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We investigate the effect of magnetic frustration on the dielectric properties of dimer Mott insulators. We
adopt the two-dimensional quarter-filled extended Hubbard model for «-(BEDT-TTF),X with an additional
coupling with the dimer lattice motions, and numerically obtain the ground state. In the parameter range
for strong magnetic frustration, an interdimer bond-length alternation mode that lifts the quasidegeneracy of
classical spin configurations is strongly coupled to the electron system; this alternation mode occurs even with
an extremely small electron-lattice coupling constant. Furthermore, the bond-length alternation induces in the
dimers electric dipoles, which align along the same direction. A dimer Mott insulator phase with the ferroelectric
charge order is obtained in the region. These results are consistent with the relaxorlike dielectric anomaly in

«-(BEDT — TTF),Cu,(CN);.
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I. INTRODUCTION

The quantum spin liquid state is one of the fas-
cinating themes in strongly correlated electron systems.
Recently, a possibility for such states was proposed in
k-(BEDT — TTF),Cu,(CN); because of the absence of a
long-range magnetic order down to 32 mK [1-4]. Various
unconventional properties stemming from large quantum spin
fluctuations have attracted much attention.

(BEDT-TTF), X (X is amonovalent anion) can be described
as a quasi-two-dimensional strongly correlated electron sys-
tem with a quarter-filled valence band in terms of holes. In «-
(BEDT-TTF), X, the BEDT-TTF molecular lattice is distorted
to form dimers, and the hole orbitals of the two dimerized
molecules are strongly hybridized. As a result, a dimer can be
effectively treated as a single site, and k-(BEDT-TTF), X can
be regarded as a half-filled system. k-(BEDT-TTF), X exhibits
aMott insulator phase if the Coulomb interaction energy U (4™
between the two holes in a dimer is larger than its critical
value [5-8]. This kind of insulating state is called the dimer
Mott insulator.

It is believed that the dimer sites form a nearly regular
triangular lattice in k-(BEDT — TTF),Cu,(CN); [9], and the
origin of the quantum-spin liquid nature has been ascribed
to geometrical frustration from the triangular lattice. Many
different theoretical works have been done on this problem
using half-filled models on the triangular lattice. It has been
shown successfully that a nonmagnetic, gapless phase is
realized in a range of anisotropies in the spin-spin interaction
constant [10-14].

Recently, a dielectric anomaly has been observed in
k-(BEDT — TTF),Cu,(CN); [15], which shows that charge
degrees of freedom are still active in contrast to the conven-
tional Mott insulators. Besides the dielectric anomaly, some
of the properties are considered to be related to the charge
degrees of freedom: electronic optical components inside the
Mott gap [16-21]; the broadening of some vibrational modes
[22-24]; anomalies in the lattice expansion coefficient and
specific heat at around 6 K [25-27]. The origins of these
phenomena have been intensely discussed, and it has been
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proposed that they arise from electric dipoles in dimers [15—
18,28,29]. Nevertheless, there are experimental results that
show the absence of electric dipoles in dimers, where magnetic
domain walls coupled with charges are attributed to the
origin of the dielectric anomaly [30-34]. Controversy remains
whether these electric dipoles in dimers actually exist.

Furthermore, the dielectric anomaly shows a possibility
of electronic ferroelectricity [35-37] in «-(BEDT —
TTF),Cuy(CN);. In electronic ferroelectricity, where the
electric polarization is governed by electrons, a large
magnetodielectric coupling and a fast polarization switching
are expected, and electronic ferroelectricity has attracted much
attention because of these novel properties. Multiferroics
[38—40] and charge-order-driven ferroelectricity [41-48] are
representative examples of electronic ferroelectricity.

In the half-filled models, a dimer is considered as a unit, and
the electric dipoles in dimers cannot be described. Regarding
the electric dipoles in dimers, some theoretical studies have
been done using the quarter-filled models, where a BEDT-TTF
molecule is considered as a unit and intradimer degrees of
freedom are taken into account. Effective Hamiltonians for
the quarter-filled extended Hubbard model for «-(BEDT-
TTF), X have been derived assuming very large U™, and
it has been shown that the ferroelectric phase arising from
electric dipoles in dimers does appear over some parameter
range in these models [28,29]. Furthermore, the interactions
between the electric dipoles in dimers and spins are included
in these models, and the effect of dipolar spin coupling on
the spin structure is discussed in these works. Also in the
original extended Hubbard model, it has been shown that
the ferroelectric dimer Mott insulator phase exists near the
boundary with a metallic phase [16,49]. A similar ferroelectric
dimer Mott insulator phase is found in the extended Hubbard
model on a geometrically frustrated lattice, which is different
from that of x-(BEDT-TTF), X [50].

The effects of strong geometrical frustration have been
investigated extensively in the half-filled models on a trian-
gular dimer lattice. However, the parameter regions where
quantum spin fluctuations arising from geometrical frustration
are strongly enhanced, have not been sufficiently analyzed
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FIG. 1. The bond and charge structure when the lengths of p and q
bonds alternate along the b axis. The ellipses and circles represent the
BEDT-TTF molecules and the dimers, respectively, and the arrows
show the direction of deviation of each dimer. The thick solid (thick
dashed) lines show the p+ and g+ (p— and q—) bonds. The b1 and b2
bonds are marked by thin lines. The colored (white) ellipses represent
the charge-rich (charge-poor) sites. A rectangle shows the unit cell,
and the two dimers in the unit cell are labeled by I and II.

in the quarter-filled models, and the relationship between
ferroelectricity and the large quantum spin fluctuations has
yet to be clarified. We focus on this point in this paper. We
find that even an extremely small perturbation of the electron-
lattice coupling induces a ferroelectric dimer Mott insulator
ground state in the parameter range where spin fluctuations
are strongly enhanced as a result of strong geometrical
frustration. Furthermore, we discuss the implications of the
present results for the dielectric and magnetic properties of
k-(BEDT — TTF),Cuy(CN)j;.

