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Topological dephasing in the v = 2/3 fractional quantum Hall regime
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We study dephasing in electron transport through a large quantum dot (a Fabry-Perot interferometer) in the
fractional quantum Hall regime with filling factor 2/3. In the regime of sequential tunneling, dephasing occurs
due to electron fractionalization into counterpropagating charge and neutral edge modes on the dot. In particular,
when the charge mode moves much faster than the neutral mode, and at temperatures higher than the level
spacing of the dot, electron fractionalization combined with the fractional statistics of the charge mode leads to
the dephasing selectively suppressing //e Aharonov-Bohm oscillations but not //(2¢) oscillations, resulting in

oscillation-period halving.
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I. INTRODUCTION

A fractional quantum Hall (QH) system of filling fraction
v has edge channels that support fractional charges obeying
fractional braiding statistics [1]. At v = 2/3, the edge states

. d
are decomposed intoa ve © = 2/3 charge mode and a counter-

propagating neutral mode [2,3]. They originate from renormal-

ization of two counterpropagating charge modes [4,5], vfdge =
1 and vgdge = —1/3, and stabilize at low temperature under

strong disorder. Neutral modes have attracted much attention,
as they are charge neutral and carry energy. They have been
recently detected through shot noise measurements [6], and
their properties such as energy and decay length have been
extensively studied [7-20].

Electron interaction is a dominant source of dephasing
at low temperature [21]. It leads to electron fractionaliza-
tion [22,23] in quantum wires; an electron, injected into a
wire, splits into constituents (spin-charge separation, charge
fractionalization), showing reduction of interference visibility
or dephasing [24]. Interestingly, when the wire is finite, the
constituents recombine after bouncing at wire ends, resulting
in coherence revival [25]. Fractionalization was detected [26]
in anonchiral wire, and studied in the integer QH edge [27-32].

Coherent transport, as well as dephasing, can be tackled
through the study of low energy dynamics at the edge.
This is particularly important in the context of the fractional
QH regime. The present study implies that the presence of
neutral modes could be a dominant source of dephasing.
Note that neutral modes have been observed in almost all
fractional QH systems [16]. At the same time, there is no
uncontested observation of anyonic interference oscillations
in the pure Aharonov-Bohm regime of a fractional QH
interferometer [33].

The present study of the v = 2/3 QH regime emphasizes
two dephasing mechanisms by fractionalization of an electron
into charge and neutral components, plasmonic dephasing, and
topological dephasing. Concerning the plasmonic dephasing
mechanism, the overlap between the plasmonic parts of the
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charge and neutral components decreases with time, as the two
components propagate with different velocities in the opposite
directions. The resulting dephasing is similar to the plasmonic
dephasing that takes place in a quantum wire or in integer QH
edges. On the other hand, the topological dephasing is a new
mechanism unnoticed so far. It occurs because the zero-mode
parts of the components, satisfying fractional statistics, may
braid with thermally excited anyons. Thermal average of the
resulting braiding phase leads to dephasing that occurs only in
the interfering processes characterized by particular values of
topological winding numbers.

Our analysis addresses the AB oscillation of differential
conductance G through a quantum dot (QD) in the v =2/3
QH regime. We focus on linear response of electron sequential
tunneling into the QD. G is decomposed into the harmonics of
the AB flux © in the QD,

G=% g 2wp— 1
= Z ,;pcos< erc?o), (D

5p=0,1,2,--

where ®( = hic/|e| is a flux quantum, see Fig. 1. Semiclassi-
cally, 8p represents the relative winding number of a fraction-
alized charge component, around the circumference L of the
QD, between two interfering paths: an electron, after tunneling
into the QD, fractionalizes into charge and neutral components,
see Fig. 1. The charge (neutral) component has propagation
velocity v, spatial width Lz ) = hvem)/ kg T 80¢r)) at
temperature T, level spacing E,) = 2w Av,/L, and scaling
dimension §, = 3/4 (5, = 1/4) in the electron tunneling
operator at low temperatures. Gs), is determined by the overlaps
of the components of the same kind between two interfering
paths of relative charge winding 8p.

We find two mechanisms suppressing G0, the plasmonic
dephasing, and the topological dephasing; the former (latter)
involves plasmon (zero-mode) parts of the components. In
the plasmonic dephasing, Gs, is contributed from the two
interfering paths whose charge components overlap maximally
between the paths. However, their neutral components overlap
only partially between the interfering paths, reducing Gsp;
similar dephasing occurs in other fractionalizations [24,25].
The topological dephasing additionally occurs, but depending
on §p, in contrast to the other known mechanisms. When v, >
v, [34,35], the first harmonics Gs,—; is suppressed at kpT >
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FIG. 1. (Color online) A large quantum dot (Fabry-Perot inter-
ferometer) in the fractional QH regime of v = 2/3, coupled to lead
edge states of v = 2/3 (black solid lines) through quantum point
contacts (QPCs) at x. . Electron (rather than fractional quasiparticle)
tunneling occurs through the QPCs (dotted lines). Following the
tunneling, each electron (and the hole left behind in the lead edge)
fractionalizes into a charge component propagating at velocity v,
(solid blue arrow) and a neutral component counterpropagating at
velocity v, (dashed red). The magnetic flux in the dot area is ®.

E,/(47?8,) (namely, L > Ly ,).Itis because the charge com-
ponent gains thermally fluctuating fractional braiding phase
of 7 N, (leading to /™™ = 41), while it winds once (§p = 1)
around N, electronic or anyonic thermal excitations on the QD
edge or in the bulk. By contrast, the second harmonics Gs,—>
is not affected by the topological dephasing (as braiding phase
7 N.8p and (£1)°” = 1 are trivial) and dominates G, resulting
in h/(2e) AB oscillations. These above findings occur in both
the regimes of strong disorder and weak disorder in the edge
of the QD. Note that the topological dephasing does not occur
in the Coulomb dominated regime [33,36] where Coulomb
interactions between the bulk and edge of the QD is strong, as
discussed later.

