia

Cia Cin
o 27
0= ﬂ ( 8 ux]ﬂ) Swt]ﬂ’
where we used the definition in Eq. (22) and also define
Cop = Ca(Bup — Cp),  Cop = (Bup/Cu + 1/Cn), )
Cop = dap/Ca-
The host terms arise because ci, = ciylcit, - - ..Cin—1)] 1S a

function of the other n — 1 on-site concentrations. Note that
\I’i;}j P is defined as the inverse of the upper-left (n — 1) x
(n — 1) block (in component indices) of \I/ig;j - Equation (27)
relates the approximate short-range order W to electronics of
the CPA medium through matrix Sla 5p- This relationship is
formally similar to the short-range order expression derived
in a Gorsky-Bragg-Williams [28] model with pair interactions

Viesjp substituted by Sf?} - Again, we see it is possible to

interpret Sfi)) s as an effective pairwise interaction.

If we use Eq. (5), we can set QO [{igh {1 = QUi
as a function of site concentrations {Ci,} only. Performing a
second-order expansion then gives

3 Vey —
s — Z 8¢ | B~ ‘I’ux;ﬁ Z Cor gz ae 9¢;50¢ %8
w{ ~ Cijp0Cig

+ ... (29)

This expression gives the change in grand potential by
indirectly varying the physical system through a variation
of the corresponding, pinned uncorrelated reference medium
[cf. Eq. (5)]. The second term in brackets accounts for changing
chemical potentials {vi,} as {Ci,} varies. This term would be
absent if we instead held {vi,} fixed and independent of {Ci,}.
By independently setting {Ci,} and allowing vi, = vig[{Cis}]

PHYSICAL REVIEW B 93, 054206 (2016)

to vary, we are in effect working in the canonical ensemble.
The canonical ensemble fixes {c;,} and allows fluctuations in
{vie}. The reverse is true in the grand canonical ensemble. In
the thermodynamic limit, these fluctuations are assumed not
to play an important role. Based on these expectations, we
ignore the fluctuations in dvg, /0Ci dC;p as insignificant to the
relevant physics. Thus we drop the second term in Eq. (29)
and identify QW = §FD_ In that case, we find the physrcal
system is unstable to infinitesimal fluctuations when \Ilw e
no longer positive definite. If we Fourier transform, we have
to second order

SFO = - Zzacw(m B s (K)]8205(k)

k awbp
1 ,
=3 DY 8Caak) [(BC)ygbab — Searpp ()]8C0s(K)
k aobp
1 3 3
=32 D 8aalk)[(BCY b — Sl (k)]s (k).
k aabp
(30

Note that the third line implies a sum over all components
and uses only host-invariant parameters. Similar to Eq. (4), the
variational free energy is

FU=-TS+U=p") GaInc,+

i

(Qe1)o. (3B

From Eq. (31), we identify (BC),; = 84p/Cq as the entropy

cost of a variation. Similarly, we identify S bﬁ(k) as the
energy cost of pair creation. Further, Eq. (30) 1mp11es that the
cost of a fluctuation along mode k is inversely proportional to
the short-range order parameter \Paa;bﬂ (k). This is intuitively
satisfying as the short-range order parameter is a measure of
the tendency of atoms to cluster. Lastly, we infer an absolute
instability point at mode ky when matrix 8 ’I\Pa;l;bﬂ(ko) has
its lowest eigenvalue pass through zero. We discuss the
interpretation of these eigenvalues and eigenvectors for the
multicomponent case in the next section.

VIII. CHEMICAL POLARIZATIONS

The set of variables (8¢a1(k), . . .,8Ca,(k)) for given wave-

vector k and unit cell basis position “a” form coordinates
in a concentration space. For sirnphclty, we consider a
monatomic basis and drop latin index “a.” The origin §¢, (k) =

0 corresponds to the fully disordered hrgh -temperature state.
From this reference state, we only allow coordinate moves
that preserve ), 8¢,(k) = 0. This confines us to a subspace
that preserves the total component concentrations. Throughout
this paper we have frequently chosen to work with the n — 1
independent variables {6¢;(k), ...,6Cy—1)(k)}. In this frame-
work, (BC),; and S3(k) of Eq (30) are (n — 1) x (n — 1)
matrices with respect to component indices. One difficulty
with this point of view is that diagonalizing such quantities
in the subspace (6¢i(k), ...,8¢—1)(k)) assumes the metric
62112 = 3", 8¢,(k)*> (N.B. prime). This is a host-dependent
metric and leads to eigenvalues and eigenvectors that are
only meaningful in this frame of reference (cf. Fig. 3). On
the other hand, the most canonical metric over concentration
space is [|6¢|)> = D 8¢,(k)? (no prime) as it is host-invariant
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§Cars

\

§Ca,

FIG. 3. Variations in concentration space of a three-component
alloy with hypothetical § F" contours (solid red) centered about
the origin §¢ = (0,0,0) (red dot). The contours have a contrived
symmetry so that every vector within the subspace 6¢,, + 8¢y, +
8Cq; = 0 is an eigenvector. One orthogonal pair of eigenvectors is
shown (centered arrows). The projection of contours and this pair of
eigenvectors onto the subspace spanned by (8¢y,,0Cy,,0) is shown
below (dashed blue). The inset shows a top-down view of projected
contours and eigenvectors. Key here is that projected eigenvectors do
not align with projected contours. Therefore care must be taken to
define eigenvectors in an unambiguous and consistent manner.

and a good gauge of the total size of a fluctuation. (As
a point of contrast we note that Singh er al. [10] choose
a host-invariant metric by considering {5¢;(k), ...,8¢,(k)}
to be the n barycentric coordinates of an (n — 1) simplex
embedded in a (n — 1)-dimensional Cartesian space. This is
motivated by a preference to work in the coordinate space of
the Gibbs triangle or its higher-dimensional variants.) Thus our
scheme is to diagonalize the n x n matrices (8 C’);ﬂl and S’é?(k)
(N.B. tilde) over the complete space (6¢i(k), ...,8¢C,(k)).
This uses host-invariant coefficients and metric. However,
it permits eigenvectors that do not preserve ), 8¢, (k) =0
because of the unconstrained diagonalization. To constrain the
diagonalization, we first perform a norm-conserving change of
variables to isolate the nonphysical degree of freedom. Thus
we define a new set of variables 87,(k) = Z,s Oupdcp(k),
where

T 12 d -1 0 00 -~ 0) ]
1/v6 (1 1 -2 00 - 0)
1/Ji2, 4 1 1 =30 - 0)

0=
/Jni—=D (1 1 1 11 1—n)
L 1y a1 111 H

is an orthogonal transform (i.e., 00T = 1). It is easy to see
by inspection that the rows of O form an orthonormal set.
The last row isolates the frozen degree of freedom &1, (k) =

PHYSICAL REVIEW B 93, 054206 (2016)

Y. 8¢q(k)/+/n = 0. In this new system of variables,

S > >~ 06,8200, =: 87 (k).

