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Recently there have been several proposals of materials predicted to be nodal-ring semimetals, where zero
energy excitations are characterized by a nodal ring in the momentum space. This class of materials falls between
the Dirac-like semimetals and the more conventional Fermi-surface systems. As a step towards understanding
this unconventional system, we explore the effects of the long-range Coulomb interaction. Due to the vanishing
density of states at the Fermi level, Coulomb interaction is only partially screened and remains long-ranged.
Through renormalization group and large-N; computations, we have identified a nontrivial interacting fixed
point. The screened Coulomb interaction at the interacting fixed point is an irrelevant perturbation, allowing
controlled perturbative evaluations of physical properties of quasiparticles. We discuss unique experimental
consequences of such quasiparticles: acoustic wave propagation, anisotropic dc conductivity, and renormalized
phonon dispersion as well as energy dependence of quasiparticle lifetime.
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I. INTRODUCTION

Tremendous efforts have been made to understand the
symmetry-protected gapped topological phases since the dis-
covery of topological insulators [1,2]. Following this progress,
various theoretical and experimental studies have begun to
explore the gapless analogs of symmetry-protected topological
phases such as the Dirac [3-5] and Weyl semimetals [6—10],
where low energy excitations possess Dirac-like spectra. Re-
cently, three-dimensional materials with symmetry-protected
Fermi line nodes have also been theoretically proposed and
experimentally synthesized [11-24]. These systems have nodal
rings in momentum space protected by various combinations
of time-reversal invariance, inversion, chiral, and other lattice
symmetries. These nontrivial systems are predicted to host
topologically protected surface states. However, so far no
efforts have been made to study the effects of interactions.

In this study, we investigate the effects of the long-range
Coulomb interaction in nodal-ring semimetals. This is known
in various other fermion systems. In the best-studied system,
the Fermi liquid metal, 1/r long range interaction is marginal,
but the Fermi liquid survives due to the strong Thomas-Fermi
screening which makes the Coulomb interaction effectively
short-ranged. This is caused by metals having an extended
Fermi surface and a constant density of states at the Fermi
level. The results are known in the other limit, where the energy
vanishes only at isolated points of the Brillouin zone. Graphene
(in two dimensions), Weyl semimetals (in three dimensions),
and double Weyl semimetals receive logarithmic correc-
tions due to the Coulomb interaction that remains marginal
[25-29]. In the quadratic band-touching case, a non-Fermi
liquid phase was found [30,31]. For anisotropic Weyl fermions,
the Coulomb interaction becomes anisotropic and irrele-
vant [32].

Nodal-ring semimetals lie in between these two well-
studied limits. The energy gap closes on a one-dimensional
line node, on which the density of states vanishes. Because of
this, short-range interaction was found to be irrelevant [33,34].
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Screening of the Coulomb interaction is expected to be much
weaker compared to the Fermi liquid metal, because fewer
states are available to participate. Nonetheless, we show below
that the Coulomb interaction is relevant at the noninteracting
fixed point. Through renormalization group (RG) analysis and
large-N; computations, we identify a nontrivial interacting
fixed point where the partially screened Coulomb interaction
becomes irrelevant, making the fermions asymptotically free
in the low energy limit. This allows us to treat the partially
screened Coulomb interaction as a perturbation and calculate
the lifetime of the quasiparticles. It is found that the quasipar-
ticle scattering rate vanishes as E2 at low energies even though
the partially screened Coulomb interaction is still long-ranged.

II. MODEL

We start with a noninteracting effective Hamiltonian for the
nodal-ring semimetal. This can be written as

_KB+E-K

o + yk,0¥ = ¢,(k)o?,
2m

0 a=xy,

ey
where the Pauli matrices o, and o, describe the orbital or
pseudospin degrees of freedom. This Hamiltonian is similar
to that of Ref. [18]. This system has a nodal Fermi ring in
the k. -k, plane of radius kr, and a linear dispersion in the &,
direction. Its energy spectrum is

K2+ k2 — k2\2
Ei(k) = i\/<#) + (vk.)?, @)

2m

for the empty (+4) and filled (—) bands. In order to describe
the effects of Coulomb interaction, we use the Euclidean path
integral formalism for the action in 3 + 1 dimensions:

S = /dr Bxyi[o, —iep + Holy + %/dr dx(9:9)%.
(3)
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The bosonic field ¢ represents the instantaneous Coulomb
interaction introduced by the Hubbard-Stratonovich
transformation.

To study how important the interaction is at low energies, we
start with finding the engineering dimension of the coupling
constant. The nontrivial Fermi surface (ring) in the system
affects the scaling dimensions of both fermionic and bosonic
fields.

Here we use an RG scheme where a momentum cutoff is
applied in the directions around the Fermi ring. We scale the
fermion momentum toward the Fermi ring [33,35]; kf is fixed
and scaling is done only in the Dirac dimensions in which

there are linear dispersions. Using definitions k, =, /k2 + k%

and k, = k, — kp, k, and k, are scaled. However there is no
scaling in the angular [¢ = cos™ ! (k, / k,)] direction since this
represents the gapless degree of freedom. Because of this
anisotropy, it is easier to calculate the scaling dimensions from
an action written in momentum space rather than in the form
given in Eq. (3). Here we generalize the expression to general
d spatial dimensions and write the Coulomb interaction as a
four-fermion term:

5~/ Vi(—iow + Ho)yw
w.k

1 '
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W1,02,W3,K,K .4
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We have used the notation [, = [dw, [, =kp [d''k [d¢
and fq = [ d?q. The constants that have no scaling dimensions
such as kr and 7 have been dropped for clarity. Note that while
k and k' are scaled only in the Dirac directions with d — 1
dimensions, g is scaled in all d dimensions. This is because
the important contribution arises from when the momentum
carried by the Coulomb interaction is small and when the
fermions are close to the Fermi ring. The scaling dimensions
can be found to be [£]=1, [k.1=1, [w]l=1, [¢;]=1,
[¥]= —(d +1)/2, and [¢?] = 3 — d. Therefore the critical
dimension is the physical dimension d = 3. From this we
would conclude that the Coulomb interaction is marginal.

