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Andreev transport in a correlated ferromagnet-quantum-dot-superconductor device
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The spin-resolved Andreev reflection processes in a hybrid ferromagnet-quantum-dot-superconductor device
are theoretically studied. In particular, the transport coefficients, such as the Andreev transmission as well
as the linear-response Andreev conductance, are calculated by means of the numerical renormalization group
method. It is shown that, generally, transport properties are conditioned by the interplay of correlations leading
to the Kondo effect, superconducting proximity effect, and ferromagnetic-contact-induced exchange field. The
exchange field is shown to greatly affect the low-energy behavior of the Andreev transmission by splitting the
Kondo resonance. Moreover, it leads to a nonmonotonic dependence of the Andreev conductance on the dot level
position. At low temperatures, the conductance has a peak at the particle-hole symmetry point, which however
becomes quickly suppressed with increasing the temperature. The mechanisms responsible for those effects are
thoroughly discussed.
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I. INTRODUCTION

Transport properties of hybrid quantum dot systems, in-
volving both superconducting and normal electrodes, have
recently been extensively studied both theoretically [1–28]
and experimentally [29–34]. In such systems, at sufficiently
low temperatures, the physics is determined by an interplay
between the superconducting proximity effect and the corre-
lations leading to the Kondo effect [35–38]. For a magnetic
impurity coupled to a superconductor, the existence of the
Kondo phenomenon is conditioned by the relative ratio of
the Kondo temperature TK to the superconducting energy
gap � [39–41]. The Kondo phenomenon is present when
TK > �. On the other hand, in the opposite situation when
� exceeds TK, the Kondo effect is suppressed and the so-
called Yu-Shiba-Rusinov bound states form inside the energy
gap [42–44]. Such proximity-induced bound states can be
probed in a mesoscopic device consisting of a quantum dot,
in which Andreev reflection [45] leads to the formation of
similar long-lived states. In fact, Andreev bound states have
been recently measured in bias spectroscopy experiments by
attaching a second normal electrode to the dot acting as a
weakly coupled probe [30–34]. However, when the coupling
to the second electrode increases, such that the Kondo temper-
ature associated with this normal reservoir becomes relevant,
the system can again exhibit conductance enhancement due
to the Kondo correlations. It was shown recently in the limit
of large superconducting energy gap that, quite counterintu-
itively, in a hybrid normal-metal-quantum-dot-superconductor
system increasing the strength of the coupling to supercon-
ducting electrode can lead to an enhancement of the Kondo
temperature [26–28]. This is associated with the fact that the
pairing correlations induced in the dot decrease the excitation
energies to virtual states of the dot, leading to an increase in
the effective exchange interaction, which consequently results
in an increase of TK.

An even more interesting situation occurs when the normal
lead is ferromagnetic. Then, another energy scale becomes
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relevant, namely, the one associated with a spin-splitting of
the dot level caused by the so-called effective exchange field
[46–51]. When the exchange field is large enough, it can
affect the Kondo state in a very considerable way by splitting
or even fully suppressing the Kondo peak. The interplay of
exchange field, Kondo, and proximity effects has been recently
studied experimentally in a hybrid ferromagnet-quantum-dot-
superconductor device [52]. It was shown that the coexistence
of itinerant ferromagnetism with superconducting and Kondo
correlations leads to a very complex differential conductance
spectra, containing both signatures of subgap states and split
Kondo resonance.

The main goal of this paper is to provide further in-
sight into Andreev transport properties of such systems. By
employing the nonperturbative and very accurate numerical
renormalization group (NRG) method [53–55], we determine
transport due to Andreev reflection in the full parameter
space, where both the Kondo correlations, superconducting
proximity effect, and ferromagnet-induced exchange field
coexist. We analyze the dot level and temperature dependence
of the Andreev transmission coefficient and the associated
linear-response conductance for various coupling strengths
to both superconducting and normal leads. We show that
generally the transport properties are conditioned by a subtle
interplay of the aforementioned energy scales. In particular,
for relatively weak couplings to superconducting electrode,
the Kondo resonance becomes split due to the exchange field.
However, with increasing the coupling strength, the proximity
effect leads to an enhancement of TK and the Kondo resonance
becomes reinstated.