%
JLv

(BCYap = D Oun(BO), Oy =: (BC)5-
y7aY

In terms of which, the free-energy of Eq. (30) is

1 . o
oFV =23 Zﬂ Sna (k) [(BC)gp — 855 (0]80p(k).  (32)

k

To restrict the diagonalization to the relevant subspace we
replace S2(k) = S@(k) = (BC);} = (BC);! =0 for all a.
These matrix coefficients are irrelevant since §7,(k) =0
always. On finding the eigenvectors and eigenvalues in the
dn variables, we may always transform back using 8¢, (k) =
> P 0556 ng(k). There are n — 1 eigenvectors but each eigen-
vector has n components on including é7,(k) = 0. We may
then write

SFO = 23 L) se, 80 (33)
ks

for eigenvalues A,(k), eigenvectors des(k), and concentration
space inner product (v|w) := Za Viwy. Eigenvalue Ag(k) is
the energy cost for a concentration wave de (k) with magnitude
> Ses;a(k)2 = (8es(k)|des(k)y = 1. All eigenvectors satisfy
>4 8es:(k) = 0. This reflects the sum of concentrations being
preserved for each mode. Finally, eigenvectors are “orthogo-
nal” to each other, i.e., (§es(k)|de;(k)) = 85;. At high temper-
atures, (BC );ﬁl dominants Eq. (32). In this case, eigenvectors
point in directions of maximum entropy increase and the
electronics of the alloy are not relevant. At low temperatures
vgjg) dominates. In this case, eigenvectors point in directions of
favorable atomic ordering as based on the electronics.

IX. LINEAR RESPONSE

One way to compute approximate atomic correlations ¥
is by working out the linear response and then computing
the ratio Wiy.jp = B~'8Cia/8vjp. Therefore in this section we
seek to determine the linear response of the homogenous CPA
medium on applying infinitesimal variations {5vi,}. We also
find S® as byproduct of this procedure via Eq. (27).

Before proceeding we note the CPA solution is self-
consistently constructed out of many interconnected quanti-
ties; including site chemical potentials {v;,}, site concentra-
tions {Ciy}, site charge densities {pi,}, site potentials {Vi,},
site scattering matrices {tiy}, site CPA scattering matrices
{t;.}, and CPA scattering path operator 7. All these quantities
are ultimately determined by external site chemical potentials
{vie}. However, it is simpler to find only the variational
relationship between those quantities that are directly coupled.
This leads to a ring of coupled equations that together
determine the total variation of the CPA medium. This staged
approach also helps to organize and interpret the mathematics.

The key variations needed are Eq. (11) to establish variation
of CPA medium #;.; Eq. (12) for variation of site potential Vi;
Eq. (10) for variation of charge density pi,; and Eq. (17) for
variation of the electronic grand potential. The variation of
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each of these requires a concerted effort and is relegated to
appendices. Here we define the needed quantities and give the
final coupled equations.

There are a few simplifications made in the course of
solving the mathematics. First, we only consider a Bravais
lattice without basis. Therefore i — i in what follows. Indeed,
many high-entropy alloys are either of the FCC or BCC type.
Second, the charge-density response 8pi(r) is expanded in
terms of an orthonormal basis f, (r) of functions. These satisfy
[ fu(r)dr = 8,1 and f(r) = 1. Legendre polynomials may be
used to fit this requirement. This basis expansion reduces the
related degrees of freedom from the number of points along a
grid (~1000) to a small number of basis coefficients (~5). It
also discretizes the charge density associated volume integrals.
Any superscripts n,m will refer to indices in this basis. Context
will distinguish these indices from number of components 7.
Explicitly, we define the charge response

q)n

iasjp = SUjﬂ /dr,o,-a(r)f,,(r)dr. (34)

J

1
A= —— | de f(e — ) Im dr/ dr’fm(r)Ga(e;r,r’)[
T Vo

PHYSICAL REVIEW B 93, 054206 (2016)

Take care to note this is a rectangular matrix of dimensions
ne X (n. — 1) for an n, component alloy. Third, we make the
approximation |r + R; — R; — r'| — |R; — R;| when appro-
priate ]cf. Eq. (17)]. This is equivalent to keeping only leading
monopole terms for Coulomb interactions between pairs of
cells. It permits us to work in terms of site charges

O i= / drlpa(r) — Zu8(F)]. (35)
Vo

polarization P; := ), i Qiq, and Fourier transform

2
e ;
M(k) =) —RAe—k'Rf (36)
i#0 !

of the lattice electrostatic pair interaction.

We now define site relevant quantities using Fermi-Dirac
function f(e — w), site impurity Green function G, site
regular solution Z,.; (r), and basis functions f,(r):

dVXC / / Vi 62 " /
Pal N ) + ( f e — ))]Ga(e;r ),
dp W =]

Vo
(37)
B) = —% de f(e — ) Im dr/ dr' fu(r)Gy(e;r,r)Gyle;r' 1), (38)
Vo Vo
F[S;LL’ = _/ Adr 2.1 (r)Zo;1 (r) fu(r), 39)
Vo

Xc 62
Uprp = —/ drZy,1(r)Zo./ (r)|: (0 (1)) fulr) + (/ ] fn(l’/))]- (40)

V[) V() -

The lack of site indices i follows from the equivalence of all sites in the homogenous reference.
In addition, it turns out that it simplifies the expressions to work with enlarged supermatrices with row (column) indices given
by composite index (L;,L,) for Ly,L, independent angular momentum indices. Understanding this we can define CPA related

supermatrices
Dz, 202524 = D13 Doiislss (41)
D1y 1o:15Ls = Da:ry1,Dasryiss (42)
XiLoiLsL, = ZEaXa;L]L3Xa;L4L27 43)
o

1 X .

Cr iy, (k) == V_/dq AT(Q)r, 1, At (q — k)1, (44)
BZ

where the matrix At°(q) = t°(g) — 75, and T°(q) is the Fourier transform of the CPA SPO tf

:. These may be thought of as linear

operators on the vector space L x L. They are used to describe the response of ¢, and ¢, matrices. The computation of C(k) is
expensive as it requires a convolution integral of the SPO t¢(k) over the Brillouin zone.
We can now state a set of coupled equations for Fourier transformed short-range order parameter W,g(k):

§P
E(k) = Z(Qa -

8vy

0B, (k) + ) 2, ®,, (k). (45)

P
Z ULy (k) + F;M(k)a(k), (46)
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[ —X@(k)] (k) Z(x - X )ﬂ%y(k)JrZCuD (k) (47)
o (k) = ZA””’CD" (k) + B’”M(k)—(k) - = / de f(e — )ImZ FL”LL/[ ] , (48)
LL Lr

B, (k) = BCyy + Z ﬂCW{ f def(e — M)ImTr|:(X

Here, P, := ZM Ci;Qiy describes how charge rearrange-
ments polarize the inhomogenous medium. Charge neutral-
ity requires ), P; = 0. Equation (45) simply describes the
changing polarization in terms of changing site charges and
concentrations. Equation (46) describes how f;, varies as
charge rearrangements influence the on-site potential V;, via
Eq. (12). The variation of Eq. (12) gives rise to Egs. (45)
and (46) and is derived in detail in Appendix C. The coherent
medium response 87" is determined in terms of changing
site-scattering matrices d¢;, and their occupancies §¢;,. Both
of these feed into Eq. (47) and arise from a variation to
Eq. (11). It is derived in Appendix B. Equation (48) encodes
the charge response 8p;,,. The first two terms give the response
from a direct variation of on-site V;,. The remaining term
gives the response due to the off-site, average CPA medium.
Eq. (48) arises from a variation to Eq. (10) and is derived in
Appendix F. Lastly, Eq. (49) relates the atomic correlations
to the changing energetics. The first term in braces gives the
band-energy contribution and the second the Madelung energy.
Equation (49) arises from a variation of Eq. (5) and is derived
in Appendix E. Note that the above equations do not couple
different k vectors. This enables for different k values to be
solved simultaneously.

