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Nernst and magnetothermal conductivity in a lattice model of Weyl fermions

Gargee Sharma,' Pallab Goswami,” and Sumanta Tewari'
' Department of Physics and Astronomy, Clemson University, Clemson, South Carolina 29634, USA
2Condensed Matter Theory Center, University of Maryland, College Park, Maryland 20742, USA
(Received 18 October 2015; published 13 January 2016)

Weyl semimetals (WSMs) are topologically protected three-dimensional materials whose low-energy
excitations are linearly dispersing massless Dirac fermions, possessing a nontrivial Berry curvature. Using
semiclassical Boltzmann dynamics in the relaxation time approximation for a lattice model of time-reversal (TR)
symmetry broken WSMs, we compute both magnetic field dependent and anomalous contributions to the Nernst
coefficient. In addition to the magnetic field dependent Nernst response, which is present in both Dirac and Weyl
semimetals, we show that, contrary to previous reports, the TR-broken WSM also has an anomalous Nernst
response due to a nonvanishing Berry curvature. We also compute the thermal conductivities of a WSM in the
Nernst (VT L B) and the longitudinal (VT || B) setup and confirm from our lattice model that in the parallel
setup, the Wiedemann-Franz law is violated between the longitudinal thermal and electrical conductivities due

to the chiral anomaly.
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I. INTRODUCTION

After the theoretical prediction of topological insulators,
and their subsequent experimental realization, the field of
topological condensed matter has grown manifold [1-9]. The
topological order manifested in these systems is not associated
with spontaneous breaking of a symmetry, but rather can be
described by a topological invariant which is insensitive to a
smooth deformation of the Hamiltonian. Usually the robust
topological protection is associated with a nonzero spectral
gap in the bulk of the system, and the presence of protected
zero energy surface states is regarded as the hallmark of a
nontrivial topological phase of matter. However, recently it has
been proposed that systems in three spatial dimensions, in the
presence of broken time-reversal (TR) and/or space-inversion
(SI) symmetry, can also be topologically protected even
without a bulk energy gap [10-21]. These are Weyl semimetals
(WSMs)—the nomenclature based on the Dirac/Weyl equation
which is used to describe their low-energy excitations [22].

A number of recent experiments have claimed to be able to
observe the Weyl semimetal phase in an inversion asymmetric
compound TaAs [23-25], and also in a three-dimensional
(3D) double gyroid photonic crystal [26], without breaking
TR. Another route which can result in the experimental
verification of this WSM phase is to first realize a 3D
Dirac semimetal and then break time-reversal symmetry by
applying a magnetic field, which will split a Dirac cone
into a pair of Weyl nodes. Na3;Bi and Cd;As, were recently
proposed to be Dirac semimetals [27,28], and also have
been confirmed experimentally by a series of experiments
[29-37]. In Bi;_,Sb, for x ~ 3-4% also the Dirac semimetal
phase has been predicted [38—40], and experimental signatures
of realizing a WSM phase by breaking TR have been
reported [41].

A simple WSM with broken time-reversal symmetry can
be described by a pair of linearly dispersing massless Dirac
fermions governed by the Hamiltonian Hy(K) = thvpo -
(k — K.), where o is the vector of Pauli spin matrices defined
in the space of two nondegenerate energy bands, vp is the
Fermi velocity, and K. are the two band touching points
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separated from each other in momentum space by ko =
K, — K_. It is essential that K is nonzero to ensure that the
system breaks TR and is topologically nontrivial, in which case
H, and H_ describe two Weyl fermions of opposite chirality.
The two band touching Weyl points act as a source and a sink
(monopole and antimonopole) of Berry curvature, which acts
as a fictitious magnetic field on the electron wave function
in momentum space [42]. For kg = 0, the two Weyl points
collapse onto each other giving rise to a topologically trivial
(i.e., with a zero Berry curvature flux) massless degenerate
Dirac fermion. The topological nature of a WSM leads to a host
of interesting physics, for example Berry curvature induced
anomalous transport, namely charge and thermal Hall conduc-
tivities [43—48], and open Fermi arcs on surfaces [11,49-55].
Anomalous transport phenomena, however, have been already
known to exist in a variety of systems which possess a
nontrivial distribution of the Berry curvature flux [56,57]. In
a WSM, more interestingly, each Weyl node is chiral, with
the chirality quantum number protected by a quantized flux of
the Berry curvature, also known as Chern flux, which results
in another peculiar phenomenon known as the chiral anomaly
(or the Adler-Bell-Jackiw anomaly) [10,16,58,59]. The chiral
anomaly concerns the nonconservation of chiral charge, i.e.,
an imbalance of charge between two distinct species of chiral
fermions in the presence of nonorthogonal applied electric
and magnetic fields. Several transport signatures have been
proposed to test a chiral anomaly such as negative longitudinal
magnetoresistance [16,21,60,61] and chiral magnetic effect
[16,62,63], the former of which has been recently claimed to
be observed in experiments [24,37,41,64].

A Dirac node can be split into two Weyl nodes by breaking
either the TR symmetry or SI symmetry. Figure 1 shows
a linearly dispersing Dirac node split into a pair of Weyl
nodes when TR symmetry is broken, and also shows the
energy-band spectrum of a lattice model of Weyl fermions
obtained by diagonalizing the Hamiltonian in Eq. (56). The
simple model of Weyl semimetal described in the previous
paragraph by Hy(K) breaks TR, however it is also possible
to realize a Weyl system when TR is intact but inversion
symmetry is broken [14,65,66]. This implies that the system

©2016 American Physical Society


http://dx.doi.org/10.1103/PhysRevB.93.035116

GARGEE SHARMA, PALLAB GOSWAMI, AND SUMANTA TEWARI

AE ALE

kx kx

FIG. 1. Top: Linearized band dispersion for Dirac and Weyl
semimetals (k, is suppressed). (a) A doubly degenerate Dirac
semimetal. (b) Transition from a Dirac semimetal to a Weyl
semimetal (represented by a pair of Dirac cones separated by a
finite momentum) by breaking of time-reversal symmetry. Bottom:
Energy-band spectrum for the lattice model of Weyl fermions (k,
suppressed) described in Eq. (56). The two band touching points
occur at Ky = (0,0, £ r/2).

must host more than one flavor of pairs of Weyl fermions for the
vector sum of K to vanish. In the SI broken Weyl semimetal,
because of TR symmetry there is no Berry curvature induced
anomalous charge or thermal Hall effect in the absence of an
external magnetic field. However, in the TR broken WSM,
because of a finite Berry curvature flux through any plane
intermediate between the Weyl nodes in the momentum space,
the anomalous charge and thermal Hall conductivities are
nonzero [13,44-46].

In this paper, we work with a TR broken phase of WSM and
consider its Nernst response. Experimentally, the Nernst effect
measures the transverse electrical response to a longitudinal
thermal gradient in the presence of a perpendicular magnetic
field. The Nernst effect has been used as an important
experimental probe in a number of physical systems such
as high-temperature cuprate superconductors [67-70], and
charge density waves [71,72]. Since the TR-broken WSM
has a nonzero anomalous Hall response (i.e., nonzero Hall
efffect induced by the Berry curvature even in the absence
of a magnetic field) it is expected that the anomalous Nernst
response will also be nonzero. This is because the anomalous
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Hall conductivity o, and the anomalous Peltier coefficient
oy, which measures the transverse electrical current in
response to a longitudinal temperature gradient, are related
by the celebrated Mott relation, o, = —%Zk‘zg%ag’—u’ In turn,
a nonzero o,, implies an anomalous (zero field) Nernst
coefficient given by ay,/0y,. In recent work [45], however,
based on a linearized model of a TR-broken Weyl semimetal,
the anomalous Nernst response has been argued to be zero,
because a linearized Weyl Hamiltonian with unbounded (or
very high) ultraviolet cutoff of the Dirac spectrum produces
00y, /0 = 0. Here we show, from a lattice model of a
WSM (with the lattice regularization providing a physical
ultraviolet cutoff to the low-energy Dirac spectrum) that the
anomalous Peltier coefficient, and in turn the anomalous
Nernst coefficient, is finite and measurable in a physical
time-reversal breaking Weyl semimetal such as Bi;_,Sb,.
In the main part of the paper, we use the semiclassical
Boltzmann equations in the relaxation time approximation in
the presence of a nonzero magnetic field and a Berry curvature,
and derive the thermoelectric and charge conductivity tensors
(both longitudinal and Hall) which we use to calculate both the
conventional (i.e., magnetic field dependent) and topological
(i.e., zero field) Nernst coefficients.

Additionally, we also investigate the thermal conductivity
of a WSM based on the Boltzmann equation approach.
Unlike earlier works which were based on a linearized
WSM model [45,46], we employ a lattice Bloch Hamiltonian.
With the Nernst experimental setup, i.e., the temperature
gradient VT applied perpendicular to the magnetic field
B, we find that the transverse magnetothermal conductivity
obeys the Wiedemann-Franz law [73] (i.e., the ratio of the
thermal and electrical conductivity is the Lorenz number Ly,
both with and without the external magnetic field). In the
parallel setup (VT || B), however, there is an additional B>
dependence of the Lorenz number, thus violating the standard
Wiedemann-Franz law for quasiparticles in a Landau Fermi
liquid, arising from the chiral anomaly. Our results confirm
that the violation of the Wiedemann-Franz law between the
longitudinal magnetothermal and electrical conductivities [47]
persist in the physically more transparent lattice model and is
not an artifact of the linearized low-energy model.

This paper is organized as follows: In Sec. II, we discuss
the Boltzmann semiclassical approach to calculate the Nernst
response in a Weyl semimetal. We derive expressions for
both longitudinal and transverse charge (o,;) and Peltier (o)
conductivity tensors, taking into account perturbative electric
and magnetic fields, and a finite temperature gradient, for a
Hamiltonian with a nonvanishing Berry curvature. Though the
approach is general and can be applied for various configura-
tions, we will compute our expressions relevant for the Nernst
experimental setup. Section III concerns the Nernst response
in a linearly dispersing model of Dirac and Weyl fermions. We
compute the magnetic field dependent Nernst response for a
single Dirac node, and also for a pair of Weyl nodes which
have a nonvanishing flux of the Berry curvature. Additionally
Weyl fermions also exhibit an anomalous Nernst response
even at zero magnetic field when one imposes a physical
ultraviolet cutoff on the energy spectrum, and we show that this
imposition gives a nonzero Peltier coefficient a,,. Section IV
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concerns the lattice WSM model and its Nernst response. In
Sec. V, the magnetothermal conductivity is analyzed, and the
Wiedemann-Franz law is studied for orthogonal (VT L B)
and parallel (VT || B) setups. We conclude in Sec. VI.

