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Spin dynamics with inertia in metallic ferromagnets
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The nonadiabatic contribution of environmental degrees of freedom yields an effective inertia of spin in the
effective spin dynamics. In this paper, we study several aspects of the inertia of spin in metallic ferromagnets:
(i) a concrete expression of the spin inertia ms : ms = �Sc/(2gsd), where Sc is the spin polarization of conduction
electrons and gsd is the sd coupling constant; (ii) a dynamical behavior of spin with inertia, discussed from the
viewpoints of a spinning top and of a particle on a sphere; (iii) the behavior of spin waves and domain walls in
the presence of inertia and the behavior of spin with inertia under a time-dependent magnetic field.
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I. INTRODUCTION

Different from other fundamental quantities such as mass
and charge, spin is a dynamical quantity, and its dynamics have
been widely studied and applied in science and technology.
In particular, the recent rapid growth of spintronics provides
a stage where a deeper understanding of the spin dynamics
directly leads to practical applications.

The dynamics of spin is governed by the spin Berry phase
[1], and its equation of motion includes only the first-order time
derivative of spin. This is natural because spin is an angular
momentum and its equation of motion takes the familiar form:
the time derivative of the angular momentum (i.e., spin) is
given by the torque acting on it. Without any torque, the
solution of the equation of motion of spin is only a static one.
This is in contrast with, for example, the case of a massive point
particle, which has inertia and can move at nonzero speed as
its free motion. In this sense, spin does not have inertia.

However, for systems where spin interacts with other
environmental degrees of freedom, the spin dynamics is
affected by those environmental degrees of freedom, and the
dynamical law of spin is changed to be an effective one. For
example, in metallic ferromagnets, the dynamics of localized
spins (i.e., spins of atoms on lattice cites) is affected by
conduction electrons. A typical effect is spin damping (e.g.,
Ref. [2]), where the energy and the angular momentum of
spins are transferred to the environmental degrees of freedom
(i.e., the conduction electrons) and, as a result, spins relax
to their ground state within a certain time scale. Without
this effect, spins undergo the Larmor precession around an
applied magnetic field forever. In this respect, the existence of
environmental degrees of freedom other than spins changes the
dynamical behavior of spins significantly. In the equation of
motion of spins, this damping is represented by the Gilbert
damping term [3]. This damping term includes only the
first-order time derivative of spins. Therefore spins still do
not have inertia even when we take into account the Gilbert
damping effect.

The effects of the environment other than the Gilbert
damping can be studied systematically by the derivative
expansion, where the effects are expanded in powers of the
time (and spatial) derivative of spin. From that point of view,

*toru.kikuchi@riken.jp

the Gilbert damping term gives the leading order term in that
expansion. In the higher orders, terms appear that include the
second-order time derivative, the third-order time derivative,
and so on, in the equation of motion of spin. These terms
with higher-order time derivatives are interesting in that, like
the Gilbert damping term, they change the dynamical law
of spin itself, more than give additional torque on spin. In
particular, from a comparison with the form of the Newton’s
equation of motion of a massive point particle, the term with the
second-order time derivative of spin plays the role of the inertia
of spin. Furthermore, as we will see in this paper, such inertia
gives nonadiabatic contribution of the environment to the
effective dynamics of the localized spin. Nonadiabaticity here
means that the spin of the environmental degrees of freedom
does not instantaneously align with the localized spin. This
nonadiabaticity induced by the spin inertia is independent of
applied fields and, in this sense, is intrinsic to the system. When
such nonadiabaticity is included, the gyromagnetic relation,
i.e., the relation between angular momentum and localized
spin, is generalized: the angular momentum does not point in
the same direction as the localized spin. Thus the inertia of
spin gives an intrinsic deviation of the direction of the angular
momentum from that of the localized spin, which will bring
rich variety to spin dynamics.

Such spin inertia has been discussed in the literature
(e.g., Ref. [4]). In particular, recent progress in ultrafast
magnetization [5,6] motivated several works. In Refs. [7,8],
the inertia of spin was introduced phenomenologically and
was shown to give an additional nutation to the motion of spin.
The time scale where the effect of the inertia is significant
was discussed, based on the work of Brown [9], to be of the
subpicosecond order. In Ref. [10], the equivalence between
the dynamics of spin with inertia and of a spinning top was
discussed. A microscopic derivation of the spin inertia was
performed in Refs. [11] and [12]. In Ref. [11], an extended
breathing Fermi surface model was used, and a relation
between the Gilbert damping coefficient and the spin inertia
was given in terms of physical quantities (such as Fermi-Dirac
occupation numbers) of conduction electrons. The time scale
for the nutational motion to be damped by the Gilbert damping
was estimated to be of the subpicosecond order. In Ref. [12],
a general expression of the contribution of the conduction
electrons to spin dynamics was discussed. The spin effective
dynamics was shown to be nonlocal in general, which can be
approximated as local dynamics by the derivative expansion
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of spin. The inertial term of spin arises in that derivative
expansion and its general expression was given in terms of
the Green’s function of the conduction electrons.

Since the inertia of spin is conceptually interesting in
its own and gives the first step toward an understanding of
the nonadiabatic contribution of environmental degrees of
freedom to spin effective dynamics, further investigations are
worthwhile. Although the expressions of the inertia of spin
were given as integral forms [11,12], an explicit expression
of the inertia of spin in terms of the parameters of a model
has not been obtained so far. Furthermore, the effect of the
inertia of spin on the dynamics of spin has been discussed
only for spatially homogeneous spin configurations under a
time-independent magnetic field. In this paper, we present a
detailed theoretical study of the effects induced by the spin
inertia based on an sd model. In Sec. II, we derive a concrete
expression of spin inertia in terms of the parameters in the sd

model. In Sec. III, the basic behavior of spin with finite inertia
is studied with the help of its two equivalents: a symmetric
spinning top and a massive charged particle on a sphere subject
to a monopole field.

In Sec. IV, we study spatially inhomogeneous configu-
rations of spins, and discuss that spin waves and magnetic
domain walls acquire an additional oscillation mode due to
spin inertia. We also study the behavior of spin under a
large and time-dependent magnetic field, and find an unusual
behavior of spin where the velocity of spin is parallel to the
direction of the time-derivative of the magnetic field.

II. SPIN EFFECTIVE ACTION AND INERTIA

In this section, we discuss that the inertia of spin arises
naturally in its effective dynamics, which takes into account
the effects of the environmental degrees of freedom. We
follow mainly the line of Ref. [12]. Consider a system where
a classical field of localized spins, S(x,t) = Sln(x,t) (with
Sl = |S| fixed), and a field c(x,t) representing the other
environmental degrees of freedom are interacting with each
other. For concreteness, we consider the case of metallic
ferromagnets in this paper, where the conduction electrons
play the role of the environment for the localized spins.
The conduction electrons are represented by annihilation
and creation operators, c and c̄. The total action is given
by Ss[n] + Se[c,c̄,n], where Ss[n] is the action of spin n
and Se[c,c̄,n] is that of the conduction electrons with their
interaction with spin n. When we are interested only in the
dynamics of spin n, it is convenient to integrate out c and
c̄, and derive the effective action of spin n. The contribution
�Seff from electrons is given by path integration as

exp

(
i

�
�Seff[n]

)
≡

∫
Dc̄Dc exp

(
i

�
Se[c,c̄,n]

)
. (1)

The sum of this �Seff[n] and the original spin action Ss[n]
gives the total spin effective action.

It is difficult to calculate �Seff[n] exactly, so we should
rely on a perturbative analysis. We here perform a derivative
expansion, where �Seff[n] is expanded in powers of ∂μn (μ =

t,x,y,z). When the system is isotropic, the general form is

�Seff[n] =
∫

d3x

a3
dt

[
Scφ̇(cos θ − 1) − JcS

2
c

2
(∂in)2

+ ms

2
ṅ2

]
+ O((∂μn)3), (2)

where n = (sin θ cos φ, sin θ sin φ, cos θ ) and i = x,y,z. We
have divided the Lagrangian density entirely by the lattice
volume a3 so that each coefficient represents a quantity per
each lattice cite. The first term is the spin Berry phase with Sc

the spin polarization of the conduction electrons and the second
is the spin-spin exchange interaction, with Jc the coupling
constant, induced by electrons. In the final term, there arises the
inertial term of spin with inertia ms . This ms has the dimension
of [kg m2], the same as that of moments of inertia.