II. SETUP AND HAMILTONIAN

The v = 2/3 QD is coupled to two lead edges via quantum
point contacts (QPCs) [37], see Fig. 1. The Hamiltonian is
H = Hp + H; + Hr + Hr. Hp describes the edge of the
QD, while Hg) the v =2/3 left (right) lead edge. Each
edge consists of the bosonic mode ¢; (vledge =1) and the
counterpropagating ¢, (Vi€ = —1/3). ¢ , supports charge
eviedge and satisfies [¢; (x),¢;(x")] = invfdgesgn(x — x)8;ir a
positions x,x’. Introducing the charge mode ¢, = /3/2(¢; +
¢») (supporting charge 2e¢/3) and the neutral mode ¢, =

(¢1 + 3¢2)/+/2, one writes [2,3]

-

h L
Hp = — / dx[Ve(dxe)® + Va(3:n)? + V5 DxPnl
47[ 0

L
+ / dx[£(x) exp(iv/2¢,) + H.c.]. 2)
0

Disorder-induced tunneling amplitude £(x) between ¢; and
¢, is modeled by a Gaussian random variable with mean zero
and variance £*(x)&(x) = Wé(x — x’). For a finite range of
bare parameters, ¢, and ¢, decouple [2] at low temperatures,
rendering v irrelevant. H,  is written similarly to Hp, except
fOL — [ fcoo in Eq. (2). Note that we ignore the Coulomb
interaction between the bulk and edge of the QD, considering
that the QD size is large enough [36].
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The QPCs are almost closed, so electron tunneling
is facilitated. Renormalization group analysis [2,3] indi-
cates four equally most relevant electron tunneling op-
erators between the electron field operators, Wi(x,) =
V3200 o Eitn )N | f2ra at xo_pm on the QD, and
W, +(0) on lead edge «; a is an ultraviolet cutoff and W, 4
has the same form as Wy. So the tunneling Hamiltonian is
Hrp = sz:ﬁ,R Zi,j::l: [taij q'lolg,i(o)\pj(xﬂt) + H.c.], where Tuij
is the tunneling strength.

III. TOPOLOGICAL DEPHASING

We show that at v = 2/3, fractionalization and fractional
statistics cause the topological dephasing. We address the
number operator N, of charge (neutral) mode at the QD
edge,

iNe=Ni—iN,, N, =N, - Ny, 3)

defined through the zero-mode parts of ¢; » (see Appendix B).
The number operator Ny of ¢ is an integer since e and
—e/3 are the elementary charges of ¢;,; N, is an integer
measuring charge excitations in the units of e/3 (N, = 1 for a
quasiparticle of charge e/3; N, = 3 for an electron).

A quasiparticle of charge e/3 at position x on the QD

edge is written as e/ VEoEi®n()/V2 [10]. Consider clockwise
exchange of two such quasiparticles. Since [¢.(x),d.(x")] =
imsgn(x — x’), the exchange of the two charge components
results in statistical phase 7 /6,

eﬁ@(x)e%%(x’) _ eii%Sgn(x’—x)eﬁq)“(x’)eﬁq’“(x)' (4)

So, after the charge component of the electron operator W
winds once clockwise around N, charge-mode excitations on
the edge, a phase 3 x N, x 2 x w/6 = w N, is gained [38].
Here, 3 means the number of charge components forming
W, (x), and 2 refers to braiding (double exchanges). Sim-
ilarly, the exchange of the neutral components of the two
quasiparticles leads to exchange phase — /2. So the neutral
component of W, (x) gains £1 X N, x 2 x (—7w/2) = F N,
after winding once around N, neutral-mode excitations; the
number of the neutral components of W, is +-1.

This has implications on the dynamics of an electron which
enters into the QD and then fractionalizes. When v, > v,
there is a process where the charge component of the electron
winds once around the QD, while the neutral component moves
very little. In terms of the winding numbers of the charge
and neutral components, p and g, this process is denoted
by (p,q) = (1,0). This process interferes with that of no
winding (p’,q’) = (0,0), contributing to the 4 /e harmonics
Gsp=1, see Fig. 2. The relative winding numbers between the
two interfering paths are Sp=p —p' =1,8g =q¢ —q¢' =
0), and the net braiding phase gained from that winding
around N, charge and N, neutral excitations on the edge
is (N.8p F N, 6q) = w N,. Since N, is an integer, thermal
fluctuations of quasiparticle (or electron) excitations on the
edge give rise to fluctuations of the braiding phase factor
e™Ne = 41 [+ (—) for even (odd) N.], suppressing the & /e
harmonics. This topological braiding-induced dephasing also
occurs due to thermal quasiparticle or electron fluctuations in
the bulk, see Appendix F for quasiparticle fluctuations in the
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FIG. 2. (Color online) Dynamical processes involving different
winding numbers of the charge (p) and neutral (¢) components.
(@) (p,q) =(0,0): an electron injected at x, fractionalizes into
charge (moving along blue solid arrows) and neutral (red dashed)
components. (b) (p,q) = (1,0). For v. 2 v,, the charge (neutral)
component arrives at x., after winding once around the QD, p =1
(almost once, ¢ = —1). The interference of relative winding numbers
(8p,8q) = (1, — 1) between (a) and (b) contributes to Gs,—;. Reduced
overlap between the neutral components of (a) and (b) leads to
plasmonic dephasing. For v, > v,, the dynamics is depicted for (c)
(p,q) = (1,0) and (d) (p,q) = (2,0). The charge component winds
once in (c) and twice in (d), while the neutral component moves
little by AL in (c) and 2AL in (d) (hence mainly g = 0). The
interference between (a) and (c) suffers from topological dephasing
with odd dp + 8¢. The interference between (a) and (d) is immune to
topological dephasing.

bulk. Note that this topological dephasing is utterly different
from a dephasing mechanism at zero temperature, arising when
quasiparticles traveling along an edge change internal degrees
of freedom within the bulk (e.g., Ref. [39]).

By contrast, the main contribution to the 4 /(2¢) harmonics
Gsp=2 comes from (6p,8¢g) = (2,0). In this case, the braiding
phase factor e™!(NedPFNad0) — | regardless of N, being even
or odd. Hence Gs,—, is immune to the topological dephasing.
In general, such dephasing occurs only with odd ép + dq,
since the fluctuating N, = N,, is always even [see Eq. (3)].
When v, >~ v,, the topological dephasing does not occur, since
0p = —8q and N, = N,, is even.