II. BOLTZMANN FORMALISM FOR NERNST RESPONSE
IN A LATTICE WEYL SEMIMETAL

Nernst effect measures the transverse electrical response
to a longitudinal thermal gradient in the presence of a finite
magnetic field and the absence of a charge current, i.e., E, =
—19 dT /dx,where ¥ is defined to be the Nernst coefficient and
—dT /dx is the temperature gradient applied along the x axis.
The use of three conductivity tensors, &, &, and ) , suffices to
relate the charge current J and thermal current Q to an applied
electric field and temperature gradient. We reserve the symbol
& for the thermal conductivity tensor which will be the focus of
Sec. V. We can write the following linear-response equation:

©)-G Dlsr) o

The tensors & and & are related to each other by Onsager’s
relation: & = T'&. In the absence of charge current (J = 0), we
have E = 6 '@V T. The Nernst coefficient © can be derived
to be

Q» Q

9 = E}’ _ OxyOxx — UxxOxy (2)
T (=dT/dx) ~ g

2 2
Oxx + Oy y

which is a function of thermoelectric tensor o, and charge
conductivity tensor o,,. We will evaluate «,;, and o, using
semiclassical Boltzmann treatment in the relaxation-time
approximation, accounting for an external magnetic field and
a finite Berry curvature.
A nonzero Berry curvature in a Bloch Hamiltonian acts like
a fictitious magnetic field in the momentum space [57], which
substantially modifies transport properties of the system,
giving rise to anomalous behavior. Anomalous transport due to
the Berry curvature has been crucial in understanding intrinsic
Hall and Nernst conductivity in ferromagnetic materials
[42,74-76]. The Berry curvature for a Bloch Hamiltonian
H(K) is defined to be 2, = €40, Ac(K), where A(K) is the
Berry connection given by A(k) = (u|i Vk|uk), for a Bloch
eigenstate |uy). In the presence of Berry curvature 2, the
semiclassical equation of motion for an electron takes the
following form [42,77]:
. loek) p
r_hak +thk, 3)
where Kk is the crystal momentum, €(k) is the energy disper-
sion, and p = Ak. The first term in Eq. (3) is the familiar
relation between semiclassical velocity I and the band energy
dispersion €(k). The second term is the anomalous transverse
velocity term originating from €2(k). In the presence of
electric and magnetic fields we have the standard relation
p = ¢E + er x B. These two coupled equations for ¥ and p
can be solved together to obtain [78,79]

i= D(B,szla[vk + %(E x Q) + %(vk : ka} )
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2
p= D(B,Qk>[eE n %(vk x B) + %(E : B)Qk] (5)

where D(B,Qx) =[1 +e(B - Qk)/h]’l. D(B, ) is also the
prefactor which modifies the invariant phase-space volume
dpdx — D(B,Qx)dpdx, giving rise to a noncommutative
mechanical model [78], because the Poisson brackets of coor-
dinates is nonzero. For brevity of notation, we will sometimes
omit showing the explicit dependence of D(B,<2(k)) on B and
(k) and instead write just D. In Egs. (4) and (5), we have also
defined vy, = A~ !9¢,/0k to be the band velocity. The second
term in Eq. (4) gives rise to anomalous transport perpendicular
to the applied electric field, while the third term gives rise to
chiral magnetic effect. The third term in Eq. (5) (proportional
to E - B) is the source of chiral anomaly, triggering negative
magnetoresistance. It has been shown recently that negative
magnetoresistance can be derived using the semiclassical
equations of motion employing Boltzmann transport [60].
Other recent works have also developed a modified Boltzmann
equation, taking into account Berry curvature and chiral
anomaly effects [45,46,79-81]. In these works a linearized
model of the WSM has been examined, i.e., a pair of Dirac
nodes topologically protected by chirality quantum numbers.

In this paper we solve the Boltzmann equation in the
presence of the Berry curvature and chiral anomaly terms for a
lattice model of a WSM. The steady-state Boltzmann equation
in the relaxation-time approximation is given by

Vet ki = DS ®)
where 7 is the scattering time, f,, is the equilibrium
Fermi-Dirac distribution function, and fi is the distribution
function of the system in the presence of perturbations. The
scattering time 7 can in general be a function of the crystal
momentum, i.e., T = 7(K), but we shall treat it as independent
of momentum for simplicity.

We will first consider the case when B = 0 and derive the
longitudinal and anomalous Hall conductivities. The linear-
response relations between the charge current and the applied
fields dictate

Jo = 0apEp + gy (—V,, T). @)

The charge current in the presence of an electric field and a
temperature gradient is given by [42]

J:—e/[dk](vk+%Ex Qk)fk

kgeVT
Beh x / [dK] s )
In the above expression, [dKk] = gfﬂ. The quantity sx =

— fegInfeqg — [(1 — fe)In(1 — f,,)] is entropy density for the
electron gas. The first term in Eq. (8) is the current in
response to an applied electric field E, also accounting for the
transverse anomalous velocity acquired by an electron wave
packet due to €2(k). The second term is the anomalous response
to the temperature gradient V7T, which can be obtained
using the semiclassical wave-packet methods taking into
account the orbital magnetization of the carriers arising from
the finite spread of the wave function [42]. It can also be derived
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by first calculating the transverse heat current in response to
an electric field and then using Onsager’s relation [82]. The
heat current Q takes the following form after accounting for
both normal and anomalous contributions [42,83-85]:

Q- / (K] (e — Vi + — / [dKI(E x Q45

N kgVT

x / [dk]%(%feq + B — mzfeq)
kgVT

« [t in(1 4+ o)

- feq )) ) (9)

where Li,(z) is the polylogarithmic function of order 2, which
is generally defined as

+2Liy(1

®  k

Z

=
k=1

Lis(z) =

for an arbitrary complex order s, for a complex argument
|z| < 1. The first term in Eq. (9) is the standard contribution to
the heat current in the absence of Berry curvature. The second
term is the Berry curvature mediated transverse response to
electric field E which can be understood by the following
simple argument: in the presence of the Berry curvature and
the electric field, the electron velocity acquires the additional
anomalous term ¢E x Q. Multiplying this velocity by the
entropy density of the electron gas, we obtain this contribution
to the transverse heat current [82]. From Eq. (1) we can
write the transverse response of J and Q on the applied
temperature gradient and electric field respectively as J, =
ay, VT, and Q, = &,,E,. Comparing the coefficients ay,
and &y, from Eqgs. (8) and (9), it is easy to note that they obey
Onsager’s relation, @,, = Tay,, as expected. From Eq. (1),
the anomalous response Q on an applied temperature gradient
can be written as Qy = [,,V,T. The quantity /,, in Eq. (1)

can be calculated as I, = —k% T c,/h, where [84]
oo
afe
Cp = / [dk]QZ/ de(ﬁe)"ﬁ. (10)
—u de

The energy integral in Eq. (10) reduces to the following for
n =2 [84,85]:

/ de(ﬂe)z af =
€—u

= %feq + ﬂz(e - M)zfeq
— (In(1+ e*ﬂ“k*ﬂ)z) + 2Lix(1 — fog))- (11)

Equations (11) and (10) combined with [, =
the last two VT dependent terms in Eq. (9).

Keeping only linear order dependence on the applied field
E and VT, the following ansatz is assumed for the distribution
function, fx [86] which is a solution to the steady-state
Boltzmann equation [Eq. (6)]:

—k2Tcy/h give

e = feq + r( f“’) <—eE + E_TM(—VT)) (12)
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We will further assume that the electric field and temperature
gradient have nonzero components only along the x direction.
Substituting for fi from Eq. (12) in Eq. (8) for the current
J, and comparing the resulting expression with Eq. (7), the
longitudinal components of the conductivity tensors o,;, and
o,p can be easily read to be

Oy = e2/[dk]v§z(— 8fe">, (13)
de
_ / < feq)
Uy = —— [ [dk]v?t(e — ) , (14)

where v, = i~ '9¢;/dk,. The transverse components are

2
o= % [ 1awaar,. (1)

e =2 [ 1dkin, (16)
which are purely anomalous because we have assumed E and
VT are applied along the x direction, and there is no magnetic
field.

We now discuss the case of a finite magnetic field. We
consider a particular configuration relevant for the experiments
measuring the Nernst coefficient, i.e., VI =V, TX, B =
BZ, and E = 0, although the approach will work for other
configurations also, like the parallel setup discussed in Sec. V.
The Boltzmann equation [Eq. (6)] takes the following form
after making substitutions for I and p from Egs. (4) and (5):

€E— U 0feq eB a
A ( 8e>+h( ok, +”yak fi

fk_feq

“DB.QT

a7

The following ansatz is chosen for the distribution fi which
also accounts for the correction factor (A) due to a finite
magnetic field:

= fog — <DrvaxT6_T'u _v. A) (—8;—6") (18)

The Boltzmann equation [Eq. (17)] thus becomes

eB 3 d Py 7T
o Ry vl | Wt 20
ho\ 7 ok, ok,

__vA (19)
T

vat—i—v-A)

Imposing the condition that this equation must be valid for
all values of v, we find that A, = 0, and the equation can be
simplified to

€ — v v vy, A v A
eBVJ—“Dr( * y)+eB< S y)
T Myy  Myy Myy Myy

A eB n 1 A eB n 1 20)
= —v, A | — — ) —v,A, — ).
Myy Dt Y My, Dt
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In order to solve the above equation, we introduce complex variables V = v, +iv, and A = A, — i A and rewrite the equation

in the following manner:

€—u
Re[eBtDVxTTV<

where mi;l
solved for A:

eBv,

s — =5
— M Myy Myy Myx

A, = eBtD(B, )V, TS

1 i ieB 1
+ =Re| VA - — |+
My, My My Dt

= h20%E(k)/dk; 0k ; 1s the inverse band-mass tensor and Re(z) stands for the real part of z. Equation (21) can be

e R g | C it

@

eBVA*i|

Myy

My

€
Ay = eBTD(B, )V, T

22
T [ 4 oeBu _ w )P feBu By b2 2
My My Dt My Myy Dl >
R | ) I | e Ty
— U [mn Moy Myy + Moy Dt Moy + Myy Moy + Myy Dt (23)
[_ery eBv, i]z + [erk __eBvy, i]z
My Myy Dt Myy Myy Dtd

For convenience of notation, we rewrite A, and Ay as A; =
©V, T ¥ ¢;, incorporating into ¢; the remaining factors apart

the results for A, and A, we can now explicitly write the
distribution function fx as

n (%)}[(Q — D), + cyuy].

(24)

szfeq_l:

The expression for the charge current J, in the presence of B
and Q, is also modified by the factor D(B, Q) [42,45], as
we pointed out earlier that D(B, Q) = [1 + e(B - Q)/h]" ! is
the multiplicative factor which alters the phase-space volume
locally,

J=

i, kgeVT
—e / [dKID"'F f + x / [dK]Qusk.  (25)

Substituting Eq. (24) in Eq. (25) and again comparing with the
linear-response relations in Eq. (1), the thermoelectric tensor

a;; can be solved to
€— [ afe
T( q)( x_D):| (26)

Oy = e/ [dk]vi |:‘L'
(5]
T de€

Uyx :ef [dk][vicy + (cy — D)vxvy] |:'L'
(27)

kBe/[dk]Q .