In Ref. [12], a general expression of spin inertia ms was
derived in term of the Green’s function of the conduction
electrons. Let us here calculate a concrete expression of spin
inertia. As in Ref. [12], a typical example of Se[c,c̄,n] is an sd

model [13], where conduction electrons interact with localized
spins n as

Se[c,c̄,n] =
∫

d3xdtc̄

(
i�∂t + �

2∂2
i

2m
+ εF + gsdn · σ

)
c.

(3)
Here, m is the mass of the conduction electrons, εF is the
Fermi energy, gsd is the sd coupling constant, and σ is the Pauli
matrix vector. To obtain the derivative expansion of �Seff[n],
we perform an SU (2) gauge transformation c → U (x,t)c
with an SU (2) matrix U acting on the spinor indices, so
that the sd interaction becomes diagonal, c̄(n · σ )c → c̄σ3c.
Due to this unitary transformation, there appears a so-called
spin gauge field Aμ ≡ −iU †∂μU in Eq. (3) through ∂μc →
U (∂μ + iAμ)c. This Aμ contains the first-order derivative of
spin, ∂μn. Therefore expanding exp(iSe[c,c̄,n]/�) in powers
of Aμ, we can calculate �Seff[n] perturbatively in powers
of ∂μn. The spin polarization Sc and the inertia ms can be
calculated as (see Appendix A for details)

Sc = a3 �

2

k3
F+ − k3

F−
6π2

, ms = �Sc

2gsd
(4)

with �
2k2

F±/(2m) ≡ εF ± gsd. The inertia can be rewritten as

ms = (kF a)3 �
2

8π2

1

εF

f (gsd/εF )

with f (x) ≡ 1

3x

[
(1 + x)

3
2 − (1 − x)

3
2
]
. (5)

For 0 < x < 1, the function f (x) is only a slightly decreasing
function from f (0) = 1 to f (1) = 0.94. Therefore spin inertia
does not depend much on the sd coupling constant gsd.

Adding this �Seff[n] to the original spin action of the form

Ss[n] =
∫

d3x

a3
dt

[
Slφ̇(cos θ − 1) − JlS

2
l

2
(∂in)2

]
, (6)

with Jl the exchange coupling between spins, we obtain
the total spin effective action as Seff[n] = Ss[n] + �Seff[n].
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Including the Zeeman coupling with external magnetic field,1

we obtain

Seff[n] =
∫

d3x

a3
dt

[
S B · n + Sφ̇(cos θ − 1) − JS2

2
(∂in)2

+ ms

2
ṅ2

]
+ O((∂μn)3), (7)

with S ≡ Sc + Sl the total spin amplitude per lattice cite and
J ≡ (JcS

2
c + JlS

2
l )/S2. We have set the gyromagnetic ratio in

the Zeeman coupling as unity.
As we will see below, the spin with finite inertia has a

typical precession mode with frequency ω0 ∼ S/ms . Using the
expressions of ms (4) or (5), and assuming S ∼ �, kF a ∼ π and
εF ∼ 1 eV, the energy scale of this frequency becomes �ω0 ∼
εF ∼ 1 eV, so that its period is 2π/ω0 ∼ 0.1 ps. Therefore,
as far as this simple estimation suggests, the existence of the
inertia is significant for the dynamics of subpicosecond scale
in the case of metallic ferromagnets.

The equation of motion derived from this effective action
(7) is

Sṅ = −S B × n − JS2∂2
i n × n + ms n̈ × n. (8)

Thus the inertia produces an acceleration-dependent term.
We can rewrite this equation of motion, by taking the vector
product with n, as

ms n̈ = Sn × ṅ + S B + JS2∂2
i n

− (S B · n + ms ṅ2 − JS2(∂in)2)n. (9)

The Gilbert damping effect adds a term −αSṅ, with α a
dimensionless constant, to the right-hand side of the equation
of motion (9). Therefore the Gilbert damping plays the same
role as the familiar linear damping force for a point particle,
and the time scale for this damping term to be significant
is tdamp ∼ ms/(αS). On the other hand, the time scale for
the inertial term to be effective is, as we will see below,
tinertia ∼ ms/S. Therefore, for α � 1, we can neglect the
Gilbert damping term as long as we are interested in the
dynamics within the time scale tinertia.

The equation of motion (8) can be rewritten (when B = 0)
in the conservation form of the angular momentum current
( j0, j i),

∂0 j0 + ∂i j i = 0

with j0 = Sn + msn × ṅ, j i = JS2∂in × n (10)

(∂0 ≡ ∂/∂t). Note that the angular momentum j0 (per lattice
cite), which is the Noether charge corresponding to the
invariance of the action (7) under SO(3) rotations in the
internal spin space (see Appendix B for details), is no longer
proportional to n but includes the nonadiabatic contribution
of the conduction electrons, msn × ṅ. Originally, the total
angular momentum consists of that of the localized spin and

1To be precise, there emerge other coupling terms between spin and
electromagnetic fields in addition to the Zeeman coupling, such as in
Ref. [14], by integrating out conduction electrons. In this paper, we
simply assume that they are negligible.

that of the conduction electrons: j0 = Sln + (�a3/2)〈c̄σc〉
with Sl the amplitude of the localized spin. In the lowest order
of the derivative expansion, i.e., in the adiabatic limit, the spin
of the conduction electron aligns with the localized spin, so
that (�a3/2)〈c̄σc〉 = Scn with Sc the spin polarization of the
conduction electrons. Beyond the adiabatic limit, the direction
of the spin of the conduction electron is generally different
from that of the localized spin. The derivative expansion
incorporates this difference systematically, and the next order
term in (�a3/2)〈c̄σc〉 is given by msn × ṅ. Thus the inertia ms

is related to the nonadiabatic contribution of the environmental
degrees of freedom to the spin effective dynamics. In this
respect, it is reasonable that the typical energy scale where
the inertia ms is relevant to the spin dynamics is that of
the Fermi energy, �ω0 ∼ �S/ms ∼ εF [from Eq. (5) with
kF a ∼ π fixed]: when the energy scale of the localized spin
becomes comparable to that of the conduction electrons, the
spins of electrons can no longer follow perfectly the direction
of the localized spins. In other words, to find physical situations
where the inertia has a measurable effect, materials with low
εF are more promising, such as organic conductors [15] and
heavy-fermion systems [16].

Remarkably, the relation between the inertia ms and the spin
polarization Sc in Eq. (4), ms = �Sc/(2gsd), is easily obtained
without any microscopic calculation, as follows. As we have
discussed in the last paragraph, the angular momentum � j0

derived from �Seff[n] represents the spin polarization of the
conduction electrons,

� j0 ≡ Scn + msn × ṅ = �a3

2
〈c̄σc〉. (11)

Since (�a3/2)〈c̄σc〉 obeys the following equation of motion,

∂0

(
�a3

2
〈c̄σc〉

)
= −2gsd

�
n ×

(
�a3

2
〈c̄σc〉

)
(12)

(we consider here only the spatially homogeneous case and set
∂in = 0, for simplicity), � j0 also satisfies

∂0� j0 = −2gsd

�
n × � j0. (13)

Substitution of Eq. (11) into Eq. (13) leads to(
Sc − 2gsd

�
ms

)
ṅ + O

(
∂2

0

) = 0. (14)

Since this equation is true for an arbitrary n, we arrive at
the relation ms = �Sc/(2gsd). Thus we can obtain ms from
Sc without any detailed calculation for this simple sd model.
The point is that Eq. (13) is not the equation of motion of n,
although it involves the time derivative of n. [The equation
of motion of n is ∂0 j0 = 0, or, ∂0(Sln + � j0) = 0.] Before
integrating out the electrons, it was the equation of motion of
〈c̄σc〉 (12) and, after integrating out the electrons, Eq. (13)
determines the structure of �Seff[n]. Conversely, the relation
ms = �Sc/(2gsd) must hold in order for the effective action
�Seff to reproduce the equation of motion of 〈c̄σc〉. We
can repeat this procedure to arbitrary orders in the derivative
expansion: first, write down all possible terms in the effective
action �Seff , with their coefficients left undetermined; second,
derive the angular momentum � j0 from that �Seff and
substitute it into Eq. (13); then we can obtain the recursion
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g

FIG. 1. (Color online) The dynamics of spin with inertia, a symmetric spinning top, and a massive charged particle on a sphere subject to
a monopole magnetic field Bm are classically equivalent. They undergo a precession motion accompanied by nutation under applied fields,
which are a magnetic field B for spin, a gravitational field g for the top, and an electric field E for the particle, respectively. See the main text
for details.

relations between the coefficients.2 For example, �Seff to the
fourth-order can be obtained as follows (see Appendix C for
details):

�Seff[n] = Sc

∫
d3x

a3
dt

[
φ̇(cos θ − 1) + 1

4

�

gsd
ṅ2

− 1

8

(
�

gsd

)2

n · (ṅ × n̈) + 1

16

(
�

gsd

)3

n̈2

− 5

64

(
�

gsd

)3

(ṅ2)2

]
+ O

(
∂5

0

)
. (15)

The same procedure can be applied also to the terms in the
effective action �Seff , which involve the spatial derivative.