II. MODEL

We show the lattice structure of k-(BEDT-TTF), X in Fig. 1.
We adopt the crystal axes for k-(BEDT — TTF),Cu,(CN);,
and the b and ¢ axes are defined as depicted in Fig. 1. As
shown in the figure, there are four nonequivalent bonds, and
they are labeled by b1, b2, p, and q according to Mori et al. [51].
The b1 bond is much stronger than the other ones, and the two
BEDT-TTF molecules connected by the bl bond form a dimer.

We consider only the lowest unoccupied molecular orbital
of a BEDT-TTF molecule. Then, there is one orbital per lattice
site, and the electron system is quarter-filled in regard to holes.
We consider the quarter-filled extended Hubbard Hamiltonian
for holes on a two-dimensional anisotropic triangular lattice.

We focus on the electron-lattice coupling with alternation
modes of interdimer bond-lengths, which have predominant
effects on the charge and spin structures of the ground state as
will be shown later. There are two dimers in the unit cell, and
they are labeled by I and II as shown in Fig. 1. By alternation
of p and q bond lengths along the b axis (¢ axis), we mean the
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lattice deformation where dimers I and dimers II deviate by /2
and —§/2, respectively, from their positions in a uniform dimer
lattice, along the b axis (c axis), and |6] gives the magnitude
of the bond-length alternation. In Fig. 1, we mark with arrows
the direction of deviation of the dimers when the lengths of p
and q bonds alternate along the b axis.

Some p (q) bonds become shorter and the others become
longer than those in the uniform lattice when bond-length
alternation occurs. The shorter (longer) p and q bonds are
denoted by p+ and g+ (p— and q—) bonds, respectively. When
the lengths of p and q bonds alternate along the b axis, the
p+ and g+ (p— and q—) bonds are shown by the thick solid
(dashed) lines in Fig. 1. The bl and b2 bond lengths are
not altered by the bond-length alternation; these bonds are
shown by the thin lines. The stretching modes of the b1 bonds
play a crucial role in the photoinduced transition to a metallic
phase [52-54], but their effects on the ferroelectric properties
are much smaller than those considered here.

The extended Hubbard Hamiltonian coupled with the
bond-length alternation mode is given by

H(8) = Z tn’m(c.:n’acn’g + le,gcm,a) +U Znn,Tnn,L

(n,m),o n

+ Y Vamhanty + NK&. 1)

(n,m)

The first term describes the transfer of holes, where (n,m)
denotes neighboring-site pairs, ¢, » (C,Tw) is the annihilation
(creation) operator for a hole with spin o at the site n, and
t,.m 1s the transfer integral between the sites n and m. The
electron-lattice coupling is included in this term as will be
shown later. The second and third terms describe the on-site
Coulomb interaction and the Coulomb interaction between
the neighboring sites, respectively, where U is the on-site
Coulomb interaction energy, V,, , is the Coulomb interaction

energy between the sites n and m, n, , = c,t,c,cn,a, and n, =
>, In.o- The fourth term shows the deformation energy of the
p and q bonds, where we assume that the elastic coefficient K
is the same for these bonds for simplicity. The number of p (q)
bonds is equal to the system size N. The quantum effects of
the lattice motion are not considered and the lattice degrees of
freedom are described by the classical variable §.

We take into account the § dependence of ¢,, only to
first order assuming small |§]. Then, the transfer integrals #,.+
and ty1 for the p£ and q+ bonds, respectively, are given by
the = t, £ t'|8| and tx = 1 F t'|8], where £, () is the transfer
integral for the p (q) bond in the uniform lattice, and ¢’ is the
absolute value of the differential coefficient of ¢, ,,. We here
assume that the absolute values are the same for the p and q
bonds for simplicity. As #, > O and fq < 0hold, the signs of the
first-order terms are given by the above equations. The transfer
integral t,, ,,, for the b1 (b2) bond for alternating bond-length is
the same as that for the uniform lattice to first order in §, and
it is denoted by #,; (#,2). Because V,, ,, weakly depends on §,
we neglect the § dependence of V,, ,,. We denote V,, ,, by V,, if
the sites n and m are connected by the p bond, and those for
the other bonds are denoted similarly.
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The electronic ground state |1/o(8)) of the Hamiltonian H (8)
is obtained by the rigorous diagonalization of H(§). We further
calculate the lattice distortion § that minimizes the energy of
the electron-lattice coupled system from the self-consistency
condition with lattice

0
35 (¥0(80)| H (80)1¥0(80)) = 0. )
0

Therefore |Yy(8p)) is the ground state of the electron-lattice
coupled system, and |o(8p)) is simply denoted by |yp) in the
following.

To investigate the physical properties of |1y), we numer-
ically calculate a deviation of charge density from its mean
value at the site n:

Pn = (Yolna|o) — 0.5, 3

the bond order

Pnm = Z(W()'Cl.gcm,a|w0>v (4)

o

and the spin correlation

Nn,m = (1,[/0|Sn . Smhb()), (5)

between the sites n and m, where S, is the spin operator
at the site n. When the sites n and m are connected by, for
example, a p+ bond, p, , and 7, , are denoted by p,, and
1p+» respectively. Those for the other bonds are denoted in the
same way.