The temperature dependence of the zero-field anomalous
contribution in Eq. (27) is hidden in the entropy density
sk of the electron gas. Similarly, the electrical conductivity
components (transverse and longitudinal) are obtained to be

Oy = € / [dk]vfr(— o, “’)(cx - D), (28)
de
Oyx =e2/ [dk][vicy + vevy(ex — D)]T(—%)
62
+ % [ 1ai.s,. (29)

(

As a good check of our calculation we also recover the results
for o,,;, and «,;, found in Ref. [45] where the tensorial nature of
m;; is ignored and m = hu/v%. The transverse components,
i.e., Egs. (27) and (29), are a sum of two terms: the first term
captures the effect of a finite B which is further modified
by the Berry curvature 2y, due to the factors ¢y, ¢y, and D
which are nontrivial functions of the Berry curvature. The first
terms in Egs. (27) and (29) depend on the scattering time t,
and we call these “modified” B-dependent Hall conductivities
(because they are modified due to the Berry curvature). The
Berry curvature also alters the expressions for longitudinal
conductivities given in Egs. (26) and (28) because of the factor
¢y — D. In the limits when Qi — 0, the factor ¢, — w7 for
a quadratic band dispersion, up to linear order in B (where
w = eB/m is the cyclotron frequency). In the same limit, the
factor ¢, — D — —1 up to zeroth order in B, thus yielding
the standard expression for o, and «,, given in Egs. (13)
and (14). In contrast, the second term in Egs. (27) and (29),
which is Berry curvature dependent, persists in the absence
of a magnetic field, and is a purely anomalous contribution.
We shall roughly examine the limit in which the factor
DB, %) =[1+ eB - Qu)/h]~! significantly deviates from
1. Defining k = 27K/a, where a is the lattice constant, and
K is dimensionless, e(B - Qx)/h = aZQK/lz, where [ is the
magnetic length and Qg is dimensionless. For a magnetic field
of IT,a ~2 A e(B - Qx)/h~ 10~*Qk. The Berry curvature
for a single linearly dispersing Weyl node centered at the origin
is Qx = K/4|K|?, thus D(B, ) ~ 1 for low magnetic fields
and away from band touching point (K¢ = 0) in the momentum
space (i.e., approximately |K| >> 0.01 in this case). This is ex-
pected, as qualitatively one understands that the effect of Berry
curvature peaks when the energy-band gap E, — 0. When
the effects of Berry curvature can be neglected, the following
standard expressions are derived from Eqs. (27) and (29) for
Hall conductivities, keeping terms only up to linear order in B:

—e'TB ‘L'ZB Bfo 282 Uy Uy 02€
axy [ - - s (30)
8k2 0k, ok,

—e37? afo\ [vid*e  w.v,0%
) /[dk]( - ><a°>< - ak);aky)

€1V}
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In Sec. III, we will use the formula obtained for «,;, and oy,
to calculate the Nernst coefficient in Eq. (2), first analytically
for a simple Dirac and Weyl linearized Hamiltonian, and then
numerically in Sec. IV, for a lattice model of Weyl fermions.

III. NERNST RESPONSE IN LINEARIZED MODEL DIRAC
AND WEYL SYSTEMS

In this section, we will concern ourselves with the Nernst
response of a linearized spectrum of Dirac and Weyl sys-
tems. We examine the magnetic field dependent transverse
conductivities (o, and o,,) for a linearly dispersing Dirac
node, which are analytically tractable using the Boltzmann
approach. We repeat the procedure for a pair of Weyl nodes
taking into consideration the Berry flux modification of the
normal B-dependent conductivities.

A. Nernst effect in a linearized Dirac Hamiltonian

As a warmup, we discuss the Nernst response of a single
Dirac cone, with linear dispersion ex = +hvpk, where k =
Vk; + k; + k2. The density of states for a single Dirac/Weyl
node with unbounded linear dispersion (taking into account
spin degeneracy) is given by

E2
T 72 ()
The density of states vanishes at the Dirac node, which gives
rise to many unusual properties. Equation (28) for the longitu-
dinal conductivity, without the Berry curvature term, reduces

to Eq. (13), which can be employed to analytically deduce the
zero-temperature conductivity for a Dirac Hamiltonian to be

P(E) (32)

e tu?

Txx = Gn Bog’
where we have assumed the scattering time t to be a
phenomenological parameter independent of energy or mo-
mentum. For transverse magnetoconductivity, for a weak
magnetic field B = BZ, we derive the Hall conductivity o,
for a linearized Dirac Hamiltonian using Eq. (30) to be

(33)

_ eBt? v

T Tt

We note that (0yy/0.x) = T = eBt/m, where m is the band
mass near the Fermi surface given by m = hu/ v%. At low
temperatures, the thermoelectric tensor o, is related to the
derivative of o, via the Mott relation [73]
72 k3T doup

=T

(34)

(33)

Combining the Mott relation with Eq. (2), the Nenrst coeffi-
cient becomes (when o, > 0y,)
w2 k3T 3Oy

P =——-"— :—nzkéT—
3 e 0u

(36)

where Oy = oy, /0y, is the Hall angle. However Eq. (36) is
valid only when w # 0, and ¥ does not diverge for © = 0 as
we shall see shortly.

The scattering time in Boltzmann conductivity is sensitive
to the type of impurities in the system. For neutral short-range
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or pointlike impurities, the scattering time t; is given by [87]

1 nVik:
1_ , 37
7, 3mh?vp 37

where n; is the density of the impurities, Vj is the strength
of the impurity potential, and kr is the Fermi wave vector.
Considering Thomas-Fermi (TF) screening, the scattering time
for long-range ionic impurities at zero temperature is given
by [87]
1 v
— = 4na’n— 1(qo)- (38)
T k%
In the above expression, 7. is the density of charged impurities,
o = e?/khvp is the fine-structure constant, gy = qrr/2kF,
where grtr is the Thomas-Fermi wave vector, and I,(x) =
(x? 4 1/2)In(1 + 1/x%) — 1. The total scattering time is given
by Matthiesen’s rule,
1 1 1
-—=—4+—. 39)
Tt T
For a linear Dirac Hamiltonian, kr = u/hvp, therefore the
scattering time expression takes the following form:

i _ nc4na2v132phl,(q0)’ 40)
Te n
1 _ nsVozu,2

7,  3nhvp

(41)

From Matthiesen’s rule, it is evident that the shorter time
scattering process (T, or t.) will dominate the carrier transport,
therefore near p = 0, the scattering from ionic impurities
will primarily determine the conductivity, and for u > 0,
it is scattering from the neutral pointlike impurities that
govern charge transport. For an arbitrary value of u, the
following expression for scattering time t can be written, using
expressions in Eqgs. (39)—(41):

1 1 /1 4

- = —(—2<1 +xp >), 42)

T To \ M
where 1y and x are constants depending on the coefficients of
w? and 1/u? in Egs. (40) and (41), whose exact form is lengthy
and not illuminating for our discussion. Using this expression
for the total scattering time t in Eq. (33), we obtain

e Tout
o T Bt 43)
Similarly, from Eq. (34), we have
R LA “4)
672 BA(1 + xpu*)?
The Hall angle near i = 0 reduces to
Oy = eBuvity/h, (45)

and thus from Eq. (36), the Nernst coefficient ¥y at © = 0 is
given by
7?2 k4T eBvit

9p = —— B~
0 3 ¢ h

(46)
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FIG. 2. Left: Plot of the Nernst coefficient ¢ as a function of
/¢t for a single linearized Dirac node whose spectrum is bounded at
=+ 3.5¢. The energy parameter ¢ is chosen to be t = 0.1 eV. Here %
indicates the value of the Nernst coefficient at u = 0. Right: Chosen
scattering time for the calculation in ps as given by Eq. (42).

Alternatively, the same conclusion can be reached by using the
equation for the Nernst coefficient, i.e., Eq. (2), and Egs. (35),
(43), and (44), by substituting the exact expressions instead
of using the Mott relation. Far away from the Dirac point at
u = 0, the charge conductivities are

2
e 70 1
xx T 5 T3 - — ) 47

“ 672 vph3x( x,u“) “@7)
e eBv th
612 hix2 H3 :

The Hall angle in this case no longer varies linearly with the

Fermi energy (as in the case near u = 0), but is instead given

by ®y =eB v%ro /hx*13. The Nernst coefficient for > 0
becomes

(48)

Oy

27,2 2
7°kyT eBvy1

l? ~ b
e  hxZut

(49)
which approaches zero as u is increased asymptotically, as ex-
pected from Fermi-liquid theory, where the Nernst coefficient
vanishes because of the Sondheimer cancellation [88].

The sign of the Nernst coefficient ¢ does not change with
the sign of u and is thus an even function of p. This is because
both oyy0,, and oy, which appear in the numerator of
the expression for ¢ in Eq. (2), do not depend on sgn(w).
The plot in Fig. 2 displays the Nernst coefficient for a linear
Dirac node obtained using Eqgs. (2), (13), (30), and (35). We
have provided a physical ultraviolet cutoff to the low-energy
spectrum at € = £3.5¢ with t = 0.1 eV, vy ~ 10° m/s, T =
40 K, and B = 1 T. The chosen scattering time t used for this
calculation, and its scaling with u, is also shown in Fig. 2.
A regularized lattice model will however smoothly bound the
dispersion in the Brillouin zone. Section IV will be devoted to
evaluating the Nernst response of a WSM Hamiltonian defined
on a lattice.

B. Nernst effect for a pair of linearized Weyl fermions

A single Dirac node can be visualized as two Weyl nodes,
which are topologically protected by the chirality quantum
number of opposite sign, coinciding with each other in
energy-momentum space. Therefore the net flux of the Berry
curvature, and henceforth the net chirality, vanishes for a
single Dirac node, resulting in a zero anomalous response
for both the charge and thermoelectric conductivity. As a
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FIG. 3. Plot of Berry curvature of a Weyl semimetal in the k, = 0
plane, where the node separation is ko = (0.5,0.5,0). At the origin is
a Weyl node of positive chirality, which acts as a source of Berry flux
indicated by outgoing arrows, which flow towards K¢, which acts as
a sink of Berry flux indicated by incoming arrows.

result, no anomalous Nernst response is also expected in a
linear Dirac Hamiltonian. Using an external perturbation, a
single band-touching point in a Dirac cone can be shifted into
a pair of isolated Weyl points possessing opposite chirality
quantum numbers. The external perturbation must break either
time-reversal symmetry or inversion symmetry, and also lifts
up the degeneracy of the Dirac spinor. Our discussion will
be centered upon the assumption that time-reversal symmetry
is violated, which can be achieved using magnetic field as a
perturbation. Also the Weyl points are assumed to occur at
the same energy, thus there is no chiral chemical potential.
One can also construct inversion asymmetric and TR invariant
models of a WSM, but they are not of interest to us here
because the anomalous Hall and Nernst response vanishes
as the vector sum kg of the node separation becomes zero.
Figure 3 shows the Berry curvature plot of a Weyl semimetal
in the k; = 0 plane, where we assumed the node separation is
ko = (0.5,0.5,0). At the origin is a Weyl node with chirality
quantum number +1 which acts as a source of Berry flux. At
ko we have another node with chirality quantum number —1
which acts as a sink of Berry flux.