The paper is organized in the following way. Theoretical
framework is presented in Sec. II, where we first describe
the model Hamiltonian (Sec. II A), define the quantities of
interest (Sec. II B), and briefly describe the method used
in calculations (Sec. II C). The main part of the paper is
presented in Sec. III, in which we first describe the behavior
of the local density of states of the dot (Sec. III A) and
then analyze the Andreev transmission and the linear-response
conductance (Sec. III B). Finally, the conclusions are given in
Sec. IV.
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II. THEORETICAL DESCRIPTION

A. Effective Hamiltonian

The schematic of the system is shown in Fig. 1. It consists
of a quantum dot coupled to one ferromagnetic (FM) and one
s-wave superconducting (SC) lead. Since in this paper we
are mainly interested in the Andreev reflection processes, we
consider the superconducting energy gap � to be the largest
energy scale in the problem. In such a case, the system can be
described by the following effective Hamiltonian [56]:

H = H eff
QD + HF + HTF, (1)

where

H eff
QD =

∑
σ

εd†
σ dσ + Ud

†
↑d↑d

†
↓d↓ + �S(d†

↑d
†
↓ + d↓d↑). (2)

Here, d†
σ creates a spin-σ electron of energy ε in the quantum

dot and U is the correlation energy between two electrons
occupying the dot. The last term takes into account the creation
and annihilation of Cooper pairs in the superconductor, the
degrees of freedom of which were integrated out in the limit
of � → ∞, where �S denotes the strength of the coupling
between the SC lead and the quantum dot [56]. The electrons in
the ferromagnetic lead are modeled as noninteracting particles,
HF = ∑

kσ εkσ c
†
kσ ckσ , with c

†
kσ being the creation operator

of a spin-σ electron with momentum k and energy εkσ .
The last term of the Hamiltonian, HTF, describes tunneling
processes between the FM lead and the quantum dot. It is given
by HTF = ∑

kσ Vkσ (d†
σ ckσ + c

†
kσ dσ ), where Vkσ denotes the

tunnel matrix elements between the dot and the ferromagnet,
which are assumed to be energy independent. The coupling to
the FM lead gives rise to the broadening of the dot level, the
half width of which is given by � = (�↑ + �↓)/2. Assuming
the flat density of states of width 2D, with D ≡ 1 used as
energy unit, the spin-dependent coupling strength is given by
�σ = π |Vσ |2/2. It can be further expressed in terms of the
spin polarization p = (�↑ − �↓)/(�↑ + �↓) of the FM lead
as �σ = (1 ± p)� [46,48,50].

The effective quantum dot Hamiltonian (2) is not diagonal
in the local basis spanned by the following four states: |0〉,
|σ 〉, |d〉, for empty, singly occupied with spin σ and doubly
occupied dot. However, it can be easily diagonalized and its

FIG. 1. (Color online) Schematic of the considered system. A
single-level quantum dot is coupled to a ferromagnetic and supercon-
ducting (SC) lead with coupling strengths �σ and �S , respectively.
The dot level energy is denoted by ε, while U is the Coulomb
correlation energy. The superconducting energy gap � is assumed to
be the largest energy scale in the problem, so that the only tunneling
processes are exclusively due to the Andreev reflection.

eigenstates are |σ 〉, |+〉, |−〉, where

|±〉 = 1√
2

⎛
⎜⎝
√√√√1∓ δ√

δ2 + �2
S

|0〉 ±
√√√√1± δ√

δ2 + �2
S

|d〉

⎞
⎟⎠,

(3)
and δ = ε + U/2 denotes the detuning from the particle-hole
symmetry point of the dot. On the other hand, the energies
of the above states are correspondingly given by E± =
δ ± √

δ2 + �2
S . The excitation energies of the effective dot

Hamiltonian H eff
QD result in the following Andreev bound-state

energies [16,18,25,26]:

EA
αβ = α

U

2
+ β

√
δ2 + �2

S , (4)

with α,β = ±.