X. ONSAGER REACTION FIELD

As mentioned in Sec. VII, the true short-range order
parameters obey site-diagonal sum rule Wiyig = Cop. In
addition to this, there is a sum rule obeyed by the exact charge
response defined in Eq. (34): CIDSX")Iﬂ = 0. This result follows
from fully considering

pia(r) _ 3 (pi(MEia)
dvig dvig  (&ia)

0
— pA(r)g.ae_ﬁ(Qel_ZjMvj;léjﬂ)' (50)
dvip <sia>;}‘ ‘

On the other hand, the charge response CDSZ’)] 8 inherent in
Egs. (45)-(49) need not obey this sum rule because of
approximations used.

The Onsager reaction field is a technique that can re-
establish these sum rules in the approximate linear re-
sponse [7]. Consider first the sum rule for the short-range
order. Using Eq. (27), we can write the short-range order in
the self-consistent fashion

Biaip = [(BO) ' = SPILL,
=[(BC) + (BC)SP(BC) + - Tiusjp
= [(BC) + (BO)SP(BIY)iasip- (51

n)C(k

SP
] —(Qs — Qn)M(k)W(k)}~ (49)
Y

[
In terms of the explicit variations {6¢i,} and {6V, };
8Ciq = Z (BCapdvig + Y (BChuy Sdcts.  (52)
y;€8

As before, we know the true short-range order obeys
8cio/8vig = BCop when varying Svig and setting dvj, =0

(a) 0.25
. 015
;—2
= on-site ———
< 0.05 Ist neighbor ———
€D 2nd neighbor
< -/_\ 3rd neighbor
= -0.05 4th neighbor
S \ \ 5th neighbor ———
-~
2 0.15 \
-0.25 ‘
0 2 4 6 8 10
Ié;
(b) 0.40 : :
exact (V) ——
030 1 . . variational (W) ------ |
0.20 t onsager (\TJ) ——-
0.10 }

0.00
-0.10 +

-0.20 +

-0.30

FIG. 4. Short-range order parameters for the same toy model as
described in the caption of Fig. 2. One-dimensional short-ranged
models are a especially difficult case for mean-field theories. Never-
theless, this toy model serve as a useful illustration of the utility of an
Onsager reaction-field correction. (a) The exact short-range order of
Eq. (25). From top to bottom (at large ) curves correspond to on-site,
second, fourth, fifth, third, and first neighbors, respectively. Note that
the small B ordering does not necessarily reflect the large B ordering.
At large B, the system establishes a -A-B-A-B-A-B-A-B-A-B-A-B-
pattern. (b) The variational short-range order ¥ of Eq. (26) and
Onsager corrected short-range order ¥ of Sec. X in the small 8 limit.
Note that inclusion of an Onsager correction suppresses a divergence
in ¥ and shows a striking increase in range of validity.
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otherwise, regardless of the correlations. We see Eq. (52)
violates the sum rule in such an instance due to the presence
of the second term. Let us therefore define a self-reaction
field 8cj(?,v‘) to be the concentration variation at site j when
considering only variations of on-site chemical potentials
{6vi1, ... ,0Vi—1)}. To restore the sum rule we then consider
the ansatz

8éia — Z (BCapdvig

Z ('BC)‘XV iy ea (5C?5 - (SA((BV ))

y;€s8
’ 2 R 0Ces
= 3 By P[0 = Y . o
y;ks e

(33)

The change in notation &8¢, — 8¢, reflects the changed
definition of the concentration variation in terms of site
chemical potentials. The above definition is consistent with
8Ciq/8vig = (BC)op when only on-site §vig varies since in

J
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this case, 8¢;, = (BC),p8vig and the second term in Eq. (53)
cancels. This restores the on-site sum rule at all temperatures.
By reorganizing Eq. (53), we can also interpret the effect of
the Onsager reaction field as shifting the pair parameters via

S(y £ g Sl()z,)g,s Z Sl()z,)[,,(lg\ij[v;ie)(lgc)g_glaif
[v;e

=1 570 — Aysbie, (54)

where we have relabeled indices and naturally defined the

revised short-range order S W s.ic := 0¢(5/08Vviq. After taking

a lattice Fourier transform of Eq. (53), we find the site-
independent Onsager reaction field

Ays=7— dkz SO, () C ;' (55)
BZ

We can also consider this result in the context of Egs. (45)—
(49). In this case, the S(%)(k) parameters are not readily
identifiable. However, the same logic of subtracting a shift
A of the effective pair parameters can be applied directly to
Eq. (49). Thus we replace Eq. (49) with

- 1
B, (k) = BC,y, + Zﬂc,w{ / def(e — ,u)ImTr[(X - X )(C(k) (k)}

—(Qs — Qn)M(k)E(k) - Z’ Aa,s%yac)}, (56)
14

Ags = VBZ dkz { /def(e —,u)ImTr|:(X

SP -
:| —(Qs — Ql’l)M(k)8_(k)}Cy5‘ (57)
Vy

It is easy to verify the short-range order sum rule is obeyed by integrating both sides of Eq. (56) over the Brillouin zone. Similarly,
we can restore the on-site charge response sum rule by replacing Eq. (48) with

. A 5P 1
o (k)= Amdr (k) + B;"M(k)—(k) - = / de f(e —p)Im Y " F, |,

1

BZ

Again, the on-site charge response sum rule can be confirmed
by applying [ dk(-)/ Vgz to both sides of Eq. (58). The Onsager
reaction field improves the linear response of Egs. (45)—(49)
by inclusion of reaction fields Aqs and A [specified by
Egs. (57) and (59), respectively] to restore on-site sum rules.
See Fig. 4 for an example of the effects of an Onsager
mean-field correction in a one-dimensional toy model.

XI. BAND-ONLY REDUCTION

Due to the complexity of Egs. (45)—(49), we present for
the purposes of this paper a major simplification in which we
demand there is no charge transfer and no charge response. In
other words Q, = Qg and @Zﬁ(k) = 0. In this case, Eqgs. (45)—
(49) reduce to the single

_ ’ 1
B,y (k) = BCyy, + Z BC o <; f def(e — w)ImTr
x {(Xo — X))CR — XCEI (X, — Xn)}>
x B, (k). (60)

e ot $fure o

ZA 5 sy (K), (58)
) }C;;. (59)
»
[

By comparison with Eq. (51), we may identify the factor in
braces as S?) (k). And by comparison to Eq. (21), we may
identify

Lr

k) = / def (e — IMTr(X, C(k)[I — XCKk)] ™" Xp).

