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By means of first-principles calculations in combination with universal evolutionary structure search, we
identified the crystalline structure of long-term argued M3Bi2 (M = Sr, Ca, and Ba), which crystallizes in a
tubelike structure stacked by buckled graphenelike layers. The analyses of electronic structures revealed that
this type of M3Bi2 is a native wide-gap three-dimensional topological insulator with the inverted band order
induced mainly by crystal field effect. The spin-orbit coupling effect was found to open the band gap and further
enhance the band inversion. Among them, Sr3Bi2 is most attractive due to its largest fundamental gap of about
0.3 eV and the directly inverted band gap of 0.81 eV at � obtained within the framework of Green functionals
(GW ). Moreover, the computation also evidences that their tubelike structure is suitable for further treatment
via magnetic dopants, which prefer to occupy 1b site. Interestingly, the ferromagnetic insulating state has been
achieved for V- and Mn-doped cases. This may provide a further opportunity to observe the quantized anomalous
Hall effect in its thin films.
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Within recent years, topological materials, including topo-
logical insulators (TIs) [1,2], topological crystalline materials
(TCIs) [3], topological (Dirac) semimetals [T(D)Ss] [4–10],
topological Wely semimetals (TWSs) [4,11–13], topological
Wely line-node (or node-line) semimetals (TWLSs) [13–16],
as well as topological metals (TMs) [17,18], have become
extensively interesting not only for condensed matter physics
and materials science but also for fundamental Dirac fermions.
Because the metal element of bismuth offers a very strong
spin-orbit coupling effect and easily induces so-called band-
inversion occurrence, which are significant for the nontrivial
topological states, most of topological materials basically con-
sist of bismuth in its Bi3+ valence state, such as Bi2(Se,Te)3,
Bi2−xTe3−ySey , TlBi(Se1−xSx), Bi2(Te,Se)2(Se,S), PbBi4Te7,
PbnBi2(Se,Te)n+3, AIII BiO3 (AIII = Al, Ga, In, Sc, Y,
and La), Pb5Bi24Se41, Ge2X2Te5 (X = Sb and Bi), and
Bi3Te4I [19–32]. Recently, the compound of BaBiO3 [33],
with the mixed-valences states between Bi3+ and Bi5+, was
reported to exhibit a large topological energy gap of 0.7 eV
only in its electron-doped region. From the viewpoint of
chemical formation, in order to form a Bi3+ configuration
in a topological material, it will need other constituents having
larger electronegativity than that of Bi, such as Se, Te, O,
S, C, Pb, F, Cl, Br, I, etc. Within this situation, Bi lose its
three p valence electrons in the form of the fully unoccupied
Bi-p-orbits states. Even TI was also found with a valence state
of Bi1+ in the single-layer structural form of Bi4Br4 [34,35]
and with a zero valence state in the pure bismuth metal
via a doping of Sb(BixSb1−x) [36,37]. Interestingly, in some
topological materials Bi even has its Bi3− valence state, such
as the antiperovskite TIs or TCIs of M3NBi (M = Ca, Sr and
Ba) [38,39] and LaPtBi [40,41], TDSs of A3Bi (A = Na, K, and
Rb) [6,42–44], and TMs of M2NBi (M = La, Nd) [18]. This
negative valence state of Bi can be attributed to the fact that
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the electronegativity of the constituents (i.e., alkaline-earth and
alkali-metal elements) in a compound are much lower than that
of bismuth and Bi would obtain three valence electrons to form
its fully filled p orbits. Naturally, given such a simple concept
to form a fully filled p orbital in the Bi3− valence state, it is
highly interesting to know whether the composition of M3Bi2
(M = Ca, Sr, and Ba) also exists and, if yes, whether they also
exhibit a similar topological feature?

In fact, the M-Bi binary systems (M = Sr, Ca, and Ba)
were extensively studied since the 1950s and the compounds
of M3Bi2 were quite often reported in the literature [45–58].
Mg3Bi2 has been proved as a narrow gap semiconductor in
as early as 1975 [59]. However, to date the details of the
crystalline structures of those compounds of M3Bi2 have still
remained unknown. Through first-principles calculations in
combination with evolutionary structural searches, we have
identified the hR45 structural details of M3Bi2. The analysis
of the electronic structures reveals that they are the three-
dimensional TIs. In particular, the compound of Sr3Bi2 is a
wide-gap 3D-TI with a wide fundamental band gap of about
0.3 eV and a highly large inverted direct gap of 0.8 eV at
� naturally induced by the crystal-field splitting. The spin-
orbit coupling effect (SOC) was found to open the gap and
further enhance its band inversion. Due to the special tubelike
structure, our calculations revealed that Sr3Bi2 is suitable for
further doping treatment with transition metal elements (i.e.,
V and Mn) to obtain a ferromagnetic insulating state. This fact
may provide a chance to observe a quantized anomalous Hall
effect.