B. Andreev transmission and conductance

The transmission coefficient for Andreev processes be-
tween the ferromagnetic and superconducting lead is given
by [2,4,5,11]

TA(ω) =
∑

σ

4�σ�σ̄
∣∣〈〈dσ |dσ̄ 〉〉rω

∣∣2
, (5)

where 〈〈dσ |dσ̄ 〉〉rω is the Fourier transform of the corre-
sponding off-diagonal retarded Green’s function, 〈〈dσ |dσ̄ 〉〉rt =
−i�(t)〈{dσ (t),dσ̄ (0)}〉. The linear-response Andreev conduc-
tance can be then found from [2,4,5,11]

GA = 2e2

h

∫
dω TA(ω)

(
−∂f (ω)

∂ω

)
, (6)

with f (ω) denoting the Fermi-Dirac distribution function.

C. Calculation method

Because all the relevant linear-response transport coeffi-
cients are expressed in terms of the transmission coefficient,
TA(ω), the main task is to calculate its full energy and dot
level detuning dependence. To perform this task in the most
accurate manner, we employ the numerical renormalization
group method [53–55]. Within this method the conduction
band of FM lead is described by a tight-binding chain
with exponentially decaying hoppings, which allows one to
diagonalize the Hamiltonian iteratively and to find its full
many-body eigenstates and eigenenergies. These can then be
used to calculate any expectation value of both static and
dynamic observables. Since in calculations it is crucial to
keep a large number of states at each iteration, it is of vital
importance to exploit as many symmetries the Hamiltonian
possesses as possible. However, in the present problem, due to
the superconducting pairing term in the effective Hamiltonian
[cf. Eq. (2)] and the spin dependence of tunneling processes,
only the zth component of the total spin is conserved,
which makes the calculations challenging. In particular,
here we kept NK = 46 states at each iteration, exploiting
one Abelian symmetry for the total spin zth component,
and used the band discretization parameter  = 2. To find
the Andreev transmission coefficient, we first determined the
imaginary part of relevant Green’s functions and then, from the

245307-2



ANDREEV TRANSPORT IN A CORRELATED . . . PHYSICAL REVIEW B 92, 245307 (2015)

Kramers-Kronig relation, calculated the respective real parts.
To obtain most reliable spectral functions from discrete NRG
data, we employed the optimal broadening method [57] and
used a z-averaging trick [58], averaging over two different
discretizations.

III. RESULTS AND DISCUSSION

In this section we present and discuss the transport
properties of the quantum dot connected to superconducting
and ferromagnetic leads. We first study the behavior of the dot’s
local density of states in the Kondo regime on the strength
of the coupling to superconducting lead. In particular, we
analyze how the Kondo temperature TK changes when �S

increases. Then, we study the detuning dependence of the
Andreev transmission coefficient and the linear conductance
for different temperatures, different coupling strengths, and
spin polarization of the ferromagnetic lead.

A. Local density of states and the Kondo temperature

The local density of states of the dot is represented by
the normalized spectral function π�A(ω) ≡ ∑

σ π�σAσ (ω),
with Aσ (ω) = −(1/π )Im 〈〈dσ |d†

σ 〉〉rω and 〈〈dσ |d†
σ 〉〉rω being the

Fourier transform of 〈〈dσ |d†
σ 〉〉rt = −i�(t)〈{dσ (t),d†

σ (0)}〉. Fig-
ure 2 presents the energy dependence of the normalized
dot’s level spectral function for different couplings to the
superconducting lead �S , as indicated. The spectral function
is calculated both in the absence and presence of detunig, i.e.,
for ε/U = −0.5 (δ/U = 0) and for ε/U = −0.495 (δ/U =
0.005) Note that, in principle, in the case of the ferromagnetic
lead the Kondo effect is generally suppressed due to the
presence of ferromagnetic-contact-induced exchange field
�εexch. Such an exchange field splits the dot levels, removing
thus the degeneracy of the ground state, and the Kondo
effect becomes destroyed when |�εexch| � TK [46,47,49,51].
However, the exchange field has this special property that it
vanishes at the particle-hole symmetry point δ = 0. This is
why in Fig. 2(a) the signatures of the Kondo effect are clearly
visible, while in Fig. 2(b) the Kondo effect for small �S is
suppressed.