The above arguments hold for the pure AB regime (or
for the intermediate regime between pure AB and Coulomb-
dominated regimes). An apt question is to what extent this
analysis holds for the Coulomb dominated regime. When
an electron of a given energy enters the QD by the process
of sequential tunneling, it occupies a certain orbital state of
the QD edge, satisfying energy conservation. In the pure AB
regime, the area enclosed by the orbit (hence, the AB phase
assigned to the orbit) is not modified when the number of
quasiparticles or electrons in the bulk of the QD fluctuates
thermally: edge-bulk interactions are negligible. Hence such
thermal fluctuations affect only the braiding phase gained by
the electron, leading to topological dephasing. By contrast,
in the Coulomb-dominated regime, the fluctuations are fully
screened by the edge, reflecting the effect of edge-bulk
interaction. This screening leads to modification of the area
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of the orbit, hence it modifies the AB phase of the orbit.
This change of the AB phase exactly cancels out the change
of the braiding phase caused by the thermal fluctuations. It
follows that topological dephasing disappears in the Coulomb-
dominated regime.

IV. SEQUENTIAL TUNNELING

We compute G in Eq. (1) to the order of sequential tunneling,

&2

0
QZECngBTZ/ dtF(O)Im G j(xg,%31),  (5)

j=t,a®

where 7 = yryvr/(Ve + YR)s Vo X |tai j|2 is the (renormalized)
electron tunneling rate between the QD and lead edge o =
LR, G(xgXai1) = ([¥1(x0.1), (x4, 0)]) is the Green func-
tion describing the time () evolution of the fractionalized com-
ponents of an injected electron described by W (x4, = 0), and
¢, is a constant. The start and end positions of the Green func-
tion G j(x«,Xq; ) coincide, since the Green function describes
the sequential tunneling. The injection leaves a hole behind
on the lead edge. F(r) = (wkgTt/h)sinh~2CF3) (kg Tt /1)
accounts for the fractionalization of the hole. For the detailed
derivation of Eq. (5), see Appendix C.

Gsp comes from the interference between two processes
of relative charge winding number §p. At kgT > E./ 27?),
the charge component has spatial width Ly . < L. Then,
G j(xy,xq;t) contributes to Gs, mainly around the times
dpL/v,, at which the charge component arrives at the initial
injection point x,, after winding p times around L; the neutral
component winding times §q L /v, are much less important,
because of the scaling dimensions é, = 3§, > §,. We focus
on Gsp=1 and Gsp—), as they involve the shorter times of
dpL/v., are more robust against the dephasing discussed
below, hence are much larger than Gs,>3 at kpT > E.. At
kgT > E., we compute Gs,—; and Gs,—, analytically in the
absence of disorder and interaction (W =0, v =0), and
also in the strong-disorder regime, based on a finite-size
bosonization [25,40-44] and a semiclassical approximation
(see Appendix E).

V. CLEAN REGIME

We first deal with the regime of W =0 and v =0 [see
Eq. (2)] and then discuss the regime of weak disorder and
weak intermode interaction. We treat various contributions
to dephasing quantitatively for the two cases of v. 2 v, and
vC >> Uﬂ'

When v, 2 v, and kgT > E., only the plasmonic de-
phasing is important. The dominant contribution to G comes
from the h/e harmonics. With the additional condition of

kgT > hv, /(L — AL), we obtain

G o 7 LT ( L AL L—AL) ©)
sp=1 XY B eXp\ — - - )

r LT,c LT,n LT,n

where AL = Lv, /v.. We explain two processes, whose inter-
ference dominates Gs,—1. In one process [Fig. 2(a)], an electron
tunnels from lead edge £ into the QD and fractionalizes at x
at time #{ = 0, while at #; = —L/v, in the other [Fig. 2(b)].
The charge components of the two processes interfere at
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xc at t = 0, contributing to Gs,—1, after respective windings
p =0 and 1. At that time, the distance between the neutral
components is L — AL, leading to partial overlap, hence, to
the third factor exp(—(L — AL)/Lr ,) of Gsp—i. The tunneling
leaves a hole behind on £, which also fractionalizes into charge
and neutral components (not shown in Fig. 2). The partial
overlap at t = 0 between the two charge components from the
holes created at t{ and té, and that between the two neutral
components, lead to the first two exponential factors of Gs,—1
in Eq. (6), respectively.

In the other limit of v, >> v,, both plasmonic and topologi-
cal dephasings are crucial. There are two interfering processes
for Gsp—1 shown in Figs. 2(a) and 2(c), and for Gs,—> in
Figs. 2(a) and 2(d). When kg T > E., we obtain

G 7 L(kpT)? L _AL AL (ALY
—1 X €X — — —
=t Y e T . T Lrn  Lra | LLr,
e (L — ALY -
X e —
p LLt,

L AL AL
Gsp—2 x 7L(kpT)* exp [—2< + + )} 8)
LT,c LT,n LT,n

The first three exponential factors of Gs,=; and Gsp—, result
from plasmonic dephasing, as those of Eq. (6). The third
factor has a form different from that of Eq. (6) of v. = v,,
as the interfering neutral components in the QD are now
AL apart in space. The factor 2 in the arguments of Gs,—>
arises from the double winding. Another exponential factor
exp[(AL)2 /(LL7,)] of Gsp=1 comes from the plasmonic part
of the neutral component; it is canceled out with zero-mode
contributions in Egs. (6) and (8) and also in other cases [25].

The last suppression factor in Eq. (7), exp[—(L —
AL)?/(LLy,)], represents the topological dephasing, arising
from the zero-mode parts of G;(xq,Xs;). The process in
Fig. 2(c) (where the center of the neutral component hardly
moves, while the charge component winds once around L)
interferes with that of Fig. 2(a), contributing to (6p,8q) =
(1,0). As discussed around Eq. (4), this interference with §p +
dq =1 is suppressed by the thermally fluctuating braiding
phase factor of ¢/7PNe+3¢N) — 41, The suppression factor is
interestingly determined by the spatial tail (or finite Lt ,) of
the zero-mode part of the neutral component. The tail indicates
that the neutral component can quantum mechanically wind
once more than the semiclassical number ¢ of the center; the
quantum-mechanical winding is well defined by the Poisson
formula (see Appendix D). Hence, from the processes in
Figs. 2(a) and 2(c), interference with the total relative winding
number of §p + (g + 1) can occur. As dp + 8q + 1 is even,
this interference avoids the topological dephasing, dominantly
contributing to Gsp=1, but it is reduced by the separation
L — AL of the neutral components of §q + 1 relative wind-
ings. This explains the factor exp[—(L — AL)?*/(LLz.,)]; the
exponent is quadratic in L — AL, since it originates from the
zero-mode part [25].