III. DYNAMICAL BEHAVIOR OF SPIN WITH INERTIA

In this section, we describe the classical dynamics of spin
with inertia. For that purpose, it is helpful to use two equivalent
pictures, which are summarized in Fig. 1. One is a symmetric
spinning top, and the other is a massive charged particle on a
sphere subject to a monopole magnetic field. We consider here
only a spatially homogeneous spin, ∂in = 0, under a time-
independent magnetic field, for simplicity.

A. Equivalence to a symmetric spinning top

The equivalence between the classical dynamics of spin
and a spinning top has been recognized in the literature, e.g.,
Refs. [17] and [10]. The content of this section is essentially a
recapitulation of these facts, which we describe here in order
for this paper to be self-contained.

2Such recursion relations can be obtained also via the equation
of motion of spins, as follows. The original equation of motion of
a localized spin is Sl ṅ = −Sl B × n − JlS

2
l ∂

2
i n × n − gsda

3〈c̄σc〉 ×
n. Substitution of the expression of 〈c̄σc〉 [Eq. (11)] into this original
equation of motion gives a term proportional to ṅ, i.e., −gsda

3〈c̄σc〉 ×
n = −(2gsdms/�)ṅ + O(∂2

0 ). The coefficient of this term is identical
with the spin polarization Sc of the conduction electron, which gives
the renormalization of the spin amplitude, Sl → Sl + Sc. Therefore
we obtain the relation ms = �Sc/(2gsd).

First, let us write down the Lagrangian of spin with finite
inertia and that of a spinning top. The Lagrangian of spin (7)
is

Lspin = ms

2
(θ̇2 + φ̇2 sin2 θ ) + Sφ̇(cos θ − 1) + BS cos θ,

(16)
while the Lagrangian of a spinning top in terms of the Euler
angles (θ,φ,ψ) is

Ltop = I1

2
(θ̇2 + φ̇2 sin2 θ ) + I3

2
(ψ̇ + φ̇ cos θ )2 + μgl cos θ,

(17)
where I1 and I3 are the principle moments of inertia, μ is the
mass of the top, g is the gravitational acceleration constant,
and l is the distance between the center of mass and the fixed
extremity of the top. Here, we have taken a symmetric spinning
top and set two moments of inertia equal, I1 = I2. We take the
positive directions of the external magnetic field B and the
gravity both in the positive z direction. Note that Lspin is a
function of (θ,φ), while Ltop is that of (θ,φ,ψ). Let us see
below that they have equivalent dynamics concerning (θ,φ).

The equivalence can be directly seen at the level of their
equations of motion. The equation of motion of spin is

ms(θ̈ − φ̇2 sin θ cos θ ) + Sφ̇ sin θ + BS sin θ = 0,
(18)

d

dt
[msφ̇ sin2 θ + S(cos θ − 1)] = 0,

while the equation of motion of the spinning top is

I1(θ̈−φ̇2 sin θ cos θ ) + I3(ψ̇ + φ̇ cos θ )φ̇ sin θ + μgl sin θ = 0,

d

dt
[I1φ̇ sin2 θ + I3(ψ̇ + φ̇ cos θ ) cos θ ] = 0,

d

dt
[I3(ψ̇ + φ̇ cos θ )] = 0.

(19)

From the last equation in Eq. (19), the canonical momentum
M3 conjugate to ψ ,

M3 ≡ I3(ψ̇ + φ̇ cos θ ), (20)

is conserved. Substituting this M3 for ψ̇ in the other two
equations in (19), we obtain the same equations as (18) with
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replacements

ms ↔ I1, S ↔ M3, BS ↔ μgl. (21)

Thus the classical behaviors of θ and φ are the same for spin
and a spinning top.

We can see the correspondence more explicitly through
their Hamiltonians:

Hspin = p2
θ

2ms

+ 1

2ms

(Mφ − S cos θ )2

sin2 θ
− BS cos θ (22)

and

Htop = p2
θ

2I1
+ 1

2I1

(Mφ − M3 cos θ )2

sin2 θ
− μgl cos θ + M2

3

2I3
,

(23)

where pθ ≡ ∂L/∂θ̇ and Mφ ≡ ∂L/∂φ̇ are the canonical
momenta of θ and φ, respectively. These two Hamiltonians
are completely the same under the replacements (21). [The
last term in Eq. (23) is just a constant and does not contribute
to the dynamics of θ and φ.]

The Lagrangians (16) and (17) are related by the Legendre
transformation about ψ :

Lspin(θ,θ̇ ,φ̇; S) = Ltop(θ,θ̇ ,φ̇,ψ̇) − Sψ̇ |ψ̇=ψ̇(θ,φ̇,S) (24)

with replacements (21). In the right-hand side, ψ̇ is sub-
stituted by S (or M3) via Eq. (20). The situation is quite
similar to that of the familiar centrifugal force problem of
a point particle. There, the original Lagrangian is given as
L(r,ṙ,φ̇) = (m/2)(ṙ2 + r2φ̇2) − U (r), and we can obtain the
φ-reduced Lagrangian by the Legendre transformation about
φ: Lred(r,ṙ; M) ≡ L − Mφ̇ = (m/2)ṙ2 − M2/(2mr2) − U (r)
with M the canonical momentum conjugate to φ. In exchange
for reducing φ, there appears a fictitious potential M2/(2mr2).
Likewise, the spin dynamics is the ψ-reduced dynamics of a
spinning top, and the spin Berry phase [the second term in
Eq. (16)] appears as the fictitious potential arising from the
ψ-reduction. When we perform the Legendre transformation
also about θ and φ on both sides in Eq. (24), we are led to the
same Hamiltonians (22) and (23).

Since the classical dynamics of spin with inertia and of
a spinning top are equivalent, a spin with inertia behaves in

the same manner as a spinning top does (Fig. 2). When a
magnetic field is not applied, spin undergoes free precession:
the spin precesses around the total angular momentum j0 =
Sn + msn × ṅ [Eq. (10)], which is a constant of motion. When
a magnetic field is applied, spin undergoes a Larmor precession
accompanied by nutation: the total angular momentum j0

precesses around the magnetic field (the Larmor precession),
and the spin precesses around j0 at each time (the nutation)
[7]. The free precession solution of the equation of motion
(18) (with B = 0) is

θ = θ0(const.), φ̇ = S

ms cos θ0
. (25)

Therefore the free precession frequency, or the nutation
frequency ω0, is ω0 ∼ S/ms , assuming that cos θ0 is the order
of unity (that is, the radius of the spin free precession or
nutation is not very large). This gives the typical time scale for
the inertial term, tinertia ∼ ms/S.

Finally, we mention that the usual spin with zero inertia,
ms = 0, can be regarded as follows. It corresponds to the case
of I1(= I2) = 0 under replacements (21). This means that the
other principle moment of inertia, I3, also vanishes since, for
an actual rigid body, any one of the principle moments of
inertia is equal to or less than the sum of the other two, e.g.,
I3 � I1 + I2 [18]. Thus setting I1 = I2 = 0 leads to I3 = 0.
Therefore there does not exist a spinning top corresponding to
spin with zero inertia, in a nonrelativistic framework.

B. Equivalence to a massive charged particle

Since the spin Berry phase corresponds to a monopole
gauge field [1], the classical dynamics of spin is also equivalent
to that of a charged particle on a sphere subject to a monopole
background. Let us describe this equivalence and use it to
understand the behavior of spin with inertia.