Let us first discuss the former case. When �S = 0, the spec-
tral function exhibits the Kondo-Abrikosov-Suhl resonance at
the Fermi energy due to the Kondo effect, where π�A(0) = 1
[36]. When the coupling to the superconducting lead increases,
the excitation energies between the singly occupied states and
the states |+〉 and |−〉 decrease. As a result, the effective
exchange interaction between the dot and the normal lead
is increased, and so is the Kondo temperature [28]. This
behavior can be clearly seen in Fig. 2(a). Moreover, when
�S is relatively large, the height of the resonance becomes
diminished. This is associated with the fact that for �S = U/2,
all the dot’s states become degenerate and the system is truly in
the mixed-valence regime, so that the Kondo effect is absent.

For the considered hybrid device, by performing the
Schrieffer-Wolff transformation, one can find the effective
exchange interaction between the dot and the ferromagnetic
lead, which then allows one to estimate the Kondo temperature
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FIG. 2. (Color online) The normalized spectral function of the
dot level, π�A(ω), as a function of energy ω for different coupling
strengths to the superconductor �S calculated for (a) δ/U = 0 and
(b) δ/U = 0.005. The inset in (a) shows the �S dependence of the
Kondo temperature extracted from the half width at half maximum
(HWHM) of the spectral function (points) and the fit as obtained from
Eq. (7) with η ≈ 1.5. The parameters are U/D = 0.1, �/U = 0.05,
T = 0, and p = 0.5. Note the logarithmic energy scale.

[27,28,59],

TK = η

√
�U

2
exp

{
π

[
ε(ε + U ) + �2

S

]
2�U

arctanh(p)

p

}
, (7)

with η being a constant of the order of unity. From the
above formula it clearly follows that increasing �S raises
TK. Moreover, in the case of ferromagnetic lead and in the
absence of exchange field, the Kondo temperature is decreased
by a spin polarization dependent factor [46]. The Kondo
temperature estimated from the half width at half maximum
(HWHM) of the spectral function plotted as a function of �S

is shown as bullets in the inset to Fig. 2(a). Clearly, the Kondo
temperature rises with increasing the strength of the coupling
to the superconducting lead. For comparison, the solid line
in the inset shows the Kondo temperature obtained by using
Eq. (7). The agreement with numerical data is indeed very
good and the numerical constant was found to be η ≈ 1.5.

In the case of finite detuning from the particle-hole
symmetry point, the Kondo effect is generally suppressed.
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I. WEYMANN AND K. P. WÓJCIK PHYSICAL REVIEW B 92, 245307 (2015)

Figure 2(b) shows the spectral function calculated for such
δ that for assumed parameters the exchange field is slightly
larger than TK. In this situation the interplay of relevant energy
scales is clearly visible. When �S = 0, the Kondo resonance is
suppressed since |�εexch| > TK. However, when increasing the
pairing correlations with �S , the Kondo temperature rises and,
once TK � |�εexch|, the Kondo peak becomes restored; see,
e.g., the curves for larger �S in Fig. 2(b). Further increase of
the coupling to the superconductor eventually kills the Kondo
effect, since the system enters the mixed-valence regime.

B. Andreev transmission and conductance

1. Dependence on the coupling strength �

The Andreev transmission coefficient plotted as a function
of energy ω and dot level detuning δ is shown in Fig. 3 for
different values of the coupling to the normal lead �. The
left column corresponds to the case of a nonmagnetic lead,
while the right column presents the case when the lead is
ferromagnetic. The dashed lines show the energy of respective
Andreev bound states; cf. Eq. (4). In the case of a nonmagnetic
lead and when the coupling is small, TA(ω) exhibits narrow
peaks around the energies corresponding to resonances be-
tween the bound states, which occur for δ = ±√

U 2/4 − �2
S .