III. RG ANALYSIS

The energy scales of this problem are the Coulomb energy
E. = e*muvy, the kinetic energy E; = mv%, and the energy
cutoff £, = vpA. We also define a velocity anisotropy
parameter n = y /vg, where vy = kr/m is the fermion radial
velocity in the k; = 0 plane. The following dimensionless
ratios determine the scaling behaviors:

E. &2 E. e*kp

14
= —_— =, = = —, = —. 5
Ek Ur EA UFA 7 Ur ()

To allow for anisotropic Coulomb interaction, we use as the
action for the boson,

o

So =1 [ drv x| a@dr + 0,00 + 2007 |. ©
2 a

We perform a one-loop momentum shell RG around the
Fermi ring by calculating the boson and fermion self-energies
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FIG. 1. Diagrammatic representations of (a) boson self-energy
and (b) fermion self-energy. Straight arrowed lines represent the
fermion propagators and wiggly lines the boson propagators.

to find the RG flow for various parameters. The Feynman
diagrams for these self-energies are shown in Fig. 1. The boson
self-energy is

M(g.iw) = —¢* / Tr[Gok + q,2 + ©)Go(k,2)], (7)
k

where Go(k,i2) = (—i2 + Ho)~! is the bare Green’s function
of the fermions.
For w = 0, this gives

A J—
M(q.0) = 62/ %(1 _ €alk+ p/2)eq(k P/2)>
k4 EvrqpEi—qp

-2
X — =
Exygp+ Ev—ygp
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where E;, = E (k) is defined by the dispersion relation shown
in Eq. (2). We define the momentum shell integral as f kA =

2 — ~ . —
o Jo e[ + [TOkedk, [°2 dk; with u = Ae~ ",
The resulting integral can be done after expanding the

integrand to second order in ¢, and ¢g,. We find

[ ,2mPy L kp\de
(gr.q:) = ~any (CIZ BTG 5) A,
1 1
= —ﬂ’(aqf— + —q?zan)dz, ©)
2an  a’*

where g/ = /33(2;”)3. This is infrared (IR) divergent as A, — 0
and the Coulomb interaction is strongly renormalized.

Similarly the fermion self-energy is calculated setting
external momentum to p = (kr + py,0,p;).

5 [N Ho(p +q) 1
¢ Ewy) a(q?+4q2)+1/aq?
o

= ~GplovrpFian + oyypBaldt (10)

£y(p) = —e

The momentum shell integral is defined as qu = Gy

( fﬂA + [=Hdqx [, dqydq. . The.detailed C?}lculatio.n and ex-
pressions for Fj and F, are given in Appendix A. This scaling
of the fermion self-energy is consistent with the marginal
engineering dimension of the bare Coulomb interaction. The
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final RG flow equations for «, ', and an are

da 1 (1 ) ® 5
ﬁ_“[_iﬂ <E+ ‘"’)‘W 1“”’)]’
d,B/_ , J 1 /01 o

=P tA |:—z/3 <_2an +26”1> - (Zn)zFl(an)],

d(an) 1 /1 o
i a’?[—ﬂ (7]7 - 2077) + (27)2[172(077) - Fl(aﬂ)]}-
(11

There are two fixed points: the noninteracting fixed point at
a =0, 8/ =0 (an is arbitrary) is unstable and the interacting
onec at @ =0, B’ = 1, an = 1/2 is stable. From the noninter-
acting fixed point, « is marginally irrelevant and 8 is relevant.
The nonzero value of 8’ at the nontrivial interacting fixed point
shows a strong renormalization of the Coulomb interaction
while ¢ = 0 shows that the renormalized Coulomb interaction
is irrelevant to the fermions.

After a step of eliminating high energy degrees of freedom,
the boson propagator D(g) can be written as

1 1
DY q) = a(l+p'=—d¢t)(q} +q2) + —(1 + p'2andt)q?.
2an Y a :
12)

Therefore the anomalous dimension is 1 which arises from the
existence of a kp scale. The renormalized propagator at the
new interacting fixed point satisfies

D' q)~q " +lg.1" " = qr + gl (13)

This will be confirmed by a direct calculation below.

IV. LARGE Ny CALCULATION

The screened Coulomb interaction in d = 3 can also be
directly calculated using the random phase approximation.
This can be viewed as a large N calculation where N is the
number of fermion flavors. The physical case is Ny = 2 for the
spin states. After introducing a sum over fermion flavors and

modifying the coupling constant to LN, the same Eqgs. (7)
B

and (8) are calculated without the g expansions or the k cutoffs.
The result is

2

e kFCIr
Ci+2 Cy), (14
@N<y 1+mM|J (14)

(g,,q;,0 =0) = —

where C; = 6.86, C, =7.28 are calculated numerically.
Therefore, for a small |g|, the screened Coulomb potential
is

Vi(q) ~ (15)

Seg, +2mCalg.|

Notice that the screened Coulomb interaction still has algebraic
momentum dependence 1/|q|, in sharp contrast to that of Fermi
liquids. The presence of kr in nodal-ring excitation is not
enough to make the Coulomb interaction short-ranged. Fur-
thermore, the directional dependence is qualitatively the same
even though the nodal-ring spectrum is strongly anisotropic.
It is important to note that this result is independent of choice
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in the RG scheme since no cutoff has been imposed. The RG
calculation is a weak coupling analysis whereas this is a strong
coupling analysis with 1 /N as a control parameter. However,
this result is still consistent with the RG result presented in
Eq. (13), which provides validity to both.