In order to identify the existence of M3Bi2, we have per-
formed the compositional and structural searches on these bi-
nary systems via VASP [60,61] with projector-augmented-wave
(PAW) pseudopotentials [62] and Perdew-Burke-Ernzerhof
(PBE) exchange and correlation functionals [63], in combina-
tion with the variable-compositional technique supplemented
in USPEX [64–66] within the framework of density func-
tional theory (DFT) [67,68]. A very accurate optimization of

1098-0121/2015/92(20)/205130(6) 205130-1 ©2015 American Physical Society

http://dx.doi.org/10.1103/PhysRevB.92.205130


LI, XIE, CHENG, LI, LI, AND CHEN PHYSICAL REVIEW B 92, 205130 (2015)

FIG. 1. (Color online) The derived GGA-type PBE enthalpies of
formation predicted by variable-composition evolutionary computa-
tions for the Sr-Bi system (for more details refer to Table S1 of the
Supplemental Materials [73]). Every square represents an individual
structure and the most stable ground state phases (solid circles) are
connected to a convex hull. Hollow squares denote metastable phases
above the convex hull. In (b), (c), and (d) are the primitive cell, the
unit cell of Sr3Bi2, and the derived phonon dispersion, respectively. In
its optimized primitive cell, Sr3Bi2 crystallizes in the rhombohedral
structure (space group of R3, No. 148), having a lattice constant of
a = 9.1353 Å and the rhombohedral angle of 66.157◦ with Bi at 6f

site (0.09161, 0.44524, 0.70241), Sr1 at 6f site (0.37391, 0.08406,
0.81051), Sr2 at 2c site (0.31983, 0.31983, 0.31983), and Sr3 at 1b
site (0.5, 0.5, 0.5).

structural parameters was achieved by minimizing forces
(below 0.0001 eV/Å). Electronic properties are calculated
with 350 eV plane-wave energy cutoff and 11 × 11 × 11 grid
k mesh. The phonon spectra is derived with the code of
Phonopy [69] within the framework of finite-displacement ap-
proach and density functional perturbation theory (DFPT) [70]
in a Born-Karman boundary condition in a supercell containing
2 × 2 × 2 primitive cells. The projected surface states are
obtained from maximally localized Wannier functions within
a linear combination of atomic orbits (LCAO) method [71]
in tight-binding approximation by employing Wannier90
code [72]. For the studies on the magnetic substitutions, we
performed spin-polarized calculations for Sr3Bi2 doped with
various transition metal elements, using a 120-atom supercell
with two of the nearest Sr3 atoms substituted by a magnetic
dopant. The crystal structure and the magnetic state are fully
optimized to obtain the ground state.

As illustrated in Fig. 1(a) for the Sr-Bi system, the compu-
tation reveals a convex hull showing five stable ground-state
compounds, SrBi3, Sr2Bi3, SrBi, Sr3Bi2, and Sr5Bi3. Accord-
ing to the convex hull, four important facts can be outlined
here: (i) compounds of SrBi3 and Sr5Bi3 are in nice agreement
with the experimental observation with both structures and
compositions, (ii) SrBi crystalizes in a hexagonal P 63/mc

FIG. 2. (Color online) Calculated electronic band structures of
Sr3Bi2 in comparison with the isoelectronic and isostructural Sr3Sb2.
(a) and (b) Sr3Sb2 without and with the SOC inclusion, respectively.
(c) and (d) Sr3Bi2 without and with the SOC inclusion, respectively.
Note that the red solid circles denote the Bi s-like states.