A magnetic monopole yields a magnetic field in the radial
direction with a strength inversely proportional to the square
of the distance from the monopole. Being put at the origin
x = 0, the gauge field Am and the magnetic field Bm of the
monopole are

Am = q
1 − cos θ

r sin θ
eφ, Bm = ∇ × Am = q

r3
x, (26)

FIG. 2. (Color online) (a) Without any magnetic field, the general motion of spin with finite inertia is a free precession motion, just like a
spinning top. The spin Sn precesses around the total angular momentum j 0. (b) When a constant magnetic field B is applied, the total angular
momentum j 0 precesses around B. Therefore the “free precession cone” in (a) precesses around B as a whole, which corresponds to the
Larmor precession in the absence of the inertia. What was called the free precession in (a) is now called the nutation.
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where x = r(sin θ cos φ, sin θ sin φ, cos θ ), eφ is the unit
vector in φ direction, and q is the magnetic charge of the
monopole. The Lagrangian of a massive charged particle
coupled to this monopole magnetic field and a constant electric
field E is

L = m

2
ẋ2 − Am · ẋ − �

= m

2
ẋ2 + qφ̇(cos θ − 1) + E · x, (27)

where we take the electromagnetic scalar potential � = −E · x
so that −∇� = E . This Lagrangian is identical with that of
a spin with inertia (16) when we assume that the particle is
constrained on a unit sphere and identify the direction of a
particle x with spin direction n, a mass m with spin inertia
ms , a magnetic charge q with spin amplitude S, and an electric
field E acting on the particle with a magnetic field S B acting
on the spin (we use calligraphic letters for electromagnetic
fields on the particle).

Being restricted on the unit sphere, the dynamical degrees
of freedom of the particle are the spherical angles θ and φ, and
the equation of motion is, in a vectorial form,

eθ

(
d

dt

∂L

∂θ̇
− ∂L

∂θ

)
+ eφ

sin θ

(
d

dt

∂L

∂φ̇
− ∂L

∂φ

)
= 0

(28)
or mẍ = qx × ẋ + E − (E · x + mẋ2)x,

which is identical with Eq. (9) (with ∂in = 0). The last term
proportional to x in the right-hand side of the second line is
the constraint force, which keeps |x| = 1.

The particle is on a unit sphere and is subject to the
monopole magnetic field Bm = qx (on the sphere |x| = 1)
and the electric field E . The general motion of the particle is,
in the absence of the electric field E , the cyclotron motion,
and, in the presence of the electric field E , the E × Bm drift
motion.3

In view of the equivalence between the dynamics of a spin
with inertia and of a charged particle on a sphere, the free
precession of the spin described in the last section corresponds
to the cyclotron motion of a particle with a frequency ω0 ∼
q/m = S/ms , and the Larmor precession of spin accompanied
by nutation corresponds to a E × Bm drift motion.

We summarize in Table I the three pictures for the
classical dynamics described by the Lagrangian (16). We
have seen in this section that a spin with finite inertia has
an intrinsic precession mode (i.e., free precession or nutation).

3Our convention for the sign of the magnetic field is such that the
equation of motion of a particle is mẍ = B × ẋ + E , which yields
the drift motion of the particle in the B × E direction, rather than the
E × B direction.

The magnetic field causing this precession is the monopole
magnetic field intrinsic to spin, i.e., the spin Berry curvature.
The frequency of the intrinsic precession mode, ω0 ∼ S/ms ,
is infinite when the inertia of spin ms is zero, but goes down
to a finite value when ms becomes nonzero.

As related works, we mention Refs. [19–24] where the
nutational motion of the spin in Josephson junctions or tunnel
junctions between ferromagnets was discussed by examining
the Landau-Lifshitz-Gilbert equation with a time-dependent
Gilbert damping coefficient.

IV. BEHAVIOR OF SPIN WITH SPATIAL
INHOMOGENEITY AND UNDER TIME-DEPENDENT

MAGNETIC FIELD

We have so far assumed spatially homogeneous configu-
rations of spin under time-independent magnetic fields. Let
us include the spatial variation of the spin and the time-
dependence of the applied magnetic fields. The most typical
behavior of a spin under a time-dependent magnetic field is
the resonance phenomenon. In Ref. [8], it is shown that a spin
with finite inertia ms has a resonance peak at the intrinsic
frequency ω0 ∼ S/ms . We discuss other behaviors of spin,
such as spin wave and domain wall motion. We also discuss an
unusual behavior of the spin under a large and time-dependent
magnetic field.

A. Spin waves

Let us consider spin wave solutions of spin with inertia,
and see that there exists a new gapful spin wave mode with
unusual handedness. We assume that the spins are almost in the
positive z direction, n = (nx,ny,

√
1 − n2

x − n2
y ) ∼= (nx,ny,1)

with nx,ny � 1, and keep nx and ny only up to their first order.
Then, the equation of motion is,4 from action (7),

ms n̈ = Sn × ṅ + JS2∂2
i n, (29)

where we have set B = 0. Since the equation of motion is of
second order in the time derivative, we have now two spin
wave modes. When we substitute a plane wave nx + iny =
Ae−i(ωt−kx) to the equation of motion, where A is an arbitrarily
small constant, we obtain the dispersion relation (Fig. 3),

ω = 1

2

S

ms

(−1 ±
√

1 + 4Jmsk2)

∼
{

JSk2 + O(k4),

−(
S
ms

+ JSk2
) + O(k4).

(30)

4The assumption nx,ny � 1 means that we consider the problem in
the tangent plane on nz = 1, so the constraint force in (9) vanishes.

TABLE I. Three pictures for the classical dynamics described by the Lagrangian (16).

Picture Inertia Strength of the intrinsic magnetic field

Spin The inertia ms The amplitude S of the Berry curvature
Charged particle The mass m The magnetic charge q

Symmetric spinning top The moment of inertia I1 The spinning angular momentum M3
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x
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Sz=S

(a) (b)
ω

k

s1

s2

s1

s2

0

S/m s

FIG. 3. (Color online) (a) The trajectory of a spin, which fluctuates around Sz = S point (this fluctuation propagates in space as a spin
wave). In the figure, two fluctuation modes are superimposed. One is the usual gapless mode rotating clockwise seen from the positive z

direction (denoted by s1), while the other is a gapful mode rotating counterclockwise (denoted by s2). (b) The dispersion relations for the two
modes of a spin wave. Besides the usual gapless spin wave mode (in green color and denoted by s1), a spin with inertia has a gapful spin wave
mode (in red color and denoted by s2), which is the nutation of a spin propagating in space by the spin-spin exchange. See Eq. (30).

One is the usual spin wave mode and the other is the new
spin wave mode, the latter of which is essentially the free
precession of a spin mediated in space by the interaction J with
neighboring spins. We have expanded the dispersion relation
(30) in powers of k and cut higher-order terms because we are
in the framework of the derivative expansion in deriving action
(7).

The usual spin wave mode is clockwise seen from the
positive z direction, while the new spin wave mode is
counterclockwise. In fact, to the leading order of the dispersion
relation (30), the former obeys the equation of motion Sṅ =
−J∂2

i n × ez = +Jk2n × ez, while the latter ms n̈ = −Sṅ ×
ez, where ez is the unit vector in the z direction. Therefore
their handednesses are opposite. The total angular momentum
j0 in (10) also rotates counterclockwise for the new spin wave
mode.

When the spin and the angular momentum align in the same
direction, j0 = Sn, the fluctuation of a spin around a stable
configuration is always clockwise. This can be understood
as follows (see, e.g., Ref. [25]). Let a stable configuration
be nz = 1. The Poisson commutation relation of the angular
momenta, [j 0

x ,j 0
y ] = j 0

z
∼= S, leads to that of spin, [nx,ny] =

1/S. Therefore the x and y components of spin are canonically
conjugate to each other. Moreover, the Hamiltonian of spin
expanded around the stable point is H ∼= D[(nx)2 + (ny)2]
with D > 0. These two facts, i.e., the canonical commutation
relation of nx and ny , and the form of the Hamiltonian,
indicate that the fluctuation of spin around nz = 1 has the same
dynamical structure as that of a one-dimensional harmonic
oscillator with coordinate x and its canonical momentum
p governed by the commutation relation [x,p] = 1 and the
Hamiltonian H = D(x2 + p2). The trajectory of the harmonic
oscillator is always clockwise in the phase space. Therefore the
fluctuation of spin is also always clockwise. However, when
the inertia of spin is finite, the spin and the angular momentum
generally do not align due to the additional contribution
msn × ṅ in j0 (10), and moreover the Hamiltonian of a
spin such as Eq. (22) does not consist only of the potential
term but also of the kinetic term. Therefore the fluctuation
of a spin with inertia is not restricted to the clockwise
motion.