We point out that the topological dephasing occurs when
L>Ly,lkgT > E, /(4128,)], as seen in the last exponential
factor in Eq. (7). In contrast, the plasmonic dephasing occurs
when kg T > E..Note that we choose the condition of kg T >
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(a) v, = 09y, (b) v, = 0.1y,
x1072 x107?
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FIG. 3. (Color online) Topological dephasing and period halv-
ing. Shown are Aharonov-Bohm oscillations of G for (a) v, = 0.9v,
(period @) and for (b) v, = 0.1v,. (period ®(/2) at kyT = E./20
(blue curve). G is measured in units of e?ya/(h?v¥*v}/*) and
L =200a.

E. for the derivation of Eq. (7), to show both of the plasmonic
dephasing and the topological dephasing simultaneously.

Because of the topological dephasing, Gs,—> is much larger
than Gs,—; when v, > v,; exp(—(L — AL)*/LLr,) is much
smaller than the other factors. As a result, G shows /1/(2¢) AB
oscillations. In Fig. 3, we numerically compute G for both
Ve 2 v, and v, > v, without employing the semiclassical
approximation. The result for v. > v, demonstrates the
topological dephasing and consequent period halving even at
k BT < Ec-

So far, we have discussed the regime of no intermode
interaction (v = 0) and no disorder (W = 0). The argument
of the regime holds also in the regime of weak intermode
interaction and weak disorder, with slight modifications. In this
regime, the plasmonic part of the neutral component decays,
together with the diffusive spreading of the plasmonic part of
the charge component [3]. These slightly modify the plasmonic
dephasing (the first three dephasing factors in Egs. (6)—(8),
but do not affect the topological dephasing. Note that the
weak-disorder regime is realized when the renormalization
of W stops by temperature 7" or QD size L before going to
the strong-disorder regime, and a weak intermode interaction
occurs in a dot when the Coulomb interaction between the
charge modes is larger than the confining potential (see
Appendix G and Refs. [15,45]). In recent experiments [12],
neutral modes are measured with QDs of size 4 ym?, implying
that the intermode interaction is sufficiently weak in the QDs.

VI. STRONG-DISORDER REGIME

We show that Eqgs. (6)—(8) hold in the strong-disorder
regime of a QD edge without any modification. In this regime,
the neutral component is totally decoupled with the charge
component [v = 0 in Eq. (2)] [2].

We start with the diagonalized form of HpHp =
i dx[ve(B:)?/(4) + v, P 1id, 1. This form is obtained
from Eq. (2), where the effect of disorders is in-
cluded. Here, ¥ (x) = (e! @ +9)/V2 oiZ=0/VT — U (x ) (x),
the unitary matrix U(x) = Tyexp[—i [; dx'(E(x")o™ +
E*(x")o7)/v,] represents random-disorder scattering, V¥ =
(e xF8)/V2 pix=0)/VI)T g 4 two-component fermionic op-
erator, x is an auxiliary bosonic field, and o = o £ i oy,
o, and oy, are the Pauli matrices. The equal-position correlator
(WL xz,0), W (x2,0)]) s replaced by (WL (x,0), o (x,0)1)
when we choose the global gauge transformation making
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U(xr) = 1. Then, it is readily computed because the Hamilto-
nian is free in the basis of ¥, and is the same as G(Xg,Xq31)
in Eq. (5) that is obtained in the absence of interaction (v = 0)
between the charge and neutral components and disorder
(W =0). Hence Egs. (6)—(8) can be also applied to the
strong-disorder regime.

VII. DISCUSSION AND CONCLUSION

We have studied electron dephasing at v = 2/3. Electron
fractionalization into charge and neutral components leads to
plasmonic dephasing. When v, >> v, (which is likely [34,35])
and at k3T > E,/(47%8,), a new type of dephasing addi-
tionally arises. This dephasing is topological, resulting from
the fractionalization and the fractional braiding statistics of
the components, and occurs depending on the topological
sectors characterized by the winding numbers (§p,8q) of
the components; its dependence on the even-odd parity of
dp + 8q is mathematical reminiscent of the parity (integer
versus half-integer spin) dependent role of the topological 6
term in antiferromagnetic spin chains [46]. It leads to period
halving of the AB oscillations.

We emphasize that the topological dephasing occurs in
both the regimes of strong and weak disorder when bulk-edge
interactions are not strong. In the case of weak disorder,
which may be realized in high temperatures, weak intermode
interaction causes the decay of the plasmonic part of the neutral
component, accompanied by the diffusive spreading of the
plasmonic part of the charge component [3]. These do not
affect the topological dephasing, hence the emergence of the
h/2e oscillations. On the other hand, in the case of strong
disorder at low temperatures, v renormalizes towards zero [2],
and then does not change the physics of the topological
dephasing. Note that bulk-edge Coulomb interactions become
weaker in QDs of larger area; the pure AB regime (or the
intermediate regime between the pure AB and the Coulomb-
dominated regimes) could be achieved when the edge-to-bulk
capacitance is smaller than other capacitances even when
strong backscattering occurs at QPCs.

We also note that the QH edges at v = 2/3 may undergo
more complex edge reconstruction at about 7' > 50 mK
[15,47]. Atlower temperature our analysis is applicable, while
at higher temperature different topological dephasing may
occur. Assuming v, ~ 5 x 10* m/s, v. ~ 5 x 10° m/s, and
L = 10 pum, we expect that the /1 /(2e) oscillation will appear
at temperature kg7 > hv,/(2mwd,L) ~ 20 mK. In this case,
the oscillation will be suppressed at kg7 > hv./(2né.L) ~
60 mK, due to the plasmonic dephasing.

Detection of the period halving supports the topological
dephasing, thus, the fractional statistics of the charge compo-
nent at v = 2/3. The plasmonic dephasing and the topological
dephasing will occur, with modifications, in other anyon
interferometers or at other v’s.

It should be mentioned that the known mechanisms yielding
h/(2e) oscillations in other mesoscopic systems do not apply
to our setup. The Altshuler-Aronov-Spivak mechanism [48,49]
employs disorder averaging in multichannel geometries, which
is not present in our setup. Another mechanism for %/2e
oscillations [50,51] relies on integer QH edge modes in an
antidot at temperatures much below the charging energy of the
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antidot. Moreover, our setup does not have superconducting
fluctuations that support such periodicity.

ACKNOWLEDGMENTS

We thank G. Rafael for a helpful discussion. HSS was
supported by Korea NRF (Grant Nos. NRF-2010-00491 and
Grant NRF-2013R1A2A2A01007327). YG was supported by
DFG (Grant No. RO 2247/8-1).