FIG. 3. (Color online) The Andreev transmission coefficient
TA(ω) as a function of energy ω and dot level detuning δ = ε + U/2
in the case of nonmagnetic (left column, p = 0) and ferromagnetic
(right column, p = 0.5) lead calculated for different couplings to
normal lead �, as indicated in the figure. The dashed line shows the
Andreev bound-state energies obtained from Eq. (4). The parameters
are U/D = 0.1, �S/U = 0.2, and T = 0.

However, with increasing �, the width of those peaks increases
and, in addition, an extra resonance at ω = 0 develops for
|δ| �

√
U 2/4 − �2

S ; see Fig. 3(e). In this transport regime the
dot is singly occupied and the resonance in TA(ω), which
occurs at the Fermi energy, is due to the Kondo effect.

When the lead is ferromagnetic, the transmission coefficient
is suppressed by approximately a factor of 2 as compared
to the nonmagnetic case; see Fig. 3. This is due to the fact
that transferring Cooper pairs between the superconductor and
ferromagnet involves two electrons of opposite spins. While
one of those electrons belongs to the spin-majority subband of
ferromagnetic lead, the other one is a spin-minority electron.
The density of states of minority carriers becomes then a
bottleneck for Cooper pair transport [25,26].

While for detunings |δ| >
√

U 2/4 − �2
S , that is in the case

when the dot occupancy is even, the behavior of TA(ω) is
similar to that in the case of p = 0; this is completely not
the case when the dot is singly occupied, especially for larger
�. First, one can see that transmission coefficient is enhanced
in the singly occupied dot regime not only at low energies,
but this enlargement extends to high energies, |ω| ≈ U/2.
Second, the Kondo resonance is now split, which is most
visible in the case of �/U = 0.06; see Fig. 3(d). This splitting
is due to the proximity effect with a ferromagnetic lead,
which results in the exchange field. If |�εexch| � TK, the
Kondo resonance becomes suppressed and there are only side
resonances occurring at ω = ±�εexch. Moreover, one can also
see that the splitting of the zero-energy peak in TA(ω) changes
with δ. This is due to a particular dependence of �εexch on
the dot detuning: �εexch = 0 for δ = 0 and it changes sign
when δ crosses zero [26]. In fact, a similar split Kondo
resonance has recently been observed experimentally in a
ferromagnet-quantum-dot-superconductor device [52]. When
the coupling to the normal lead increases, both TK and �εexch

are enhanced. However, while �εexch grows algebraically
with � [26], TK increases in an exponential way [36]; cf.
Eq. (7). Consequently, for �/U = 0.1, the splitting of the
Kondo resonance becomes obscured, see Fig. 3(f), since the
condition |�εexch| � TK is only very weakly satisfied.

From the transmission coefficient, by using Eq. (6),
one can calculate the dot-level detuning dependence of the
linear-response conductance. This is presented in Fig. 4,
where the left (right) column corresponds to the nonmagnetic
(ferromagnetic) case. Note the different scale for GA in the left
and right columns of the figure: the conductance for p = 0.5 is
approximately two times smaller compared to that in the case
of p = 0. When the coupling is relatively small, see the case
for �/U = 0.02, the qualitative difference between the p = 0
and p > 0 cases is hardly visible. The linear conductance
shows then only two resonant peaks for δ = ±√

U 2/4 − �2
S ,

the height of which becomes suppressed with increasing the
temperature; see Figs. 4(a) and 4(b). However, for larger
couplings between the dot and the normal lead, the differences
become more pronounced. This is especially visible in the
transport regime where the dot is singly occupied and the
interplay of the exchange field and the correlations leading to
the Kondo effect become essential.