The imaginary part of the bosonic self-energy determines
the decay. This can be calculated by performing a Wick
rotation. This gives the results

ImI(g, = 0, ¢., w + i0") ~ 9(7/‘; — 1),
Z

, (16)

ImIl(g,, g, = 0,0 +i0") ~ )
qur

Therefore there is no damping in the direction perpendicular
to the ring, while the boson with in-plane momentum shows
damping less than that of the Fermi liquid. Landau damping,
for comparison, gives ImI1(g,w) ~ w/q.

The vertex correction vanishes at the one-loop level. This
can be easily checked by setting all the external momenta
and frequency to 0. This is as required by the Ward identity
because the fermion self-energy [Fig. 1(b)] has no frequency
dependence.

V. FATE OF THE QUASIPARTICLES

We have seen above that the bosons are strongly renormal-
ized. However, since the screened Coulomb interaction is still
long-ranged, we must check whether the interaction destroys
the Fermi liquid or not. The fate of the quasiparticles can
be determined from the self-energy of the fermions. Using
the renormalized boson propagator as shown in Fig. 2, the
self-energy is

1 —e?

P (p,iwn)=/ - - — -
! va, —i0n —iqn+Ho(p+q) > — TI(q,iqy)

a7

We find that this is both UV and IR convergent and therefore
the screened Coulomb interaction is an irrelevant perturbation
to the fermions. Therefore the fermions remain as valid
quasiparticles of the system and are effectively decoupled.
The result is again consistent with the RG analysis presented
earlier.

The lifetime of these fermions can be found from the
imaginary part of the self-energy after analytic continuation
by the relation 1/t = —2Im X . The channel that has the
largest contribution is the one that satisfies Fermi’s golden rule.
Focusing on this channel, for a fermion with initial momentum

FIG. 2. The straight line represents the fermion propagator as in
Fig. 1 and the double wiggly line represents the renormalized boson
propagator.
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p close to the line node and energy E,, we have
 €a(k)ea(k + q))

1 . 1
— ~2e 5 1
T k.q H(C],O) EkEk+q

X 8(Ex + Exsg + Epiq — Ep). (18)

Leading order contributions only come from the region where
the intermediate wave vector k is very close to the nodal ring.
In fact, k needs to be closer to the ring than ¢ is to the origin.
We find that Il %EIZ,C (Xp), where x,, controls the in-plane

component versus the out-of-plane component of p. C(x,)is a
numerical factor that can be numerically calculated for any .
It is identically zero when the in-plane component disappears.
This is because there is no decay channel that satisfies the
energy-momentum conservation. This can be seen above by
ImI1(g, = 0,g;,®) = 0 when g is small. Overall, 1/t ~ E,
and therefore the quasiparticles are long-lived. Interestingly it
has the same energy dependence as the Fermi liquid case.
While the density of states of this system is vanishing at
the Fermi level (~ w), this is compensated by the partially
screened Coulomb potential.

VI. EXPERIMENTAL SIGNATURES

Similar to surface acoustic wave propagation experiments
in two-dimensional materials [36-38], a bulk sound wave prop-
agation measurement in a periodic potential with wavelength
A ~ 1/q can be used to probe the momentum dependence of
the dielectric function. The sound velocity shift and attenuation
is found as

Avs_ 2 1
1+ f(@)?*

f(@)
1+ f(g)?’

a’q
—_— 1
5 (19)

o
Vg 2

where f(g) = C(s—;)z%, C = f—ﬁ;’—i, and o is the coupling
constant between the piezoelectrics and medium which de-

pends on the geometry. In contrast, in the Fermi liquid metal,
fl@)=Cetey. =2

A related physical obser\l;able is the dc conductivity. Using
the Kubo formula and taking the limits ¢ — 0, then w — O,

we find the dc conductivity in the clean limit to be finite (due to

J

A Ho(p +q) 1

S kr + ps0.p.) = —e2/
! ¢ E(p+9q a(q,%-l—q’%)—i-l/aqz2

aq’y?
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the underlying particle-hole symmetry) and anisotropic: oy, =

_ e* krvp _ & kry
Oy = 5 6x, and o = F 5

results are consistent with a previous computation for a similar
system [20].! The characteristic screening of the Coulomb
interaction also affects the phonon dispersion. Longitudinal
acoustic phonon dispersion follows w(g)> = Qi/ €(q), where
2, is the plasma frequency of the ions. This shows an unusual
w(q) ~ ,/q dependence for small g.

with restored units. These

VII. CONCLUSION

It is shown that the long-range Coulomb interaction in
nodal-ring semimetals leads to a nontrivial fixed point where
the screened Coulomb interaction acquires an anomalous
dimension. On the other hand, the screened Coulomb in-
teraction becomes irrelevant at the interacting fixed point
while remaining long-ranged. Hence the quasiparticles are
asymptotically free and physical properties can be computed
using a perturbation theory. We show that the quasiparticles
have a long lifetime even though the screening of charged
impurity potential would follow an unusual power-law form
due to the anomalous dimension. Sound wave propagation
and acoustic phonon dispersion show unique momentum
dependences. Anisotropic dc conductivity is found and is
proportional to the size of the nodal ring. These properties
could be tested in future experiments. Interesting future
directions include studies of the coupling to critical bosonic
modes and impurity and/or disorder effects.

