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Spin-split antibonding molecular ground state in manganese-doped quantum dot molecules
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Tunnel coupling between two dots in manganese-doped InAs/GaAs quantum dot molecules (QDMs), valence
band mixing, and p-d exchange interaction between holes and localized d electrons give rise to a tunability of
charge, spin, and molecular orbitals. The interplay among them determines the nature of the molecular ground
state. Remarkably, unlike usual diatomic molecules in which the bonding (BD) state is always the ground state,
we found that the molecular ground state in Mn-doped QDMs is of antibonding (AB) character. Furthermore,
it is a spin-split state and can be switched into the spin-split BD type. We also demonstrate that this unusual
behavior can be tuned by the lateral confinement strength of the QDMs, the concentration, and the distribution
of manganese as well as the electric field applied along the direction of the QDM axis.
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I. INTRODUCTION

It is known from quantum mechanics that when two
identical atoms are brought together, each electron level
splits into two levels, corresponding to bonding (BD) and
antibonding (AB) molecular orbitals (MOs). The ground
state of a diatomic molecule is the symmetric BD orbital,
whereas the first excited state is the antisymmetric one.
Similar molecular orbitals and energy order have also been
found in artificial quantum dot molecules (QDMs) formed
by double quantum dots with a thin barrier [1–6]. As the
barrier thickness increases, however, an unusual behavior
emerges: the molecular ground state changes its character
from BD to AB. This anomalous energy order had been firstly
predicted by multiband k · p theory in InAs QDMs [7] and then
confirmed by magnetophotoluminescence spectroscopy [8,9].
A similar phenomenon has also been encountered in Ge/Si and
in GaAs/AlGaAs QDMs [10]. The origin and the conditions
for BD and AB crossings in undoped QDMs are understood
as follows [11]. In single-semiconductor quantum dots (QDs),
heavy holes (hhs) and light holes (lhs) are well separated due
to quantum confinement, the ground state being characterized
by the hh state. However, the mixture of hh with lh becomes
relevant in the QDMs [12–14]. The simplest description of
holes accounting for this mixing is the four-band Luttinger-
Kohn (LK) Hamiltonian. Within this model, the tunneling rate
of the hole is dominated by the hh character when the QDs are
closely spaced. Nevertheless, as the barrier thickness increases,
hh tunneling becomes small, but an additional correction
induced by the hh-lh coupling emerges [12–14]. Because the
correction and hh tunneling make opposite contributions to the
energy of the hole ground state, the interplay between them
might turn the molecular ground state to be an AB type. It is
worth to point out that besides changing the barrier thickness
there are other methods that can be utilized to tune the mixing
of the heavy-light hole states, such as in-plane anisotropy of
the quantum dot, an in-plane magnetic field, an electric field,
etc.

*Corresponding author: fanyao@unb.br

QDs doped with a single magnetic ion or many magnetic
ions is an emerging field of research and technology [15–42].
The former is a promising solotronic system because it accom-
modates both a charge and a single magnetic ion spin, which
can be prepared and manipulated both electrically and optically
through injection of spin-polarized carriers [19–21,38–42].
The latter provides important advantages for applications in
magnetic memory and spintronic devices because it combines
some of the properties of high-quality semiconductor crystals
with magnetic properties of impurities [26–38]. Since the spin
properties determined by the p-d exchange interaction depend
strongly on the wave function of the hole at the magnetic ion,
the switching of the nature of the ground state of QDMs results
in a change of spin states. Therefore studying the dependence
of the QDM ground-state characteristic on geometrical and
physical parameters such as lateral confinement, barrier
thickness, magnetic ion concentration, and an applied electric
field opens up the possibility to tune both the molecular bond
and spin-related property of the molecular ground state at
will. It is not only useful for the development of applications
in different fields, such as quantum information technology,
quantum optics, spintronics, or light harvesting, but it has also
unveiled new physics that had never been observed in natural
molecules and conventional undoped QDs.

The manuscript is organized as follows. In Sec. II, we
present our theoretical formulation in a didactic manner,
starting from the single-Mn-doped bulk semiconductor, then
moving to the multiband k · p theory for undoped, single-Mn-
doped, and many-Mn-doped QDMs. In Sec. III, we discuss our
results, starting from single-Mn-doped QDMs, then we move
to the effects of an electric field in single-Mn-doped QDMs
and we end with many-Mn-doped QDMs. We conclude our
work in Sec. IV.