phase [73], which is an ever-reported but structurally not-yet
resolved compound [45], (iii) three metastable compositions
of Sr2Bi, Sr3Bi4, and Sr2Bi3 lie above the convex hull, but
their calculated structure agrees well with the experimentally
observed one, and (iv) a lowest-enthalpy composition of
Sr3Bi2, which is also an ever-reported but structurally not-yet
resolved phase, crystallizes in the hR45 structure. It needs to
be emphasized that our USPEX search did not find more stable
structure than that of another two experimentally reported
compositions of Sr11Bi10 and Sr16Bi11. In addition, their
enthalpies of formation are all slightly above the convex
hull, which is shown in Fig. 1(a). As illustrated in Figs. 1(b)
and 1(c), the structure of Sr3Bi2 is highly special, because
of its tubelike shape stacked by the slightly buckled Sr/Bi
graphenelike layers interacting with the centered Sr-atom
chain in each tube. Each Sr/Bi graphenelike layer preserves
the threefold rotation symmetry. Furthermore, the derived
phonon dispersion of Sr3Bi2 was further demonstrated to be
dynamically stable, as evidenced in Fig. 1(d). In similarity, for
both Ca-Bi and Ba-Bi binary systems, our calculations also
found the stable composition of Ca3Bi2 and Ba3Bi2 with the
same hR45 structure at their ground states, respectively (refer
to Table S3 of the Supplemental Materials [73]).

Besides a special structure, Sr3Bi2 exhibits very interesting
electronic properties. The calculated bulk band structures
along the high symmetry lines in the Brillouin zone (BZ)
for Sr3Bi2 are shown in Figs. 2(c) and 2(d). Without SOC,
Sr3Bi2 is semimetal with a gapless three-dimensional (3D)
Dirac cone located in the vicinity of the � point along the
F -� line. It can be seen that Sr3Bi2 exhibits a typical band
anticrossing feature, with the top of the valence band and
the bottom of the conduction band at �, which is primarily
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FIG. 3. (Color online) Schematic diagram of the evolution from
the atomic orbitals of Bi into the conduction and valence bands of
Sr3Bi2 at the � point. The three different steps (I), (II), and (III)
represent the effect of turning on chemical bonding, crystal-field
splitting, and SOC, respectively. The blue line denotes the Fermi
energy level schematically.

composed of Bi s-like and Bi p-like states, respectively.
With SOC inclusion, significant changes have been observed.
First, Sr3Bi2 becomes a relatively wide-gap insulator (with
a fundamental indirect gap of 0.28 eV) by splitting the 3D
Dirac cone. Second, the inverted band gap at � is substantially
increased to 0.62 eV due to the enhanced band inversion
caused by SOC. It can be seen that the inverted band ordering
is driven not solely by SOC, chemical bonding and crystal
field also make great contributions. As a comparison, we
also plot the bulk band structures of the isostructural and
isoelectronic artificial compound of Sr3Sb2, as illustrated in
Figs. 2(a) and 2(b), whether including SOC or not, Sr3Sb2

is a narrow-gap insulator without inverted band ordering.
However, by expanding the crystal volume to a certain degree,
Sr3Sb2 exhibits an inverted band, showing a similar feature to
Sr3Bi2, which further supports this crystal-field causing band
inversion. To get a better understanding of the inversion and
the parity exchange, here we have plotted a brief schematic to
interpret the band evolution from initial atomic orbitals to final
inverted band order at the � point in Fig. 3. Since the states
near the Fermi surface are mainly coming from the orbitals of
Bi, we neglected the effect of other orbitals. Its evolution has
been summarized in three steps (I), (II), and (III). In step (I) the
chemical bonding occurs among Bi and Sr atoms, which results
in two states (p−

x,y,z and p+
x,y,z) of each Bi p orbital according

to their parities. In step (II), after switching on the crystal field,
these px,y,z orbitals are further split into both px,y and pz due
to the threefold axis symmetry. Indeed, this step causes a band
inversion between s+ and p−

z at the � point. Finally, in step (III)
the SOC inclusion further splits the energy levels, enhancing
the band inversion. In particular, it needs to be emphasized
that the identification of the band-inverted feature on the basis
of conventional DFT may lead to false-positive assignment
if the band-inversion strength is not large enough, due to
the well-documented band-gap underestimation problem. For
this reason we have revisited the electronic dispersion of
Sr3Bi2 by GW method [74–76], which indeed yields the
substantially same physical picture. Fortunately, for Sr3Bi2
our GW calculations obtain a fundamental gap of 0.31 eV and
a larger inverted band gap of 0.81 eV at �.