Let us first concern ourselves with the normal contribution
to the Nernst effect, i.e., due to an external magnetic field.
As we pointed out earlier, this contribution is further modified
due to effects of the Berry curvature, which are encoded in
the factors cy, ¢y, and D(B,Qy), expressed in Egs. (26)—(29).
Adding up the contribution from both the Weyl nodes and
keeping terms only up to linear order in the magnetic field
B = BZ (which is justified in the limit wt < 1), the zero-
temperature longitudinal electrical conductivity for the Weyl
system becomes

V2T
o = 2 2 dk] ————
“ < | KT = pa
el /” sin® 0d0
C 4n2Bvr Jo ut — h2e2vh B2 cos? 6

d(ex — 1)

(50)

For B ~ 1T, vp ~ 10° m/s (which is the typical value for
vr ina WSM [11]), the factor h2e*v}. B? ~ 10710, Thus away
from pu = 0, the expression reduces to Eq. (33) for a Dirac
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node, except up to an overall multiplicative factor of 2 (for
two nodes). At u = 0, where the Fermi surface just reduces to
a pair of Weyl points, o, = 0. From Eq. (29), we can calculate
the charge Hall conductivity o, for a WSM (again up to linear

order in B):
vZot?[l + (eBQ,/H)?]
oy = 26 f [dk] - (eBS2:/h)
[1 = (eBQ./N)?*T?
etwt? /” sin® Ol (u* + h2e*v} B2 cos? 6) »
0

4B (u* — h2e?vd B2 cos? 9)2

S(ex — 1)

D

Further away from u = 0, the above expression also reduces
to Eq. (34) for the Dirac node, after making the substitution
for the cyclotron frequency @ = ev:B/hu. At u = 0, again
o,y = 0. We can therefore conclude that away from the band
touching point (which line up with the fine tuning of the
chemical potential 1 = 0), and for typical values of the Fermi
velocity and weak magnetic field (such that the semiclassical
Boltzmann approach is still valid) the deviation of the normal
Nernst response due to the Berry curvature is negligible. In this
limit the normal contribution to the Nernst response roughly
reduces to the sum of individual contributions from the two
Dirac nodes. We have also verified this conclusion through
explicit numerical integration, even at finite temperatures,
using Egs. (26)—(29).

A Weyl system also exhibits an anomalous Nernst response
even at zero field and thus the total Nernst signal must arise
from both contributions. The anomalous Hall conductivity a;‘v
for a time-reversal broken Weyl semimetal is nonzero and
varies linearly with the node separation & [13], which can be
obtained by integrating Eq. (29) with the correct regularization
that is consistent with the broken symmetries in the presence
of ko [44],

62 ko

The result in Eq. (52) suggests that the a)ﬁ, remains unaltered
with temperature or for a finite p. This result is strictly valid
only for an unbounded linear dispersion of Dirac fermions. The
Mott formula [Eq. (35)] then suggests that ozfy = 0. If an upper
physical cutoff on the energy of a Dirac node is imposed then
otjf‘y is nonzero, because the contributions from the partially
filled states generically will remain finite. Figure 4 shows the

plot for o/, as a function of node separation ko for a linear

WSM with an upper energy cutoff, and also the plot for (xfy

as a function of upper energy cutoff, obtained using Eqs. (27)
and (29). Lowering the cutoff results in a finite nonzero oy,
thus the anomalous Nernst response is also expected to be
nonzero.

It is not entirely evident from Eq. (2) that the anomalous
Nernst response will vanish for a linearized Weyl Hamiltonian
with an unbounded dispersion when &7, = 0, because of the
nonzero factor a, (f;} in the numerator of Eq. (2). However,
using the results from the previous subsection we have from
Eq. (43) that near u — 0, 0., = 0% u*, and from the Mott
relation oy, = ozgxu3, thus in the vicinity of the Dirac point,

PHYSICAL REVIEW B 93, 035116 (2016)

0.8 1
0.6 0.8
. <706

F04 <

< 0.4
02 0.2

o 1.1 1.2 1.3 % 0.05 0.1 0.15

EC kO

FIG. 4. Left: Plot of anomalous o, (in the units of ukge/h) for
a bounded linear WSM with two bounded linear Dirac nodes vs the
upper energy cutoff E¢ (in units of 10 meV), for © = —0.7¢ and
ko = 0.25. As the upper energy cutoff for each bounded Dirac node
increases, o, decreases eventually becoming close to zero. Right:
Anomalous Hall conductivity o, as a function of the node separation
ko for abounded linear WSM, where ¢, is the Hall conductivity when
ko = 0.15.

the anomalous Nernst coefficient becomes

A0 3
nyaxx/L

T e+ o) 9

Two points can be noted from the above equation: the
anomalous Nernst coefficient vanishes at the Dirac point when
u = 0, and the Nernst coefficient is an odd function of u. The
evaluation of total Nernst signal will have contributions from
both normal and anomalous Hall conductivities, and therefore
an asymmetric behavior of the total Nernst coefficient about
u = 01is expected.

IV. NERNST EFFECT IN A LATTICE WEYL
HAMILTONIAN

The semimetallic state with Weyl-like fermionic excitations
has been recently realized in a series of experiments. In the in-
version asymmetric crystalline compound TaAs, experiments
have claimed to host topologically nontrivial Fermi arcs and
Weyl cones [23-25]. Another pathway of observing Weyl
fermions in condensed matter is to break TR symmetry by
applying a magnetic field in a 3D Dirac semimetal and split
each Dirac cone into a pair of Weyl nodes. 3D materials Na3Bi,
CdsAs,, and Bij_, Sb, with x ~ 3-4% were recently proposed
[27,28,38—40], and also realized experimentally to be Dirac
semimetals [29-37,41]. This has paved the way to realizing a
TR broken WSM phase, which has been so far verified by a
few experimental signatures [24,37,41,64].

One can construct an effective Hamiltonian Hp (k) describ-
ing electron dynamics near the symmetry points in momentum
space of a 3D Dirac semimetal,

Hp(k) = vp(k- o)1 + mK)ty, (54)

where o and t are the vectors of Pauli spin matrices acting
on the spin and pseudospin degrees of freedom respectively.
The mass term m(K) can be tuned to vanish at isolated points
in the Brillouin zone by choosing a specific form of m(k) as
a function of crystal momentum k. The mass term m(k) can
be chosen to be m(k) = m + p cos(k), for |k| < 1, which can
be realized physically. For instance, at x ~ 3-4% in Bi;_,Sb,
the mass term can be tuned to zero at particular K values.
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This yields a degenerate linearly dispersing four-component
Dirac fermion described by Eq. (54) with m(K) =0. A
perturbative Zeeman field coupled with the spin degree of
freedom described by H; = g B,o, can now lift the degeneracy
of the Dirac fermion, with the energy spectrum given by [48]

EK) = j:\/ V2 (K2 +K2) + (¢B. £ vrk)?, (59
where the band-touching point is shifted from the I' point at
K = (0,0,0)to £Ky = £(0,0,gB/vF), where g is the Landé g
factor. The direction along which the two nodes appear is along
the direction of the applied magnetic field. The separation k
between the two Weyl nodes is magnetic field dependent and
is given by kg = 2g B/vr. Now the Hamiltonian around each
K is that of a linearized Weyl fermion.

To discuss the Nernst response in a physical Weyl system,
it is advantageous to consider a lattice model of Weyl
fermions with the lattice regularization providing a physical
ultraviolet smooth cutoff to the low-energy Dirac spectrum,
because the linearized continuum theory for calculating the
anomalous Hall current at a finite density turns out to be
insufficient. For simplicity, instead of considering the band
Hamiltonian for Bi;_,Sb,, we consider a prototype lattice
Hamiltonian for Weyl fermions described by Hj,(k) in
Eq. (56), because it serves our purpose of discussing the Nernst
effect:

Hiyy (k) =t[sin(k,a)o, + sin(k,b)o, + cos(k,c)o;]
+ m[2 — cos(kca) — cos(k,b)]o, = Ni - 0; (56)

Hy(K) supports a pair of Weyl fermions located at (0,0,
+ m/2c), thus kg = (0,0,7t/c) when m > t/2. This lattice
model of Weyl fermions described in Eq. (56) can mimic the
experimentally relevant TR breaking WSM model described
in Eq. (54) and the paragraph below it, when we consider
an external magnetic field B = (0,0,7rvr/g), as the node
separation is fixed from Eq. (56). This is however sufficient
to discuss Nernst effect in the lattice WSM. The energy-band
spectrum is shown in Fig. 1, obtained from diagonalizing the
Hamiltonian in Eq. (56). The anomalous Hall conductivity
oA for this Hamiltonian is given by Eq. (15) at finite
temperature and chemical potential, which is plotted in Fig. 5.
At zero temperature and at u =0, axf, =¢?/h. The ith
component of Berry curvature vector Q, for Hi(k) is
given by

'[3Nk Z)Nk]
ok dk;
Q ni = —1 nGi' ! 57
s = (1 ey —— s 57)

In Eq. (57), n stands for the band index. The anomalous
Peltier coefficient ' , can be calculated using Eq. (16) and

Xy’
is nonzero, as shown in Fig. 5, because afy is no longer a
A

constant function of . Figure 5 also shows ay

using the Mott relation. This feature of nonzero a? was
absent in the linearized model of a WSM. Figure 5 shows
the total Nernst response ¢+ obtained by numerical calculation
using Egs. (2) and (26)—(29) for this lattice model. We observe
that the normal Nernst coefficient is nonzero around u = 0,
and is an even function of p, which is consistent with the
findings of Sec. III. In Sec. III, we also pointed out that the
anomalous Nernst coefficient vanishes at u = 0 and is an odd

calculated
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FIG. 5. Results for the lattice WSM described by Eq. (56). Top
panel (left): In red is the anomalous contribution to o, / o), obtained
using Eq. (16), and in blue is the anomalous contribution to o, using
Mott relation [Eq. (35)] displaying a reasonable agreement; o' is the
value at u = . Top panel (right): Anomalous Hall conductivity as
a function of /¢ [again o*f). is the value at u = 0)] obtained using
Eq. (15). Middle panel (left): Normal Nernst response #" /1%, as a
function of wu, where ¥ is the Nernst coefficient at © = 0. Middle
panel (right): Anomalous Nernst response ©#* /1%,, as a function of y,
where ¥, is the anomalous Nernst coefficient at «© = 0.3¢. Bottom
panel (left): Total Nernst coefficient 7 /9, including both normal
and anomalous response as a function of u/t, where ¥, is the Nernst
coefficient at © = 0.1¢. A slight asymmetry for the total Nernst signal
about u = 0 can be noted. Bottom panel (right): Chosen scattering
time in ps as a function of w, as given by Eq. (42). The chosen
parameter values for this calculation are 7 =20K, r =0.1 eV,
m = 0.6¢.

function of w, and thus the total Nernst response is expected to
show an asymmetric behavior about © = 0. These conclusions
do no change for a lattice model, and a slight asymmetry
can be observed in the plot of the Nernst coefficient in
Fig. 5.