Moreover, as there is one hole on each dimer, the spin
structure is more clearly seen by considering a dimer as a unit.
The dimer spin correlation n;; between the dimer / and !’ is
defined by

N = (Yol(Sar—1 + Sar) - (S2—1 + S2)[¥o). (6)

Note that two molecules at the sites 2/ — 1 and 2/ constitute
the dimer [/, as shown in Fig. 1. Here and hereafter, the
molecular site numbers are denoted by n and m, and the dimer
site numbers are denoted by / and [’. A diagonal (vertical)
interdimer bond consists of p and q bonds (a b2 bond), and
it is denoted by a D (V) bond. The dimer spin correlation np
shows 1y ; when the dimers /" and [ are connected by a D bond,
and those for the other bonds are denoted in the same way.

We consider the probability P that a dimer is singly
occupied in [ip). The ground state is given as a linear
combination of basis states of the Hilbert space, and it can
be written as

N/2

Wo) = Y, C({ni,o:}) [ [ .o Ivac), @)

{ni,oi} i=1

where C({n;,0;}) are the coefficients, |vac) is the vacuum state.
There are N /2 holes in the quarter-filled case. The probability
P; is given by the sum of |C({n;,0:})|> over the basis states
where there is one hole at the dimer / (at the sites 2/ — 1 and
21). Note that all the dimers are equivalent, and Ps does not
depend on /. The relation P; = 1 holds for the dimer Mott
insulator in the strong correlation limit, and it is smaller than
and close to 1 as a result of charge fluctuations with a realistic
correlation strength.

PHYSICAL REVIEW B 93, 035105 (2016)

For noninteracting cases U = Vyy = Vip =V, =V =0,
the ground states |p;) are 16-fold degenerate in energy with
system size N = 16, which is adopted for this study. As the
Hiickel band in the large N limit is partially filled, these 16-fold
degenerate noninteracting ground states are metallic. We also
consider the weight Wy, of these 16 metallic states in |y),

given by Wo = 318, (@i 0) 2.

III. RESULTS

We consider the 4 x 4 cluster of system size N = 16,
imposing periodic boundary conditions. To consider finite-size
effects, we analyzed the results for dependence on three
different periodic boundary conditions. For periodic boundary
condition I (II), the 16-site clusters are tiled in a staggered
manner along the ¢ axis (b axis) to cover the anisotropic
triangular lattice. In the condition III, the clusters are tiled
without staggering. We show here the results with condition I
because interdimer networks of important p and q bonds are in
this case the longest. The shape of the cluster and the periodic
boundary condition I are shown in Fig. 1. As will be shown
later, the main conclusions are not altered by adopting different
periodic boundary conditions, and this suggests that the finite-
size effect is not serious in the present numerical calculations..

The transfer integrals for «-(BEDT-TTF),Cu[N(CN),]|Br
have been calculated by the extended Hiickel method [51].
We adopt them for #,; and #y,, and those scaled by a factor
r for t, and 14: tp; = 0.265, 1, = 0.074, 1, = r x 0.109, and
tq = r x —0.038. Hereafter, we use eV as the unit of energy.
By changing the parameter r, the spin-spin interaction energy
between the dimers connected by D bonds are changed,
and the transitions between the Mott insulator states with
different spin structures are induced, as will be shown later. We
adopt the following Coulomb parameters appropriate for the
K-(BEDT—TTF)QXI U= 0.7, Vb] = 045, Vb2 = Vp = 025,
and Vy = 0.2. Because the q bonds are significantly longer
than the other interdimer bonds, we adopt the smaller value
for V4. The values for on-dimer Coulomb interaction energy
U9 which is determined from U, Vi, and #,;, obtained in
various references are largely different [7,8,55-57]. However,
as long as the ground state is the dimer Mott insulator, the
same results are obtained qualitatively using quite different
values of U™ How these results depend on the interdimer
Coulomb interaction parameters will be discussed later.

A. Ground-state properties in the absence of electron-lattice
coupling

In this section, we show the results for s = 0, where s is the
electron-lattice coupling constant defined by s = (¢')*>/K. In
this case, §o = 0 holds and all the p and q bonds are equivalent
for the ground state |y).

We show the r dependence of P; and Wy, for 0.3 < r <1
with the interval of 0.001 in Fig. 2. There are five phases, and
at the four phase boundaries Py and Wy, change discontinu-
ously with r. The phases for r > 0.998, 0.997 > r > 0.463,
0.462 > r > 0.453, 0.452 > r > 0.451, and 0.450 > r, are
labeled I, II, I11, IV, and 'V, respectively.

In phase I, Wy, is about 0.5 and P is significantly smaller
than those in the other phases. In phases II, III, IV, and V,
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FIG. 2. The r dependence of P and Wy, (a) for 0.3 < r < 1 and
(b) for 0.44 < r < 0.47 (W, = 0).

W is practically zero and P; is very close to 1. Therefore
we conclude that the ground state is metallic in phase I, and a
dimer Mott insulator state in phases II, III, IV, and V.