B. Domain wall

Let us see that a domain wall, consisting of spins with
inertia, also has an intrinsic precession mode. When easy-axis
anisotropy (KS2/2) cos2 θ is included to the action (7), the
system has a static domain wall solution, cos θ = tanh[(z −
X)/λ],φ = φ0 (we take z axis as the wall normal), where X

and φ0 are integration constants and λ = √
J/K . Promoting

X and φ0 to dynamical variables, substituting the domain wall
solution into the action (7) and integrating it over space, we
obtain the Lagrangian of X and φ0:

L[X,φ0] = Mw

2

(
Ẋ2 + λ2φ̇2

0

) + SNw

2λ
(Ẋφ0 − Xφ̇0) (31)

with Mw = msNw/λ2 and Nw = 2λA/a3, where A is the cross
sectional area of the domain wall (we discarded irrelevant
constant terms in the Lagrangian). We are going to show that
this Lagrangian is of the same form as that of a charged particle
on a cylinder with a constant magnetic field B = SNw/λ2

perpendicularly penetrating the surface of the cylinder. Take
an orthogonal coordinate frame x = (x,y) on a cylinder, with
y ∼ y + 2πλ the periodic direction. (The directions x and y

and the direction outward normal to the surface of the
cylinder make an orthogonal right-handed frame.) Then,
the gauge potential A for the constant magnetic field B
in the outward normal direction of the surface can be taken as
Ax = By/2,Ay = −Bx/2, and the Lagrangian of the particle
is

L = m

2
ẋ2 − A · ẋ = m

2
(ẋ2 + ẏ2) + B

2
(ẋy − xẏ). (32)

Therefore, when we identify (X,λφ0) with (x,y), the La-
grangian (31) is that of a charged particle under a perpendicular
magnetic field of fluxB = SNw/λ2 (Fig. 4). The magnetic field
B for the particle originates in the spin Berry phase, and the
mass Mw of the particle comes from the inertia of spin in the
action (7).

As a result, the particle undergoes cyclotron motion
(in other words, the domain wall undergoes an intrinsic
free precession mode), where X and λφ0 oscillate, X =
r cos(ω0t),λφ0 = r sin(ω0t) with r a constant, at frequency
ω0 = B/Mw = SNw/(λ2Mw) = S/ms . This frequency

184410-7



TORU KIKUCHI AND GEN TATARA PHYSICAL REVIEW B 92, 184410 (2015)

FIG. 4. The collective coordinates (X,λφ0) of a domain wall
can be regarded as coordinates of a particle on a cylinder. This
particle is subject to a magnetic field flux B = SNw/λ2 penetrating
the cylinder perpendicularly. The inertia of spin introduces the mass
Mw = msNw/λ2 into this particle.

corresponds to that of the spin free precession discussed in
Sec. III.

When an external field is applied on this domain wall, the
particle on a cylinder (X,λφ0) feels the corresponding force
on it, and it moves in the direction perpendicular to the force,
accompanied by the cyclotron motion (nutation). That is, the
particle undergoes E × B drift motion, where E is the force
and B is the magnetic field penetrating the cylinder (X,λφ0)
perpendicularly.

The discussion above is well valid when the inertia ms is
so large that the intrinsic frequency ω0 ∼ S/ms is less than
the frequency of spin waves: S/ms < KS2/�. When S/ms

exceeds this frequency scale, the dynamics of the domain wall
can be no longer described only by the collective coordinates
X and φ0, and spin wave excitations should also be included
into the dynamics.

C. Parallel shift of spin under time-dependent magnetic field

In the spin nutation such as in Fig. 1, spin moves up and
down parallel to the given magnetic field, but this motion
is oscillatory and the guiding center (i.e., the center of the
nutation) moves only perpendicularly to the magnetic field, just
as the usual Larmor precession. Is it possible that the guiding
center motion becomes different from the usual Larmor
precession? In this section, we see that when a magnetic
field is time-dependent, the guiding center motion has a finite
component of velocity parallel to the time-derivative of the
magnetic field.

Bearing the particle analogy discussed in Sec. III in mind,
this parallel motion is most directly seen by looking at the
behavior of a charged particle, located on a plane (x,y) under
a constant and perpendicular magnetic field B and a time-
dependent in-plane electric field E(t) (recall that an electric
field E on the particle corresponds to a magnetic field B on
the spin). The general solutions of the equation of motion are
given by (x,y) = (ξ,η) + (X,Y ), such that

m

(
ξ̈

η̈

)
= B

(
0 −1
1 0

)(
ξ̇

η̇

)
(33)

and(
Ẋ

Ẏ

)
= 1

B
1

1 + ω−2
c (d2/dt2)

(
ω−1

c d/dt −1
1 ω−1

c d/dt

)(
Ex

Ey

)
(34)

with ωc = B/m. That is, we can divide the motion into the
cyclotron motion (ξ,η) and the guiding center motion (X,Y )
even when the electric field is time dependent.5 We can see
that the guiding center motion (X,Y ) has a finite component
of velocity parallel to the time derivative of the electric field,
when the mass is finite.

As we saw in Sec. III, the classical dynamics of spin with
inertia is a spherical version of this planar problem, with the
role of an electric field for the particle played by a magnetic
field for spin. Therefore the essential features of the dynamics
will be the same (especially when the nutation radius is small
and the curvature of the sphere can be neglected): (i) the spin
nutation and the guiding center motion are decoupled; (ii) the
effect of the inertia on the guiding center motion is significant
when the time rate of change of the applied field is comparable
to the intrinsic frequency S/ms .

Therefore the effect of the inertia is not only the superimpo-
sition of the nutational motion on the Larmor precession. The
inertia of spin gives an independent effect on the trajectory
of the Larmor precession itself, cooperatively with the time-
dependence of the applied field. Even when the nutation radius
is small and there are no signs of nutation in the experimental
data about the time-profile of the magnetization, it never means
that the inertia has no effect on the dynamics, especially when
the applied magnetic field has a very rapid time dependence,
such as for ultrafast magnetization.

We illustrate this fact by numerical calculation (Fig. 5).
We fix a magnetic field in the z direction. First, we apply
a magnetic field in the negative z direction, then change it
into the positive z direction. We can see that the spin moves
parallel (i.e., in the positive z direction) to the time derivative
of the magnetic field.6 This phenomenon is similar to the
usual spin flip by Gilbert damping, but is different in that
we do not have to vary the direction of the magnetic field
and moreover the time change rate of the magnetic field can
be arbitrary (as long as our derivative expansion is valid),
irrelevant to the damping coefficient.

This unusual behavior of spin can be simply understood by
looking at the angular momentum rather than spin itself. As
in (10), the angular momentum of spin with finite inertia is
no longer Sn but has an additional nonadiabatic contribution
msn × ṅ. When the Larmor frequency B is much smaller
than the intrinsic frequency (nutation frequency), B � S/ms ,
then the vector msn × ṅ points inward to the center of the
nutation circle, and the trajectory of the angular momentum of
spin is overlapped with that of spin [Fig. 6(a)]. On the other
hand, when B ∼ S/ms , nutation does not form circles but
rather ripples on the trajectory of spin. In this case, the vector

5As long as ω−1
c d/dt < 1 and the operator (1 + ω−2

c d2/dt2)−1 is
well defined.

6The switching of the sign of the magnetic field from negative to
positive is not essential for the shift of the spin in the z direction.
Only the time dependence of the magnetic field is essential.
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FIG. 5. (Color online) Response of a spin with finite inertia to a time-dependent magnetic field B(t) = B0 tanh(f (t − t0)) in z direction
with B0 = 100 THz and f = 2π THz = 6.3 THz. We take the spin amplitude as S = � and the inertia as ms/� = 0.1 ps/(2π ) = 0.016 ps.
(a) The time profiles of Sz/S(= nz) of the spin and of the applied magnetic field B. (b) The trajectory of the spin. The time is divided into
three domains I–III. In I, the magnetic field points in the negative z direction and the spin precesses counterclockwise seen from the positive
z direction. In II, the magnetic field switches to positive z direction and the z component of spin, Sz/S, also changes accordingly. In III, the
magnetic field points in the positive z direction and the spin precesses clockwise.

FIG. 6. (Color online) Trajectories of spin Sn and angular mo-
mentum j 0 = Sn + msn × ṅ. (a) When B � S/ms , spin nutation
forms a circle shape. The additional component msn × ṅ points
inward to the center of the nutation, and the trajectory of the angular
momentum sits within that of spin. (b) When B ∼ S/ms , spin nutation
forms a ripple shape. The additional component msn × ṅ points to
one side of the spin trajectory. As a result, the trajectories of spin and
the angular momentum deviate.

msn × ṅ points in almost the same direction at each time. As
a result, the trajectory of the angular momentum deviates from
that of the spin [Fig. 6(b)]. Figure 7 is a replot of the trajectory
of spin in Fig. 5 together with that of the angular momentum.
The vector msn × ṅ points in the positive z direction in the
time domain I (described in Fig. 5), and in the negative z

direction in the time domain III, resulting in the conservation
of the z component of the angular momentum.