V. MAGNETOTHERMAL CONDUCTIVITY
FOR A WEYL SEMIMETAL

When a temperature gradient VT is applied across a sample,
a charge current J is developed. In the absence of a charge
current, from Eq. (1), we must have E = 6~ 1aVT. Using this
expression for E in the formula for the thermal current Q

given in Eq. (1), we can write the following linear response
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relation:

N

Q= (Taé7'a = )VT =k (=VT). (58)

A

& is the thermal conductivity tensor whose longitudinal and
Hall components can be written explicitly as

2 2
Oyx (ozxx — axy) + 20y 0 Oy
Kxx = lxx - o2 o2 s (59)
XX Xy
2 2
} Oy (axy — O‘xx) + 20, 0y Oy 6
Kxy = lxy — o2 _ o2 . ( 0)
xx xy

Usually [ is identified with i, however the second term in
Egs. (59) and (60) is still nonzero, though small compared to
[. The Wiedemann-Franz law states that the ratio of thermal
conductivity k and electrical conductivity o for a metallic state
is proportional to temperature. The law holds for a generic
system as long as it can be termed as Landau Fermi liquid
where the quasiparticle description of electronic states remains
valid,

S p,T. 61)

Ojj

Equation (61) states the Wiedemann-Franz law, where L is
the Lorenz number (Lo = n2k§/3e2).

In the absence of a magnetic field, the B-dependent
contribution to oy, is zero, and Ky, = I, — oz)%x /o, Will be
given by the standard expression of the longitudinal thermal
conductivity:

B o (€ =P By
L _/[dk]vx[r—T < o )} (62)

To discuss magnetothermal conductivity, we first examine the
case which is also relevant to the Nernst experimental setup
discussed in Secs. [I- 1V, i.e., VT = (3T /dx)X and B = BZ.
The expressions for charge and thermoelectric conductivities
6 and & have been already obtained in Eqs. (26)-(29).
From Eqgs. (9) and (1), we can read the conductivity tensor
[ as

_ 2
I, = f [dk]vf[ru<—8fﬁ)(€x —D)}, 63)

T de
— 2
lyx = /[dk][vicy + vay(cx _ D)] |:T¥(_ag‘%>i|
kgVT KIS 72 , i
Bh X/ k<?feq + B (e — ) feq)
- kl;}VhT x /[dk]gzk[ln(l + e Plex—my?

The B-dependent longitudinal magnetothermal conductivity
I, is further modified from Eq. (62) by the factor of (¢, — D)
which is a function of the Berry curvature. The first term of
the transverse magnetothermal conductivity /,, in Eq. (64) is

PHYSICAL REVIEW B 93, 035116 (2016)

0.8 0.5
- >
£X0.6 E!x
3 5o
£04 G
0.2 -0.5
-1
-4 -2 0 2 4 -4 =2 0 2 4
n/t n/t
—7
x 10
1 25
0.8 L 2
-
-%0.6 =15
< a8
0.4 3!
0.2 0.5
0
-4 -2 2 4 0 0.5 1.5 2

0 1
u/t B/By

FIG. 6. Top panel (left): Longitudinal magnetothermal conduc-
tivity «,, for the WSM lattice model as a function of w/¢, where
Kk is the value at u = ¢. Top panel (right): Normal B-dependent
contribution to K)f;, where /c;”y is the value at p = . Bottom panel
(left): Anomalous zero magnetic field contribution to 7, where «?,
is the value at © = 0. In all the three figures, we have plotted in
red the thermal conductivity obtained using Egs. (63) and (64), and
in blue using Wiedemann-Franz law, Eq. (61) (all three plots are
for transverse setup, i.e., VT L B). Bottom panel (right): Plot of
AL(B)/Ly = [L(B)/Ly — 1] as a function of applied magnetic field
B (here By = vrko/2g) when VT | B showing an additional B>
dependence of the Lorenz number arising from the chiral anomaly
term (2 - v).

the standard B-dependent contribution. The second and the
third terms give the zero magnetic field anomalous thermal
conductivity. The Wiedemann-Franz law given in Eq. (61)
remains valid for «,, and k., as shown in Fig. 6.

A more interesting scenario occurs when VT = (07 /0dz2)Z,
E =0, B = BZ, i.e., when the applied temperature gradient is
parallel to the magnetic field.

Using Eqs. (4) and (5), the steady-state Boltzmann equation

[Eq. (6)] becomes
€—u 0feq e
EE) ey
fk - feq )

n eB d a P 65)
— | Vy— — Vy— _ —_——
2\ ok, ok, )" Dt

The following ansatz is chosen for the distribution function
fx, which is a solution of Eq. (6),

€ — afe.
Si = feg = — D‘L’TMVZT<— Z{:)(vz + %B(V. Qk))

+ (—afﬂ)v - A (66)
o€

The correction factor A in the ansatz for fi is introduced to
account for a perturbative magnetic field B. Substituting for
Jx given in Eq. (66) into the Boltzmann equation [Eq. (65)],
and imposing the condition that the equation should remain
valid for all values of v, we find that A, = 0. Introducing

035116-10



NERNST AND MAGNETOTHERMAL CONDUCTIVITY INA ...

V =v,+ivy, and A = A, —iA,, the Boltzmann equation
can be rewritten in the following form:

BDt(c — WV.T
Re[—ive TE — WV (—i—er):|
mxz

Th?

eBDt(e — W)V, T ( h
e — +es

My,
R —ieBVA eBV*A n VA
= —RC _ — ],

myh him Dt

_ Q, + Q, + Qz’
My,

+Re[V

(67)

where

(68)

mXX

Q. Q Q
+ = 4 =,

My

(69)

S =

My Myy Ty

The factors Ay and A, can be straightforwardly evaluated
from the real and imaginary parts of the complex vector A =
A, +iAy, which is a solution of Eq. (67). Now substituting
for the distribution function fi in Eq. (25), it is then possible
to deduce the conductivity tensor @ and [. The longitudinal
conductivities are obtained to be [45,46]

e? eB 2 0feq
oy, = T / D[dk](vZ + ?Q . V> (e — M)<_¥)’

(70)

_ eB 2 (€= P\ [ Bfe
lzz - / D[dk] (Uz + _h Q- V) T(—T )<__86 )
(71)

In a similar fashion one can also calculate the charge
conductivity o,

2
o2 =€2/D[dk]<vz+§9~v> r(_afﬁ) 72)
h de

The results in Egs. (70)—(72) are of interest because of the B?
dependence arising from the chiral-anomaly term €2 - v. Note
that this term does not arise in the transverse setup, i.e., when
VT and B are orthogonal to each other, and is thus linked to
the topological E - B term arising in axion electrodynamics of
WSMs. We can write the following simple relations for o,
and «;:

0, =00+ aB?, (73)

K. = ko + BB, (74)

where o and k are the longitudinal conductivities for B = 0.
The coefficients « and g (not to be confused with 8 = 1/kpT)
account for the B? dependence of o, and k.. respectively.
They depend on the band structure of the Hamiltonain and
can be obtained by the k-space integrals defined in Egs. (71)
and (72). The Lorenz number L in the Wiedemann-Franz
law given in Eq. (61) will be B dependent, and can be
written as

: B?
Kz =L0+AL(B)=%,
To,, T (oo + aB?)

L(B) = (75)
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(Boo — ako)B> _ (Boy — aLoTap)B?

2 2
To, To,

AL(B) ~ (76)

AL(B) gives the B? enhancement of the Lorenz number
from its standard value L,. Figure 6 displays the quadratic
behavior of the Lorenz number L(B) with the magnetic field
in the parallel setup for the lattice WSM Hamiltonian given in
Eq. (56), thus showing a violation of the Wiedemann-Franz
law. It is also worthwhile to point out the sign of AL in
Eq. (76), which will depend on the details of the band structure
of the Hamiltonian. The Lorenz number, which is the ratio
of thermal to electrical conductivity, will increase (decrease)
from its standard value if the B> coefficient in the expression
for thermal conductivity is greater (lesser) than electrical
conductivity. In the present case, the sign of AL was found
to be positive. Similar conclusions on the sign of AL were
obtained in previous work [47].

VI. CONCLUSIONS

In this work we have studied the Nernst response of a
time-reversal broken Weyl semimetal. As a consequence of
nonzero anomalous Hall response in a Weyl system with
broken time-reversal symmetry, it is generally expected that
an anomalous Nernst conductivity is also observed. This is
because generally the Peltier coefficient which is related to the
first derivative of the charge conductivity with respect to the
chemical potential should not vanish. However, a linearized
Weyl fermionic system was found to have its anomalous
Hall conductivity independent of chemical potential and
temperature. Previous studies [45] have therefore argued
that the anomalous Peltier coefficient and the anomalous
Nernst response for a system of Weyl fermions should be
zero. We show this by considering a physical description
of a WSM which is cut off at higher energies by either
considering a bounded linearized Weyl Hamiltonian or a lattice
regularization providing a smooth physical ultraviolet cutoff
in a lattice model of Weyl fermions. This produces a nonzero
Peltier coefficient and thus a nonvanishing Nernst response
measurable experimentally.

Starting with the semiclassical Boltzmann approach to
linear transport in a system, we first derived the expressions
for charge and thermal conductivities in the presence of
a perturbative magnetic field and a temperature gradient
orthogonal to each other, for a generic band Hamiltonian which
has a nontrivial Berry curvature. The longitudinal conductivity
is modified from its standard expression because of Berry cur-
vature effects. The B-dependent transverse conductivity also
is modified by Berry curvature. Additionally, the transverse
conductivity also comprises a purely anomalous contribution
even at zero B field due to the Berry curvature. Thus the
total contribution to the Nernst signal comprises two parts:
a B-dependent response, and a purely anomalous response.
We derived analytic expressions for the Nernst coefficient
in a linearized Dirac and Weyl Hamiltonian, and have also
computed the total Nernst response for a lattice model of Weyl
fermions numerically. We also pointed out that B-dependent
normal Nernst signal is an even function of the chemical
potential, but the anomalous Nernst coefficient is an odd
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function. As a result one would expect a slight asymmetry
in the total Nernst response u = 0, which is evident from our
numerical studies.

Additionally, we also examined the magnetothermal con-
ductivity of a WSM, and find that for the orthogonal
experimental setup, similar to the Nernst experiment, the
Wiedemann-Franz law holds for both longitudinal and Hall
conductivities (normal and anomalous). For the parallel setup
we find an additional B? dependence of the Lorenz number
arising from the chiral anomaly term v - 2. In a previous theo-
retical work [47], both of these conclusions have been reported
for a linearized WSM, and the violation of Wiedemann-Franz

PHYSICAL REVIEW B 93, 035116 (2016)

law in the parallel setup has been ascribed to the role of
axion-electrodynamics because of the topological E - B term.
We verify this violation of Wiedemann-Franz law in a lattice
Hamiltonian, and it only depends on the presence of Berry
curvature in a system, and therefore it is not an artifact of a
linearized theory.

ACKNOWLEDGMENTS

G.S. and S.T. were supported by AFOSR (Grant No.
FA9550-13-1-0045). P.G. was supported by NSF-JQI-PFC and
and LPS-CMTC.