The charge density is uniform in all the phases, but n;;
also changes discontinuously with r at the phase boundaries.
We show 5y ; for r =1 (phase I), 0.463 (phase II), 0.452
(phase IV), and 0.450 (phase V) in Fig. 3. As all the dimers
are equivalent, 7y ; for all the dimer pairs are included in
the figure. In phase II (V), np < 0 and ny > 0 (yp = 0 and

03 -
02 1
0.1 -

O -
si_ﬁ"-O.l E
02 1
03 - :
04 1
0.5 ——

FIG. 3. The dimer spin correlation function 1, for » = 1 (phase
1), 0.463 (phase II), 0.452 (phase IV), and 0.450 (phase V).
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ny < 0) hold, where the dimers 3 and / are connected by a D
(V)bond forl = 5,6,7,and 8 (I = 1 and 2) as seen in Fig. 1.
The neighboring spin correlations for the ground state in phase
II {V} are schematically shown in Fig. 4(a) [Fig. 4(b)]. In this
figure, a dimer is considered as a unit with points and lines
indicating dimers and interdimer bonds, respectively. The sign
of ny,; between the dimers connected by a bond is shown by
the line types of the bond. In addition to the strong dimer pair
dependence of neighboring spin correlations, n;; > 0 holds
and |np | is not small for the second nearest-neighbor dimer
pair 3 and 4 in phases II and V, (Fig. 3). Note that from Fig. 1,
dimers 3 and 4 are the second-nearest neighbors. Therefore
the ground states in phases II and V have antiferromagnetic
(AFM) spin orders. Here, we do not mean that the long-range
AFM spin order exists. Whether the long-range spin order
exists or not cannot be inferred from the present results of
small cluster calculations. The AFM spin order shows that
holes are localized. Therefore this result is consistent with the
conclusion that the ground state is a dimer Mott insulator state
in phases IT and V.

In each triangle of the dimer lattice, three neighboring spins
cannot be pairwise anti-aligned. The signs of 1, ; show that
two spins connected by a D bond are antiparallel, and those by
a V bond are parallel in the ground state of phase II. Two spins
connected by a V bond and those by one of the two D bonds
are antiparallel, and those by the other of the two D bonds are
parallel in the ground state of phase V. There are degenerate
classical spin states of this structure, and they are superposed
in the ground state. Therefore ny are zero in the ground state
of phase V. The transfer integrals for «-(BEDT-TTF), X that
exhibit AFM spin order have been calculated by an ab initio
method [7,8] and the extended Hiickel method [9,51]. The
calculated anisotropy in the transfer integrals is consistent with
the AFM spin order of phase II.

The magnitudes of spin correlations are much smaller in
phases III and IV than in phases II and V. Because the
probability P that a dimer is singly occupied is very close
to 1, the Heisenberg spin Hamiltonian on the triangle dimer
lattice is an appropriate effective Hamiltonian to describe the
spin structures of the dimer Mott insulator ground states. We
here consider the spin structures of these phases based on
the effective model. The interaction between the two spins
connected by a D bond is induced by the hole transfers of p and
q bonds, and therefore the interaction energy Jp, is proportional
to 2. That by a V bond is induced by the hole transfer of a b2
bond, and the interaction energy Jy is independent of r. The
obtained spin structures show that Jp > Jy (Jp < Jy) holds
in the r region of phase II (V). Near the r region of phases
IIT and IV, Jp =~ Jy holds, and geometrical frustration in the
triangular dimer lattice is strongly enhanced. A large number
of lowest energy classical spin states then have nearly the same
energy expectation values, and these spin states are superposed
with comparable weights in the ground state of phases III and
IV as a result of the quasidegeneracy of the classical spin
states. The small magnitudes for the spin correlations of the
ground states in these phases are attributed to the large spin
fluctuations arising from geometrical frustration.

We have confirmed this interpretation from the numerical
results. In the ground states of phases III and IV, there are
no dominant basis states, and a large number of basis states
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FIG. 4. The signs of the spin correlations between the neigh-
boring dimers for the ground states in phases (a) II and (b) V
in the absence of an electron-lattice interaction, and those for (c)
the ferroelectric ground state and (d) the photoexcited state with
Ei — Ey =0.0104 at r = 0.458 for an electron-lattice coupling of
s = 0.02. The points show dimers, and the lines show the interdimer
bonds. The relation n;; < 0 (ny,; > 0) holds for dimers /" and / that
are connected by a thick solid (dotted) line, and 1, ; = 0 holds for
those connected by a thin solid line. The direction of deviation of the
dimers when the lengths of p and q bonds alternate along the b axis,
are shown by the arrows in (c¢) and (d).

PHYSICAL REVIEW B 93, 035105 (2016)

with a variety of spin configurations on the dimer lattice have
comparable |C({n;,0;})|.

The ranges of phases III and IV are extremely narrow, and
this suggests that the energy differences between the dimer
Mott insulator states of phases II, III, IV, and V are very small
in the r region of these two phases. Therefore phases III and
IV may not exist in the thermodynamic limit. However, we can
safely say that the spin fluctuations are strongly enhanced near
the » region between phases II and V, even in this case; this
is a critically important point in understanding the ground-
state properties in the electron-lattice coupling case. In our
previous paper, we considered the parameter region around
r = 1, with phase I (II) as the metallic (dimer Mott insulator)
phase discussed in the paper [16,49].