First of all, one can see that the resonance peaks occurring
for δ = ±√

U 2/4 − �2
S become broadened when increasing

the coupling strength �. Moreover, the low-temperature
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FIG. 4. (Color online) The detuning dependence of the linear-
response conductance due to Andreev processes calculated for
different temperatures T and couplings to normal lead �, as indicated.
The left column corresponds to the case of p = 0, while the right
column shows the case of p = 0.5. The parameters are the same as
in Fig. 3. Note that the scale in the case of p = 0.5 is smaller by a
factor of 2 compared to the case of p = 0.

conductance in the singly occupied regime, −√
U 2/4 − �2

S <

δ <
√

U 2/4 − �2
S , rises with enhancing �. These two ef-

fects result simply from the fact that increasing � leads to
broadening of the dot levels and to an increase of the Kondo
temperature. It reveals as a gradual enhancement of the low-T
conductance in the transport regime where the dot is singly
occupied. This general tendency can be seen in the case of
both nonmagnetic and ferromagnetic leads. However, there
are important differences visible especially for �/U = 0.1; see
Figs. 4(e) and 4(f). While in the case of a nonmagnetic lead, GA

in the Kondo valley rises rather uniformly with decreasing T ;
for a ferromagnetic lead, this enhancement is most pronounced
for δ = 0. In fact, when the dot level is detuned from the
particle-hole symmetry point the conductance suddenly drops.
This results in a peak in GA as a function of δ, occurring for
δ = 0. When the temperature increases, however, this peak
becomes smeared and disappears. The occurrence of this peak
can be understood by invoking the relevant energy scales in
this problem: TK and �εexch (for fixed �S). By detuning the
dot level from δ = 0, the exchange field becomes finite and
increases with increasing |δ|. Consequently, once δ is such
that |�εexch| � TK, the Kondo resonance becomes obscured
and the conductance drops. In fact, the maximum value of GA

for δ = 0 is comparable in both cases of p = 0 and p = 0.5;

see Figs. 4(e) and 4(f). In the nonmagnetic case, however,
GA changes monotonically when moving away from δ = 0
towards resonances, contrary to the ferromagnetic case, when
GA behaves in a nonmonotonic way.

2. Dependence on the coupling strength �S

The Andreev transmission coefficient as a function of
energy ω and dot level detuning δ for different couplings
to superconducting lead �S is shown in Fig. 5. Again, the
right column presents the ferromagnetic lead case, while the
left one, for comparison, corresponds to the nonmagnetic
case. This figure illustrates how the transmission coefficient
changes when �S increases from low to high values, where for

FIG. 5. (Color online) The Andreev transmission coefficient
TA(ω) as a function of energy ω and dot level detuning δ in the
case of nonmagnetic (left column, p = 0) and ferromagnetic (right
column, p = 0.5) lead for different couplings to superconducting
lead �S , as indicated in the figure. Parameters are the same as in
Fig. 3 with �/U = 0.1.
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�S = U/2 the Kondo valley is absent and all Andreev bound
states are at resonance for δ = 0.

First, let us discuss a general tendency, which is visible
irrespective of the spin polarization of the normal lead.
When �S increases, the resonances for δ = ±√

U 2/4 − �2
S

move towards the particle-hole symmetry point and merge
when �S = U/2. Increasing �S is also associated with an
enhancement of the Kondo temperature; cf. Eq. (7). As a
consequence, once can see that the width of the Kondo peak
slightly increases with �S . However, for larger values of �S ,
see, e.g., �S/U � 0.4, the Kondo peak gets merged with the
two resonant peaks and only a single resonant peak occurs
with TA(ω) = 2; see Figs. 5(i) and 5(j).

The difference between the ferromagnetic and nonmagnetic
cases is most visible when the coupling to superconductor
is relatively low; see the case of �S/U � 0.2 in Fig. 5. For
�S/U � 0.2, one can clearly see the split Kondo resonance
in the transmission coefficient. However, further increase of
�S decreases the ratio of |�εexch|/TK, such that the exchange
field effects become suppressed and TA(ω) shows the restored
Kondo peak. (Note that TK depends exponentially on �S and
increases with rising the coupling to the superconductor.)
In other words, superconducting correlations win over the
ferromagnetic contact proximity effects and the transmission
coefficient for �S/U � 0.3 starts behaving very similarly in
both the p = 0 and the finite-p case; see Fig. 5.