[1] A. Bernevig, T. L. Hughes, and S. C. Zhang, Science 314, 1757
(2006).
[2] M. Konig, S. Wiedmann, C. Briine, A. Roth, H. Buhmann,
L. W. Molenkamp, X. L. Qi, and S. C. Zhang, Science 318,
766 (2007).
[3] L. Fu, C. L. Kane, and E. J. Mele, Phys. Rev. Lett. 98, 106803
(2007).
[4] C. L. Kane and E. J. Mele, Phys. Rev. Lett. 95, 146802 (2005).
[5] H. Zhang, C. X. Liu, X. L. Qi, X. Dai, F. Zhong, and S. C.
Zhang, Nat. Phys. 5, 438 (2009).
[6] Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045 (2010).
[7]1 J. E. Moore, Nature (London) 464, 194 (2010).
[8] X. L. Qi and S. C. Zhang, Rev. Mod. Phys. 83, 1057 (2011).
[9] R. Roy, Phys. Rev. B 79, 195322 (2009).
[10] G. E. Volovik, Universe in a Helium Droplet (Oxford University
Press, New York, 2003).
[11] X. Wan, A. M. Turner, A. Vishwanath, and S. Y. Savrasov, Phys.
Rev. B 83, 205101 (2011).
[12] K. Y. Yang, Y. M. Lu, and Y. Ran, Phys. Rev. B 84, 075129
(2011).
[13] A. A. Burkov and L. Balents, Phys. Rev. Lett. 107, 127205
2011).
[14] A. A. Burkov, M. D. Hook, and L. Balents, Phys. Rev. B 84,
235126 (2011).
[15] G. Xu, H. Weng, Z. Wang, X. Dai, and Z. Fang, Phys. Rev. Lett.
107, 186806 (2011).
[16] A. A.Zyuzin, S. Wu, and A. A. Burkov, Phys. Rev. B 85, 165110
(2012).
[17] A. A. Zyuzin and A. A. Burkov, Phys. Rev. B 86, 115133
(2012).
[18] T. Meng and L. Balents, Phys. Rev. B 86, 054504 (2012).
[19] M. Gong, S. Tewari, and C. W. Zhang, Phys. Rev. Lett. 107,
195303 (2011).
[20] J. D. Sau and S. Tewari, Phys. Rev. B 86, 104509 (2012).
[21] P. Hosur and X. Qi, C. R. Phys. 14, 857 (2013).
[22] M. E. Peskin and D. V. Schroeder, An Introduction to Quantum
Field Theory (Westview, Boulder, CO, 1995).
[23] S. Y. Xu, I. Belopolski, N. Alidoust, M. Neupane, C. Zhang, R.
Sankar, S. M. Huang, C. C. Lee, G. Chang, B. Wang, G. Bian,
H. Zheng, D. S. Sanchez, F. Chou, H. Lin, S. Jia, and M. Z.
Hasan, Science 349, 613 (2015).
[24] X. Huang, L. Zhao, Y. Long, P. Wang, D. Chen, Z. Yang, H.
Liang, M. Xue, H. Weng, Z. Fang, X. Dai, and G. Chen, Phys.
Rev. X 5, 031023 (2015).

[25] B.Q.Lv,N. Xu, H. M. Weng, J. Z. Ma, P. Richard, X. C. Huang,
L. X. Zhao, G. F. Chen, C. Matt, F. Bisti, V. N. Strocov, J. Mesot,
Z. Fang, X. Dai, T. Qian, M. Shi, and H. Ding, Nat. Phys. 11,
724 (2015).

[26] L. Lu, Z. Wang, D. Ye, L. Ran, L. Fu, J. D. Joannopoulos, and
M. Soljacic, Science 349, 622 (2015).

[27] Z. J. Wang, Y. Sun, X. Q. Chen, C. Franchini, G. Xu,
H. M. Weng, X. Dai, and Z. Fang, Phys. Rev. B 85, 195320
(2012).

[28] Z. J. Wang, H. M. Weng, Q. S. Wu, X. Dai, and Z. Fang, Phys.
Rev. B 88, 125427 (2013).

[29] Z. K. Liu, B. Zhou, Y. Zhang, Z. J. Wang, H. M. Weng, D.
Prabhakaran, S. K. Mo, Z. X. Shen, Z. Fang, X. Dai, Z. Hussain,
and Y. L. Chen, Science 343, 864 (2014).

[30] S.-Y. Xu, C. Liu, S. K. Kushwaha, T.-R. Chang, J. W. Krizan,
R. Sankar, C. M. Polley, J. Adell, T. Balasubramanian, K.
Miyamoto, N. Alidoust, G. Bian, M. Neupane, 1. Belopolski,
H.-T. Jeng, C.-Y. Huang, W.-F. Tsai, H. Lin, F. C. Chou, T.
Okuda, A.Bansil, R.J. Cava, and M. Z. Hasan, arXiv:1312.7624.

[31] M. Neupane, S. Y. Xu, R. Sankar, N. Alidoust, G. Bian, C. Liu,
I. Belopolski, T. R. Chang, H. T. Jeng, H. Lin, A. Bansil, F.
Chou, and M. Z. Hasan, Nat. Commun. 5, 3786 (2014).

[32] Z. K. Liu, J. Jiang, B. Zhou, Z. J. Wang, Y. Zhang, M. Weng, D.
Prabhakaran, S.-K. Mo, H. Peng, P. Dudin, T. Kim, M. Hoesch,
Z. Fang, X. Dai, Z. X. Shen, D. L. Feng, Z. Hussain, and Y. L.
Chen, Nat. Mater. 13, 677 (2014).

[33] S. Borisenko, Q. Gibson, D. Evtushinsky, V. Zabolotnyy,
B. Biichner, and R. J. Cava, Phys. Rev. Lett. 113, 027603
(2014).

[34] S. Jeon, B. B. Zhou, A. Gyenis, B. E. Feldman, I. Kimchi, A. C.
Potter, Q. D. Gibson, R. J. Cava, A. Vishwanath, and A. Yazdani,
Nat. Mater. 13, 851 (2014).

[35] T. Liang, Q. Gibson, M. N. Ali, M. Liu, R. J. Cava, and N. P.
Ong, Nat. Mater. 14, 280 (2015).

[36] J. Xiong, S. K. Kushwaha, J. Krizan, T. Liang, R. J. Cava, and
N. P. Ong, arXiv:1502.06266.

[37] J. Xiong, S. K. Kushwaha, T. Liang, J. W. Krizan, W. Wang,
R.J. Cava, and N. P. Ong, arXiv:1503.08179.

[38] L. Fu and C. L. Kane, Phys. Rev. B 76, 045302 (2007).

[39] J. C. Y. Teo, L. Fu, and C. L. Kane, Phys. Rev. B 78, 045426
(2008).

[40] H. Guo, K. Sugawara, A. Takayama, S. Souma, T. Sato, N.
Satoh, A. Ohnishi, M. Kitaura, M. Sasaki, Q.-K. Xue, and T.
Takahashi, Phys. Rev. B 83, 201104(R) (2011).