APPENDIX A: QUANTUM-DOT HAMILTONIAN

We derive the Hamiltonian Hp [cf. Eq. (2) in the main text].
Hp is written in terms of the mode ¢, of filling factor v; = 1
and the counterpropagating mode ¢, of v, = —1/3, as

FL L
Ho = o f dx[01(3:61)? + 302(3:2)” + 20120, 10,5
0

L
+ / dx[&(x)exp(i¢) + 3i¢o) + H.c.]. (AD)
0

vi(2) 1s the velocity of ¢y (renormalized by the intra-mode
interactions) and v;, describes the inter-mode interaction. ¢ »

satisfies [¢; (x), i (x")] = inviedgesgn(x — x)8;i». Each field
¢i(x) is decomposed through ¢;(x) = ¢" (x) + ¢2(x) into
a plasmonic mode ¢! 1(x), satisfying the periodic boundary
condition of ¢f1(x +L)= d)}’l(x), and a zero mode ¢°(x),

¢0(x)_27rvix N~+1—3 Yy
L T2 @ v

(A2)

The number operator N; counts the excess number of
quasiparticles of charge v**e. Its canonical conjugate A;
satisfies [A;,N;y] = i8;;, and e*™* changes N; by %1, acting
as a Klein factor. This ensures [¢?(x),$0(x")] = 2i8;;7 vf’dge
(x — x")/L. Combined with the commutation rule of the plas-
monic part [¢P (x),¢" (x)] = im Vi (sgn(x —x')—2(x —x')/
L);;, this leads to [¢i(x),¢,~/(x/)]=inviedgesgn(x—x’)8ii/.
The term 1/2 in the bracket of Eq. (A2) is introduced
to impose the boundary condition of electron operators,
exp(i i (x + L)/v{*) = explih (x)/ ;") exp(—27i B/ Py).
The magnetic flux ® enclosed by the QD edge states causes
the shift of N; - N; — ®/®( in Eq. (A2); as ® increases
(decreases) by @y, the edge state with filling factor v’
is energetically stabilized by removing (adding) its own
quasiparticle of charge v; dece

Combining ¢;’s, one introduces the charge mode ¢, =
/3/2(¢1 + ¢) and the neutral mode ¢, = +/1/2(¢; +
3¢,), satisfying [@e/n(x),¢pc/n(x))] = Limsgn(x — x’) and
[pc(x),¢,(x)] = 0. Putting this into Eq. (Al), we derives
Eq. (2).

APPENDIX B: DERIVATION OF N, AND N,

We derive Eq. (3) in the absence of disorder (W = 0). The
charge (neutral) mode is decomposed into the zero-mode part
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#2(x) (¢2(x)) and the plasmonic part #P'(x) (¢F'(x)). The latter
describes edge plasmonic excitations, while the former anyon
number excitations. The zero-mode parts are determined from
Eq. (A2) as

¢3(x)=\/gzjzx <N +1_2q7) NGW

PHYSICAL REVIEW B 92, 245437 (2015)

We impose [)"c(n)ch(n)] =i, [)Vc(n)9Nn(c)] =0, and
[¢§§n)(x),¢§jn)(x’)] +imsgn(x—x') F 2i(x—x')/L. These
ensure [¢C/n(x) (]ﬁc/n(x/)] =27i(x —x')/L and [¢c/n(x),
¢e/n(x")] = Limsgn(x — x’). Comparing Eqgs. (B1) with (A2),
one gets Eq. (3).

APPENDIX C: DERIVATION OF DIFFERENTIAL

127N, x CONDUCTANCE
P0x) = — | = = — V24, (B1)
. 2 L In this Appendix, we derive G in Eq. (5). The electron
current Z along the right lead edge is given by Zx,
d{ng) e
TIr) = =i—([H
(Ir)=e p h([ T.nR])
ie i [ . ot . T
=—— T, exp —/ dtHy(t) | [trij¥g (0,1" = 00 (xg.t" = 0) — H.c.]T, exp ——/ dtHr(t))), (C1)
h hJ) ’ hJ o

i j==+

ng counts electron number in the right lead edge, T; is the time ordering, the operators with (without) caret are in the interaction
(Heisenberg) picture, and (-) is the thermal average. We set r = 0 at which Z is measured. To second order in the tunneling
strengths, (Zr) is calculated as

(I’;QZ)> = 2 Z / d[ HT(t) (tsz( R,(O O)“I’ (x%,0)) —H.c. )])
i,j=%
2 Z I1rij | / dtRe|:exp <——(MR - MD)f> (Gpi(=D(Gr.; — GR.)(1) = (Gp; — Gp ) (=DGR,; (f)):| (€2)
i,j=%
GS(D) o GS(D) , and Gf( D). & the retarded, advanced, and Keldysh Green’s functions of lead edge o = £,R (QD),
(G —GL) 0 =—i({Wx 008 L0.0),  GE.(1) = —i([$ar(0.0),F] .0,0)),
(C3)
(GE L = Gp L)) = =i{(Pe(00). PL00 00, GE L(6) = =i ([¥4(x0.1), ¥L (00, 0)1),

and p, (up) is the chemical potential for lead edge « (the QD). up is assumed to be uniform over the entire region of the QD,
which is valid in the linear response regime. The expression (I(g)) of electron current in the left lead edge is similar to that of
—(I) = (TR

(122)> = 0, we write the symmetrized form of 7 as

(17(22)). To second order in the tunneling strengths, the current Z through the QD is written as Z =
Applying the current conservation condition of (Z%) Y+

velT) = vr{Zf)) ;
I_ _ trrcs hav¥/*y)/*
et YL/R idz::il R/Cij /( av; )
av3/4 14 _YLYR Z / dtRe 5 r—pp)t _ =5 = un)t)
T 4R ¢ U J/g-l-)/RlJ —
x (GE(=n(GR ., — G ) 1) — (GB, — G )(—DGE ,(0)]. (€4

In the second equality, we used the simplification that the left and right lead edges are symmetric (H; = Hg), namely, G ’2 L=

GR .G}, =G4 ., and GK . = GK . We also used the fact that the Green’s functions are independent of the index i = = of
the electron field operators in Hr. The dlfferentlal conductance G = dZ/dV |y_ is written as

e? YLYR
gz_@avg/“ p /=N Zf dtim[t(G} ;(—n)(GE

Ggi)(t)_
ve+¥Yr i AR L

(GF.; = Gp ) (=nGE.m)].
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where eV = pup — ug. The Green’s functions for the lead edges are computed as

(Golf,i - G&L‘,i)(t) — ' Re

sinh (makBT )

l—

Ta (sinh (”ggT

i sinh (%)
(ia — vct)) sinh (”kBT(za — vnt))