This tendency is also clearly visible in the detunig de-
pendence of the linear conductance calculated for different
temperatures and values of �S corresponding to Fig. 5, which
is shown in Fig. 6. In the nonmagnetic case, increasing �S leads
to an enhancement of the linear conductance, until it eventually
reaches its maximum value, GA = 4e2/h, for δ = 0 and �S =
U/2. Note that this value persists to relatively high tempera-
tures and starts decreasing when T/U � 0.01; see Fig. 6(i).

Comparing the left and right column of Fig. 6 reveals
the nontrivial differences between the case of ferromagnetic
and nonmagnetic leads. Moreover, the differences are now
much better resolved compared to Fig. 5, especially at low
temperatures. In the case of finite p, one can clearly see a
resonant peak at δ = 0 for �S/U � 0.3. As mentioned above,
this peak is associated with the fact that the exchange field
vanishes at the particle-hole symmetry point and the Kondo
peak develops, while it becomes suddenly suppressed at small
but finite detuning. For larger couplings to superconducting
lead, the superconducting proximity effects dominate, and
the differences between the ferromagnetic and nonmagnetic
cases are suppressed. Consequently, the detuning dependence
of the conductance is then qualitatively the same in both cases,
though small quantitative differences can still be observed; see
Fig. 6.

3. Dependence on the spin polarization p

In the previous sections we have discussed the detuning
dependence of both TA(ω) and GA when either � or �S

was varied. Now, we assume constant couplings and study
how the Andreev transport properties depend on the degree
of spin polarization of ferromagnetic lead. In other words,
while approximately keeping the same superconducting parity
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FIG. 6. (Color online) The detuning dependence of the linear
conductance due to Andreev reflection for different temperatures. The
left column corresponds to the case of p = 0, and the right column
to the case of p = 0.5. Each row presents the results obtained for
different coupling �S , as indicated in the panels on the right-hand
side. Parameters are the same as in Fig. 3 with �/U = 0.1.

correlations and correlations leading to the Kondo effect, we
gradually increase the ferromagnetic proximity effects.

The corresponding detuning and energy dependence of the
Andreev transmission coefficient is shown in Fig. 7, where
each panel corresponds to different p, starting from p = 0 to
p = 0.9. Two main features can be immediately noticed. First,
increasing spin polarization leads to an overall suppression of
TA(ω). The reason for it has already been explained earlier
and is related with the mismatch between the majority and
minority subbands of the ferromagnet. Injecting or subtracting
Cooper pairs involves two electrons of opposite spin, thus
in an ideal case of a half metal, the Andreev reflection will
be fully blocked. Second, the splitting of the Kondo peak
with increasing p can be clearly visible. It can be seen that
this splitting increases with increasing p, which is directly
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FIG. 7. (Color online) The energy and dot level detuning de-
pendence of the Andreev transmission coefficient for different spin
polarization p of ferromagnetic lead, as indicated. Parameters are the
same as in Fig. 3 with �/U = 0.1 and �S/U = 0.2.

associated with the fact that the magnitude of �εexch grows
with rising p [26].

Interestingly, one can also note that rising spin polarization
p leads to an enhancement of TA(ω) in the singly occupied
regime for energies much larger than those corresponding to
the split Kondo resonance. In fact, this enhancement can be
seen in the whole range of energy ω considered in the figure,
except for ω ≈ 0; see, e.g., Fig. 7(f). Moreover, a similar
enhancement could be also observed in other figures presenting
the energy and detunig dependence of TA(ω); cf. Figs. 3(d)
and 5(b). The maximum of TA(ω) in this energy range occurs
around the position of the Andreev bound states. Furthermore,
although such enhancement of Andreev transmission occurs
in both cases of ferromagnetic and nonmagnetic leads, it is
more pronounced in the former case. This finding implies
that ferromagnetic proximity effects are relevant not only at
low-energy scales, of the order of �εexch where they condition
the occurrence of the Kondo effect, but they also play an
important role at larger energy scales. This is in accordance
with an observation that the exchange field can lead to a full
spin polarization of the Hubbard resonances in the spectral
function of the dot level, even when |�εexch| � U [60].