We can understand that this parallel shift of a spin in the
direction of the time derivative of a magnetic field can be

-1.5 -1 -0.5  0  0.5  1  1.5
-1.5-1-0.5 0 0.5 1 1.5

-1

-0.5

 0

 0.5

trajectory of angular momentum
trajectory of spin

FIG. 7. (Color online) Replot of the trajectory of the spin in
Fig. 5 (from slightly a different view angle), together with that of
the angular momentum. The magnetic field is B ∼ 100 THz and
S/ms ∼ 20π THz = 62.8 THz, corresponding to the case (b) in Fig.
6. Although the z-component of spin changes in time, that of the
angular momentum is constant in motion. The axes are in unit of S.
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understood also from the viewpoint of a spinning top, where
the magnetic field on the spin corresponds to the gravitational
field on the top. The time variation of the gravitational field
can be realized fictitiously by putting the top in an elevator
accelerated in the negative z direction. There, the top feels,
besides the real gravitational field in the negative z direction, a
fictitious inertial force in the positive z direction due to the
acceleration. This inertial force in the positive z direction
makes the top stand up in the positive z direction, which
explains the shift of spin in the z direction. Thus the inertia
of spin yields an inertial force, literally. In this respect, the
connection between the inertia of the spin and the inertial
effect on the spin [26,27] will also be interesting.

V. SUMMARY AND DISCUSSION

We examined the inertia of the spin in metallic ferromag-
nets, which arises in the derivative expansion of the spin ef-
fective action and represents a nonadiabatic contribution from
the environmental degrees of freedom. We derived an explicit
expression of spin inertia in an sd model. The equivalence
between the dynamics of a spin with inertia, a spinning top, and
a charged particle on a sphere was explained. The behavior of
a spin with a spatially inhomogeneous configuration or under a
time-dependent magnetic field is studied. The finite inertia has
mainly two effects: the superimposition of the nutation on the
usual Larmor precession and the parallel shift of the Larmor
precession.

As explained several times in this paper, most of the
unusual behavior of a spin with finite inertia originates in
the nonadiabatic component msn × ṅ in the relation between
the spin and the angular momentum, j0 = Sn + msn × ṅ.
Due to this difference between them, the spin acquires a
kind of a separate freedom from the angular momentum,
whose behavior is relatively restricted due to the conservation
law. As a result, the spin undergoes the free precession or
nutation discussed in Sec. III, and furthermore, a parallel
shift along the direction of the time derivative of applied
magnetic fields, discussed in Sec. IV. Since one of the
main purposes of spintronics is understanding and application
of diverse cooperative phenomena between localized spins
and their environmental degrees of freedom, research be-
yond the adiabatic limit is well-motivated; in the adiabatic
limit, the environmental degrees of freedom are rather obedient
to the localized spins. In this paper, we estimated that in
metallic ferromagnets such nonadiabaticity is effective for
subpicosecond dynamics, i.e., for ultrafast magnetization. For
broader applications, physical situations where nonadiabatic-
ity is effective for subnanosecond dynamics are also desirable.

Apart from the context of effective dynamics (i.e., the
dynamics including the effects of environmental degrees of
freedom), it was shown that a staggered spin field in an
antiferromagnet has an inertial term in its dynamics (e.g.,
Refs. [28,29]). In particular, for systems whose ground states
can be intermediate states between a ferromagnet and an
antiferromagnet (e.g., Ref. [30]), both the spin Berry phase
term and the inertial term can be present in the dynamics of
the order parameters. The discussion of this paper will be also
applicable to such systems.
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APPENDIX A: SPIN EFFECTIVE ACTION

In this appendix, we calculate the spin effective action
by integrating out conduction electrons coupled to the spin
through the sd interaction, and derive the expression of the
spin inertia (4). We always make a summation over repeated
indices unless otherwise stated.

The action of a conduction electron, represented by field
operators c and c̄, coupled to a localized spin n is

Se[c,c̄,n] =
∫

d3xdtc̄

(
i�∂t + �

2∂2
i

2m
+ εF + gsdn · σ

)
c,

(A1)

with gsd the sd coupling constant. What we calculate in this
appendix is the contribution to the spin effective action from
the conduction electrons, �Seff[n], defined as

exp

(
i

�
�Seff[n]

)
≡

∫
Dc̄Dc exp

(
i

�
Se[c,c̄,n]

)
. (A2)

Adding this �Seff[n] to the original spin action

Ss[n] =
∫

d3x

a3

[
Slφ̇(cos θ − 1) − JlS

2
l (∂in)2

]
, (A3)

where θ and φ are the polar angles of the unit vector n,
we obtain the total spin effective action Seff[n] = Ss[n] +
�Seff[n].

First, we diagonalize the sd coupling in (A1). For this
purpose, it is convenient and essential to employ the unitary
transformed electron field a such that c(x,t) = U (x,t)a(x,t).
Here, the SU(2) matrix U is defined so that

U †(n · σ )U = σ3. (A4)

As such, U has an indefiniteness about the right U(1)
gauge transformation, U → U exp(iχ (x,t)σ3) with χ (x,t)
an arbitrary function. [Due to the defining relation c = Ua

of a, this unitary transformation corresponds to that of a,
i.e., a → exp(−iχ (x,t)σ3)a. The original electron field c

remains invariant.] One choice of U is U = m · σ with
m = (sin θ

2 cos φ, sin θ
2 sin φ, cos θ

2 ). Geometrically, U rotates
the electron spin in the positive z direction, | ↑〉, to the direction
of n. For the choice U = m · σ above, U | ↑〉 = |n〉 with
|n〉 ≡ cos(θ/2)| ↑〉 + eiφ sin(θ/2)| ↓〉. The indefiniteness of
U , U → U exp(iχσ3), corresponds to the phase rotation of
|n〉, i.e., |n〉 → exp(iχ )|n〉. The sd coupling becomes diagonal
in the a frame, c̄(n · σ )c = āσ3a, but, in compensation
for the SU(2) gauge transformation by U , there appears
a spin gauge field Aμ ≡ −iU †∂μU = (m × ∂μm) · σ in the
derivative terms, ∂μc = U (∂μ + iAμ)a.
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Then, the action (A1) becomes [31]

Se =
∫

d3xdtā

(
i�(∂t + iAt ) + �

2(∂i + iAi)2

2m
+ εF + gsdσ3

)
a

=S0[a,ā] +
∫

d3xdt

[
Aa

t (−�āσ aa) + Aa
i

(
i�2

2m
āσa

←→
∂ ia

)
+ Aa

i A
a
i

(
− �

2

2m
āa

)]
. (A5)

Here, S0[a,ā] is

S0[a,ā] ≡
∫

d3xdtā

(
i�∂t + �

2∂2
i

2m
+ εF + gsdσ3

)
a, (A6)

and Aμ = Aa
μσa(a = 1,2,3) is the spin gauge field (make a distinction between the electron field a and the SU (2) indexa), which

is, in terms of the polar angles of n,

Aμ = 1

2

⎛
⎜⎝

−∂μθ sin φ − sin θ cos φ∂μφ

∂μθ cos φ − sin θ sin φ∂μφ

(1 − cos θ )∂μφ

⎞
⎟⎠, (A7)

where (Aμ)a = Aa
μ. Because Aμ is proportional to the first-order derivative of n, the derivative expansion of �Seff in powers of

∂μn corresponds to that of Aμ:

i

�
�Seff[n] = i

�

∫
d4x

[
Aa

t (−�〈āσ aa〉) + Aa
i

i�2

2m
〈āσa

←→
∂ ia〉 + Aa

i A
a
i

(
− �

2

2m
〈āa〉

)]
+ 1

2

(
i

�

)2 ∫
d4xd4x ′

×
[
Aa

t (x)Ab
t (x ′)�2〈āσ aa(x)āσ ba(x ′)〉 + Aa

i (x)Ab
j (x ′)