(61)

Despite freezing the charge, we still include the electronic
response due to band-terms in the total energy. It will
incorporate all band-related mechanisms, e.g., Fermi surface
nesting and van Hove singularities. Equation (60) retains the
computationally most demanding piece of the calculation,
which is the convolution integral C(k) and inversion [I —
XC(k)]~'. From Eq. (51) and the relation Y, ¢oXo =0
derived in Appendix B, it is clear ), ¢, S, (2) (k) = 0as used in
Sec. VI. From the form of Eq. (49), we expect this sum rule to
hold in the general case as well.
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TABLE 1. Self-consistent KKR-CPA solutions of representative equiatomic ternary alloys on an FCC lattice using the Hutsepot code.
Columns are the lattice constant (Bohr), electronic chemical potential (Ryd), net site charge (e), and site magnetic moment (i) ordered by
atomic number. Moments are disordered according to the DLM approximation and thus reflect a paramagnetic state. References provide the

source of lattice constant data.

Alloy a " 0, o) 03 M, M, M;

CuAgAu [33] 7.523 0.551 —0.115 0.036 0.078 0.00 0.00 0.00
NiPdPt [34] 6.901 0.801 —0.175 0.024 0.151 0.38 0.00 0.00
RhPdAg [35] 7.722 0.469 0.019 —0.029 0.010 0.00 0.00 0.00
CoNiCu [36] 6.832 0.634 0.035 —0.023 —0.012 1.49 0.00 0.00

XII. BAND-ONLY RESULTS

To solve the KKR-CPA equations we used the Hutse-
pot code made available to us by M. Daene [29]. We
used the atomic sphere approximation [30], a 20 x 20 x 20
Monkhorst-Pack grid [31] for Brillouin zone integrals, [;,x =
3 for basis set expansions, and a 24 point semi-circular
Gauss-Legendre grid in the complex plane for integrating
over valence energies. All self-consistent potentials are in
the disordered local moment (DLM) state [6]. This simulates
the high-temperature paramagnetic state. Calculations of the
convolution integral C and band-only, multicomponent S(%) (k)
is based on in-house code. An adaptive scheme based on nested
line integrals and Simpson’s rule is used for Brillouin zone
integrals of Eq. (44). This code used /;,ox = 2, 26 energy points
along a rectangular contour for energy integration, and fixed
T = 300K for evaluating Sgs)(k) at24 x 24 x 24 k points. The
multicomponent Onsager field correction uses an internally
developed code. A double Monkhorst-Pack grid scheme using
a high-resolution 96 x 96 x 96 mesh near the peak Sé?(k)
eigenvalue and lower-resolution 24 x 24 x 24 mesh otherwise
is used for Brillouin zone integrals of Eq. (55). The exchange-
correlation functional is that of Perdew-Wang [32].

Before proceeding, we note that our band-only results are in
fair agreement with a number of past calculations. These past
results have shown favorable comparison to experiment [7,9].
For PdRh on FCC lattice, past results find a concentration
wave instability at k = (000) occuring at 7. = 1850 K (1580 K
with Onsager correction) [7]. Using our codes and settings
described, we find 2300 K (1770 K). For NiZn previous results
find instability for £ = (100) at 1925 K (1430 K) [9]. We find
2140 K (1430 K). Past results for CuZn find incommensurate
vector k = (0,0.15,1) at 425 K without Onsager correction
and commensurate vector kK = (100) at 230 K with Onsager
correction [9]. We find instability at £k = (0,0.2,1) at 542 K
(160 K with Onsager). Past results for CuNi find & = (000)
at 680 K (560 K) [9]. We find 560 K (445 K). Finally, for
ternary alloy Cug soNig25Zng 25 past results find k = (100) at
1243 K (985 K) [9]. We find 1210 K (885 K). We also note
that for the Ising model on SC, BCC, and FCC lattices the
ratio of the mean-field predicted transition Ty to Onsager
predicted transition Ty is precisely known to be 1.516, 1.393,
and 1.345, respectively [37]. We get 1.53, 1.38, and 1.33,
respectively. Differences are likely due to the resolution of
numerical grids in the solver.

TABLE II. Effective pair parameters (mRyd) at R} = a/ V2 and R, = a calculated at T = 300 K. Pair energies are an order of magnitude
reduced in the second shell. Note that rows and columns sum to approximately zero. In general, ), ¢, Sﬁ; =0.

Vp(1) Cu Ag Au Vs (2) Cu Ag Au

Cu 0.998 0.253 —1.244 Cu —0.033 —0.002 0.035
Ag 0.253 0.007 —0.258 Ag —0.002 0.034 —0.032
Au —1.244 —0.258 1.495 Au 0.035 —0.032 —0.003
Vs (1) Ni Pd Pt Vip(2) Ni Pd Pt

Ni 2.054 0.021 —2.062 Ni —0.297 —0.032 0.327
Pd 0.021 0.013 —0.033 Pd —0.032 0.044 —0.013
Pt —2.062 —0.033 2.083 Pt 0.327 —0.013 —0.312
V(1) Rh Pd Ag Vs (2) Rh Pd Ag

Rh —3.123 0.526 2.578 Rh —0.120 0.087 0.032
Pd 0.526 0.197 —0.720 Pd 0.087 0.017 —0.104
Ag 2.578 —0.720 —1.843 Ag 0.032 —0.104 0.071
V(1) Co Ni Cu Vs (2) Co Ni Cu

Co —0.303 0.171 0.130 Co 0.110 —0.035 —0.074
Ni 0.171 0.047 —0.217 Ni —0.035 —0.009 0.044
Cu 0.130 —0.217 0.088 Cu —0.074 0.044 0.030
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TABLE III. Chemical stability matrix eigenvalues (mRyd) and corresponding polarization vectors at I and X for the same temperatures as
in Fig. 5. Low-energy fluctuations are highlighted. Temperatures have been chosen above the mean-field absolute instability point determined
by W,s(k; T). The fluctuations presented are finite but the formalism is only valid in the infinitesimal limit.

A“Oy T k (SF(1> 551 552 853

CuAgAu 750 r 13.744 —0.535875 0.801443 —0.265568
CuAgAu 750 r 45.722 —0.616039 —0.156062 0.772101
CuAgAu 750 X 14.664 —0.517672 0.805656 —0.287984
CuAgAu 750 X 3.202 —0.631413 —0.132610 0.764023
NiPdPt 1100 r 21.437 —0.433233 0.8159761 —0.382743
NiPdPt 1100 r 69.545 —0.692081 —0.029150 0.721231
NiPdPt 1100 X 21.140 0.440102 —0.815645 0.375543
NiPdPt 1100 X 2.295 0.687733 0.037273 —0.725006
RhPdAg 5000 r 101.954 0.310183 —0.809186 0.499003
RhPdAg 5000 r 6.128 0.755284 —0.109015 —0.646268
RhPdAg 5000 X 92.652 0.224583 —0.792124 0.567540
RhPdAg 5000 X 118.014 0.785003 —0.198006 —0.586996
CoNiCu 400 r 4.324 —0.786458 0.583262 0.203196
CoNiCu 400 r 12.331 —0.219431 —0.571377 0.790808
CoNiCu 400 X 2.229 0.465829 0.347820 —0.813649
CoNiCu 400 X 8.523 0.670574 —0.738707 0.068132

We now present band-only results for CuAgAu, NiPdPt,
RhPdAg, and CoNiCu on an FCC lattice. The first two alloys
respectively are isoelectronic (same group) and the next two
have adjacent atomic numbers (same period). In all cases, we
take equiatomic concentrations. In Table I, we present site
charges and moments of the high temperature fully disordered
paramagnetic reference state. There is greater charge-transfer
for the isoelectronic alloys. In brief, we find for CuAgAu
the concentration wave instability occurs at k = (100) with
T. = 580 K (210 K with Onsager correction). For NiPdPt at
k = (100) with 980 K (270 K). For RhPdAg at k = (000) at
4660 K (3980 K). For CoNiCu at £ = (100) at 280 K (210 K).