035116-12


http://dx.doi.org/10.1126/science.1133734
http://dx.doi.org/10.1126/science.1133734
http://dx.doi.org/10.1126/science.1133734
http://dx.doi.org/10.1126/science.1133734
http://dx.doi.org/10.1126/science.1148047
http://dx.doi.org/10.1126/science.1148047
http://dx.doi.org/10.1126/science.1148047
http://dx.doi.org/10.1126/science.1148047
http://dx.doi.org/10.1103/PhysRevLett.98.106803
http://dx.doi.org/10.1103/PhysRevLett.98.106803
http://dx.doi.org/10.1103/PhysRevLett.98.106803
http://dx.doi.org/10.1103/PhysRevLett.98.106803
http://dx.doi.org/10.1103/PhysRevLett.95.146802
http://dx.doi.org/10.1103/PhysRevLett.95.146802
http://dx.doi.org/10.1103/PhysRevLett.95.146802
http://dx.doi.org/10.1103/PhysRevLett.95.146802
http://dx.doi.org/10.1038/nphys1270
http://dx.doi.org/10.1038/nphys1270
http://dx.doi.org/10.1038/nphys1270
http://dx.doi.org/10.1038/nphys1270
http://dx.doi.org/10.1103/RevModPhys.82.3045
http://dx.doi.org/10.1103/RevModPhys.82.3045
http://dx.doi.org/10.1103/RevModPhys.82.3045
http://dx.doi.org/10.1103/RevModPhys.82.3045
http://dx.doi.org/10.1038/nature08916
http://dx.doi.org/10.1038/nature08916
http://dx.doi.org/10.1038/nature08916
http://dx.doi.org/10.1038/nature08916
http://dx.doi.org/10.1103/RevModPhys.83.1057
http://dx.doi.org/10.1103/RevModPhys.83.1057
http://dx.doi.org/10.1103/RevModPhys.83.1057
http://dx.doi.org/10.1103/RevModPhys.83.1057
http://dx.doi.org/10.1103/PhysRevB.79.195322
http://dx.doi.org/10.1103/PhysRevB.79.195322
http://dx.doi.org/10.1103/PhysRevB.79.195322
http://dx.doi.org/10.1103/PhysRevB.79.195322
http://dx.doi.org/10.1103/PhysRevB.83.205101
http://dx.doi.org/10.1103/PhysRevB.83.205101
http://dx.doi.org/10.1103/PhysRevB.83.205101
http://dx.doi.org/10.1103/PhysRevB.83.205101
http://dx.doi.org/10.1103/PhysRevB.84.075129
http://dx.doi.org/10.1103/PhysRevB.84.075129
http://dx.doi.org/10.1103/PhysRevB.84.075129
http://dx.doi.org/10.1103/PhysRevB.84.075129
http://dx.doi.org/10.1103/PhysRevLett.107.127205
http://dx.doi.org/10.1103/PhysRevLett.107.127205
http://dx.doi.org/10.1103/PhysRevLett.107.127205
http://dx.doi.org/10.1103/PhysRevLett.107.127205
http://dx.doi.org/10.1103/PhysRevB.84.235126
http://dx.doi.org/10.1103/PhysRevB.84.235126
http://dx.doi.org/10.1103/PhysRevB.84.235126
http://dx.doi.org/10.1103/PhysRevB.84.235126
http://dx.doi.org/10.1103/PhysRevLett.107.186806
http://dx.doi.org/10.1103/PhysRevLett.107.186806
http://dx.doi.org/10.1103/PhysRevLett.107.186806
http://dx.doi.org/10.1103/PhysRevLett.107.186806
http://dx.doi.org/10.1103/PhysRevB.85.165110
http://dx.doi.org/10.1103/PhysRevB.85.165110
http://dx.doi.org/10.1103/PhysRevB.85.165110
http://dx.doi.org/10.1103/PhysRevB.85.165110
http://dx.doi.org/10.1103/PhysRevB.86.115133
http://dx.doi.org/10.1103/PhysRevB.86.115133
http://dx.doi.org/10.1103/PhysRevB.86.115133
http://dx.doi.org/10.1103/PhysRevB.86.115133
http://dx.doi.org/10.1103/PhysRevB.86.054504
http://dx.doi.org/10.1103/PhysRevB.86.054504
http://dx.doi.org/10.1103/PhysRevB.86.054504
http://dx.doi.org/10.1103/PhysRevB.86.054504
http://dx.doi.org/10.1103/PhysRevLett.107.195303
http://dx.doi.org/10.1103/PhysRevLett.107.195303
http://dx.doi.org/10.1103/PhysRevLett.107.195303
http://dx.doi.org/10.1103/PhysRevLett.107.195303
http://dx.doi.org/10.1103/PhysRevB.86.104509
http://dx.doi.org/10.1103/PhysRevB.86.104509
http://dx.doi.org/10.1103/PhysRevB.86.104509
http://dx.doi.org/10.1103/PhysRevB.86.104509
http://dx.doi.org/10.1016/j.crhy.2013.10.010
http://dx.doi.org/10.1016/j.crhy.2013.10.010
http://dx.doi.org/10.1016/j.crhy.2013.10.010
http://dx.doi.org/10.1016/j.crhy.2013.10.010
http://dx.doi.org/10.1126/science.aaa9297
http://dx.doi.org/10.1126/science.aaa9297
http://dx.doi.org/10.1126/science.aaa9297
http://dx.doi.org/10.1126/science.aaa9297
http://dx.doi.org/10.1103/PhysRevX.5.031023
http://dx.doi.org/10.1103/PhysRevX.5.031023
http://dx.doi.org/10.1103/PhysRevX.5.031023
http://dx.doi.org/10.1103/PhysRevX.5.031023
http://dx.doi.org/10.1038/nphys3426
http://dx.doi.org/10.1038/nphys3426
http://dx.doi.org/10.1038/nphys3426
http://dx.doi.org/10.1038/nphys3426
http://dx.doi.org/10.1126/science.aaa9273
http://dx.doi.org/10.1126/science.aaa9273
http://dx.doi.org/10.1126/science.aaa9273
http://dx.doi.org/10.1126/science.aaa9273
http://dx.doi.org/10.1103/PhysRevB.85.195320
http://dx.doi.org/10.1103/PhysRevB.85.195320
http://dx.doi.org/10.1103/PhysRevB.85.195320
http://dx.doi.org/10.1103/PhysRevB.85.195320
http://dx.doi.org/10.1103/PhysRevB.88.125427
http://dx.doi.org/10.1103/PhysRevB.88.125427
http://dx.doi.org/10.1103/PhysRevB.88.125427
http://dx.doi.org/10.1103/PhysRevB.88.125427
http://dx.doi.org/10.1126/science.1245085
http://dx.doi.org/10.1126/science.1245085
http://dx.doi.org/10.1126/science.1245085
http://dx.doi.org/10.1126/science.1245085
http://arxiv.org/abs/arXiv:1312.7624
http://dx.doi.org/10.1038/ncomms4786
http://dx.doi.org/10.1038/ncomms4786
http://dx.doi.org/10.1038/ncomms4786
http://dx.doi.org/10.1038/ncomms4786
http://dx.doi.org/10.1038/nmat3990
http://dx.doi.org/10.1038/nmat3990
http://dx.doi.org/10.1038/nmat3990
http://dx.doi.org/10.1038/nmat3990
http://dx.doi.org/10.1103/PhysRevLett.113.027603
http://dx.doi.org/10.1103/PhysRevLett.113.027603
http://dx.doi.org/10.1103/PhysRevLett.113.027603
http://dx.doi.org/10.1103/PhysRevLett.113.027603
http://dx.doi.org/10.1038/nmat4023
http://dx.doi.org/10.1038/nmat4023
http://dx.doi.org/10.1038/nmat4023
http://dx.doi.org/10.1038/nmat4023
http://dx.doi.org/10.1038/nmat4143
http://dx.doi.org/10.1038/nmat4143
http://dx.doi.org/10.1038/nmat4143
http://dx.doi.org/10.1038/nmat4143
http://arxiv.org/abs/arXiv:1502.06266
http://arxiv.org/abs/arXiv:1503.08179
http://dx.doi.org/10.1103/PhysRevB.76.045302
http://dx.doi.org/10.1103/PhysRevB.76.045302
http://dx.doi.org/10.1103/PhysRevB.76.045302
http://dx.doi.org/10.1103/PhysRevB.76.045302
http://dx.doi.org/10.1103/PhysRevB.78.045426
http://dx.doi.org/10.1103/PhysRevB.78.045426
http://dx.doi.org/10.1103/PhysRevB.78.045426
http://dx.doi.org/10.1103/PhysRevB.78.045426
http://dx.doi.org/10.1103/PhysRevB.83.201104
http://dx.doi.org/10.1103/PhysRevB.83.201104
http://dx.doi.org/10.1103/PhysRevB.83.201104
http://dx.doi.org/10.1103/PhysRevB.83.201104

NERNST AND MAGNETOTHERMAL CONDUCTIVITY INA ...

[41] H. J. Kim, K. S. Kim, J. F. Wang, M. Sasaki, N. Satoh, A.
Ohnishi, M. Kitaura, M. Yang, and L. Li, Phys. Rev. Lett. 111,
246603 (2013).

[42] D.Xiao, Y. Yao,Z. Fang, and Q. Niu, Phys. Rev. Lett. 97, 026603
(2006).

[43] A. A. Burkov, Phys. Rev. Lett. 113, 187202 (2014).

[44] P. Goswami and S. Tewari, Phys. Rev. B 88, 245107 (2013).

[45] R.Lundgren, P. Laurell, and G. A. Fiete, Phys. Rev. B 90, 165115
(2014).

[46] K. S. Kim, H. J. Kim, and M. Sasaki, Phys. Rev. B 89, 195137
(2014).

[47] K. S. Kim, Phys. Rev. B 90, 121108 (2014).

[48] K. S. Kim, H. J. Kim, M. Sasaki, J. F. Wang, and L. Li, Sci.
Technol. Adv. Mater. 15, 064401 (2014).

[49] P. Hosur, Phys. Rev. B 86, 195102 (2012).

[50] R. Okugawa and S. Murakami, Phys. Rev. B 89, 235315 (2014).

[51] F. D. M. Haldane, arXiv:1401.0529.

[52] A. C. Potter, I. Kimchi, and A. Vishwanath, Nat. Commun. 5,
5161 (2014).

[53] K. I. Imura and Y. Takane, Phys. Rev. B 84, 245415 (2011).

[54] B. Lu, K. Yada, M. Sato, and Y. Tanaka, Phys. Rev. Lett. 114,
096804 (2015).

[55] P. Delplace, J. Li, and D. Carpentier, Europhys. Lett. 97, 67004
(2012).

[56] F. D. M. Haldane, Phys. Rev. Lett. 93, 206602 (2004).

[57] D. Xiao, M. C. Chang, and Q. Niu, Rev. Mod. Phys. 82, 1959
(2010).

[58] H. B. Nielsen and M. Ninomiya, Phys. Lett. B 130, 389 (1983).

[59] V. Aji, Phys. Rev. B 85, 241101 (2012).

[60] D. T. Son and B. Z. Spivak, Phys. Rev. B 88, 104412 (2013).

[61] A. A. Burkov, J. Phys.: Condens. Matter 27, 113201 (2015).

[62] M. M. Vazifeh and M. Franz, Phys. Rev. Lett. 111, 027201
(2013).

[63] P. Goswami, G. Sharma, and S. Tewari, Phys. Rev. B 92, 161110
(2015).

[64] Q. Li, D. E. Kharzeev, C. Zhang, Y. Huang, I. Pletikosic, A. V.
Fedorov, R. D. Zhong, J. A. Schneeloch, G. D. Gu, and T. Valla,
arXiv:1412.6543.

[65] P. Goswami and S. Tewari, arXiv:1311.1506.

[66] G. B. Haldsz and L. Balents, Phys. Rev. B 85, 035103 (2012).

PHYSICAL REVIEW B 93, 035116 (2016)

[67] A. Z. Xu, N. P. Ong, Y. Wang, T. Kakeshita, and S. Uchida,
Nature (London) 406, 486 (2000).

[68] S. J. Hagen, C. J. Lobb, R. L. Greene, M. G. Forrester, and
J. Talvacchio, Phys. Rev. B 42, 6777(R) (1990).

[69] H. C. Ri, R. Gross, F. Gollnik, A. Beck, R. P. Huebener, P.
Wagner, and H. Adrian, Phys. Rev. B 50, 3312 (1994).

[70] Y. Wang, L. Li, and N. P. Ong, Phys. Rev. B 73, 024510
(20006).

[71] R. Bel, K. Behnia, and H. Berger, Phys. Rev. Lett. 91, 066602
(2003).

[72] K. Behnia, J. Phys.: Condens. Matter 21, 113101 (2009).

[73] John M. Ziman, Electrons and Phonons: The Theory of
Transport Phenomena in Solids (Clarendon, Oxford, 2001).

[74] Y. Taguchi, Y. Oohara, H. Yoshizawa, N. Nagaosa, and Y.
Tokura, Science 291, 2573 (2001).

[75] Z. Fang, N. Nagaosa, K. S. Takahashi, A. Asamitsu, R. Mathieu,
T. Ogasawara, H. Yamada, M. Kawasaki, Y. Tokura, and K.
Terakura, Science 302, 92 (2003).

[76] W. L. Lee, S. Watauchi, V. L. Miller, R. J. Cava, and N. P. Ong,
Phys. Rev. Lett. 93, 226601 (2004).

[77] G. Sundaram and Q. Niu, Phys. Rev. B 59, 14915 (1999).

[78] C. Duval, Z. Horvéth, P. A. Horvathy, L. Martina, and P. C.
Stichel, Mod. Phys. Lett. B 20, 373 (2006).

[79] D. T. Son and N. Yamamoto, Phys. Rev. Lett. 109, 181602
(2012).

[80] D.-T. Son and N. Yamamato, Phys. Rev. D 87, 085016 (2013).

[81] J.-W. Chen, S. Pu, Q. Wang, and X.-N. Wang, Phys. Rev. Lett.
110, 262301 (2013).

[82] C.Zhang, S. Tewari, V. M. Yakovenko, and S. Das Sarma, Phys.
Rev. B 78, 174508 (2008).

[83] T. Qin, Q. Niu, and J. Shi, Phys. Rev. Lett. 107, 236601 (2011).

[84] D. L. Bergman and V. Oganesyan, Phys. Rev. Lett. 104, 066601
(2010).

[85] T. Yokoyama and S. Murakami, Phys. Rev. B 83, 161407 (2011).

[86] N. W. Ashcroft and N. D. Mermin, Solid State Physics (Holt,
Rinehart and Winston, New York, 1976).

[87] S. Das Sarma, E. H. Hwang, and H. Min, Phys. Rev. B 91,
035201 (2015).

[88] Y. Wang, Z. A. Xu, T. Kakeshita, S. Uchida, S. Ono, Y. Ando,
and N. P. Ong, Phys. Rev. B 64, 224519 (2001).

