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Entanglement of two, three, or four plasmonically coupled quantum dots
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We model the quantum dynamics of two, three, or four quantum dots (QDs) in proximity to a plasmonic
system such as a metal nanoparticle or an array of metal nanoparticles. For all systems, an initial state with only
one QD in its excited state evolves spontaneously into a state with entanglement between all pairs of QDs. The
entanglement arises from the couplings of the QDs to the dissipative, plasmonic environment. Moreover, we
predict that similarly entangled states can be generated in systems with appropriate geometries, starting in their
ground states, by exciting the entire system with a single, ultrafast laser pulse. By using a series of repeated
pulses, the system can also be prepared in an entangled state at an arbitrary time.
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I. INTRODUCTION

Plasmonic nanostructures provide the potential for ex-
tremely strong light-matter interactions because of their
ability to concentrate optical fields to nanometer-scale di-
mensions [1]. Such strong interactions could enable the
manipulation of quantum states in materials that interact with
the confined fields [2-4]. However, plasmon resonances are
necessarily associated with strong dissipation, raising the
question of whether quantum effects are compatible with such
rapid loss of energy and coherence.

On the other hand, it has been realized that controlled
interactions between quantum objects and a dissipative en-
vironment can lead to the production of stable entangled
states [5—7]. Several theoretical studies applied this concept
of dissipation-induced entanglement to problems of quantum
dots (QDs) interacting with plasmonic systems [8—13]. These
studies show that effective interactions between pairs of
two-level QDs, mediated by dissipative plasmon resonances
in metal nanoparticles or waveguides [14], can produce
entanglement between QDs, analogous to previous proposals
to entangle interacting atoms through common coupling to a
lossy cavity [15]. The QDs’ entanglement arises spontaneously
due to common coupling to the plasmonic nanostructures,
without requiring postselective measurements or “engineer-
ing” of the dissipative environment. Since entanglement is a
uniquely quantum property that is at the heart of quantum
information and computation, this illustrates in principle the
potential for true “quantum plasmonics” [16]. Such QD-
plasmonic systems are also of relevance because they represent
nanoscale structures that do not require atom traps or cryogenic
temperatures to operate and can be integrated with other
nanophotonic components.

Despite their potential for displaying quantum plasmonics
effects, previous predictions of plasmon-induced entangle-
ment in QDs have been limited to systems of only two QDs,
and one of the QDs was required to be initially prepared in its
excited state. For systems of two QDs, this can, in principle,
be done using single-photon pulses [17], but scaling these
schemes up to larger numbers of QDs would require the ability
to individually access and control the state of each QD.
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In this paper we propose a system where control over the
interaction between objects to be entangled (QDs) and the
dissipative environment (plasmonic system) is determined by
the nanoscale geometry of the system, and the only external
input required is a single, ultrafast laser pulse. Moreover, we
show that the method can be scaled to multiple QDs, and
thus has the potential to serve as a key resource for quantum
information processing at the nanoscale [18,19].

II. THEORETICAL METHODS

Our treatment, detailed in the Supplemental Material [20],
generalizes our work on one QD interacting with a plas-
monic system [21]. The underlying system basis states are
|gnp - --,q1)|s), where g; € {0,1} indexes the exciton in QD
i; i ranges from 1 to Np (the number of QDs) and s indexes
plasmon energy levels. Lowering and raising operator pairs for
the QDs and plasmon are (&; ,6;) and (13,13T), respectively. The
dipole operators are [; = d;(6; + 6;) and iy = dx(ls + IST),
where d;, and d; denote transition dipole moments of the QDs
and plasmon, respectively. The density matrix g(¢) satisfies

dp i .

i h[H,p]JrL(p), )]
in which A is the Hamiltonian for the driven coupled system
and L(p) is a Lindblad superoperator providing dephasing and
dissipation. More explicitly,

H=) H+H+H+) Hi @)

where ﬁ,- = hw; 6;&- are uncoupled exciton Hamiltonian op-
erators, I:Is = thIQTE is the uncoupled plasmon Hamiltonian,
and H; = —E(r)/1 is coupling to an applied electric field E(7).
Each QD couples with the plasmon via I-AIX,,- = —hg,(&fl; +
6713T). We assume that the distance between QDs is large
compared to the separation between QDs and neighboring
metal nanoparticles, so that direct through-space coupling
among QDs can be neglected. We neglect retardation, which
means that our treatment is limited to systems with dimensions
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small compared to the optical wavelengths. The Supplemental
Material [20] discusses the level structure of H - I:Id, which
provides additional insight into the nature of the problem.