B. Ground-state properties with electron-lattice interaction

In this section, we show the results for electron-lattice
coupling s > 0. We numerically calculate the ground state in
the parameter range 0.12 > s > 0 and 0.8 > r > 0.3. There
is a critical value s.(r) for s. For s < s.(r), bond-length
alternations do not occur, and the ground state |1} is the dimer
Mott insulator with uniform charge, whereas for s > s.(r)
the lengths for the p and q bonds alternate along the b axis.
The lowest-energy state is always more stable when these
lengths alternate along the b axis than when they alternate
along the c axis over the same parameter range. Moreover,
the charge structure of [1) always has the same pattern.
The total charge of each dimer is zero, and an electric dipole
moment is generated on each dimer. Also, the electric dipole
moments on the dimers are aligned along the ¢ axis (Fig. 1),
and the electric polarization along this axis is induced by the
bond-length alternation.

The magnitudes of the electric dipole moments are the
same on all dimers and the charge density is the same at
all the charge-rich (charge-poor) sites. Therefore the charge
distribution of the ferroelectric ground state can be described
by a single quantity p, which is the deviation of the charge
density from its mean value at the charge-rich sites. We
graphed p as a function of r and s (Fig. 5). In the area for
which p = 0, bond-length alternation does not occur. In the

0.12

0.06
0.04

0.02

0 0.02 0.04

0.06 0.08 0.1
s [eV]

FIG. 5. Deviation of charge density from its mean value p
(indicated by color scale) at the charge-rich sites as a function of
r and s. Points A-E are explained in the text.
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FIG. 6. (a) Dimer spin correlation function 7;; and (b) weight
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plane in Fig. 5

area of p > 0, the ground state is ferroelectric, and the lengths
for the p and q bonds alternate along the b axis.

In a charge-ordered insulator ¢-(BEDT-TTF),I3, the charge
density depends sensitively on the electron-lattice coupling
constant s, which for the b2 bond is estimated to be 0.06 eV
from the charge distribution [58,59]. Unfortunately, it is
difficult to estimate for x-(BEDT-TTF), X with its uniform
charge density, but this value can be used as a rough estimation.
As seen from this figure, s.(z) is much smaller than the
estimated value near the r region of phases III and IV, where
the spin fluctuations arising from geometrical frustration are
strongly enhanced.

In Fig. 5, we consider the following points in the area
of p > 0: A (r =0.8,5 =0.0720), B (r = 0.5,s = 0.0399),
C (r =0.458,5s = 0.0024), D (r = 0.458,s = 0.0200), and
E (r =0.37,s = 0.026). We plot the weights |{yr|¥o)|?,
[{(Vrv| o) 12, and | (v |o)]? at these points in Fig. 6(b), where
[Y), |Yv), and |yy) are the dimer Mott insulator ground
states for s = 0 and r = 0.463 (phase II), 0.452 (phase IV),
and 0.450 (phase V), respectively.

The matrix elements of H(0) between the states |Yy), |Y1v),
and |yry) are almost equal to zero, but the lattice distortion
allows these states to mix. As seen from Fig. 6(b), | (Y| /o) |> +
[{(Wrv[¥o) |2 + [{(Wv]¥o))? =~ 1 holds for all the ferroelectric
ground states |y), showing that [1/) is approximately given
by a linear combination of the dimer Mott insulator states
[Yu), |¥rv), and |¢¥y) with different spin structures. As
these states are not strictly orthogonal, the sum exceeds 1
in some ferroelectric states. This result clearly shows that the
ferroelectric ground state |v) is a dimer Mott insulator. For
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the ferroelectric ground state, the weights change continuously
with s and with 7 in contrast to the ground state associated with
no electron-lattice interaction.

The weight |(Y|o)|? is zero over the r and s region
considered. This is because the wave-number vector of |r)
is different from those of the other dimer Mott insulator states.
Recently, it has been shown that there exist various dimer Mott
insulator phases with different spin structures between phases
II and V from the mean-field calculations with large system
size [60]. We believe phase III to correspond to one of these
phases. The allowed wave-number vectors are restricted, and
some of these phases cannot be described in the present small
cluster calculations.

The spin structure of the ferroelectric ground state changes
significantly as r changes. We show 1, ; for |1) at points A, B,
C,D, and E in Fig. 6(a). We first consider the r region of phases
IIT and IV, where the ground state becomes ferroelectric even
with an extremely small electron-lattice coupling constant s.
Points C and D are in this region, and s = 0.0024 at the point C
is much smaller than the other electric parameters. If lengths of
p and q bonds alternate along the b axis, all the diagonal bonds
are unequal, and each triangle of the dimer lattice consists of
D+, D—, and V bonds, as shown in Fig. 4(c), where a diagonal
interdimer bond that consists of the p+ and q+ (p— and q—)
bonds is denoted by a D+ (D—) bond. The D+ (D—) bond
is shorter (longer) than a D bond in the uniform lattice. In
Fig. 6(a), 13, is given as a function of /, and the dimers 3 and /
are connected by a D+ bond for/ = 7 and 8, by a D— bond for
!l =5 and 6, and by a V bond for ! = 1 and 2. At points C and
D, np+ < 0,np- > 0, and ny < 0 hold. Furthermore, n;; > 0
holds and |n; ;| is not small for the second-nearest-neighbor
dimer pairs. Therefore the ferroelectric ground state in this
region has AFM spin order; neighboring spin correlations are
schematically shown in Fig. 4(c). The spin structure changes
immensely by introducing an extremely small electron-lattice
coupling. This can be confirmed from the weights shown in
Fig. 6(b). Two dimer Mott insulator states |y) and |Yv) have
significant weights in the ferroelectric ground states at points
C and D in the r region of phases IIT and I'V.