(
i�2

2m

)2

〈āσ a←→∂i a(x)āσ b←→∂j a(x ′)〉

+ Aa
t (x)Ab

i (x ′)
(

− i�3

m

)
〈āσ aa(x)āσ b←→∂i a(x ′)〉

]
+ O

(
A3

μ

)
, (A8)

where the time-ordered quantum expectation values are taken about S0,

〈· · · 〉 =
∫

DāDa(· · · )e
i
�
S0[a,ā], (A9)

and we take only the connected diagrams to evaluate the quantum expectation values. Because the nonperturbed action S0

(A6) is isotropic in space, 〈āσ a←→∂ ia〉 and 〈āσ aa(x)āσ b←→∂i a(x ′)〉 vanish. We define the notation for the correlation functions
as

ρab(x,x ′) ≡ i〈āσ aa(x)āσ ba(x ′)〉,
χab

ij (x,x ′) ≡ i〈āσ a←→∂i a(x)āσ b←→∂j a(x ′)〉. (A10)

Using the Fourier components, we expand these nonlocal quantities. For example,

ρab(x,x ′) =
∫

d4q

(2π )4
eiq·(x−x ′)ρab(q)

= δ(4)(x − x ′)ρab|q=0 + 1

i
∂μδ(4)(x − x ′)

∂ρab

∂qμ

∣∣∣∣
q=0

+ · · · . (A11)

When we substitute this into the expansion (A8), terms other than the first term in (A11) increase the order of the derivative on n
after partial integration, e.g., Aa

t (x)Ab
t (x ′)∂μδ(4)(x − x ′) → −∂μ[Aa

t (x)Ab
t (x ′)]δ(4)(x − x ′). Therefore we take only the first term

in (A11) as long as we are interested in at most O(∂μn)2 terms. After all, �Seff[n] is, to (∂μn)2 order,

�Seff[n] =
∫

d4x

[
(−�〈āσ aa〉)Aa

t +
(

�

2
Reρab

∣∣∣∣
q=0

)
Aa

t A
b
t +

(
− �

2

2m
〈āa〉δabδij − �

3

8m2
Reχab

ij

∣∣∣∣
q=0

)
Aa

i A
b
j

]
(A12)

(the imaginary parts of χab
ij and ρab contribute to damping and are neglected here). We calculate each term in the following.

Firstly, we calculate 〈āσ aa〉. The time-ordered Green’s function for S0 (A6) is

−i〈aα(x)āβ(x ′)〉 = δαβ

∫
d3kdω

(2π )4
eik·(x−x′)−iω(t−t ′)gk,ω,α, gk,ω,α ≡ 1

ω − ωkα + iδα

, (A13)
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[the indices α,β, · · · = ± correspond to spin up or down, and no summation over α in the first line of Eq. (A13)] with

�ωk± ≡ �
2k2

2m
− εF ∓ gsd, δα = sgn(ωkα) × 0, (A14)

where 0 denotes a positive infinitesimal. We define a 2 × 2 matrix gk,ω by (gk,ω)αβ ≡ δαβgk,ω,α (no summation over α), or,

gk,ω ≡ 1
2 (gk,ω,+ + gk,ω,− + σ 3(gk,ω,+ − gk,ω,−)). (A15)

Then,

〈āσ aa〉 = − i

∫
d3kdω

(2π )4
eiω0tr[σagk,ω] = −iδa

3

∑
±

(±)
∫

d3kdω

(2π )4

eiω0

ω − ωk± + iδ±
= k3

F+ − k3
F−

6π2
δa

3 ,
�

2k2
F±

2m
≡ εF ± gsd.

(A16)

Secondly, the number density of the conduction electrons n ≡ 〈āa〉 is given by n = (k3
F+ + k3

F−)/(6π2).
Thirdly, we calculate Reχab

ij |q=0. Using

tr[σagk,ωσ bgk+q,ω+�] =
∑
±

[(δab − δa3δb3 ∓ iεab3)gk,ω,±gk+q,ω+�,∓ + δa3δb3gk,ω,±gk+q,ω+�,±] (A17)

and

−i

∫
dω

2π
gk,ω,αgk+q,ω+�,β = θ (ωkα)θ (−ωk+qβ)

ωk+qβ − ωkα − � + i0
− θ (−ωkα)θ (ωk+qβ)

ωk+qβ − ωkα − � − i0
, (A18)

we obtain

χab
ij (q,�) = − i

∫
d3kdω

(2π )4
(2ki + qi)(2kj + qj )tr[σagk,ωσ bgk+q,ω+�]

=
∑
±

∫
d3k

(2π )3
(2ki + qi)(2kj + qj )

{
(δab − δa3δb3 ∓ iεab3)

[
θ (ωk±)θ (−ωk+q∓)

ωk+q∓ − ωk± − � + i0
− θ (−ωk±)θ (ωk+q∓)

ωk+q∓ − ωk± − � − i0

]

+ δa3δb3

[
θ (ωk±)θ (−ωk+q±)

ωk+q± − ωk± − � + i0
− θ (−ωk±)θ (ωk+q±)

ωk+q± − ωk± − � − i0

]}
, (A19)

where θ (x) = 1 for x � 0 and zero otherwise. We are interested here only in the real part, Reχab
ij . Using 1/(x ± i0) = P(1/x) ∓

iπδ(x) and θ (x)θ (−y) − θ (−x)θ (y) = θ (x) − θ (y) = θ (−y) − θ (−x), then

Reχab
ij (q,�) =

∑
±

∫
d3k

(2π )3
(2ki + qi)(2kj + qj )

{
(δab − δa3δb3)P

θ (−ωk+q∓) − θ (−ωk±)

ωk+q∓ − ωk± − �

+ δa3δb3P
θ (−ωk+q±) − θ (−ωk±)

ωk+q± − ωk± − �
± εab3π [θ (−ωk+q∓) − θ (−ωk±)]δ(ωk+q∓ − ωk± − �)

}
. (A20)

Let us calculate the value of each component of Reχab
ij |q=0. First,

Reχ11
ij

∣∣
q=0 = Reχ22

ij

∣∣
q=0 =

∑
±

∫
d3k

(2π )3
4kikj (±)

�

2gsd
[θ (−ωk∓) − θ (−ωk±)] = − �

gsd

2
(
k5
F+ − k5

F−
)

15π2
δij . (A21)

These components do not depend on the order of taking the q → 0 and � → 0 limit. On the other hand, the value of the
component Reχ33

ij depends on the order: from Eq. (A20), it is clear that when we take the q → 0 limit first, Reχ33
ij vanishes,

while when we take the � → 0 limit first and then take the q → 0 limit, it gives 0/0 and, using the L’Hopital’s rule,

lim
q→0

lim
�→0

Reχ33
ij =

∑
±

∫
d3k

(2π )3
4kikj (−1)δ(−ωk±) = −4mn

�
δij . (A22)

The order of the q → 0,� → 0 limits can be simply determined by the isotropy of the internal space (i.e., the space where the
vector n is defined). For example, the combination (A1

i )2 + (A2
i )2 = (1/4)(∂in)2 [see Eq. (A7)] is isotropic [i.e., does not depend

on the rotation n → Rn with a constant SO(3) matrix R], but (A3
i )2 = (1/4)(1 − cos θ )2(∂iφ)2 is not an isotropic quantity. When

we employ lim�→0 limq→0 Reχ33
ij = 0 as the value of Reχ33

ij |q=0, then the (A3
i )2 term appears in �Seff (A12) due to the nonzero

184410-12
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〈āa〉 term. On the other hand, when we employ Eq. (A22) as the value of Reχ33
ij |q=0, then the (A3

i )2 term vanishes in �Seff due
to the cancellation with the 〈āa〉 term. Therefore we should employ Eq. (A22) as the value of Reχ33

ij |q=0.7

For nondiagonal elements, it is clear that Reχ12
ij |q=0 = 0 regardless of the order of the q → 0 and � → 0 limits.

Finally, let us calculate Reρab|q=0. The calculation is almost the same as that of Reχab
ij |q=0: just drop the factor −(2ki +

qi)(2kj + qj ) from Eq. (A19). Then,

Reρ11|q=0 = Reρ22|q=0 = −
∑
±

∫
d3k

(2π )3
(±)

�

2gsd
[θ (−ωk∓) − θ (−ωk±)] = �

gsd

k3
F+ − k3

F−
6π2

. (A23)

The order of taking the q,� → 0 limits matters again for Reρ33. This time, limq→0 lim�→0 Reρ33 �= 0 while
lim�→0 limq→0 Reρ33 = 0. Again, we determine the order of the limits by the isotropy about n. When Reρ33|q=0 does
not vanish, A3

t A
3
t appears in �Seff , which breaks the isotropy. Therefore, contrary to the case of Reχ33

ij |q=0, we employ
lim�→0 limq→0 Reρ33 = 0 as Reρ33|q=0. Finally, Reρ12|q=0 obviously vanishes.