We employ an extension of L(p) that was previously
used [21], parametrized by QD population (or spontaneous
emission) and environmental dephasing decay constants y,;
and y,;, and plasmon decay constant y,. We consider time
scales on the order of the inverse of these decay rates, so
that there are no correlated fluctuations in the QD states,
and the use of the Lindblad formalism is justified. Although
environmental dephasing is explicitly included for the QDs,
it is not necessary to do so for the plasmon because the
dephasing that arises from its decay, and that is encoded in
the corresponding term in L(p), is much larger in magnitude.
As in Ref. [21], the rotating wave approximation is applied.
We use an efficient solver, based on sparse matrix-matrix
multiplication algorithms along with both Runge-Kutta and
exponential time integration schemes [22,23].

The base parameter choices for the model outlined above
are similar to those originally used in our single plasmonic-
QD system study [21] and correspond to a gold nanoparticle
system interacting with QDs in a polymer matrix. Specifically,
for all i, hw; = hwy, = 2.05 eV; u; = 13 D, u, = 4000 D;
hypi = 190 neV, hyy; =2 meV, hy, = 0.15 eV. We assume
the system is embedded in a dielectric medium of €, = 2.25,
typical of a polymer.

Electrodynamic simulations give a realistic estimate for the
plasmon-QD coupling factor of g; ~ 10 meV for a system
of two ellipsoidal gold nanoparticles, each of length 30 nm
and width 20 nm, and with a 6 nm gap between them and a
QD centered in the gap [21]. Larger coupling factors could
be obtained for silver nanoparticles as compared to gold [24],
for particles with larger aspect ratios or different shapes, or
for smaller gaps. While such systems will exhibit different
resonance frequency, linewidth, and dipole moments of the
plasmon resonances, we keep those and all other parameters
constant in the present calculations in order to isolate the effect
of changing only the coupling constants. Calculations have
been performed for coupling constants Ag; from 5 to 45 meV.

III. RESULTS
A. Entanglement in the dark

We begin by exploring a situation similar in spirit to
that reported in Refs. [8,10]: one of the quantum dots
(labeled “QD1”) is initially in its excited state, all others
are initially in their ground states, and there is no applied
electromagnetic field. Unlike the previous results, however,
we also consider systems with more than two QDs coupled to
the plasmonic system. We quantify the degree of entanglement
as a function of time using Wootters’ concurrence [20,25].
Results are presented in Figs. 1(b)-1(d). For the two-QD
case, as previously reported [8—10], the concurrence reaches
a value of 0.45 as the system evolves. The emergence of
entanglement can be understood by considering the symmetric
and antisymmetric QD states,

1

S) =
[S) 7

(Ig2=1.1=0)+1g2=0.q1=1)) (3
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FIG. 1. (Color online) (a) Diagram of a plasmonic-two-QD sys-
tem composed of three metal nanoparticles (the plasmonic system,
labeled SP) with QDs (labeled QD1 and QD2) in the interparticle
gaps. Bipartite concurrence of two (b), three (c), and four (d) QD
systems where one of the QDs (QD1) is initially excited, with
hg; =30 meV in all cases. i:j refers to the concurrence between
QDi and QDj. (b) Also shows the population of the symmetric state
|S), Ps, and of the antisymmetric state |A), P,.

and

1
|A) = E(qu =141=0)-1g2=0,q1=1)), @

and their associated expectation values, or populations Ps(t)
and Py(t), also displayed as a function of time in Fig. 1(b).
The initial state, with only QD1 excited, corresponds to
Py = P4 = 0.5. The symmetric state, analogous to a bright
singlet state, decays more rapidly than the antisymmetric
state [9], analogous to a dark triplet state. After a certain time,
the population of the antisymmetric state is much larger than
the population of the symmetric state, and the entanglement
reaches a maximum. The results shown in Fig. 1 correspond
to hg; = 30 meV. However, we find that entanglement, with
a maximum concurrence of 0.2, can occur even for hg; =
10 meV [20]. In practice the QDs may not have exactly the
same energy, which could diminish the entanglement effects.
However, the Supplemental Material [20] also shows that,
for QDs with transition energies varying within the 2 meV
dephasing width, the entanglement effects remain.