ACKNOWLEDGMENTS

We thank Jun-Won Rhim, Hae-Young Kee, and Yige Chen
for helpful discussions. This work was supported by the
Natural Sciences and Engineering Research Council of Canada
(NSERC), the Canadian Institute for Advanced Research, and
the Center for Quantum Materials at the University of Toronto.

APPENDIX A: RG CALCULATION

The fermion self-energy is

'In a Weyl semimetal this value approaches 0 linearly as frequency
approaches 0 and in Fermi liquids this diverges. Another system
where a constant value is seen is two-dimensional graphene.

2.2
aqy UF

A
~ —ezf (
¢ \(a*(q?+q?) + 4?) (vrg? + v2q?)

3/2 UF PxOx + )3/2 ypza)'>'

(AD)

(@*(¢? +a?) + a2) (vra? + V242

Using local Cartesian coordinates for g, we integrate from —oo to oo in g, and ¢, and from . = Ae~% to A in |g,|. This gives

us
a2k —

a’n?) — E(1 —a’*n?)

Ef(kF + px,0,p;) = (UxUprZ

o
C(2n)?
o

= —— [owvrp. Filan) + oyyp. Fa(an)]de,

(2m)?

a’n? -1

E(l —a*n® — K(1 — a*n?
+oyype2 ( n°) ( n ))de

a*n? —1

(A2)
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where E(x) is the complete elliptic integral of the second kind defined by E(x) = fO”/ 2(1 — xsin?0)1/2d0 and K (x) is the

complete elliptic integral of the first kind defined by K(x) = foﬂ/ (1 — xsin20)"1/2d0. The energy ratio o and anisotropy
parameter 1 are defined in the main text.
Including the calculated self-energies, we can write the effective action as follows:

S=S+/d4xw( Y+ = /d4x¢( ¢

:/d4x|:1/,7[87—ie¢+axw< on )zFl(an)dZ>8 +oyy < on )2F2(an)d€> ]1//

+ la(l + ﬂ/idz)((ax(p)z + 0,0)") + i(1 + ﬂ’2and£)(81¢)2:|. (A3)
2 2an 2a

RG equations for various parameters are

dInvp dinn
= — F F,
T, (2 02 Fi(an), a0 " n )2[ 2(an) — Fi(an)l,
(A4)
dlne? 1ﬂ/ 1 I dlna 1,3/ 1 )
- —— —_— a . = — — — 2d
dt 2P \2ay T ae 2P \gay T

Combining these, we can find RG flow equations for «, 8, and an. These are presented in the main text.

APPENDIX B: LARGE-N; CALCULATION OF THE SCREENED COULOMB INTERACTION

By scaling k, = k, — kr — |q.|r, kr — |q.|x and k, — |g.|z, we can write the boson self-energy with w = 0 as follos; we

further define & = Z,;K/()/Qz)i

: 2 _ N, _ 1
1(q.,q.) = _%/ krlgellgal[ 1 - E2(2r +cos0)(2r —cosO) + (2 + 3)(z — 3)
(2m) VEX2r +cos0)? + (2 + 1/2)(/§22r — cos0) + (z — 1/2)?

1 1
* VEXQ2r +cos0) 4 (z 4+ 1/2)2 + \/E2(2r — cos0)? + (z — 1/2)2 ¥ l¢:]

e’ krlgxllg:|

e yle) @

2 krlgdllg:l , (1
e F|Q||Q|f2<_>. ®B1)

E §

The second line is better suited to see the behavior of £ > 1 and the third line is better suited for & < 1. f1(£) can be calculated
numerically and fitted by a C; + C 2é curve which yields C; = 6.86 and C, = 7.28. This gives the leading order behavior of the
boson self-energy at w = 0 provided in the main text.

Effects of finite w are seen mainly in the imaginary part of the boson self-energy, which is 0 when @ = 0. This can be
calculated by performing a standard Wick rotation:

ImI(g,0 +i0") = —7e? / Tr(Py(k 4 q/2)P-_(k — q/2)(8(—w + Exsgp2 + Ex_g2) — (@ = —)). (B2)
k

P, (k) are operators that project the states on to the lower and upper bands:

1 Ho(k)
P,(k 1 =) B3
o (k) = ( +o |E(k)|) (a=%) (B3)

For a positive frequency, the integral becomes

ImI(g,0 +i0") = —7e? [ Tr(Py(k + q/2)P_(k — q/2)8(—w + Exyqp2 + Ex_q2)
k

2 7 2 ealk + q/2)ea(k — q/2)
=— dk k. (2 dk,=(1— S(—w+ E Ei_qpn). (B4
¢ (27f)3/ what n)/ z4< Exrq2Ecqn (=0 + Ekigp + Ex—p). (B4
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The integral is only nontrivial when g # 0. For convenience, we separate it into two cases: one where the external momentum
lies in the ring plane and the other where it is perpendicular to the plane:

we? 1

Im (g, +i0") = —

__zzkp\qvlﬂ_(
Im(gy,0 +i07) =1 @ 7 2

Qry vy 4/Q7-4
where Q= -2 is the dimensionless frequency. E(x)

T krlgxl
[K(x)] is the complete elliptic integral of the second [first]
kind defined earlier. The asymptotic behavior of this is

e kpgr 73Q2

i) if 2] <1,
Im (g, .0 + i0") = (B7)
2 . ﬂ3 .
_(22)3 kl;]rm 1f|Q| > 1.