The fact that the band inversion of Sr3Bi2 occurs only once
at the � point and is not driven alone by SOC, is suggestive

of the formation of a nontrivial topological state. In order to
provide further support, we have analyzed the evolution of
the band gap as a function of the lattice constant for Sr3Bi2.
According to our calculations, a topological phase transition
of Sr3Bi2 from a topologically nontrivial to a trivial state
occurs with increasing the volume, in nice agreement with
the obvious fact that any insulator is topologically trivial
in the atomic limit. In addition to the band inversion, an
alternative way to identify TI states is the parity criteria
proposed by Fu and Kane [77,78]. Considering that the R3
phase possesses the inversion symmetry, this criteria can be
applied and serves as further support for our analysis. The
product of the parities of the Blöch wave function for the
occupied bands at time-reversal invariant momenta (TRIMs)
of threefold degenerated L (π ,0,0), threefold degenerated F
(π , π , 0), single T (π , π , π ) has been derived to be (+)
for both Sr3Bi2 and Sr3Sb2. Therefore, these seven TRIMs
display a positive (+) global parity. At � the situation is
different: the product of the parities is + or − depending
on whether or not the band inversion occurs. Our analysis
reveals a negative (−) parity product at � for Sr3Bi2, whereas a
positive (+) parity product occurs for Sr3Sb2. We can therefore
trustfully conclude that Sr3Bi2 is a native topological nontrivial
insulator with Z2 index (1; 000). Our further calculations for
Ca3Bi2 and Ba3Bi2 suggest that they have qualitatively the
same topological properties as Sr3Bi2 does (refer to Fig. S1 of
the Supplemental Materials [73]).

Furthermore, we have produced the intrinsic properties of
the topological phase in Sr3Bi2, and provide further evidence
of this TI state by inspecting the surface properties. We have
computed the surface band dispersions for the (001) and (111)
surfaces using the ab initio TB model. The ab initio TB model
is constructed by downfolding the bulk energy bands, obtained
by first-principles calculations, using maximally localized
Wannier functions (MLWFs). As the bulk energy bands near
Fermi energy are predominantly formed by hybridized s- and
p-like Bi orbitals, the MLWFs are derived from atomic s- and
p-like orbitals and the TB parameters are determined from
the MLWFs overlap matrix. The TB bulk bands perfectly
reproduce the DFT bands around the Fermi energy EF up
to ∼±3 eV. The surface band structures have been calculated
by adopting two slabs for the (001) and (111) surfaces with
thickness of 150 and 180 atomic layers, respectively. The
results of the TB calculations are summarized in Fig. 4. These
results evidence clearly that the (001) and (111) surfaces posses
spin-resolved helical metallic surface states which cross each
other forming a single Dirac cone, in nice agreement with the
analysis of the parity and the band inversion.

Interestingly, it has been noted that such a tubelike structural
feature in these three compounds of M3Bi2 is indeed suitable
for doping treatment. The most fascinating aspect would be
to break the time-reversal symmetry of Sr3Bi2 by introducing
ferromagnetism, which can naturally lead to the quantized
anomalous Hall (QAH) effect [79–83]. For sake of this aim, we
have systematically performed the calculations by considering
the 3d, 4d, and 5d transition metals to substitute different
sites in Sr3Bi2. It has been found that those metals all prefer
to occupy the 1b site of Sr3 atom and the substitutional
energies of 3d-series transition metal atom have been shown
in Fig. 5(a). The spin-polarized calculations demonstrated that
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FIG. 4. (Color online) (a) and (c) TB energy band structures of the (001) and (111) surfaces in the primitive cell of Sr3Bi2, respectively.
The appearance of the gapless Dirac-cone-like metallic states evidences the occurrence of TI. Plane (b) is a 3D picture to illustrate the Dirac
cone in the 2D (001) surface.

these dopants all carry the local large magnetic moments and
the ferromagnetic states are energetically favorable by highly
large magnetization energies as compared with their corre-
sponding antiferromagnetic states, as illustrated in Fig. 5(b).
In particular, the calculations demonstrated that an insulating
ferromagnetic state has been already obtained for 3d-V (with
a spin-polarized ferromagnetic energy of 1.50 eV) and 3d-Mn
(with a spin-polarized ferromagnetic energy of 2.64 eV),
whereas the states are metallic or half-metallic for all other

-2 -1 0 1
Energy [eV]

-70

-35

0

70

35

D
O

S
 [e

V
-1

 s
pi

n-1
]

Sc Ti V Cr Mn
1

2

4

3

E
S

ite
 [e

V
]

Sc Ti V Cr Mn
-3

-2

-1

0

ΔE
 [e

V
/a

to
m

]

E
af
-E

nm

E
fm
-E

nm

-2 -1 0 1
Energy [eV]

-70

-35

0

35

70

D
O

S
[e

V
-1

 s
pi

n-1
]

0 0.05 0.1 0.15
Exchange field [eV]

-0.05

0

0.05

0.1

E
ne

rg
y 

[e
v]

0 0.05 0.1 0.15
Exchange field [eV]

0

1

σ xy
 [e

2 /h
]