This predominant electron-lattice coupling can be under-
stood based on the Heisenberg spin Hamiltonian on the
triangle dimer lattice. As mentioned before, in the absence
of electron-lattice interaction, a large number of classical spin
states are quasidegenerate in energy in the r region of phases
IIT and IV, where Jp =~ Jy holds, and they are superposed
with comparable weights in the ground state. If the lengths
of p and q bonds alternate along the b axis, |t,+| > |f,—| and
|tq+| > |tq—| hold. Then, Jp; > Jv > Jp_ holds, where Jp,
(Jp-) is the spin-spin interaction constant for a D+ (D—) bond,
and the quasidegeneracy is lifted by the difference between
the spin-spin interaction constants. As a result, the weights of
these classical spin states are significantly changed, and the
AFM ground state with neighboring spin correlations shown
in Fig. 4(c) is attained. In this way, the bond-length alternation
mode is strongly coupled with the electronic degrees of
freedom, and this alternation occurs even with extremely small
s under strong geometrical frustration.

In contrast, if the lengths of p and q bonds alternate along
the ¢ axis, each triangle consist of two D+ bonds and one V
bond, or two D— bonds and one V bond, and therefore, a lift
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of the quasidegeneracy does not occur. As a result, for the
bond-length alternation mode the coupling is not very strong.

The magnitude of the bond order indicates the bond
strength. The difference between 7, and #,_ (fq+ and )
also results in a difference in bond order, and |py4| > |pp—|
(Ipq+| > |pg—1) holds. As aresult (Fig. 1), a site (the other site)
in a dimer shown by the colored (white) ellipse is connected
by three (one) stronger bonds and one (three) weaker bond.
Because holes are more stabilized on stronger bonds, the sites
shown by the colored (white) ellipses become charge-rich
(charge-poor), and the electric dipoles in dimers are generated.
Furthermore, the electric dipole moments are aligned along the
¢ axis. With the same stabilization mechanism, a dimer Mott
insulator phase with disproportionate charges in the dimers
has been found also in the one-dimensional case [46,61,62].

Consequently, alternation of p and q bond lengths along
the b axis induces both the AFM spin order with neighboring
spin correlations, schematically shown in Fig. 4(c), and the
differences between p,; and pp,— and between pqy and
Dq—» which result in ferroelectric charge order. In this way,
the spin and charge structures are coupled, and the ground
state becomes the dimer Mott insulator with a ferroelectric
charge order even by introducing an extremely small electron-
lattice coupling constant s.

We next consider the » region of phase I (V). As r increases
(decreases) from the value at the boundary with phase III (IV),
[(Wir| o) |? (J (v [¥o)|?) increases, the difference between np.
and np_ becomes smaller, and 1y increases (decreases). From
Fig. 6(b), the weight of |yy) (|¥v)) is dominant in the
ferroelectric ground state, which has the characteristic spin
structure of phase II (V) at point A (E), which is far from the
boundary with phase III (IV).

The energy gain per site Ae as a consequence of symmetry
breaking of the bond-length alternation is given by

1
Ae = — (o0 H O)¥0(0)) = (¥o(Bo)l H (80)[10(80)))- (8)

Furthermore, to understand the stabilization mechanism, we
consider the energy gains of various parts of the Hamiltonian:
the transfer term H,, the electron-lattice coupling term H,_j,
the on-dimer Coulomb interaction term H,q, and the interdimer
Coulomb interaction term Hjq, given by

(n,m)ep+,q—
Hea(®)= Y 1181(c), oCno + ChoCmo)
(n,m),o
(n,m)ep—,q+
— Y 18I e F Chglma). (9
(n,m),o
H, = Z tyn(Chy o Cno + €l g Cmo) — Het(8), (10)
(n,m),o

(n,m)ebl

D Vamhantw, (1)

(n,m)

Hy=U Znn-Tn”qi +
n

(n,m)ebl
Hid = Z Vn,mnnnm - Z Vn,mnnnmv (12)
(n,m) (n,m)

where 3~ (A7 (52T denotes the summation over

neighboring site pairs connected by the p+ and q— (b1) bonds.
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The energy gain per site of H._; is given by

1
v (PO Hei(0)]¥0(0))
— (V0(80) [ He—1(80)¥0(80))), 13)

and the energy gains of the other terms are denoted in the
same way. The relation Aejq > 0 holds, and the interdimer
Coulomb interaction term contributes significantly to stabilize
the ferroelectric phase. However, the formation of ferroelectric
charge order always results in an increase in the on-dimer
Coulomb interaction energy, and the relation Ae; + Aeyq +
Aejq < 0 holds within a realistic parameter region. This is
the reason why the dimer Mott ground state with ferroelectric
charge order is not obtained without electron-lattice coupling
in this parameter region.

Furthermore, we have analyzed the results for V, =V, =
Voo =0 in the same way. Also in this case, the dimer
Mott insulator ground state becomes ferroelectric even with
extremely small values of s near the r region between phases
I and V. Specifically, the ferroelectric dimer Mott insulator
phase is obtained without the interdimer Coulomb interaction.
Consequently, the strong electron-lattice coupling induced by
geometrical frustration is relevant to stabilize the ferroelectric
dimer Mott insulator phase obtained in this analysis. This is in
contrast to the previously obtained phase stabilized mainly by
the interdimer Coulomb interaction [28,29].