035116-13


http://dx.doi.org/10.1103/PhysRevLett.111.246603
http://dx.doi.org/10.1103/PhysRevLett.111.246603
http://dx.doi.org/10.1103/PhysRevLett.111.246603
http://dx.doi.org/10.1103/PhysRevLett.111.246603
http://dx.doi.org/10.1103/PhysRevLett.97.026603
http://dx.doi.org/10.1103/PhysRevLett.97.026603
http://dx.doi.org/10.1103/PhysRevLett.97.026603
http://dx.doi.org/10.1103/PhysRevLett.97.026603
http://dx.doi.org/10.1103/PhysRevLett.113.187202
http://dx.doi.org/10.1103/PhysRevLett.113.187202
http://dx.doi.org/10.1103/PhysRevLett.113.187202
http://dx.doi.org/10.1103/PhysRevLett.113.187202
http://dx.doi.org/10.1103/PhysRevB.88.245107
http://dx.doi.org/10.1103/PhysRevB.88.245107
http://dx.doi.org/10.1103/PhysRevB.88.245107
http://dx.doi.org/10.1103/PhysRevB.88.245107
http://dx.doi.org/10.1103/PhysRevB.90.165115
http://dx.doi.org/10.1103/PhysRevB.90.165115
http://dx.doi.org/10.1103/PhysRevB.90.165115
http://dx.doi.org/10.1103/PhysRevB.90.165115
http://dx.doi.org/10.1103/PhysRevB.89.195137
http://dx.doi.org/10.1103/PhysRevB.89.195137
http://dx.doi.org/10.1103/PhysRevB.89.195137
http://dx.doi.org/10.1103/PhysRevB.89.195137
http://dx.doi.org/10.1103/PhysRevB.90.121108
http://dx.doi.org/10.1103/PhysRevB.90.121108
http://dx.doi.org/10.1103/PhysRevB.90.121108
http://dx.doi.org/10.1103/PhysRevB.90.121108
http://dx.doi.org/10.1088/1468-6996/15/6/064401
http://dx.doi.org/10.1088/1468-6996/15/6/064401
http://dx.doi.org/10.1088/1468-6996/15/6/064401
http://dx.doi.org/10.1088/1468-6996/15/6/064401
http://dx.doi.org/10.1103/PhysRevB.86.195102
http://dx.doi.org/10.1103/PhysRevB.86.195102
http://dx.doi.org/10.1103/PhysRevB.86.195102
http://dx.doi.org/10.1103/PhysRevB.86.195102
http://dx.doi.org/10.1103/PhysRevB.89.235315
http://dx.doi.org/10.1103/PhysRevB.89.235315
http://dx.doi.org/10.1103/PhysRevB.89.235315
http://dx.doi.org/10.1103/PhysRevB.89.235315
http://arxiv.org/abs/arXiv:1401.0529
http://dx.doi.org/10.1038/ncomms6161
http://dx.doi.org/10.1038/ncomms6161
http://dx.doi.org/10.1038/ncomms6161
http://dx.doi.org/10.1038/ncomms6161
http://dx.doi.org/10.1103/PhysRevB.84.245415
http://dx.doi.org/10.1103/PhysRevB.84.245415
http://dx.doi.org/10.1103/PhysRevB.84.245415
http://dx.doi.org/10.1103/PhysRevB.84.245415
http://dx.doi.org/10.1103/PhysRevLett.114.096804
http://dx.doi.org/10.1103/PhysRevLett.114.096804
http://dx.doi.org/10.1103/PhysRevLett.114.096804
http://dx.doi.org/10.1103/PhysRevLett.114.096804
http://dx.doi.org/10.1209/0295-5075/97/67004
http://dx.doi.org/10.1209/0295-5075/97/67004
http://dx.doi.org/10.1209/0295-5075/97/67004
http://dx.doi.org/10.1209/0295-5075/97/67004
http://dx.doi.org/10.1103/PhysRevLett.93.206602
http://dx.doi.org/10.1103/PhysRevLett.93.206602
http://dx.doi.org/10.1103/PhysRevLett.93.206602
http://dx.doi.org/10.1103/PhysRevLett.93.206602
http://dx.doi.org/10.1103/RevModPhys.82.1959
http://dx.doi.org/10.1103/RevModPhys.82.1959
http://dx.doi.org/10.1103/RevModPhys.82.1959
http://dx.doi.org/10.1103/RevModPhys.82.1959
http://dx.doi.org/10.1016/0370-2693(83)91529-0
http://dx.doi.org/10.1016/0370-2693(83)91529-0
http://dx.doi.org/10.1016/0370-2693(83)91529-0
http://dx.doi.org/10.1016/0370-2693(83)91529-0
http://dx.doi.org/10.1103/PhysRevB.85.241101
http://dx.doi.org/10.1103/PhysRevB.85.241101
http://dx.doi.org/10.1103/PhysRevB.85.241101
http://dx.doi.org/10.1103/PhysRevB.85.241101
http://dx.doi.org/10.1103/PhysRevB.88.104412
http://dx.doi.org/10.1103/PhysRevB.88.104412
http://dx.doi.org/10.1103/PhysRevB.88.104412
http://dx.doi.org/10.1103/PhysRevB.88.104412
http://dx.doi.org/10.1088/0953-8984/27/11/113201
http://dx.doi.org/10.1088/0953-8984/27/11/113201
http://dx.doi.org/10.1088/0953-8984/27/11/113201
http://dx.doi.org/10.1088/0953-8984/27/11/113201
http://dx.doi.org/10.1103/PhysRevLett.111.027201
http://dx.doi.org/10.1103/PhysRevLett.111.027201
http://dx.doi.org/10.1103/PhysRevLett.111.027201
http://dx.doi.org/10.1103/PhysRevLett.111.027201
http://dx.doi.org/10.1103/PhysRevB.92.161110
http://dx.doi.org/10.1103/PhysRevB.92.161110
http://dx.doi.org/10.1103/PhysRevB.92.161110
http://dx.doi.org/10.1103/PhysRevB.92.161110
http://arxiv.org/abs/arXiv:1412.6543
http://arxiv.org/abs/arXiv:1311.1506
http://dx.doi.org/10.1103/PhysRevB.85.035103
http://dx.doi.org/10.1103/PhysRevB.85.035103
http://dx.doi.org/10.1103/PhysRevB.85.035103
http://dx.doi.org/10.1103/PhysRevB.85.035103
http://dx.doi.org/10.1038/35020016
http://dx.doi.org/10.1038/35020016
http://dx.doi.org/10.1038/35020016
http://dx.doi.org/10.1038/35020016
http://dx.doi.org/10.1103/PhysRevB.42.6777
http://dx.doi.org/10.1103/PhysRevB.42.6777
http://dx.doi.org/10.1103/PhysRevB.42.6777
http://dx.doi.org/10.1103/PhysRevB.42.6777
http://dx.doi.org/10.1103/PhysRevB.50.3312
http://dx.doi.org/10.1103/PhysRevB.50.3312
http://dx.doi.org/10.1103/PhysRevB.50.3312
http://dx.doi.org/10.1103/PhysRevB.50.3312
http://dx.doi.org/10.1103/PhysRevB.73.024510
http://dx.doi.org/10.1103/PhysRevB.73.024510
http://dx.doi.org/10.1103/PhysRevB.73.024510
http://dx.doi.org/10.1103/PhysRevB.73.024510
http://dx.doi.org/10.1103/PhysRevLett.91.066602
http://dx.doi.org/10.1103/PhysRevLett.91.066602
http://dx.doi.org/10.1103/PhysRevLett.91.066602
http://dx.doi.org/10.1103/PhysRevLett.91.066602
http://dx.doi.org/10.1088/0953-8984/21/11/113101
http://dx.doi.org/10.1088/0953-8984/21/11/113101
http://dx.doi.org/10.1088/0953-8984/21/11/113101
http://dx.doi.org/10.1088/0953-8984/21/11/113101
http://dx.doi.org/10.1126/science.1058161
http://dx.doi.org/10.1126/science.1058161
http://dx.doi.org/10.1126/science.1058161
http://dx.doi.org/10.1126/science.1058161
http://dx.doi.org/10.1126/science.1089408
http://dx.doi.org/10.1126/science.1089408
http://dx.doi.org/10.1126/science.1089408
http://dx.doi.org/10.1126/science.1089408
http://dx.doi.org/10.1103/PhysRevLett.93.226601
http://dx.doi.org/10.1103/PhysRevLett.93.226601
http://dx.doi.org/10.1103/PhysRevLett.93.226601
http://dx.doi.org/10.1103/PhysRevLett.93.226601
http://dx.doi.org/10.1103/PhysRevB.59.14915
http://dx.doi.org/10.1103/PhysRevB.59.14915
http://dx.doi.org/10.1103/PhysRevB.59.14915
http://dx.doi.org/10.1103/PhysRevB.59.14915
http://dx.doi.org/10.1142/S0217984906010573
http://dx.doi.org/10.1142/S0217984906010573
http://dx.doi.org/10.1142/S0217984906010573
http://dx.doi.org/10.1142/S0217984906010573
http://dx.doi.org/10.1103/PhysRevLett.109.181602
http://dx.doi.org/10.1103/PhysRevLett.109.181602
http://dx.doi.org/10.1103/PhysRevLett.109.181602
http://dx.doi.org/10.1103/PhysRevLett.109.181602
http://dx.doi.org/10.1103/PhysRevD.87.085016
http://dx.doi.org/10.1103/PhysRevD.87.085016
http://dx.doi.org/10.1103/PhysRevD.87.085016
http://dx.doi.org/10.1103/PhysRevD.87.085016
http://dx.doi.org/10.1103/PhysRevLett.110.262301
http://dx.doi.org/10.1103/PhysRevLett.110.262301
http://dx.doi.org/10.1103/PhysRevLett.110.262301
http://dx.doi.org/10.1103/PhysRevLett.110.262301
http://dx.doi.org/10.1103/PhysRevB.78.174508
http://dx.doi.org/10.1103/PhysRevB.78.174508
http://dx.doi.org/10.1103/PhysRevB.78.174508
http://dx.doi.org/10.1103/PhysRevB.78.174508
http://dx.doi.org/10.1103/PhysRevLett.107.236601
http://dx.doi.org/10.1103/PhysRevLett.107.236601
http://dx.doi.org/10.1103/PhysRevLett.107.236601
http://dx.doi.org/10.1103/PhysRevLett.107.236601
http://dx.doi.org/10.1103/PhysRevLett.104.066601
http://dx.doi.org/10.1103/PhysRevLett.104.066601
http://dx.doi.org/10.1103/PhysRevLett.104.066601
http://dx.doi.org/10.1103/PhysRevLett.104.066601
http://dx.doi.org/10.1103/PhysRevB.83.161407
http://dx.doi.org/10.1103/PhysRevB.83.161407
http://dx.doi.org/10.1103/PhysRevB.83.161407
http://dx.doi.org/10.1103/PhysRevB.83.161407
http://dx.doi.org/10.1103/PhysRevB.91.035201
http://dx.doi.org/10.1103/PhysRevB.91.035201
http://dx.doi.org/10.1103/PhysRevB.91.035201
http://dx.doi.org/10.1103/PhysRevB.91.035201
http://dx.doi.org/10.1103/PhysRevB.64.224519
http://dx.doi.org/10.1103/PhysRevB.64.224519
http://dx.doi.org/10.1103/PhysRevB.64.224519
http://dx.doi.org/10.1103/PhysRevB.64.224519