II. THEORETICAL FORMULATION

A. p-d exchange interaction energy in single-Mn-doped III-V
semiconductors

The manganese atom has an atomic configuration of
[Ar]3d54s2. When introduced into a III-V semiconductor
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like GaAs, the Mn will most likely substitute the Ga in the
lattice [23]. At the Ga site in GaAs, the two 4s orbitals change
to sp3 orbitals to participate in the diamondlike bonds. Since
the Mn has only two electrons in the 4s orbital and the As
atom contributes five electrons to these bonds, one electron is
missing. Hence the electronic configuration of the Mn atom
becomes 3d5 + hole [33]. Electrons from neighboring bonds
can fill this hole, which causes a detaching of the hole from
the impurity. Then, the missing of one positive charge in the
Mn core results in a negative charge in the vicinity of the
Mn atom relative to the background [34]. The hole has a
fourfold degeneracy inherited from the top of the valence band
spin-orbit interaction (SOI). If we neglect the split-off band,
the total angular momentum of the valence band states is equal
to 3/2 due to the strong SOI. For convenience, in the following,
we treat the hole as a pseudospin s = 3/2 object coupled to
the Mn spin M = 5/2 via p-d exchange interaction [23]. The
Hamiltonian of Mn-hole complex in III-V semiconductors can
be described by the Zener model,

Hb = − �
2

2m∗ ∇2 − Jpd

∑
I

s · MI δ(r − RI ), (1)

where m∗ is the hole effective mass, Jpd is the p-d exchange
coupling constant, r is the hole position, MI and RI are the
spin and the position of I th Mn2+ ion, respectively. The first
term in Hb is the hole kinetic energy. The second one is the
p-d exchange interaction Hamiltonian in which we sum over
all of individual exchange interactions between one bound
hole and the Mn ion spins. In particular, in the single Mn-
doped GaAs, the expectation value of the exchange interaction
potential, which leads to the formation of a magnetic polaron
reads

Hh-Mn = −Jpds · M|ψ(R0)|2, (2)

where ψ(R0) is the hole wave function at the position R0

of the Mn2+ ion. To compact notation we assume Jeff =
Jpd |ψ(R0)|2, which denominates the effective p-d exchange
interaction strength proportional to the probability of the hole
at the Mn position. Therefore the energy Eb of Mn-hole
complex is given by Eb = Ek − Jeffs · M, where Ek denotes
the hole kinetic energy. The p-d exchange interaction couples
the spin angular momentum states of the M and s to give pair
states with total spin J with a range of total spin quantum
numbers J = 1, 2, 3, and 4. Because of this p-d exchange
coupling, their spins are correlated and they are not good
quantum numbers. However, Hb, M2, s2, J 2, and Jz form
a complete set of commuting operators. Hence the energy
levels of polaron read Eb = Ek + 25Jeff/4 − J (J + 1)Jeff/2.
The first two terms in Eb shift the position of the energy levels
from its unperturbed position, whereas the last term splits
the unperturbed level into a set of sublevels characterized by
different values of J with degeneracy of 2J + 1. The exchange
splitting �Eex between consecutive levels changes with J ,
according to the following relation, �Eex = (J + 1)Jeff . It
is noted that the �Eex increases with increasing the value
of J as �Eex = 2×, 3×, and 4 × Jeff , respectively. For an
antiferromagnetic coupling, the Jeff is negative so that the
J = 1 state is the ground state. Hence, as long as the magnetic
polaron is not distorted by perturbations that couple different

J manifolds and the temperature is low enough, it is a good
approximation to think of it as being a composite object with
total spin J = 1.