APPENDIX C: FERMION SELF-ENERGY CORRECTION

Here we show the irrelevance of the screened Coulomb
interaction to the fermions. As a representative example, we
only present the renormalization of the fermion dispersion in
the p, direction. For simplicity, we fix the fermion momentum
to p = (kr,0, p,), such that it is only slightly off the line node
in the p, direction, and set the frequency to 0. We also fix the
internal frequency to O (take the Coulomb interaction to be
instantaneous) as the effects of a nonzero frequency in the real
part of the boson propagator are quite small. In the limit where
the momentum transfer |¢| is small, the bare term of the boson
propagator is less important than the self-energy correction,
and we can set

Ho(p +q) €
) ,0 . Cl1
rp )_’/,, Ep+o Ngo P

Here we are only interested in the o, component of the
self-energy. Imposing a momentum cutoff in the g, and ¢,

J

r)? 8

_ & krlgd _ n? (_(92

mi w
o (%) 1), (85)
(ﬁ) -1 Yd:

E(%)+K(5))

—4)E(—

if 19| < 2,

(B6)
o3) + PK(—5)) ifI1Ql > 2,

(

directions, we get

%r(0,p)oy = / dqx/ dqy
X/ da (2 (krgc + 42 +4))°
oo (5 (2kpgs +q2+q2)) Hy2q2)
1
X —
Ci7 gyl + Ca2mlq |
1 A
_N_fVPzCzEa (C2)
where

2G“ (Cl)2 2 1.1, %
44\ 4’1 11 1
C. = 2°2°2°
z 7T3/2(C )

Since the self-energy is linear in the cutoff, the screened
Coulomb interaction is irrelevant to the fermions. Alterna-
tively, the full integral without cutoffs can be carried out
numerically, which gives the same conclusion.

~ 1.72.

APPENDIX D: LIFETIME OF THE FERMIONS

Starting from the Euclidean fermion self-energy, we can
calculate the imaginary part of the self-energy by analytic
continuation:

Yr(piiw) =

e2/ i(Q+w)+H(p+q) 1
Q

Ny (Q+w)2+E[,+q I(q,)
+EjpgtEpe
o e“/ 2m (1 ea<k>eu<k+q>> i HEER D1)
Ny Jgx T(g,0)? ErEpyqg (Ex + Exig + Epig)* + @*
This can be analytically continued by taking iww — w + i7, and the imaginary part of this would be
et 2 e, (ke (k + & (p+ e (p+
ImEf(p’EP):__/ 2(1_ Beat Q)>5(Ek+Ek+q+EP+q_Ep)<l+ (p q)0x+ (P Q)ay>,
Ny Jgx Tl(g,0) ErEj+q Epig Epiq
(D2)
where we have used the approximation
1 (g,
~ 4 z (D3)
[(g.2)  T(g,0)

To proceed, we divide the integral into two regions, one where k is farther from the Fermi ring than ¢ is to the origin (E; > E,)
[E, is defined in the main text below Eq. (19)] and the opposite case (E; < E,). For the former case, we can expand the energies
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up to linear order in g:

PHYSICAL REVIEW B 93, 035138 (2016)

Epiqy — E, ~ E sin x, sin x, + E; cos x, cos x, cos 6,

Here we have defined ¢, 6, and x; (and similarly x, and x,) such that

Ey + Exyq ~ 2Er + E; sin g sin x; + E,4 cos x4 cOS X COS ¢, (D4)
8(Ex + Exqg + Eprg — E,) ~ 8Q2Ey + E, sin x,(sin i + sin x,) + E, cos x,(cos xx cos ¢ + cos x, cos 0)).
. kp - -
vk, = Exsinyx, —k, = Excos xk, k- qr = |k |lq,| cos ¢,
m
(D5)

. kr
vq, = Egsin xg,

dr = Eq cos xg,

Pr-qr = |prllgr| cos,

where k: is the k projected on to the k,-k, plane. However, it is impossible to satisfy the § function in Eq. (D4) and E; > E,
simultaneously. Therefore, there is no phase space that conserves momentum and energy in this case, leading to a 0 contribution

toImXs(p,E)).

For the case where E; < E,, the second line in Eq. (D4) needs to be modified. Instead of expanding terms in powers of ¢, we
expand in powers of k, — kr and k,. However, ¢ is still assumed to be small compared to kp:

sin yy sin COS X, COS X) COS E?
Ex+ Ejy = Ek<1 4 XX 05 Xy , Xk ¢> + E4\/cos? x, cos? ¢ + sin? x, + 0(—") (D6)
J/cos? x, cos2 ¢ + sin? x, E,
In the limit of E/E, < 1 the coherence factor becomes
k)eq(k i i E?
. ex(k)eg(k + q) _1_ sin x sin x4 + cos x4 co'sxkcos¢> N O(—k>, D7)
EyEriy \/cos? x, cos2 ¢ + sin? x, E,
[
which, to leading order, has no energy dependence. Combining Using results already obtained, this gives
everything, the integral gives
X €q’ 1
2 —x(q@ =qZ,0=vyq) = 5 ; ) (ES)
n°dm _, 4me? 1 —ioy /oy
ImE(p. Ep) = — 15 ELCOtp). (D8)
rEF where Om = 12y and Reo, % %(?}s/vp)z.
The largest contributions come from the in-plane scattering The induced energy per unit area is
where the momentum transfer is opposite to the external 1
momentum. The angle integrals can be done numerically for U = —= x| (E6)
any given x,. For x, = /2, which is when the external 2
momentum is only off the Fermi ring in the z direction, this 1 €q’ 1 ™2 (E7)

integral is zero, meaning the lifetime is longer than Ef,

APPENDIX E: PROPAGATION OF ACOUSTIC WAVES

From linear response theory we have

(0(q,w)) = —x(q,0)pexi(q,w) = Io(q,w)Pa(q,w). (E1)

The I1j here differs from the random phase approximation
(RPA) calculated in the main text (IT) by a factor of (ie)?:

1
— = + V), (E2)
x(q,w) To(q,w)
iw
o = —— (g, ), (E3)
q
1 4 e? iw
- =— — — ) (E4)
x(q,w) €q q*0xx(q,)

24ne21—i?