In the cases of three and four QDs, bipartite concurrence
can occur between QDs that are not initially excited, i.e.,
the concurrence between QD2 and QD3, denoted 2:3, in the
three-QD case [Fig. 1(c)] and the 4:3, 4:2, 3:2 concurrences
of the four-QD case [Fig. 1(d)]. Both the three-QD and
four-QD cases show degeneracies in the bipartite concurrence,
as the system is completely symmetric except for the one
initially excited QD. All bipartite concurrences that include
the initially excited QD (QD1) have a much larger peak than
do the bipartite concurrences that exclude the initially excited

QD.
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B. Entanglement with optical pulses

So far we have imagined that exactly one of the QDs could
somehow be initially prepared in its excited state, and allowed
the system to evolve from that initial state in order to generate
entanglement. A more experimentally relevant situation would
involve the entire plasmon-QD system starting in its ground
state and being exposed to a short laser pulse. To simulate
this situation we take E(t) = G(t)E cos(wgt). The carrier fre-
quency wy is taken to be on resonance with the QD transitions
and the plasmon resonance hwy = 2.05 eV. The pulse envelope
function G(¢) is taken to be a Gaussian function with full-width
at half-maximum of 20 fs, and E|) is adjusted to achieve the de-
sired fluence. Figure 2(a) displays the maximum concurrence
that results in this case, as a function of pulse fluence [i.e., time
integral of /€, . c€0E*(t)] and plasmon-QD coupling con-
stant for one of the QDs (g; = g2 + Ag) relative to the other
(hg1 = 30meV). Significant parameter regions exist where the
concurrence is comparable to that obtained in the dark case of
Fig. 1. We should note that laser fluences up to 1000 nJ/cm?
are both experimentally accessible and reasonable in the sense
that they should not lead to sample degradation.

0.4
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0

1 10 100 1000
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(b) 1 ‘
1:2 =——
I i“ QD1 - -
1 QD2 ----

Concurrence
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FIG. 2. (Color online) Maximum concurrence when a plasmon-
two-QD system initially in its ground state is exposed to a 20-fs
laser pulse. (a) Concurrence as a function of laser-pulse fluence and
plasmon-QD coupling coefficient for one of the QDs (g; = g, + Ag)
relative to the other (hg, = 30 meV). (b) Concurrence as a function
of time, for coupling coefficients ~ig; = 15 meV (Ag = —15 meV)
and hg, = 30 meV, and laser-pulse fluence 81 nJ/cm?, that produce
the largest concurrence. The populations of QD1 and QD2 are also
plotted.
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High concurrence occurs only when there is an asymmetry
in the couplings of the QDs to the plasmonic system. This
asymmetry could be achieved in practice by fabricating a
system where the two QDs are at different distances from
the metal nanoparticles. The asymmetry can allow one QD to
be significantly more excited than the other QD by the end
of the laser pulse. As a result the laser pulse then creates
a QD state similar to the |g» = 0,q; = 1) state that was the
starting point of the dark case and that, as we have seen,
led to a rise in concurrence. The largest concurrence for the
pulsed two-QD system, & 0.35, is obtained for 2g; = 15 meV
and hg, = 30 meV. The dynamics of the concurrence and
QD populations for this case are shown in Fig. 2(b). One
might expect that this combination of coupling coefficients
would lead to larger initial population for QD2, since it is
more strongly coupled to the plasmonic system. However, the
population of QD2 spikes and decays rapidly as the incident
laser pulse passes through the system, while the population
of QDI rises and decays more slowly. The result is that
there is eventually larger population for QD1 than QD2. This
somewhat counterintuitive result, which appears to be quite
general, is a consequence of the Purcell effect [21]: while the
QD with the larger coupling coefficient experiences a larger
local field, leading to a fast initial rise in its excited-state pop-
ulation, its emission rate is also increased (to y,; + 4gl.2 /Vs =
4g?/vs), leading to rapid depopulation. The QD with the
smaller coupling coefficient undergoes a delayed but more
sustained partial Rabi oscillation, leading to its larger initial
population.

An extensive optimization such as the one we carried out for
the plasmon-two-QD system is computationally challenging
for larger systems. We therefore selectively examine portions
of the parameter space in the three-QD case. Figure 3 depicts
promising results. They are similar in spirit to the optimal
two-QD result, with only one QD having a coupling different
from that of the other two: ig; = 30 meV, and hg, = hgs =
35 meV. Figure 3 depicts the time evolution of the populations
of the three QDs and of the bipartite concurrences. Having
one QD less strongly coupled to the plasmonic system than
the others allows the populations to grow and decay at
different rates, so that an initial state is created with larger
population in the excited state of QD1 than of QD2 or QD3.
Oscillations are seen in the population of QD1 over the
duration of the laser pulse, and rapid decay of the populations
of QD2 and QD3 are seen due to their larger Purcell
factors. Significant but smaller concurrences are found in other
pulsed two-QD and three-QD systems with much smaller
coupling constants g; and somewhat larger fluences [20].
Initial studies of analogous pulsed four-QD systems also
indicate that such systems can be driven into entangled states,
although to a lesser degree, for comparable parameters, than
the two-QD and three-QD cases. In general, a more thorough
investigation of the parameter space, varying other parameters
such as the dephasing and decay rates, could lead to larger
concurrences.