In Table II, we present the effective pair interaction of
Eq. (18) for the first two shells. Onsager corrections to the
pair parameters are presented in Table IV. Negative pair inter-
actions are considered favorable. The largest pair interactions
are between Cu-Au on neighboring sites (favorable) as well as
Cu-Cu (unfavorable) or Au-Au (unfavorable). Therefore we
can expect that a concentration wave which places Cu and Au
on alternate planes will be the most favorable excitation. This
is clear from Fig. 5(a) and the highlighted row in Table III. The
lowest-energy fluctuation is at wave vector at k = X and the

TABLE IV. Onsager reaction field matrix (mRyd) (cf. Sec. X)
using a host-invariant basis (cf. Sec. VI) at the temperatures indicated
in Fig. 5.

Ay Cu Ag Au Aop Ni Pd Pt

Cu 1392 0291 —1.678 Ni 3212 0029 —3.232
Ag 0291 0068 —0357 Pd  0.029 0.005 —0.034
Au  —1.678 —0357 2029 Pt —3.232 —0.034 3.256
Ay Rh Pd Ag  Ayg  Co Ni Cu

Rh 3286 —0459 -2819 Co 0314 —0.092 —0.221
Pd —0459 0.193 0265 Ni —0.092 0.131 0.038
Ag —2819 0265 2546 Cu -0.221 —0.038 0.259

corresponding chemical polarization favors opposing changes
in the site concentrations of Cu and Au. The components of
the chemical polarization vector are not commensurate with
each other and there is no reason to expect this to be the case
in the limit of infinitesimal fluctuations. The same polarization
mode at the I"-point results in a high-energy excitation because
it corresponds to formation of unfavorable Cu-Cu and Au-Au
clusters. The second, alternate polarization mode, as seen in
Table III, sets opposing concentration variations of Ag relative
to Cu or Au. The resulting band is nearly flat (cf. Fig. 5).
From the pair potentials in Table II, we see Cu-Ag and Ag-Au
energies nearly cancel and Ag-Ag has low pair cost. Therefore
there is little to no pair energy cost for redistributing Ag atoms
in a system where each site is equally likely to be occupied by
Cu or Au. There is still, however, an entropy cost to segregating
Ag from Cu and Au atoms. The sister alloy NiPtPd mimics
almost all these computational trends. We see that when a
few of the pair interactions are dominant, as for CuAgAu, we
can sensibly interpret the chemical stabilities of concentration
waves. An isothermal section at 350°C of the Co-Ag-Au
experimental phase diagram reveals a miscibility gap along the
Cu-Ag border, multiple ordered compounds along the Cu-Au
border, and another large miscibility gap along the Ag-Au
border [38]. While it is difficult to make a comparison, these
appear to be in qualitative agreement with the sign of the largest
pair potentials in Table II. The binary alloy Ni-Pd is miscible
to as low as —200 °C [39], Ni-Pt forms ordered compounds as
high as 620 °C [34], and Pd-Pt is miscible until 720 °C [40].
Again, comparison is difficult, but the formation of ordered
compounds in Ni-Pt in experiment agrees well with the large,
favorable pair interaction for Ni-Pt in Table II. However,
our temperature scale of 7, = 270 K is depressed from that
found for the experimental binary alloys. This difference can
be attributed to attempting to compare a ternary to a set of
binaries as well as the lack of inclusion of charge-effects and
to DFT error in general. Further, our theory is a first-order
expansion of the grand potential as a function of inverse
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FIG. 5. Eigenvalues of the chemical stability matrix of Eq. (30)
along special k directions in the FCC Brillouin zone (solid curves)
for (a) CuAgAu at 750 K, (b) NiPdPt at 1100 K, (c) RhPdAg at
5000 K, and (d) CoNiCu at 400 K. The eigenvalues represent the
quadratic coefficient of the energy cost of a concentration wave with
wave-vector k. Dash-dot curves include an Onsager reaction field.
The nature of the eigenvectors is discussed in Sec. VIII.

temperature 8 [cf. Eq. (3) and Fig. 4]. Thus we expect the best
results for high-temperatures and weakly-correlated systems.
In particular, we expect better comparison to experiment of

PHYSICAL REVIEW B 93, 054206 (2016)

the short-range order parameters calculated at high 7'. At the
moment this data is not available for the systems considered
so far.

In RhPdAg, we see from the pair parameters (cf. Table II) a
strong favorability to formation of Rh-Rh and Ag-Ag clusters.
Therefore the low-energy fluctuation is a concentration wave
with wave-vector at I' and a polarization mode that causes
the change in site occupancy of Rh and Ag to be opposite
(cf. Table III). There is an unusual topology here: traversing a
complete circuit in k space along the path depicted in Fig. 5
leads to one polarization mode transforming into another.
Lastly, for CoNiCu, we see the pair interaction energies in
Table II are suppressed compared to the previous examples
and that no few pairs are dominant. The resulting chemical
stability graph in Fig. 5(d) has a reduced energy scale and
displays more structure than the other cases.

XIII. CONCLUSION

In this paper, we derived a multicomponent generalization
of the S@ theory of binary alloys. In particular, we derived an
expression for the change of free energy for any fluctuation
in site occupancies. Due to translational invariance of the
underlying alloy, we examined these fluctuations in a basis of
concentration waves. This free-energy expression showed the
reciprocal connection between the magnitude of short-range
order and the free-energy cost of fluctuations. The same
expression also clearly splits the change in free-energy as
due to a site disorder induced entropy effect and electronic
effects that drive favorable atomic pairing. We also clarified
the ambiguities inherent in defining chemical polarizations
for multicomponent alloys and described one procedure for
defining these in a sensible, host-invariant manner. We further
showed how to map on to an effective pair interaction model
and how this can also be done in a host-invariant manner. To
make these concepts clear, we analyzed four representative
ternary alloys: CuAgAu, NiPdPt, RhPdAg, and CoNiCu in
the band-only approximation. Despite our choice of ternary
alloys, the theory presents no difficulties in being applied to
higher-component alloys.

We are currently developing codes to implement our linear
response theory including all charge-related terms for the
multicomponent case. Our goal is to apply the generalized
S@ theory to high-entropy alloys in order to assess their
phase stability. For this purpose, one of the authors has
written scripts that enable high-throughput calculation of
alloys for different choice of transition metals, lattice constant,
structure (FCC, BCC, or HCP) and range of concentrations.
We also plan to make more careful comparisons of the
short-range order parameter for specific high-entropy alloys
at high temperatures, the limit in which our theory becomes
increasingly accurate.
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APPENDIX A: LATTICE FOURIER TRANSFORM

All lattice Fourier transforms are according to the relations
1 ) 1 ;
)= —=) e *Rif  fi=—2) R f(b),
f TV,Z fis _NIZ f

" |\ kg
Aty =Y e A, A=) et ETRIA),
i k

for a system with N Bravais sites and translationally invariant
A;;. To simplify the derivation and notation, we only consider
crystals with single atom per basis throughout the Appendix.
Theni — i.