(©5)

1w

1
GE.t)= —Im (
’ wa

sinh (—’”"ﬁfT ) )

sinh (%(za — vct))

sinh (el ) :
sinh (2L (ia — v,1))

The Green’s functions are independent of the index &« = £, R, because of the imposed symmetry between the left and right lead
edges. Since (GR — GA @) > G§ ;(t) at |t| > a/v,, and since the processes of |¢| < a/v, do not contribute to the interference

in G, we can ignore G§ I.(t) in the expression of G. Then, a simplified form of G is obtained as

e* yeyr  a*kgT
G =
n j=xa=R.L
{
Here, 7 = yeyr/(ve +vr)s ¢g = a*/(@h20) v/, the

weight factor F(t) = (wkgTt/h)sinh >(wkTt/h), and
G(xg,Xo3t) = ([\Iljf(xa,t),\llj(xu,,O)]) represents a Green’s
function of the QD; its starting position x, is the same with the
ending one in the sequential tunneling regime. The weight
factor F(t) decays rapidly as e 27%sT!/" for t > h/kgT
describing the plasmonic dephasing (by partial overlap due
to different positions of the neutral components between the
interfering paths) occuring at lead edge «. The above is the
derivation of Eq. (5) in the main text.

Below, we further compute G in the case of v = 0. We
note that in the absence of disorders (W = 0) and interaction
(v = 0) between the two modes, the Hamiltonian HB of the
zero-mode parts is obtained:

0 nhvc P : ”hvn 2
Hy= - (Net1=2-) + N,

6L 0 2L "
_ E Ne+1— 2¢ 2+E"N2 (C6)
12 D, 4"

Here, we define energy scales E,) = 2w hvc,/L. Then, the
Green’s function G ; is decomposed into the charge and neutral
components. Then, G is simplified as

e pakgT

o0
_ 0
G = T /_ IR (OReG()

x Im[Gc(t)G,, (Z‘)e—Srriv(.t/2Le,—J'riv,,r/2L]7 (C7)

where the plasmonic parts G.(¢) and G,(t) of the charge and
neutral modes and the zero-mode part G°(¢) are

G.(t) = <ei\/§¢g(z)e—i\/§¢( (o)>

B r <i7Tth) 91( t7w e—y[.) 2
= | exXp I Ql(n(ui m)’ —}/c) s

G (1) = (V30013600

(C8)

1

i imTvu,t 91(—”77“,67””) g
= | eXp I Ql(w’efyu) )

Go(t) — <eiﬂvpt(N{.+172<P/<Dg)/Le*inN”unt/L>.

e+ v Z Z f dt F(OIMG j(Xy, X3 1) = —cgkaTZ Z / dt F()Im G j(xg,Xa; 7).

j=fa=R.L

The elliptic-theta function of the first kind is 6,(z,q) =
2q¢"4sinz [T(1 —2¢* cos(2z) + ¢*")(1 —

n=1
7 hvemy/(kgT L) [43]. In the derivation of Eq. (C7), we used
therelations of G j—; (Xq,X4,1) = G j=—(Xa, Xg,1), Gey(—1) =
Gj(n)(t), and F(t) = —F(—t). The zero-mode part G°(¢) will
be calculated in Appendix D.

6]2"), and Yemn) =

APPENDIX D: TOPOLOGICAL DEPHASING

We first sketch the topological dephasing in the case of
v, > v, and no disorder, and derive it, by expanding the zero-
mode contribution to G in harmonics of the winding numbers.
The discussion is valid even with strong disorder.

As in the main text, we consider the interference between
the processes in Figs. 2(a) and 2(c). In the semiclassical regime
of L > Ly ¢/n, counting the winding numbers p and g of the
center of the spatial distributions of the charge and neutral
components, we find that this interference contributes mainly
to (6p,8q) = (1,0), and gains the net phase of 8 = (N, —
2®/dy)dp from those windings that braid with N, charge
excitations and N, neutral excitations. At lower temperature
of L 2 Ly c/n, the tails (namely, the spatial width L7 ./,,) of the
spatial distributions of the components are non-negligible, and
imply that the two processes can also contribute to quantum
mechanical net windings (§pgm,dgqm) that can differ from
(6p,éq). To see the contribution to different windings, we
expand the average of (e/?);,7 over the thermal fluctuations of
N, and N, in the harmonics of (8pqm,8gqm),
ib‘)

€yt =

D fOpem:SqqmksT)

8pqm,8qqmeZ

x exp2ridpgm®/ Po) exp(Lwidgymepn), (D1)
where we introduce a fictitious “neutral flux” ¢, in the
mathematical analogy of ®/® in order to have the expansion;
0 is now generalized to 6 = (N, —2®/Py)ép + 7 (N, —
2¢,)8q,and we put ¢, — 0 atthe end. The thermal fluctuations
of N, and N,, are governed by the QD-energy HB = E.(N, —
20/ Dy + 1)2/12 + En(N —2¢,)?/4 [cf. Eq. (C6)]. Notice
HY(®/ o, @n) N, = HY(P/Po + 1,94 + Dln.42.n,42 and
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6(®/Do)lx, v, = O(P/Pg + )|y, 425,42, meaning that 6 and
Hg are restored by changing N, and N,, by 2, when each flux
shifts by one as &/ Py — ©/Py+ 1 and ¢, — ¢, + 1.

We decompose the amplitude f(Spgm,0gqm.kpT) =
Je(Bpgm,0Gqm,kpT) + fo(8Pgm.8qqm.kpT) into the average f.
over (even N, even N,,) and that f, over (odd N., odd N,); N,
and N,, should have the same parity, according to Eq. (3) in the
main text. We find a useful relation of f,(8pqm,dqqm.kpT) =
(—1)°Pant34am f (8 pym,Sqqm,kgT), obtained from the fact that
the thermal average of (e”),r over odd N, and odd
N, at (®/Py,p,) is identical to that over even N, and
even N, at (&/ Dy + 1/2,¢, + 1/2), according to HB. This

J

E, 2
—22nc+1——0+1)

+ &@n, +1)?

PHYSICAL REVIEW B 92, 245437 (2015)

relation leads to f(8pqm,8gqm.kpT) = 0 for odd Spgm + Gqm.
describing the topological dephasing. For the interference
between those in Figs. 2(a) and 2(c), the contribution from
the semiclassical winding of (8p,8q) = (6pgm,dqqm) = (1,0)
vanishes (independent of temperature T'!), while Gs,—; is
contributed dominantly from the quantum mechanical winding
of (8pqm,8qqm) = (1, — 1) of the tail.