XX

Measure the energy shift with respect to the shift for
Oy — OO:

AU =48U — §U(0yxy = 00) (E8)
1 eg> -1

ext|2
S N E9
24mwer 1 —i% 1471 E9)

The acoustic wave has energy density proportional to g>.
Therefore the energy U per unit surface area is U = ¢q>C*H:

AU Aq

Ny
A% (E10)
U q g q

Avg ik o?/2
v g 14iog(g.w)/on

(E11)

This gives the results presented in the main text.

035138-7



YEJIN HUH, EUN-GOOK MOON, AND YONG BAEK KIM

[1] M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045 (2010);
X.-L. Qi and S.-C. Zhang, ibid. 83, 1057 (2011).

[2] For a review on recent progress, see T. Senthil, Annu. Rev.
Condens. Matter Phys. 6, 299 (2015).

[3] M. Neupane, S.-Y. Xu, R. Sankar, N. Alidoust, G. Bian, C. Liu,
I. Belopolski, T.-R. Chang, H.-T. Jeng, H. Lin, A. Bansil, F.
Chou, and M. Z. Hasan, Nat. Commun. 5, 3786 (2014).

[4] S.-Y. Xu, C. Liu, S. K. Kushwaha, R. Sankar, J. W. Krizan, I.
Belopolski, M. Neupane, G. Bian, N. Alidoust, T.-R. Chang,
H.-T. Jeng, C.-Y. Huang, W.-F. Tsai, H. Lin, P. P. Shibayev,
F.-C. Chou, R. J. Cava, and M. Zahid Hasan, Science 347, 294
(2015).

[5] Z. K. Liu, B. Zhou, Y. Zhang, Z. J. Wang, H. M. Weng, D.
Prabhakaran, S.-K. Mo, Z. X. Shen, Z. Fang, X. Dai, Z. Hussain,
and Y. L. Chen, Science 343, 864 (2014).

[6] X. Wan, A. M. Turner, A. Vishwanath, and S. Y. Savrasov, Phys.
Rev. B 83, 205101 (2011).

[7] S.-Y. Xu, I. Belopolski, N. Alidoust, M. Neupane, C. Zhang,
R. Sankar, S.-M. Huang, C.-C. Lee, G. Chang, B. K. Wang, G.
Bian, H. Zheng, D. S. Sanchez, F. Chou, H. Lin, S. Jia, and M.
Zahid Hasan, Science 349, 613 (2015).

[8] C. Zhang, S.-Y. Xu, L. Belopolski, Z. Yuan, Z. Lin, B. Tong, N.
Alidoust, C.-C. Lee, S.-M. Huang, H. Lin, M. Neupane, D. S.
Sanchez, H. Zheng, G. Bian, J. Wang, C. Zhang, T. Neupert, M.
Zahid Hasan, and S. Jia, arXiv:1503.02630.

[9] J. Xiong, S. K. Kushwaha, T. Liang, J. W. Krizan, W. Wang,
R.J. Cava, and N. P. Ong, arXiv:1503.08179.

[10] W. Witczak-Krempa and Y. B. Kim, Phys. Rev. B 85, 045124
(2012).

[11] A. A. Burkov, M. D. Hook, and L. Balents, Phys. Rev. B 84,
235126 (2011).

[12] J.-M. Carter, V. V. Shankar, M. A. Zeb, and H.-Y. Kee, Phys.
Rev. B 85, 115105 (2012).

[13] S. A. Yang, H. Pan, and F. Zhang, Phys. Rev. Lett. 113, 046401
(2014).

[14] Y. Chen, Y.-M. Lu, and H.-Y. Kee, Nat. Commun. 6, 6593
(2015).

[15] R. Schafter, E. K. H. Lee, Y.-M. Lu, and Y. B. Kim, Phys. Rev.
Lett. 114, 116803 (2015).

PHYSICAL REVIEW B 93, 035138 (2016)

[16] J.-W. Rhim and Y. B. Kim, Phys. Rev. B 92, 045126 (2015).

[17] Y. Chen, Y. Xie, S. A. Yang, H. Pan, F. Zhang, M. L. Cohen,
and S. Zhang, Nano Lett. 15, 6974 (2015).

[18] Y. Kim, B. J. Wieder, C. L. Kane, and A. M. Rappe, Phys. Rev.
Lett. 115, 036806 (2015).

[19] L. S. Xie, L. M. Schoop, E. M. Seibel, Q. D. Gibson, W. Xie,
and R. J. Cava, APL Mat. 3, 083602 (2015).

[20] K. Mullen, B. Uchoa, and D. T. Glatzhofer, Phys. Rev. Lett. 115,
026403 (2015).

[21] M. Zeng, C. Fang, G. Chang, Y.-A. Chen, T. Hsieh, A. Bansil,
H. Lin, and L. Fu, arXiv:1504.03492.

[22] H. Weng, Y. Liang, Q. Xu, R. Yu, Z. Fang, X. Dai, and Y.
Kawazoe, Phys. Rev. B 92, 045108 (2015).

[23] R. Yu, H. Weng, Z. Fang, X. Dai, and X. Hu, Phys. Rev. Lett.
115, 036807 (2015).

[24] H. Weng, C. Fang, Z. Fang, B. A. Bernevig, and Xi Dai, Phys.
Rev. X 5, 011029 (2015).