APPENDIX B: VARIATION OF CPA ANSATZ

Before taking a variation of the CPA ansatz in Eq. (11), we
put it in a more desirable form using CPA X;,, matrices. To
see this, first note that by definition

@ = Al + @)

as matrices in site- and angular-momentum indices and where
(I)kryr = 8kidiidp is nonzero only in the (i,L) x (i,L’)
subblock. Multiplying on the left by 7/# and right by ¢ and
considering the (i,L) x (i,L’) sublock:

c _ LA _c in
T =T AipT + T4 -

Substituting Eq. (15) or Eq. (14) finds tii[" = D, 1 = 5 Diy.
Plugging either of these relations for t?# in Eq. (11) gives
1 =3, ¢iuDiy. This can be changed to

0=y eu(D;' —1)Di,
m
= ZEW(T;AW)DW =1 Zéiuxiw
I I

Hence the CPA condition is equivalent to 0 = ) u Ci wXip-
A variation on this CPA condition is

0=3 (Z amx,-ﬂ) = (¢ Xiy + CudXip).  (BI)
"

n

Using Eq. (15) and the relation M~ = —M(M)M,
58X = 8[A; 1]
= Diu(‘”ipl - ‘Stizl)Diu = Xin87; Xip

We may set X;,, - X,.,D;, — D,, etc., because we are ex-
panding about a homogenous reference medium. By definition

of SPO ¢ in Eq. (8), 6t/ = ) _ i ti;Stj_Cl rj?i. Its lattice Fourier
transform is the convolution integral

1 ¢ —ik-R; 1 —1 c
ﬁzi:éirﬁe =— qu:ﬁ(q)atc (k)t(qg — k)
for k,q in the Brillouin zone. Thus in k-space Eq. (B1) becomes

0=Y" {aeﬂ(k)x,l + & Dy (81, (k) — 81 (k) Dy,

n

1
+EMXM[Q—BZ / dq T(g)8t; ' (k)T°(q — k)} Xu}'
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A simplification can be made using the identity

Z Euxufgoatc_l (K)T0 X 1

%
= =17 (k) + Y 2uD,8t7 (k)D,.
"
which takes advantage of ), ¢, D, = Y, ¢, D, = 1. There-

fore

0=Y" {8E;t(k)XM +&u D81, (k)D,, — 817" (k)

"
1
+¢uX, [— / dg At°(q)8t; ' (k)AT (q — k)} Xﬂ}
Qpz

for At°(q) = t°(q) — 15, This may be interpreted as a super-
matrix equation in the product space of angular momentum
(ie. L x L) to be solved for 8z'(k). Using definitions in
Egs. (41)-(44), we write the compact

[1— XCk)st, " (k) = > [X,88,(k) + €,D,81, ' (k)].
"

Dividing by the chemical potential variation Jvg, gives
Eq. (47)
st

(I — X(C(k)]ﬁ(k)
Vy

—1

n—1
i} _ 5t
=) (X = X)BY )+ ey~ (k).
n=1 " 14

APPENDIX C: VARIATION OF POTENTIAL

First we prove an ancillary relation. We may interpret
Ripn(r), Vip(r), and Jp(r) := je(r)Yem(r) of Eq. (6) as
diagonal matrices over an infinite-dimensional vector space
with basis elements » € R3. Then Eq. (6) is

Ri[L;L = jL + GO‘/i/LjL + GO‘/i/l.GO‘/i[LjL + -
=J.+ G?ZVWJL, (Cn

where superscript “ss” stands for “single site.” The variation
of Eq. (Cl) is

R = God Vi I + God Vi Go Vi Jr + Go Vi God Vi J1
+GodViuGodVipnGodVip I + - -

=(Go+GoViuGo+ - )8Viu(JL + GoVip It -+ )

= G?ZS‘/}uRiﬂ;L- (C2)

In this space, Eq. (7) is t;,01 = (I | Vip Riy:rr). Its variation
is

Sti//,;LL/ = (jL*wViuRiu;L’) + <jz|‘/i/L5Ri/l.;L/)
(TE18Vip Riyerr) + (T Vi G338 Vi Rierr)

<«7L* + (G?;)T‘/iujﬂaviuRiu;L’)

= (R?M;L|6WuRiu;L’>

/ dr Ript (F)Ripr (F)S Vi)
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since G}, (r,r") is a symmetric in r,r’ [26]. And therefore

Stipiie = / dr " 6 Riper, ()R, (M8Vi (10
LiL,

= - / drZiu;L(r)Zi/,L;L/(r)(SViu(r) (C3)

because Ryt =D ptiwir Zips and liwrn =

tiprry [22,26]. This establishes the direct connection

between site potential variation §V;,(r) and the associated
scattering 7 matrix variation § tfl

The self-consistent site potentials which ensure the CPA
grand potential in Eq. (17) is variational with respect to each
electron density p;,(r)is givenin Eq. (12). On varying Eq. (12)

,60,,(r")
8V (r) = 2de e
8p.(r") —8Z:8(r")
2 / J J
dr .
e Z/ Ir +Ri —Rj —r'|

J#

Here, Vi.(p) is a univariate function of of p. The explicit
variation of the average charge density is

8p;(r) — 8Z:8(r)
=Y 88iulpu(r) = Zu8 + ) Eudpin(r).
u I
In terms of the basis f,(r) defined in Sec. IX; we write
[ dr'spi(r') = 8,01.1#. Now we make the approximation that

|r + R; — R; —r'| = |R; — R;|. This is reasonable for well-
separated cells. Performing the f v. dr'(-) integral,
J

r/
2fd,p,u( )
Vi |lr —r’|

QV‘SCJV + CVS'OJ}/)
IR, — R, |

avip.(r) =

2

where Q, is defined in Eq. (35). The Fourier transform of the
last term in Eq. (C4) is

) (C4)

n—1 n
M| 3 (0, — 01)8e, () + Y 2,604 (k)

y=1 y=1

—: M(k)$ P(k), (C5)

(SC,‘M
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with M (k) defined in Eq. (36). In terms of the basis f,(r),
we can expand 8p;,(r) =, Jn(r)dp;,. This allows one to
separate the volume integral in Eq. (C4) from the unknown
ép;,,- The complete variation of the potential in k space is then

dVye
SVu(ksr) = Z[ ap PuNI)

n

2
+ < / ar'—5 fn(r/)ﬂ 80 ()+M (k)8 P (k).
Vo lr — 7’|

(C6)
Using definitions in Egs. (39), (40), and (C3),
8t (k) = Z Uspp(k) + Fy M (k)8 P(k).

On dividing by vy, , we derive Eq. (46),
st s§P
Ly =) U"d" (k) + F!M(k)— (k).
5o ®) Z Ry () + Fu M) 500
And from the definition of § P (k) in Eq. (C5), we get Eq. (45),
n—1
5P
2 (k) = . —
s ® §(Q

APPENDIX D: VARIATION OF GRAND POTENTIAL

0BYsy (k) + ;@) (k).