The energy gain Ae increases as the electron-lattice cou-
pling constant s increases. For r = 0.458, where geometrical
frustration is strong, Ae = 1.5, 3.7, and 6.5 K at s = 0.02,
0.04, and 0.06 eV, respectively. The energy gain Ae is very
small even in reasonable regions of s. This comes from the
characteristic electron-lattice coupling for strong geometrical
frustration. The electron-lattice coupling mainly arises from
lifting of the quasidegeneracy of a large number of classical
spin states. Therefore even when the electronic structure is
significantly changed by bond-length alternation, Ae is still
small. This is closely related to the dielectric and magnetic
properties of x-(BEDT — TTF),Cu,(CN); to be discussed
below.

Here, we comment on how the results depend on the
periodic boundary conditions. The ferroelectric dimer Mott
insulator phase is attained with even extremely small s in the
r region between phases II and V also with periodic boundary
conditions II and III. Furthermore, the spin correlation func-
tions of the ferroelectric dimer Mott insulator ground states are
almost the same between the three different periodic boundary
conditions. These results suggest that ferroelectric dimer Mott
insulator phase and the stabilization mechanism of the phase
are robust against finite-size effects.

Ae. | =

C. In-gap photoexcited states

We next consider the optical conductivity op(w) (o.(w))
from the ferroelectric ground state in the r region of phases I11
and IV when light is polarized along the b (c) axis. We show
op(w) and o.(w) at point D in Fig. 7(a). Here, ¢ is fixed to
8o, and the contribution of lattice excitation is not considered.
There is a Mott gap in o () and o, (), and we show the in-gap
region. As seen from this figure, there are small peaks in the
region. The spectral widths for the in-gap peaks arise from the
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FIG. 7. (a) Optical conductivities 0,(w) and o.(w) when light is
polarized along b and ¢ axis, respectively, and (b) Ps(Ey) and Wp,(Ey)
at point D. The horizontal line in (b) shows P for the ground state.

artificial broadening factor €, which is used for convergence
of the numerical calculations, and each peak at w = E; — Ey
arises from the excitation to a single energy eigenstate |y;) of
H (8y) for the energy eigenvalue Ejy, where Ej is the energy
eigenvalue of the ground state.

We numerically calculate in-gap energy eigenstates |y )
using the method detailed in our previous paper [63], and show
the probability Ps(Ey) that a dimer is singly occupied, and the
weight Wy, (E}) of the 16 degenerate metallic ground states in
the noninteracting case for |y ) in Fig. 7(b). The probability
P(Ey) is larger than that of the ground state, and W, (Ey) is
practically zero for the peaks in o.(®). These results show that
the peaks arise from the excitation to dimer Mott insulator
states. In contrast, P;(Ey) is significantly smaller than that of
the ground state, and W,(Ey) is comparable to that for the
metallic ground state of phase I for the peaks in o3 (w). These
results show that the peaks arise from the excitation to metallic
states.

We focus on the peaks in o.(w). We show 7, ; for ;) that
is responsible for these peaks, and the weights |(yr|vi)|%,
|(¥v¥i) 1%, and |(¥v]¥)]* in Fig. 8. The weight of |ym) is
dominant in |y) with E; — Eg = 0.0052; the state has the
characteristic AFM spin structure of phase II. The weights
for |vy) with E; — Eg = 0.0104 are similar to those for the
ground state, but i, ; for the state is essentially different from
that for the ground state. The neighboring spin correlations
of the state are schematically shown in Fig. 4(d). The sign of
np+ and that for np_ are reversed from those for the ground
state. Reflecting the spin structure, the sites shown by the white

0.3
0.2
0.1
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FIG. 8. (a) Dimer spin correlation functions n;;, and (b)

(alyo) P, [(WvIYo)®, and  [{vlo)® for |yy) with Ex —
Ey =0.0052, for |yy) with E; — Eg = 0.0104, and for |v) at
point D.

(colored) ellipses in Fig. 1 become charge-rich (charge-poor).
The photoexcited state is polarized along the ¢ axis, and the
magnitude of the polarization is almost the same as that of the
ground state but the direction is opposite to that of the ground
state.

The in-gap peaks arise from excitations to dimer Mott
insulator states with different spin structures, and these
excitations become photoactive as a result of the coupling
between the electric dipole moments on the dimers and spin
degrees of freedom. They correspond to pure spin excitations,
and the in-gap charge excitations do not exist in conventional
Moott insulators without the coupling.

Furthermore, note that |(Vrv|vo)|> and |(Wrv |y )|> with
Er — Ey = 0.0104 are both nearly equal to 0.5. This shows
that the dimer Mott insulator states with the two largely
different neighboring spin correlations, schematically shown
in Figs. 4(c) and 4(d), are superposed and have dominant
weights in the ground state of phase IV for s = 0. This result
supports the conclusion drawn about the origin of the strong
electron-lattice coupling with the alternation mode of p and
q bonds along the b axis. The bond-length alternation lifts
the quasidegeneracy of a large number of classical spin states
for the uniform lattice, as previously mentioned. The ground
state |Yo) (|vx) with Ey — Eg = 0.0104) mainly consists of
quasidegenerate spin states, the energies of which become
lower (higher) as a result of bond-length alternation. Indeed,
E; — E is roughly proportional to §p.

035105-8



FERROELECTRIC CHARGE ORDER ENHANCED BY ...

IV. DISCUSSION

We discuss the implications of the present re-
sults for the dielectric and magnetic properties of
k-(BEDT — TTF),Cu;,(CN);. The Curie-Weiss behavior is ob-
served in the temperature 7 dependence of the low-frequency
dielectric constant, and the Curie temperature 7, is estimated
to be 8-9 K in k-(BEDT — TTF),Cu,(CN); [15]. This result
shows that the ferroelectric charge fluctuation is significant
in this material but the existence of bulk ferroelectric charge
order is not. In contrast, the ground state obtained in the present
small cluster calculations has a ferroelectric charge order and
AFM spin order. However, this inconsistency is resolved by
considering the thermodynamic limit as will be shown below.