In all cases, large concurrence is achieved for only a
brief period after the laser pulse has excited the system,
before the population of the entangled state decays. However,
entanglement can be restored to the system by applying a
repeated series of pulses, as shown for a plasmon-three-QD
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FIG. 3. (Color online) Results for a plasmon-three-QD system
with laser-pulse fluence of 500 nJ/cm?, and coupling coefficients
hgy = 30 meV and hg, = hgs = 35 meV. (a) Excited-state popula-
tions for the three QDs. (b) Bipartite concurrences.

system in Fig. 4. Each incoming pulse initially destroys the
entanglement and reduces concurrence to zero, because both
|A) and |S) are excited. However, |S) decays quickly, and
concurrence rapidly grows back to its peak value. For the
concurrence between the pairs of inequivalent QDs, this peak
value is somewhat smaller than the maximum value reached
for a single pulse, but the peak concurrence between the two
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FIG. 4. (Color online) Concurrences for a plasmon-three-QD
system with a repeating 500 nJ/cm? pulse. Coupling coefficients
are hg; = 30 meV, hg, = hgs = 35 meV. The dotted vertical lines
represent the times associated with the maxima of the pulses.
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equivalent QDs is much larger than the single-pulse case.
Continuous-wave excitation of the entire system does not
induce a high degree of entanglement, because it continually
excites both the |A) and |S) states; to be entangled, the
population of |A) needs to be large while the population of
|S) is small.

Fabricating coupled plasmon-QD systems is a significant
challenge. Our scheme requires the ability to assemble metal
nanoparticles and QDs with nanometer-scale control over each
interparticle separation. Nonetheless, rapid improvements
in nanofabrication [26] and chemically driven nanoparticle
assembly [27-30] may make it feasible in the near future.
DNA self-assembly methods have recently been used, for
example, to fabricate colloidal gold nanoparticles with numer-
ous QDs surrounding them [31], and strong plasmon-emitter
coupling has been experimentally demonstrated in other
systems [32].

Once a system is fabricated, there is the challenge of
demonstrating entanglement. It has recently been proposed
that nanoparticle plasmons could be entangled by excitation
with entangled photons, and the plasmonic entanglement read
out through the characteristics of the radiated far field [33]. It
may be possible to use a similar scheme in our case: plasmons
would be entangled through their coupling to entangled QDs,
serving as a interface between the QD states and the radiated
field.

IV. CONCLUDING REMARKS

In summary, we propose a scheme involving exposure to
a single or repeated optical pulse, that makes it possible to
create and maintain entanglement between all pairs of QDs
when two, three, or four closely spaced QDs are coupled
to a common plasmonic nanostructure. This contrasts with
previous schemes based on plasmonic waveguides, which can
entangle spatially separated dots, but which are limited to two
QDs. Moreover, in our scheme, the entire system begins in
its ground state and is excited by a common laser pulse or
series of pulses. Tuning the degree of coupling between each
QD and the plasmonic nanostructure enables generation of an
excited state that evolves spontaneously, driven by dissipation
of the plasmons, towards an entangled state. Entanglement
is achieved without the need for the QDs to be individually
addressable, and without the need for controlled quantum
gates.

There are a number of considerations for increasing the
magnitudes of the concurrences. First, in general, it appears
that larger magnitude QD-plasmon couplings g; are advan-
tageous; here we have restricted consideration to coupling
strengths that may be achievable in practice. As noted above,
engineering a system with one QD more weakly coupled to
the plasmon than the others can be effective, i.e., if that QD
is labeled “1,” then g; < g, g3, etc. For the concurrences
to be maintained for appreciable lengths of time beyond the
pulse, the dephasing rates should be small in comparison
to the Purcell decay rates y,; < 4gi2 /vs. Future work will
involve more extensive parameter searches to discover optimal
conditions for the cases with three or more QDs coupled
to a plasmonic system, as well as consideration of more
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sophisticated pulse shapes and sequences. Finally, we should
note that the present paper focused on achieving bipartite
concurrences among systems with two and more QDs. Future
work will also be devoted to exploration of the possibility
of generating maximally entangled multiqubit states, includ-
ing what are termed GHZ and W states for three qubits
[19,34,35].
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