B. Multiband k · p approach for undoped InAs/GaAs QDMs

Considering the coupling between hh (s = 3/2, sz =
±3/2) and lh (s = 3/2, sz = ±1/2) subbands, where s and
sz denote the band-edge Bloch angular momentum and its z−
component, the Hamiltonian of a valence band hole in the
cylindrical coordinate system (ρ,ϕ,z) is described by

Hh = HKL + V (ρ,z)I, (3)

where I is a 4 × 4 identity matrix. The first term in theHh is the
well known 4 × 4 Luttinger-Kohn Hamiltonian describing the
anisotropic kinetic energy of the hole in zinc-blende crystals.
In the effective mass approximation, the kinetic energy of the
hole is described on the basis of Bloch functions at the top of
the valence band (�8 point), |+3/2〉,|+1/2〉, |−3/2〉, |−1/2〉,
by the 4 × 4 Kohn-Luttinger Hamiltonian. When spanned in
the sz spin component basis, the HKL [36] has the form

HKL = �
2

m0

⎛
⎜⎝
Dhh A− 0 B−
A∗

− Dlh B− 0
0 B∗

− Dhh A+
B∗

− 0 A∗
+ Dlh

⎞
⎟⎠, (4)

where

Dhh = −
(

γ1 + γ2

2

)
{k̂+,k̂−} −

(
γ1 − 2γ2

2

)
k̂2
z ,

Dlh = −
(

γ1 − γ2

2

)
{k̂+,k̂−} −

(
γ1 + 2γ2

2

)
k̂2
z ,

(5)
A± = ∓

√
3γ3k̂±k̂z,

B± = −
√

3

2

γ2 + γ3

2
k̂2
±,

with k± = kx ± iky , k = −i∇, and {k̂+,k̂−} = k̂+k̂− + k̂−k̂+.
Here, m0 is the electron rest mass, ∇ is the gradient operator,
γ1, γ2, and γ3 are the Luttinger-Kohn parameters defining
the anisotropic effective masses and the coupling strength for
hh and lh states. The second term in the Hamiltonian Hh is
the confining potential, which reads V (ρ,z) = V‖(ρ) + V⊥(z)
with V‖(ρ) and V⊥(z) being the in-plane and the vertical
component, respectively. For simplification and without loss of
generality, we limit our attention on the dots having cylindrical
symmetry with radius ρ and width 	, separated by an interdot
distance L, as shown in Fig. 1. Then, the in-plane potential
term is chosen as

V‖(ρ) = 1
2Kρ2, (6)

where K scales the strength of the harmonic potential
defined by the harmonic oscillator characteristic frequency

ω =
√

K/m∗
‖, with m∗

‖ being the in-plane hole effective mass.

The vertical confinement potential is described by

V⊥(z) =
⎧⎨
⎩

0, − 	1 − L/2 � z � −L/2
0, L/2 � z � 	2 + L/2
	V, otherwise

, (7)
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FIG. 1. (Color online) (a) Schematic diagram of an undoped
quantum dot molecule created by in-plane gate voltages and ver-
tical confinement. (b) Valence-band potential profile of InAs/GaAs
quantum dot molecule. Here, 	, L, Vg , and Vp denote dot size, GaAs
barrier thickness, gate, and plunger voltage, respectively.

where 	V is the band-offset of the materials at the interface be-
tween well and barrier. In our multiband expansion approach,
the eigenfunctions of the Hamiltonian Hh are expanded by
using an orthogonal set of functions

�h
v =

∑
n,l,p,sz

C
sz

n,l,pfn,l(ρ,ϕ)hp(z)|sz〉, (8)

where fn,l(ρ,ϕ) and hp(z) are eigenfunctions of the following
two single-band Schrödinger’s equations:

(
− �

2

2m∗
‖
∇2

ρ,ϕ + V‖(ρ)

)
fn,l(ρ,ϕ) = E

‖
n,lfn,l(ρ,ϕ), (9)

(
− �

2

2m∗
⊥(z)

d2

dz2
+ V⊥(z)

)
hp(z) = E⊥

p hp(z), (10)

where (n,l) denotes the quantum numbers of in-plane sub-
bands, p denotes the z-direction index, and m∗

‖ and m⊥(z)∗ are
the anisotropic in-plane and in the z-direction hole effective
masses. Then, the eigenvalues Eh

ν and eigenfunctions C
sz

n,l,p(ν)
of Hh are obtained by the exact digitalization method.