[25] V. N. Kotov, B. Uchoa, V. M. Pereira, F. Guinea, and A. H.
Castro Neto, Rev. Mod. Phys. 84, 1067 (2012).

[26] J. Gonzalez, F. Guinea, and M. A. H. Vozmediano, Phys. Rev.
Lett. 77, 3589 (1996).

[27] H. Isobe and N. Nagaosa, Phys. Rev. B 86, 165127 (2012).

[28] H.-H. Lai, Phys. Rev. B 91, 235131 (2015).

[29] S.-K. Jian and H. Yao, Phys. Rev. B 92, 045121 (2015).

[30] B.J. Yang and Y. B. Kim, Phys. Rev. B 82, 085111 (2010).

[31] E.-G. Moon, C. Xu, Y. Baek Kim, and L. Balents, Phys. Rev.
Lett. 111, 206401 (2013).

[32] B.-J. Yang, E.-G. Moon, H. Isobe, and N. Nagaosa, Nat. Phys.
10, 774 (2014).

[33] T. Senthil and R. Shankar, Phys. Rev. Lett. 102, 046406
(2009).

[34] E. K.-H. Lee, S. Bhattacharjee, K. Hwang, H.-S. Kim. H. Jin,
and Y. B. Kim, Phys. Rev. B 89, 205132 (2014).

[35] A. L. Fitzpatrick, S. Kachru, J. Kaplan, and S. Raghu, Phys.
Rev. B 88, 125116 (2013).

[36] A.R. Huston and D. L. White, J. Appl. Phys. 33, 40 (1962).

[37] B. I. Halperin, P. A. Lee, and N. Read, Phys. Rev. B 47, 7312
(1993).

[38] S. H. Simon, Phys. Rev. B 54, 13878 (1996).