Within the CPA approximation the electronic grand po-
tential is given by Eq. (17) as carefully derived by Johnson
et al. [25] N.(€) is the Lloyd formula in Eq. (16). Consider
the change of the grand potential as concentrations {¢;,} are
varied relative to the nth (or host) species. This is

é Qelec. a Qelec.
8Cin eyyser  OCin ey, oy
a0 9pjy(r
N Z/ dr elec. pj+”
jy Vi 00jy ey, ooy, Iin Nazen,

As discussed by Johnson et al. [25], 0S2¢jec./90iu(r)le;, =0
when site potentials V;,(r) are defined as in Eq. (12). This is
one of the key variational properties of the electronic grand
potential. Therefore we only need take the explicit partial

596160._((SQ> +(89> +((SQ>
SEiM 8Eiﬂ kin. 5EW intra. 8Eiﬂ inler.’

52 1 _ _ 1
(__> = —|—;/def(e — w)Im(In Hleul | —n]| D;! = ;/def(e — wIm(In HO‘W%I ”
kin.

—In ”Otm in ”) / dr[piﬂ(r)‘/iﬂ(r) - pin(r)vin(r)],

Q2
(_—) Z—/ dr/ dr
6Ci# intra.

{ptu(r )[,0,,,,(1’)

2Z,8(r)] = pin(rpin(r) — 2Z,8(r)1}

+ / dr i (P)exe (01 (7)) — pin(Pexc(Pin(P)],
Vi
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682
E) o o—ey / dr / ar'
Sciﬂ inter. |r + R — R

J#

for site average electron density p;(r) = Zy Cjypjy(r) and
atomic number Z; = >, CiyZy- '

Now consider the variation of §€2/§c;, itself. We also
consider this in three pieces:

62
5<_—> = Tus + Tss + Tg. (D)

(SC,‘M

Tvs includes any terms containing D;,; Tss any terms
including «;, or t;,; and Tq any remaining terms.
We have

1 af 5 D
Ty =~ [ deZhe — (i D] ~ 1 |53

+ % / def(e — wIm[Tr(D;,8D;,' — DindD;,')].
(D2)

To evaluate this, we need Tr(D;,, 8 Di’ul). This is

Tr(Di8D;,)) :Tr[ ,M<8A,M T¢ A,MZI ot )}
(D3)

Consider the on-site i = j terms separately. These are

Tr[ Dy, (87 — 61" ) e — Dy Aiyuit, 7]

in

= Tt[ D;,.51;) Tr[ Dy (1 + Aptl)st;, 7

i ll]

= Te[ D81, <5 ] — Te[s1;,' 5.

The second term is independent of p and therefore cancels
with the corresponding term from the host in Eq. (D2). While

Tr[ D81, 7]
= Tr[61;, 1 Dy | = Te[81,,' D]

iu Tii
. / dr Zinetn (N Zoyea () (T1),, 8Vir) (DAY

LiL,

using Eq. (C3) and 7/ = D;, 5 proved in Appendix C.
Equation (D4) can be recognized as a major subexpression
in the charge-density p;,,(r) expressed using Egs. (9) and (10).
Now consider the off-site i # j terms in Eq. (D3), including
subtraction for host in Eq. (D2). This is

—Tr| (DipAip — Dinin) Y 78850
J#

= —Tr (XZM — Xin)z Tif}atjiclr
J#i

I[pi“(r) — pin(r) = (Zyy = Z)SO[p; (') — Z;8(r)]

(

Prior literature [7] expresses this as
- - - - -1
Di/LAi/l, - DinAin = _(Di/l. - Din)(.’-ﬁ) .

Altogether Eq. (D2) becomes

1 af H- D
ts =~ [ ae e~ {57 - | 7

- —/def(e - u){ImTr Xip — Xin) D 1588350
J#

Y / dr Ziner () Zu ((512) Vi)

LL

_ImZ/ermL(r)ZmL’(r)( m) L,(S‘/[n(”')}-

LL

(D5)
The Tss piece in Eq. (D1) is

1 9
s = o [ dele~

T de

xIm[ In ety | = In flinty,' | Jon

— % / def(e — wWIm[Tr{e;, S0, — atj,' Scti }|

1 _ _
-= f def(e — wIm[Tr{;, 81! — 1;,51;,'}].
(D6)

Before continuing, we establish the basic relations of the «;,,
matrix. An alternative definition [26] is

Qi = 0Ly + / drHp(r)Viu (R (r) (D7)

for H(E;r), = —iv/Ehy(v/Er)Yy,(r) and the spherical Han-
kel of the first kind he(r). Also let H;,. (E;r) be the
solution of (=V2 + V; (M) = E with boundary condition
H;,.1(r) ="Hy(r) for r ¢ V;. As in Appendix C, we may
view R;,(r), Hp(r), and H;,.;(r) as diagonal matrices over an
infinite-dimensional vector space with basis elements r € R3.
In this space,

Hye = ) o (Hy + GRViuHy),  (D8)
—

as proved by Zeller [26]. Therefore, using Egs. (D7), (C2), and
E(D8),

Sciprr = (Hi18VipRipwr) + (Hi\VipS Riprr)
= <Hz|8‘/ip,Ri;L;L’> + <H;“/IMG;:L8‘/IMR1;L,L’)
= (M1 + (G3) ViuH; |8Vi Rior’)
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- <ai/L;LL”I-IiM;L”|8VilLRili§L/>
L

= Zam;LL”/d”Hm;L”(V)Rm;L'(’”)(SVm(’”)~

L’

DY)
This gives a major term in Eq. (D6):

Tr{a[._ﬂl(Sotm} = Z/drI-I,-M;L(r)Rm;L(r)SVW(r). (D10)
L

However, this contains a well-known expression for single-site
Green function G}, (r,r) = > 1 Hip (PR (r); as shown in
Appendix A of Zeller [26]. On the other hand, using Eq. (9)
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The other major term in Eq. (D6) is

Te(5,06,) = = [ dr Y- thian Zaa (02 (03,0

LL
(D12)

by Eq. (C3). Inserting Eqgs. (D10)—(D12) into Eq. (D6) gives
1 d
Tss = —/dé—f(é )
b4 d€
~ oty Jon

I n o1

_,_%fdef(e —M)Imfd'” 8Viu(r)

I T 1 VS % 3 [ Ziet () iper () — Zint ()T (1. (D13)
Gy =Y Zipet Vi1 Zige1(r) L
H On combining Eqs. (D5) and (D13) and identifying the
— Z Zipn )i (). (D11) expression for charge density from Egs. (9) and (10), we obtain
L |
Tvs + Tss = ——/ e—(e - M)Im[ln ||D 1“ —1In ||Dm1 ||] w— —/def(e — M){ImTr Xip — M)Ztu&

1 af - 1
—+ ; dég(é — /,L)Im[ll'l ||Olil’«tiu || —1In “Olintin ”]Sll« + di’[Piu(")(SViu(V) - Piz1(")5vin(”)]-

J#i

(D14)

The variation of the charge term 7 in Eq. (D1) is straightforward:

Iy = —/ dr[8piu(r)Viu(r) + pip8Vip(r) — pin(r)8Vin(r) — 8pin(r) Vin(r)]
Vi

/ dr |:5/0m(r)6xc(,0m(”)) + qu(”) ()Om(r))sﬂ)zp.("):| / dr I:(spm(r)exc(pm(r)) + ,Om(") (/Om(r))5,0m(”)]

Ffarf arE

—i—Zfdr/ dr' |r+R—R l{[&Om(r)

J#i

+Z/dr/ dr' |V+R_R Lo

J#

[(pm(r) Z,8(r)Bpip(r )]—/ dr/ dr' ——

- pin(r) -

i

o) = Z,8(r)8pin(r]

— 8pin (MNP, (r") — Z;8(r)])

(Zy = Z)SMN8p;(r) — 8Z;8(r"]}.