Intuitively, the enhancement of the Andreev transmission
for p > 0 can be explained as follows. For ferromagnetic lead
the local density of states of the quantum dot Aσ (ω) becomes
spin polarized at all energy scales. This polarization is such
that if A↑(ω) is enhanced with respect to the p = 0 case,
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FIG. 8. (Color online) The dot level detuning dependence of the
Andreev conductance for different temperatures and for different spin
polarization p, as indicated. Parameters are the same as in Fig. 3 with
�/U = 0.1 and �S/U = 0.2.

then A↓(−ω) is also enhanced, while A↓(ω) and A↑(−ω) are
suppressed. Thus, the probability of finding a pair of electrons
with opposite spins and energies increases. Consequently,
in the case of ferromagnetic lead the Andreev transport
becomes enhanced. However, one needs to keep in mind that
since Andreev transmission is proportional to (1 − p2)�2, cf.
Eq. (5), increasing the spin polarization of the ferromagnetic
lead will eventually result in the suppression of TA(ω).

The dependence of the linear conductance on the detuning
parameter δ calculated for different spin polarization p and
temperature T is shown in Fig. 8. When the spin polarization
increases, the magnitude of the low-temperature Andreev
conductance gets suppressed and a peak for δ = 0 develops.
The relative height of this peak increases with rising p. This
is due to the fact that �εexch grows with p [26]. When the
temperature increases, the peak in GA as a function of δ in the
center of the Coulomb blockade becomes smeared out, since
thermal fluctuations suppress the Kondo effect. Interestingly,
at high temperatures the dependence of conductance on the
parameter δ in the singly occupied dot regime again becomes
nonmonotonic. GA shows then a small minimum, which
develops for δ = 0; see Fig. 8. This minimum is associated
with the fact that TA(ω) in the case of a ferromagnetic lead is
suppressed in a narrow region around δ = 0 for energies larger
than the Kondo temperature; see also Figs. 3(d), 5(b), and 7.
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IV. CONCLUSIONS

In this paper we have studied the transport properties
of a hybrid superconductor-quantum-dot-ferromagnet device,
focusing on the Andreev reflection processes. The system
was modeled by an effective Hamiltonian with an on-dot
pairing term in the limit of large superconducting energy
gap. The calculations were performed by using the numer-
ical renormalization group method, employing the optimal
broadening, and z-averaging tricks to obtain high quality
spectral data for the determination of the Andreev transmission
coefficient. Generally, all transport characteristics revealed a
subtle interplay of the three important energy scales in the
problem: the Kondo temperature, the superconducting pairing
correlations, and the effective exchange field.

In particular, it was shown that the Andreev transmission
exhibits the Kondo resonance in the singly occupied dot
regime, which can be split by the exchange field. Moreover,
a suppression of the Andreev transmission was found at
the particle-hole symmetry point for energies larger than the
Kondo temperature. These effects were also revealed in the
dot level detuning dependence of the Andreev conductance
for different temperatures. At low T , GA showed a peak for

δ = 0 due to the Kondo effect, however, for larger temperatures
this peak developed into a local minimum. Furthermore,
the exchange-field effects were shown to dominate transport
behavior by splitting the Kondo resonance for moderate
couplings to the superconducting lead. With increasing the
strength of this coupling, the ferromagnetic proximity effects
were however becoming less and less important. This was
associated with an increase of the Kondo temperature when
increasing the superconducting pairing correlations, which led
to a lowering of the relevant excitation energies and, thus, to
an enhancement of the exchange interaction between the spin
in the dot and spins of itinerant electrons.
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