035138-8


http://dx.doi.org/10.1103/RevModPhys.82.3045
http://dx.doi.org/10.1103/RevModPhys.82.3045
http://dx.doi.org/10.1103/RevModPhys.82.3045
http://dx.doi.org/10.1103/RevModPhys.82.3045
http://dx.doi.org/10.1103/RevModPhys.83.1057
http://dx.doi.org/10.1103/RevModPhys.83.1057
http://dx.doi.org/10.1103/RevModPhys.83.1057
http://dx.doi.org/10.1103/RevModPhys.83.1057
http://dx.doi.org/10.1146/annurev-conmatphys-031214-014740
http://dx.doi.org/10.1146/annurev-conmatphys-031214-014740
http://dx.doi.org/10.1146/annurev-conmatphys-031214-014740
http://dx.doi.org/10.1146/annurev-conmatphys-031214-014740
http://dx.doi.org/10.1038/ncomms4786
http://dx.doi.org/10.1038/ncomms4786
http://dx.doi.org/10.1038/ncomms4786
http://dx.doi.org/10.1038/ncomms4786
http://dx.doi.org/10.1126/science.1256742
http://dx.doi.org/10.1126/science.1256742
http://dx.doi.org/10.1126/science.1256742
http://dx.doi.org/10.1126/science.1256742
http://dx.doi.org/10.1126/science.1245085
http://dx.doi.org/10.1126/science.1245085
http://dx.doi.org/10.1126/science.1245085
http://dx.doi.org/10.1126/science.1245085
http://dx.doi.org/10.1103/PhysRevB.83.205101
http://dx.doi.org/10.1103/PhysRevB.83.205101
http://dx.doi.org/10.1103/PhysRevB.83.205101
http://dx.doi.org/10.1103/PhysRevB.83.205101
http://dx.doi.org/10.1126/science.aaa9297
http://dx.doi.org/10.1126/science.aaa9297
http://dx.doi.org/10.1126/science.aaa9297
http://dx.doi.org/10.1126/science.aaa9297
http://arxiv.org/abs/arXiv:1503.02630
http://arxiv.org/abs/arXiv:1503.08179
http://dx.doi.org/10.1103/PhysRevB.85.045124
http://dx.doi.org/10.1103/PhysRevB.85.045124
http://dx.doi.org/10.1103/PhysRevB.85.045124
http://dx.doi.org/10.1103/PhysRevB.85.045124
http://dx.doi.org/10.1103/PhysRevB.84.235126
http://dx.doi.org/10.1103/PhysRevB.84.235126
http://dx.doi.org/10.1103/PhysRevB.84.235126
http://dx.doi.org/10.1103/PhysRevB.84.235126
http://dx.doi.org/10.1103/PhysRevB.85.115105
http://dx.doi.org/10.1103/PhysRevB.85.115105
http://dx.doi.org/10.1103/PhysRevB.85.115105
http://dx.doi.org/10.1103/PhysRevB.85.115105
http://dx.doi.org/10.1103/PhysRevLett.113.046401
http://dx.doi.org/10.1103/PhysRevLett.113.046401
http://dx.doi.org/10.1103/PhysRevLett.113.046401
http://dx.doi.org/10.1103/PhysRevLett.113.046401
http://dx.doi.org/10.1038/ncomms7593
http://dx.doi.org/10.1038/ncomms7593
http://dx.doi.org/10.1038/ncomms7593
http://dx.doi.org/10.1038/ncomms7593
http://dx.doi.org/10.1103/PhysRevLett.114.116803
http://dx.doi.org/10.1103/PhysRevLett.114.116803
http://dx.doi.org/10.1103/PhysRevLett.114.116803
http://dx.doi.org/10.1103/PhysRevLett.114.116803
http://dx.doi.org/10.1103/PhysRevB.92.045126
http://dx.doi.org/10.1103/PhysRevB.92.045126
http://dx.doi.org/10.1103/PhysRevB.92.045126
http://dx.doi.org/10.1103/PhysRevB.92.045126
http://dx.doi.org/10.1021/acs.nanolett.5b02978
http://dx.doi.org/10.1021/acs.nanolett.5b02978
http://dx.doi.org/10.1021/acs.nanolett.5b02978
http://dx.doi.org/10.1021/acs.nanolett.5b02978
http://dx.doi.org/10.1103/PhysRevLett.115.036806
http://dx.doi.org/10.1103/PhysRevLett.115.036806
http://dx.doi.org/10.1103/PhysRevLett.115.036806
http://dx.doi.org/10.1103/PhysRevLett.115.036806
http://dx.doi.org/10.1063/1.4926545
http://dx.doi.org/10.1063/1.4926545
http://dx.doi.org/10.1063/1.4926545
http://dx.doi.org/10.1063/1.4926545
http://dx.doi.org/10.1103/PhysRevLett.115.026403
http://dx.doi.org/10.1103/PhysRevLett.115.026403
http://dx.doi.org/10.1103/PhysRevLett.115.026403
http://dx.doi.org/10.1103/PhysRevLett.115.026403
http://arxiv.org/abs/arXiv:1504.03492
http://dx.doi.org/10.1103/PhysRevB.92.045108
http://dx.doi.org/10.1103/PhysRevB.92.045108
http://dx.doi.org/10.1103/PhysRevB.92.045108
http://dx.doi.org/10.1103/PhysRevB.92.045108
http://dx.doi.org/10.1103/PhysRevLett.115.036807
http://dx.doi.org/10.1103/PhysRevLett.115.036807
http://dx.doi.org/10.1103/PhysRevLett.115.036807
http://dx.doi.org/10.1103/PhysRevLett.115.036807
http://dx.doi.org/10.1103/PhysRevX.5.011029
http://dx.doi.org/10.1103/PhysRevX.5.011029
http://dx.doi.org/10.1103/PhysRevX.5.011029
http://dx.doi.org/10.1103/PhysRevX.5.011029
http://dx.doi.org/10.1103/RevModPhys.84.1067
http://dx.doi.org/10.1103/RevModPhys.84.1067
http://dx.doi.org/10.1103/RevModPhys.84.1067
http://dx.doi.org/10.1103/RevModPhys.84.1067
http://dx.doi.org/10.1103/PhysRevLett.77.3589
http://dx.doi.org/10.1103/PhysRevLett.77.3589
http://dx.doi.org/10.1103/PhysRevLett.77.3589
http://dx.doi.org/10.1103/PhysRevLett.77.3589
http://dx.doi.org/10.1103/PhysRevB.86.165127
http://dx.doi.org/10.1103/PhysRevB.86.165127
http://dx.doi.org/10.1103/PhysRevB.86.165127
http://dx.doi.org/10.1103/PhysRevB.86.165127
http://dx.doi.org/10.1103/PhysRevB.91.235131
http://dx.doi.org/10.1103/PhysRevB.91.235131
http://dx.doi.org/10.1103/PhysRevB.91.235131
http://dx.doi.org/10.1103/PhysRevB.91.235131
http://dx.doi.org/10.1103/PhysRevB.92.045121
http://dx.doi.org/10.1103/PhysRevB.92.045121
http://dx.doi.org/10.1103/PhysRevB.92.045121
http://dx.doi.org/10.1103/PhysRevB.92.045121
http://dx.doi.org/10.1103/PhysRevB.82.085111
http://dx.doi.org/10.1103/PhysRevB.82.085111
http://dx.doi.org/10.1103/PhysRevB.82.085111
http://dx.doi.org/10.1103/PhysRevB.82.085111
http://dx.doi.org/10.1103/PhysRevLett.111.206401
http://dx.doi.org/10.1103/PhysRevLett.111.206401
http://dx.doi.org/10.1103/PhysRevLett.111.206401
http://dx.doi.org/10.1103/PhysRevLett.111.206401
http://dx.doi.org/10.1038/nphys3060
http://dx.doi.org/10.1038/nphys3060
http://dx.doi.org/10.1038/nphys3060
http://dx.doi.org/10.1038/nphys3060
http://dx.doi.org/10.1103/PhysRevLett.102.046406
http://dx.doi.org/10.1103/PhysRevLett.102.046406
http://dx.doi.org/10.1103/PhysRevLett.102.046406
http://dx.doi.org/10.1103/PhysRevLett.102.046406
http://dx.doi.org/10.1103/PhysRevB.89.205132
http://dx.doi.org/10.1103/PhysRevB.89.205132
http://dx.doi.org/10.1103/PhysRevB.89.205132
http://dx.doi.org/10.1103/PhysRevB.89.205132
http://dx.doi.org/10.1103/PhysRevB.88.125116
http://dx.doi.org/10.1103/PhysRevB.88.125116
http://dx.doi.org/10.1103/PhysRevB.88.125116
http://dx.doi.org/10.1103/PhysRevB.88.125116
http://dx.doi.org/10.1063/1.1728525
http://dx.doi.org/10.1063/1.1728525
http://dx.doi.org/10.1063/1.1728525
http://dx.doi.org/10.1063/1.1728525
http://dx.doi.org/10.1103/PhysRevB.47.7312
http://dx.doi.org/10.1103/PhysRevB.47.7312
http://dx.doi.org/10.1103/PhysRevB.47.7312
http://dx.doi.org/10.1103/PhysRevB.47.7312
http://dx.doi.org/10.1103/PhysRevB.54.13878
http://dx.doi.org/10.1103/PhysRevB.54.13878
http://dx.doi.org/10.1103/PhysRevB.54.13878
http://dx.doi.org/10.1103/PhysRevB.54.13878