After all, the expression of the contribution from the conduction electrons to the spin effective action is

�Seff =
∫

d4x

{
− �

k3
F+ − k3

F−
6π2

A3
t + �

2

2m

(
�

2

2m

1

gsd

k5
F+ − k5

F−
15π2

− n

)[(
A1

i

)2 + (
A2

i

)2] + �
2

2gsd

k3
F+ − k3

F−
6π2

[(
A1

t

)2 + (
A2

t

)2]}

=
∫

d3x

a3
dt

[
Scφ̇(cos θ − 1) − JcS

2
c

2
(∂in)2 + ms

2
ṅ2

]
, (A24)

where a is the lattice constant and we have defined the spin polarization Sc of the conduction electron per lattice site, the spin-spin
exchange coupling Jc and the inertia of spin ms as

Sc ≡ a3 �

2

k3
F+ − k3

F−
6π2

, Jc ≡ a3

S2
c

�
2

4m

(
n − �

2

m

1

gsd

k5
F+ − k5

F−
30π2

)
, ms ≡ �Sc

2gsd
, (A25)

respectively. It is easy to see that Jc > 0 by rewriting it as

Jc = a3

S2
c

�
2

120π2m

(kF+ − kF−)2

kF+ + kF−

(
k2
F+ + 3kF+kF− + k2

F−
)
. (A26)

We may safely neglect the effect of impurity, because the lifetime τ of the conduction electrons will enter only as �/(εF τ ) or
�/(gsdτ ), both of which we assume to be much smaller than one.

Adding this �Seff[n] to the action of localized spin (A3), we obtain the total effective action Seff[n],

Seff[n] =
∫

d3x

a3
dt

[
Sφ̇(cos θ − 1) − JS2

2
(∂in)2 + ms

2
ṅ2

]
(A27)

with S ≡ Sc + Sl and J ≡ (JcS
2
c + JlS

2
l )/S2.

APPENDIX B: DERIVATION OF THE ANGULAR
MOMENTUM (10)

In this appendix, we describe the derivation of the angular
momentum current ( j0, j i) (10) from the effective action
Seff (7), for the readers who are not familiar with such
derivation. Consider a SO(3) rotation in the internal space
(spin space).8 Under this rotation, a vector v in the internal

7The order of q → 0,� → 0 limits can be determined also by
the U (1) gauge symmetry U → U exp(iχσ3),a → exp(−iχσ3)a
described below Eq. (A4). Under this gauge transformation, the spin
gauge field Aμ = Aa

μσ a changes as(
A1

μ

A2
μ

)
→

(
cos 2χ − sin 2χ

sin 2χ cos 2χ

)(
A1

μ

A2
μ

)
, A3

μ → A3
μ + ∂μχ.

The effective action �Seff (A12) should be invariant under this gauge
transformation. Therefore (A1

i )2 + (A2
i )2 term is allowed but (A3

i )2

term is not.
8An element R of SO(3) group and an element U of SU(2) group

are related by Rabσ
b = U †σ aU with σ a the Pauli matrices. We

space, such as the spin n and the magnetic field B, is rotated.9

When the rotation is infinitesimally small, it is given by
δva(x,t) = εabcθbvc(x,t), where θa are constant infinitesimal
transformation parameters. The effective action (7) is invariant
under this rotation. The Noether current corresponding to
this invariance, i.e., the angular momentum current, can be
obtained by the following trick. Make the transformation
parameters θa be dependent on the position in the real space
and time, θa(x,t). Then, the variation of the action under this
space-time dependent internal rotation does not vanish, but is

are interested in the classical dynamics of a spin vector, that is,
the behavior of n ≡ 〈ψ |σ |ψ〉, where |ψ〉 is a quantum spin state.
An SU(2) rotation on |ψ〉 causes an SO(3) rotation on n, i.e.,
〈ψ |U †σ aU |ψ〉 = Rabn

b.
9The magnetic field B forms a scalar product with n in the Zeeman

term, which means that B is also a vector in the internal space with the
same transformation property as n, within the framework presented
here.
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given in the form

δSeff =
∫

d3x

a3
dt(∂0θ · j0 + ∂iθ · j i)

= −
∫

d3x

a3
dtθ · (∂0 j0 + ∂i j i). (B1)

Here, terms without any time and spatial derivatives on θa are
absent, because the rotation would be a symmetry of the action
if θa were constants. We have performed the partial integration
in the last equality in Eq. (B1). When n satisfies its equation
of motion, then δSeff = 0 because such n gives a saddle
point ofSeff . Since δSeff = 0 for arbitrarily position-dependent
θa(x,t), it follows that ∂0 j0 + ∂i j i = 0 when n satisfies its
equation of motion. Thus ( j0, j i) is the conserved current
corresponding to the symmetry under internal rotations, i.e.,
the angular momentum current. (In fact, since n is a unit vector,
an arbitrary variation of n is given by a rotation in the internal
space. Therefore the conservation law ∂0 j0 + ∂i j i = 0 is the
equation of motion itself.)

Concretely, the variation of each term in the effective action
(7) is given as follows. For the spin Berry phase term,

δ

∫
d3x

a3
dtSφ̇(cos θ − 1)

= δ

∫
d3x

a3
dt

∫ 1

0
duSñ · (∂uñ × ∂t ñ)

=
∫

d3x

a3
dt

∫ 1

0
duS[∂u(θ̃ · ∂t ñ) − ∂t (θ̃ · ∂uñ)]

=
∫

d3x

a3
dt θ̇ · Sn, (B2)

where we have temporarily used ñ(x,t,u), which is defined
over an extended space-time (x,t,u) with 0 � u � 1 a
dummy direction and with boundary conditions ñ(x,t,u =
0) = n(x,t) and ñ(x,t,u = 1) = const. The transformation
parameters θ are also extended to θ̃ (x,t,u) similarly. In the last
equality in Eq. (B2), we have performed a partial integration
with respect to t . For the inertial term and the exchange
coupling term,

δ

∫
d3x

a3
dt

ms

2
ṅ2 =

∫
d3x

a3
dt θ̇ · (msn × ṅ),

δ

∫
d3x

a3
dt

−JS2

2
(∂in)2 =

∫
d3x

a3
dt∂iθ · (JS2∂in × n).

(B3)

The Zeeman term is irrelevant for deriving the angular
momentum because it does not involve the derivative on n,
which means that it does not yield terms proportional to ∂0θ

or ∂iθ in Eq. (B1) under the rotational transformation. In
all, from Eq. (B1), the angular momentum current can be
read as

j0 = Sn + msn × ṅ, j i = JS2∂in × n. (B4)

APPENDIX C: DERIVATION OF HIGHER-ORDER TERMS
IN SPIN EFFECTIVE ACTION

In this appendix, we derive higher-order terms in spin
effective action �Seff (15) in the way discussed in the last
part of Sec. II. We concentrate only on the time-derivative
terms, but the derivation of higher-order terms with spatial
derivatives is essentially the same. First, all possible terms in
the spin effective action to the fourth order are

�Seff =
∫

d3x

a3
dt

[
Scφ̇(cos θ − 1) + ms

2
ṅ2

+ c3n · (ṅ × n̈) + c4n̈2 + c̃4(ṅ2)2

]
. (C1)

The angular momentum � j0 can be derived from this action
in the way described in Appendix B, as

� j0 =Scn + msn × ṅ + c3(2n̈ + 3ṅ2n)

+ 2c4(ṅ × n̈ − n × ...
n) + 4c̃4ṅ2n × ṅ. (C2)

This � j0 must satisfy ∂0� j0 + (2gsd/�)n × � j0 = 0. Sub-
stitution of Eq. (C2), with ωsd ≡ gsd/�, results in

∂0� j0 + (2gsd/�)n × � j0

= (Sc − 2ωsdms)ṅ + (ms + 4ωsdc3)n × n̈

+ (2c3 + 4ωsdc4)
...
n + (6c3 + 12ωsdc4)(ṅ · n̈)n

+ (3c3 − 4ωsdc4 − 8ωsdc̃4)ṅ2ṅ. (C3)

The unique solution in order for each coefficient to vanish
is

ms = Sc

2ωsd
, c3 = − ms

4ωsd
, c4 = − c3

2ωsd
, c̃4 = 5c3

8ωsd
.

(C4)
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