We confirm the above discussion mathematically. The flux
dependence of G in Eq. (1) comes from the zero-mode part of
the electron field operator W, hence, from the Green’s func-
tion G° in Eq. (C8). Using Eq. (C6), G° = (explimv t(N, —
20 /Py + 1)/L]exp(—imv,tN, /L)) is computed as

o T Qe 1= GEAD =i Tt 2, +1)

G'(t) = Z exp | —

~ kT

E_ _ 22 + B 2

+exp|— 2 2nc : IT) +(2n,) ST )t o,
B
E. 20 2 | E, E. 2<1>

i exp [ - E(ch +1—- N + 1) + 7(2}1,, + 1)2 e - ﬁ(znc _ 22 + ) L (znn)z

e Ny =—00 kBT kB
(D2)

The first term of Eq. (D2) comes from odd integers N. =2n.+ 1 and N, =2n,+ 1, and the second from even
integers N, = 2n. and N, = 2n,. Utilizing the Poisson summation formula of Zn,_w exp[—a(n + 8)?] exp[2bi(n +48)] =
> exp(—2mip'8) exp[—(mp’ + b)?/a] with real constants, a, b and §, we obtain

p'=—00

G'r) =

Y e sgrm—oa(— D (1 (1) +34) exp(27i8p' @/ Do) exp [ — kel (1

—ap)Jexp [ THT (4 4 5g')]

2517”,5(1//:—00(_1)61) (l + (_1)8}7 +8q )exp(27rl8p”fb/(bo) eXp ( -

Zap roqez(— 1) exp(2midp'®/Po) exp [ —

372 kBT(

L5y exp (— T 5q7)

—8p) Jexp [ - 2 (% +9¢')"]

Y sprisqreaz(— D expQrisp”®/ Do) exp (—

D3
%T[EIT‘BT(SP//Z) exp ( _ énBT(sq//Z) ( )

Here, 27 is the set of even integers. The denominator is approximated as 1 at high temperature kgT >> hv./L; this condition
of kgT > hv./L is chosen for simplicity, and it is not a condition for the topological dephasing. Then G(¢) is written by the

harmonics of winding numbers §p" — 8pqm and 6q" — Sqqm,

G'(t) ~ Z (—1)8quexp(zmapqmq>/<1>o)exp[

8pqm+84qm €27

Notice that the windings of odd §pym + 8g¢m do not contribute
to G%(¢), as mentioned in the main text.

APPENDIX E: SEMICLASSICAL APPROXIMATION:
DERIVATION OF EQS. (6)—(8)

In this Appendix, we compute the analytic expression of
Gsp for the two cases v, 2 v, [Eq. (6)] and v, > v, [Eqgs. (7)
and (8)], utilizing a semiclassical approximation such that the
time ¢ in the integrand of Eq. (C7) is replaced by SpL /v,
except for the time argument ¢ in G.(¢). The approximation
is based on the fact that the dominant contribution to the

integrand of Eq. (C7) comes from a peak structure of G.(¢)

3]T2kBT _5 2 szT + s 2 (D4)
— (7 %P |exp E, L o) |

(

neart = §pL /v.; the other peaks from G, (¢) neart = §qL /v,
is more monotonous and less important because the scaling
dimension (8, = 1/4) of the neutral component in the electron
tunneling operator is smaller than that (6. = 3/4) of the charge
component. This approximation is applicable when (i) the
spatial distance between two interfering neutral components
in the QD at t =8pL/v. is much larger than the width
L7, o« hv,/kpgT of the neutral components [then G,(¢) is
sufficiently monotonous] and (ii) L > hv./kpgT [then F(?),
coming from the lead edge, is sufficientlly monotonous]. We
focus on the contribution from near r = £L /v, and near
+2L /v,, since that from larger times ¢ = épL /v, of |dp| > 2
is much more smaller due to more dephasing.
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We first compute Gsp=; in the v, 2 v, case with the semi-
classical conditions of kgT > hv./L and kgT > hv,/(L —
AL),where AL = Lv,/v.. In Eq. (C7), the main contribution
occurs at t = =L /v.. Near t = L/v., we use the following
approximations: (1) for the portion of (§pgm,dgqm) = (1, — 1)
in the zero-mode part, Re[G®] ~ — cos(2m @/ Py) exp(—(L —
AL)?/(LLz,)); cf. Eq. (C8). (2) For the lead edge part,
F >~ A4mkpT L exp|—2mkgT L/Rv.]/(hv.) = (8L/3Lr ) exp
(=L/L7.)exp(—AL/Lr,). (3) For the QD plasmon part,

3mivt imo,t

exp| —
~ 24 sinh (mkf&T“) 3/2 a )"
- sinh (W) Lra

L — AL (L — AL)? ED
X ex — X — I
U )P\ T,

We have used 6;(u,exp(—y)) =~ 2(—=1)"/n/y exp[—(u —
nm)?/ylexp(—m?/4y)sinh(zw(u — nw)/y) fory <« 1.
We compute Eq. (C7), merging together (1)—(3), to get

Eq. (6) in the main text,
L AL
exp | —
LT,c LT,n

L LY @
) () @

Here, go = 1662«/27171(a/hvc)'3/4(a/hv,,)3/4(F(3/4))2/(ah)
is a constant, I" is the Gamma function, and we have used
the integral formula of
3\ 2
rr-1J.
(%)

3
/“ 4 sinh (TEet) 1 24 (2aksT
t —_— — —
—co | sinh (”kBT(za ) v, < hv, )
(E3)

Gc(1)Gn(r) exp (-

Gsp=1 = —go7 L(kpT)’ exp <_
L— AL
X ex —
P LT,n

= —go7 L(kgT)? exp (—

l—

Notice that the factor exp(—(L — AL)?/(LLz,)) of Re[G"]
(zero-mode part) exactly cancels outexp[(L — AL)? /(LL7 )]
from G,(t) (the plasmonic part). This fact was found in a
Luttinger liquid with finite size [25].