Owing to the cylindrical symmetry of the confining
potential, the total angular momentum operator, F = s + L,
commutes with the hole Hamiltonian, since the envelope
functions have a definite angular momentum L. Therefore
F is a constant of motion and its eigenstates labeled by
the good quantum number Fz will be also eigenfunctions
of the Hamiltonian. For convenience, in our calculation,
we replace the angular momentum of the envelope function
Lz by Fz through the relation of Lz = Fz − sz. Since the
double quantum well solutions give rise to symmetric and
antisymmetric states the Hilbert space of the hole wave
functions �h

k,Fz
(r) can be split into two subspaces, labeled I and

II, according to the combination of quantum numbers p and
Fz − sz. Hence the eigenvalue problem for the Hamiltonian in
Eq. (3) can be solved independently for each class of states I
and II, and for each value of Fz. Therefore the kth hole wave
function (8) with parities I and II and total angular momentum
z-projection Fz can be written as a four-component Luttinger

spinor,

�
I(II)
k,Fz

=
∑
n,p

⎛
⎜⎜⎜⎜⎜⎜⎝

C
+ 3

2 ,k

n,Fz,2p−1(2p)fn,Fz− 3
2
(ρ,ϕ)h2p−1(2p)(z)

∣∣+ 3
2

〉
C

+ 1
2 ,k

n,Fz,2p(2p−1)fn,Fz− 1
2
(ρ,ϕ)h2p(2p−1)(z)

∣∣+ 1
2

〉
C

− 3
2 ,k

n,Fz,2p(2p−1)fn,Fz+ 3
2
(ρ,ϕ)h2p(2p−1)(z)

∣∣− 3
2

〉
C

− 3
2 ,k

n,Fz,2p−1(2p)fn,Fz+ 1
2
(ρ,ϕ)h2p−1(2p)(z)

∣∣− 1
2

〉

⎞
⎟⎟⎟⎟⎟⎟⎠

.

(11)

By substituting the expanded wave functions, Eq. (11), into
(Hh − Eν

k,Fz
)�ν

k,Fz
= 0, here ν = I or II, we obtain the matrix

form of the Schrödinger equation. Then, the eigenvalues and
eigenvectors of a valence band hole in the single QDM are
computed by diagonalizing the matrix of the Hamiltonian
Hh. This variational procedure amounts to a progressive
increase on the number of basis functions in order to
achieve a convergence of low-energy eigenvalues of Hh with
some desired accuracy. Since two states with opposite parities
are orthogonal, the different hole eigenstates |Fz| = 1/2, 3/2,
5/2, . . . are doubly degenerate due to time-reversal symmetry
and contain contributions from both hh and lh valence band
states.

C. Multiband k · p theory for single-Mn-doped InAs/GaAs
QDMs

After recalling the p-d exchange interaction in III-V
semiconductors, let us focus our attention on it in the
single-Mn-doped InAs/GaAs QDMs, as shown in Fig. 1.
The system can be described by the following Hamiltonian,
H = Hh + Hh-Mn + eFz [34]. The first term in H is the
Hamiltonian of a valence band hole in the single QDM. The
second term corresponds to the p-d exchange potential given
by Eq. (2). The third one in H is the electrical potential
energy induced by a uniform electric field F applied along
the direction of the QDM axis. The eigenstate of the hole-Mn
complex is obtained after expansion on the direct product
between hole eigenstates |�h

ν ′ 〉 and the Mn-ion spin states
|Mz〉 with z-projections Mz = ±5/2, ± 3/2, and ±1/2, as

�h-Mn(r,RI ) =
∑
Mz

∑
ν ′

C
Mz

ν ′
∣∣�h

ν ′
〉 ⊗ |Mz〉, (12)

where ν ′ is a compact notation of the quantum numbers
(k,Fz,ν) and the valence band hole wave function �h