The ferroelectric ground state obtained in the present
small cluster calculations is two-fold degenerate. The two
degenerate states have opposite polarization directions and
opposite phases of the bond-length alternation (opposite signs
of §). In the r region of strong geometrical frustration, because
the energy gain per site Ae from symmetry breaking of the
bond-length alternation is very small, the domain wall energy
between these two degenerate ferroelectric phases will be
very small. As a result, the domains of these two phases
are generated by quantum fluctuations, and the ferroelectric
charge order will be destroyed in the thermodynamic limit.
As the domain fluctuation cannot be described in the small
cluster calculations, a dimer Mott insulator ground state
with ferroelectric charge order is obtained in the present
calculations. Near » = 0.5 (B point), ny is nearly equal to
zero, showing that spin order along the vertical direction does
not exist. Furthermore, as the D+ bonds with antiparallel spin
correlations and the D— bonds with parallel spin correlations
are reversed for the two degenerate ferroelectric states, the
long-range spin order along the diagonal direction will be
destroyed under quantum domain fluctuations. Consequently,
in the thermodynamic limit, neither the long-range ferroelec-
tric charge order nor the AFM spin order will exist but the
ferroelectric charge fluctuation is significant in the ground
state of the present model near r = 0.5. These properties
are consistent with the dielectric property and the spin liquid
nature of the material.

Next, we consider the finite-temperature properties of
the model from the present zero-temperature results. The
ferroelectric phase obtained in the present zero-temperature
calculation is stable against thermal excitation if T is signifi-
cantly smaller than Ae. Therefore thermal ferroelectric charge
fluctuations are strongly enhanced for T 2~ Ae, and the Curie
temperature 7T in the present model can be roughly estimated
by Ae. As mentioned before, Ae for reasonable s in the r
region of strong magnetic frustration is very small and roughly
agrees with the experimentally estimated 7. Therefore the
small Ae obtained in the present model is consistent with the
experimental data.

The bond-length alternation, which will affect the lattice
expansion, occurs for T < T in our scenario, and T is close
to 6 K, for which anomalies in the lattice expansion coefficient
and specific heat are observed [25-27]. We therefore consider
that the anomalies can be explained from the transition
between the bond-length alternated dimer Mott insulator state
and that with uniform lattice. However, there have been no
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experimental results showing that bond-length alternation
occurs. As mentioned before, the domains with opposite
directions of lattice distortion are generated by quantum
domain fluctuations. This discrepancy can be attributed partly
to small domain size. Furthermore, the lattice distortion §/2
is less than 0.01 A for s < 0.05, where we set K to 1.66
eV A~2 used in Ref. [54], and the distortion may be too small
to observe it experimentally.

A dielectric anomaly is observed also in the dimer Mott
insulator 8'-(BEDT-TTF),ICl, with square-lattice AFM spin
order [64]. We consider that these experimental results can
be explained from the ground-state properties of the present
model for weak geometrical frustration. Even in the r region
far from the phase boundaries, the critical electron-lattice
coupling s.(r) is still in reasonable range, as seen in Fig. 5.
Furthermore, in the ground state for s > s.(r) in the r region
of phase II far from the phase boundary, npy and np_ are
different, which results in an electric polarization, but the
signs are the same as seen from 7, ; at point A shown in
Fig. 6. This is because the effects of geometrical frustration
are much smaller and the spin structure is not significantly
changed by bond-length alternation in the region. That is, the
two degenerate ferroelectric ground states have similar spin
correlations. Therefore the domain fluctuation will destroy the
ferroelectric charge order but will not destroy the spin order
in the thermodynamic limit. The dielectric anomaly from the
ferroelectric charge fluctuation and the AFM spin order are
compatible for weak geometrical frustration. We believe the
dielectric anomaly of 8'~(BEDT-TTF),ICl, corresponds to this
case.

There is a broad in-gap peak in o.(w) that grows
markedly at low temperature and saturates near 7, in
k-(BEDT — TTF),Cu,(CN); [17]. This shows that the peak
is closely related to the ferroelectric charge fluctuation in the
ground state. We believe the peak is assigned to the peak at
o = 0.0104 in o.(w) shown in Fig. 7(a). As shown in the
previous section, |¥o) and |y) with Ex — Eg = 0.0104 are
superposed in the ground state of a uniform lattice, and they
split as a result of bond-length alternation. Therefore the peak
does not exist in the dimer Mott insulator ground states of
the uniform lattice. As T increases to T, the ferroelectric
domains generated by thermal fluctuations grow in the dimer
Mott insulator phase with uniform charge, and therefore this
peak grows. The characteristic 7T dependence can be explained
from this.

V. CONCLUSION

In the parameter range of strong magnetic frustration,
because the alternation of p and q bond-lengths along the b axis
lifts the quasidegeneracy of the classical spin configurations,
the bond-length alternation mode is strongly coupled to the
electron system, and this alternation occurs even with an ex-
tremely small electron-lattice coupling constant. Furthermore,
the bond-length alternation induces electric dipole moments
on the dimers, which align along the ¢ axis, and the dimer
Mott insulator phase with ferroelectric charge order is attained
in the region. These results are consistent with the relaxorlike
dielectric anomaly in k-(BEDT — TTF),Cu;,(CN);.
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