We next move to Gs,—; in the v. > v, case. The main
contribution to Gs,—; also occurs near ¢t = £L/v.. We observe
the followings. (1) Because the portion of (§pgm,dgqm) = (1,0)
in Re[G?] fully vanishes, the dominant contribution comes
from the portion of (§pgm,dgqm) = (1, — 1), which leads to
Re[G%] ~ — cosQm ®/®g) exp(—(L — AL)Z/(LLT,,,)). 2)
F >~ A4xkpT L exp(—2mkgT L/Rv.)/(Fv.) = (8L/3Lr ) exp
(=L/L7.)exp(—AL/Lr ). (3) For the QD plasmon part, the
same expression is obtained as Eq. (E1), except that L — AL
is replaced by AL. Merging (1)-(3) and using Eq. (E3), we

PHYSICAL REVIEW B 92, 245437 (2015)

L AL
LT.L'> P < LT,n)
AL (L — ALY —(AL)?
X exp (_L )exp |:— :|
T.,n

LLT,n
L L
= —gopLkgT) exp | — exp| — .
LT,n LT,C

(E4)

obtain Eq. (7) in the main text,

Gsp—1 ~ —go7 L(kpT)’ exp <—

In the same way, we obtain Eq. (8),

2L 2AL
exp | —
LT,C LT,n

10L (ES)
3Lr.)

Gsp=r == 2807 L(kpT)’ exp <—

< ZAL)
X exp | —
LT,n

= 2g07 L(kpT)* exp (—

APPENDIX F: THE QUASIPARTICLE FLUCTUATION
IN THE BULK

‘We consider quasiparticle fluctuations in the bulk, differen-
tiating the QD bulk from the edge. In the limit of bulk charging
energy smaller than temperature, we show that the zero-mode
part G has the same expression as Eq. (D3) in the presence
of quasiparticle fluctuations in the bulk, hence, that the period
halving (% /2e oscillation) takes place.

We argue that the zero-mode part of the QD states is
characterized by four numbers (N,, N,, Nyp, Nyp.n), when
we additionally consider the bulk degrees of freedom. N,
and N, are necessary to describe excess electrons in the QD.
For an additional excess electron, the number N, of excess
electrons increases by 1. This electron is decomposed into
three additional charge components (N, — N, + 3; the charge
of the charge component is e/3) and £1 additional neutral
component (N, — N, £ 1), as discussed in the main text.
N, counts the number of the neutral components by excess
electrons in the QD, as in the main text. On the other hand, N,
and N, , are introduced to describe quasiparticle excitations
in the QD bulk. When an additional quasiparticle excites in
the bulk, the number N,, of quasiparticles increases by 1.
This quasiparticle is decomposed into 1 charge component
and %1 neutral component (N, , — Nyp , £ 1). Ny , counts
the number of the neutral components by bulk quasiparticle
excitations.

Taking into account quasiparticle fluctuations in the bulk
and electron fluctuations inside the QD, the zero-mode part of
the QD Hamiltonian HJ is expressed as

HS(Ne,Nyp, Ny, Nyp 1)

_E. > E, 5

12 3N +1-— qu + T(Nn - qu,n)
29 2

+ Ebc — + qu s (Fl)
o)

where FEy. is the bulk charging energy. The first (second)
term describes the interaction between the charge (neutral)
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components on the edge while the third term describes the  coupling between quasiparticles in the bulk and on the
interaction between the charge components in the bulk. The edge.

flux dependence in the bulk-charging energy term describes We consider the case that the relaxation time from the QD
charge accumulation in the bulk as the magnetic flux increases. edge to the bulk is much longer than the QD dwell time of an
We ignore the interactions between the neutral components in electron injected from a lead edge, hence, that the electron
the bulk because they are of dipole type hence weaker than enters only into the QD edge. Then, the zero-mode part
the interaction terms of the total charge. We also assume that exp(i~/3/2¢° % i/T/2¢) of the electron operators W, (x) is
it is in the Aharonov-Bohm regime neglecting electrostatic evolved by Eq. (F1) as

J

N30 0E TN i HSt i/ 38000 /T B0 i HO

=e ‘f«p"( )i'/TasO( T 1= 22y ) 2 T N | @)
—Xpl 26)6 l an i3 e o qp I n gp,n) |-

0

And, the zero-mode part GO(¢) of the Green'’s function (‘-T-fl(xg,t)\ili(xg,O)) is written as

[TVt 20 [ 7T Ut
G x <exp |:anv <3Ne — CDT() +1- N,,p):| exp(:l: mli“ (N, — qu,n))>

= DO B 4 (=1 e (1 4 (= 1) ) exp(277 i 8pgm P/ Do)

3pqm.8p’,8qqm=—00

3n2kgT [ vt n sp’ 2 w2k T 5 n Upt 2 kg T 5 8p’ 2
xexp|————— —+ — exp | — mE— exp | — m— —
P E. \L "3 Pl=g —\%am =7 P\ TR, \OPam T 3

o0
/ SO eI e (P (] o (= 1)) exp(2mi8pgn D/ Bo)
5P(]mq5P,15Cqu=*00
e 3n2kgT (8p'\* . 7T2kBT561§m . w2k T 5 sp'\? )
xp| ———— | — xp| ———— Jexp | — - — .
P E. \3 P E, Pl 74, PPm ™3

We applied the Poisson summation formula as in Eq. (D3). At temperature much higher than the bulk-charging energy, the
portion of 8p” = 38pym survives, resulting in the same expression as Eq. (D3).

APPENDIX G: CONFINING POTENTIAL AND COULOMB INTERACTION

When the edge potential is smooth enough [15,45], we below show that v, is much larger than v,, and v; see Eq. (2) in the main
text. In the absence of Coulomb interaction, the edge Hamiltonian at v = 2/3 has the form of H.o, = % f dx[vl,con(axdn)2 +
3v2,con(0yx ¢2)2] in terms of the velocities of the original edge modes, v} con and vz con, Which are solely determined by the edge
confining potential. When the Coulomb interaction is tuned on, it leads to an interaction Hamiltonian Hj,, = Z—ﬂ‘ f dx(0,(¢1 +
¢»))?, which counts the interaction by the total charge density d,(¢; + ¢,)/(27); here, we assume that vy, is indepedent of
momentum (which is valid when the Coulomb interaction is short ranged due to the screening by gates). Then, the total
Hamiltonian is Hp = Heon + Hine = ﬁ fdx[vc(ax(pc)z + vn(ax¢n)2 + v, P9y Pul, where v = 3vy con/2 + V2,con/2 + 2Vint/3,
Uy = Vl,con/2 + 3V2.con/2, and v = —\/g(vl,cm + v2.con)- This shows that v and v, are much smaller than v,, if the edge potential
is smooth enough such that viy >> V1 cons V2.con-
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