Most of these terms can be identified as the self-consistent CPA potential given in Eq. (12). A major cancellation then results

in

2

To = f drl P8 Vi) = p8Via)] + 3 / dr f e

X [piu(r) — Pin(r) —
Adding Eqgs. (D14) and (D15) resolves Eq. (D1) as

(Zy = Z)SNI8p;(r) = 8Z;8(r"].

J#i
(D15)

0 elec. 1 d _ _ 1 b _ _
5( 1 ) - ——/deé(e —otm[1n | B;'| = 1n | B;"] o + ;/d€£(€ —yotm[n a2 | = 1n e 85

ch T

——/def(e— WIMTr | (X, — X)) o171 +Z/ dr/ dr' |r+R_R i

JF#

X{[Pu(") — pa(r) — (Z/L

JF#

= Z)S8p;(r") — 82,81}
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We have at this stage dropped unnecessary site indices i. We
now wish to Fourier transform. As usual, we make the ap-
proximation |r + R; — R; — r’'| = |R; — R;|. The transform
of the first and second term vanishes if we restrict ourselves to
finite k. The transform of the fourth term is given by Eq. (C5).
Using the definitions in Egs. (C5) and (44), we obtain

—k-R; 89elec
\/_ Z 8( dcip )
= _% / def (e — wImTr[(X, — X,)C(k)st, ' (k)]

+(Qu — Q)M (k)$ P (k).

Dividing by chemical potential change dv, gives

L e,k.Ria 8Szelec.
v, < aciy

- _% / def(e — u)ImTr[<XM

st
n 8])]/

+(Qu (D16)

8P
— Q)M (k)— (k).
dv,
APPENDIX E: VARIATION OF SITE CONCENTRATIONS

The optimal variational parameters {c;,} are fixed by
Eq. (5). The variation of the first term about the homogenous
reference is

8(,3‘1 In c—")
Cin
n—1

=B Z( )5c,y _Z B'C8e:,

for C,,,, defined in Eq. (28). The variation of Eq. (5) is therefore

n—1
<Qelec.>0
O_VZI ﬂ C/”/CSC”, 8VUL+5<W .

On dividing by dvg, and Fourier transforming, one gets
n—1

— 1 —k-R; 3<Qelec.>0
=3 o Tye(k) — +E2e 5(—8% )

=1 i |

<

8Gi, = (Go+ GoV;Go+ - -

Using Eq. (F2), the first term in Eq. (F1) is

Vi (Go + GoViyGo + - - -
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Substituting Eq. (D16) on the variation of the grand potential
we have

n—1

Y Cr o)

y=1

=6uc + %/def(e - u)ImTr|:(

]
_(Qy_

Multiplying through by BC gives Eq. (49):

SP
- Qn)M(k)_8 (k).
Vo

ﬂ\puy(k) /déf(G — w)ImTr

BCuy + Zﬁc,w{
o=1
x [(X -X )(C(k ot }

—(Qs — Q")M(k)aT(k)}'
14

APPENDIX F: VARIATION OF CHARGE DENSITY

The site electron density p;,(r) is given by Eq. (10)
with G = G, (e;r,r’) the site impurity Green function. The
variation may be decomposed into three contributions:

8pin(r) = 8pin(Nlsvi, iy + 801 (lst;, + 801 (F)lsu.  (F1)
These may be expressed using Eq. (10) as

(Spiu(r)b\/,-,‘(r) =—-

’

8Viu(r)

%/de fle —w)ImdsG;,(e;r,r)

1
ol ==~ / de fle — )

xIm y [Z,L;L(r)a(omr;)u,

LL'

ZM;L’(r)j| i

(Sf,’f

1 af
8pi/l(r)|a}l. = ; / de &(E — ) Im G/l.(e;rar)(sﬂa

where we use Z;, — Z,, etc., when expanding about a
homogenous medium. We know by the Born series expansion
of the impurity Green function,

Giy = Go+ GoWiy + 8Vi)Go
+ GO(th. + SVi,u,)GO(Viu + SViM)GO +ee,

for V;,, the full potential for CPA medium with embedded
impurity p at the i site. And therefore

) = Giu8ViGiy. (F2)

1 ! ! / ’
80iu(Msv,,.r) = —;/de f(e — ) Im / dr'G,(e;r,r' )6V, (r"G  (e;r',r).
Vi
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Taking the Fourier transform and substituting Eq. (C6), we get

1
8o (ks )lsv, ik = —;/de fle — ) Im

Vo

n

Integrating both sides by f dr f(r)(-) gives

‘Sp;rf(k)|av”(k;r) =

n
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dr'G,(e;r,r')

dVx , , , & ) ) /
x { Z[ dp (PN fu () + </U dr E fn( )>]8,0M(k) + M(k)SP(k)}GM(e;r ).

> Ansp (k) + By M(k)S P (k) (F3)

using definitions in Eqgs. (37) and (38). Now we focus on the second term of Eq. (F1). This requires

8(Diui;) sy, = ZT 815
The i = j terms in Eq. (F4) vanish;
_Diﬂ( tua

While the remaining terms i # j in Eq. (F4) are

8(Di/trici)|s[_,,ZDiM;TiCj‘Stj T iDipDipti; —
J#i

cg,—1 c
T Ay — 7015, )Di/ﬂii

co,—l_c __
D;, E 01, T

cg,—1
— 1;;61,,

12

D’“ZT o, (F4)

Diﬂru

co,—1l_c __
= Dyt 7y = 0.

—1 =
D”LZ‘E 8t 75Dy,

J# JF#

using Eqgs. (14) and (15). Therefore we have the lattice Fourier transform

(Sp'u(k, r)}tst(»(k) =

1
- / de f(e — ) Im Y [ 2, () (=D Ch)St k)1 Zep (1))

The Fourier transform of 80;,,(r)|s,, vanishes for finite k. On integrating both sides by f dr fn(r)(-) we get

‘3/’/’11(]‘)’5;((@ =

Therefore, combining Egs. (F3) and (F5) gives

1
- / de f(e — ) Imy  Fit (D, Ch)St (). (F5)

LL

Spp(ky =Y A"spr(k) + Bl M(k)S P(k) — — / de f(e —w)Im Y F,, (D,Ch)st " (K)), .-

Dividing by dvp, gives Eq. (48):

m mn n m 8P 1
" (k) = Z A" (k) + By M(k)m(k) -

/ de f(e — )ImZ F" L (]D) (C(k) (k)>

LL
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