(a) (b)

(c) (d)V Mn

(e) (f)

FIG. 5. (Color online) (a) The derived site preference energies
of transition metal by substituting Sr3 atom in Sr3Bi2. (b) The
spin-polarized energies induced by magnetic dopants. (c) and (d)
Total densities of states (DOSs) for 3d-V and 3d-Mn doped cases,
respectively. (e) The lowest subbands at the � point plotted versus
the exchange field for Sr3Bi2 films with thickness of 25 atomic layers
along the [111] direction. (f) The derived Hall conductance for this
thin film. The Hall conductance is zero before the QAH transition but
σxy = e2

h
afterward.

doping cases. To obtain a ferromagnetic insulating state for
TIs is important for the appearance of QAH. Mechanically,
it is clear that because of the Hund’s rule coupling of 3d
transition ions the high-spin state can be expected for these
magnetic dopants. Because these magnetic dopants substitute
Sr atom, it can be reasonably expected that they should be in 2+
valence state. For V and Mn ions, the 2+ valence state makes
them have three and five 3d electrons, respectively. For the
V-doped case, the high-spin state of the electronic configura-
tion should be in the configuration of t

3↑
2g e

0↑
g t

0↓
2g e

0↓
g . In fact, the

local coordination of V2+ exactly provides such a possibility
because it sites at a shared vertex of two tetrahedra formed by
its six nearest neighboring Bi3− ions. Such a local crystal field
splits the d shell into t2g and eg manifolds. Within this situation,
the V dopant in Sr3Bi2 can result in a gap between t2g and
eg manifolds, evidencing the occurrence of the ferromagnetic
insulating state as shown in Fig. 5(c). For the Mn-doped case, in
its high-spin state the electronic configuration favors in energy
the unpaired d5↑d0↓ one. This will result in the occurrence
of the insulating state of the Mn-doped case, as evidenced
by a gap between spin-up and spin-down density of states in
Fig. 5(d). However, for other magnetic dopants there is no way
to obtain the insulating state in their high spin states due to the
limitation of the local coordination around the Sr3 atom. Once
the ferromagnetic order is achieved in TI, the QAH effect can
be realized in its 2D thin films [79]. We added a variant of
the Zeeman effect to our original TB model Hamiltonian of
the thin film to describe the relationship between the energy
of the lowest subbands at � and the exchange field, and the
obtained result is further elucidated in Fig. 5(e). It is clear that a
strong exchange field will certainly induce the QAH transition,
because it increases the energy of the highest valence band and,
simultaneously, reduces the energy of the lowest conduction
band. This behavior is mainly due to the fact that the Pauli
matrix σz in the exchange field shows an opposite sign to the
Zeeman coupling terms in the effective Hamiltonian. Thus, the
crossing between these two bands will be accepted as long as
the exchange feld is strong enough. The occurrence of their
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crossing implies the change of the Chern number of one of
the subbands, thereby causing QAH transition as illustrated in
Fig. 5(f), in which the Hall conductance can be derived from
the formula

σxy = e2

h

1

2π

∫∫
dkxdkyFxy(k) = e2

h
n, (1)

where

n = 1

2π

∫∫
dkxdkyFxy(k) (2)

is the winding number of the gauge transformation on the
boundary of the piecewise definition of the wave functions, and
Fxy(k) is the Berry curvature. Figure 5(f) shows that an integer
Hall conductance occurs above the exchange field of 0.044 eV
for the Sr3Bi2 thin film with the 25 atomic layers along the
[111] direction (corresponding to the [0001] direction of the
conventional unit cell). With further increasing the thickness
of the thin film, the exchange field can be reduced for the onset
of the QAH transition.

In summary, by means of first-principles calculations
in combination with universal structural searches, we have
refined the detailed structure of the long-term argued com-

pound of Sr3Bi2, which crystallizes in a rhombohedral
structure (space group of R3, No. 148). The calculations
demonstrated that Sr3Bi2 is a three-dimensional TI with a
wide band gap of about 0.3 eV and a highly large inverted
direct gap of 0.8 eV at � naturally induced by the crystal-field
splitting. The SOC effect plays an important role to open its
band gap and further enlarge its band inversion. The surface
spin-resolved states and the presence of Dirac cone have been
evidenced. Moreover, Sr3Bi2 is suitable for further doping
treatment with transition metal elements (i.e., V and Mn)
to obtain a ferromagnetic insulating state. It also needs to
be mentioned that both Ca3Bi2 and Ba3Bi2 exhibit similar
topological properties.
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