ν ′ is
provided by Eq. (11). Utilizing the expanded wave function
of �h-Mn(r,RI ), the matrix of the Hamiltonian H is obtained.
Then, the eigenvalues and eigenvectors of the polaron in the
single QDM are computed by diagonalizing the matrix of
the Hamiltonian H. It is worth to arguing that the molecular
orbitals of the QDMs formed by two identical QD potentials
possess definite parities. For instance, the BD and AB states are
even and odd functions, respectively. The molecular orbitals
of the QDMs formed by two different QDs, however, will not
exhibit the g and u symmetry properties of the former case.
In general, they will be concentrated more around one nucleus
than around the other. Nevertheless, some characteristics are
preserved, such as BD MOs are less energetic than AB MOs
and are in-phase of their atomic orbitals, whereas AB MOs are
out-of-phase. Because the electric field F applied along the
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QDM axis breaks the vertical mirror symmetry of the QDMs,
the g and u symmetries are not preserved. Hence the molecular
orbital is a mixture of the BD and AB states. Their weights
in the ground state of the QDMs depend on the strength of
electric field F . Similarly, the vertical mirror symmetry of
the QDMs is also broken in the single-Mn-doped InAs/GaAs
QDMs due to only one of the two dots containing Mn-ion.
Thus the exchange field induces a hybridization of the BD and
AB states too.

D. Multiband k · p theory for many-Mn-doped InAs/GaAs
QDMs

The p-d exchange interaction Hamiltonian is composed
of Ising and spin-flip parts. Their relative importance is
determined by the degree of lh and hh mixing of the valence
band states. For instance, in absence of lh-hh mixing, Mn-hole
coupling becomes Ising-like. Otherwise, the Ising and spin-flip
parts coexist, whereas the latter is approximately ten times
smaller than the former [29]. Therefore, in many-Mn-doped
diluted magnetic semiconductor InAs/GaAs QDMs, the p-d
exchange interaction can be approximately described by an
Ising-like model. Under this assumption, it is straightforward
to write the matrix of Hh-Mn spanned in the Luttinger spinors,
as

Hh-Mn = −Jpd

∑
I

szMzI
δ(r − RI ), (13)

where sz is the matrix form of the multiplet s = 3/2.
After getting the exchange interaction Hamiltonian, the total
Hamiltonian reads

H = Hh + Hh-Mn. (14)

Several approximations, such as the virtual-crystal approxi-
mation and mean-field theory, can be used to vastly simplify
the above model. In the virtual-crystal approximation, the
Mn2+ spins are replaced by a smooth spin density. Then Hh-Mn

becomes

Hh-Mn = −JpdszM̂z(r). (15)

In homogeneous systems, M̂z(r) = N0xMnM̂z−o(r). In the
mean-field approximation, quantum and thermal fluctuations
of the local moment spin orientations are ignored. The
hole spins only see averaged impurity spins and vice versa.
Then, the local field experienced by the hole is given by
JpdN0xMn〈M̂z−o(r)〉. The eigenvalue problem can be solved
by an expansion of the wave functions of a hole-Mn complex
in the eigenstates of the Hamiltonian Hh, as


 =
∑

i

Ai |i〉 =
∑

Fz,ν,k

AFz,ν,k�
ν
k,Fz

, (16)

where |i〉 denotes the ith eigenstate of the undoped QDMs
system and i is a compact label for the set of quantum numbers
Fz, k, and parity ν. Then, the averaged local magnetization of
Mn ions in absence of an external magnetic field reads

〈M̂z−o(r)〉 = μBμ

(
μ

Jpd〈Ĵz(r)〉
kBT

)
, (17)

where Bμ(x) is the Brillouin function, μ = 5/2 and Jpd〈Ĵz(r)〉
is the local mean field felt by the Mn, defined through the
statistical mean value

〈Ĵz(r)〉 =
∑
i,σ

fiσ 〈�i |Ĵz|�i〉�0 , (18)

where �0 is the unit cell volume and fiσ =
e−Eiσ /kBT /

∑
j e−Ejσ /kBT is the probability occupancy of

the state |i,σ 〉. To clarify the contribution of each Bloch state,
Eq. (18) is rewritten in the following form:

〈Ĵz(r)〉 = 〈
Ĵ hh↑

z

〉 + 〈
Ĵ hh↓

z

〉 + 〈
Ĵ lh↑

z

〉 + 〈
Ĵ lh↓

z

〉
. (19)

The detailed calculation of 〈J σ
z (r)〉 can be found in Appendix

B of Ref. [34]. After computing the statistical mean value
of Ĵz(r), the mean-field ferromagnetic as well as the total
Hamiltonians are obtained by

HMF
h-Mn = −JpdN0xMn〈Ĵz(r)〉 (20)

and

HMF = Hh + HMF
h-Mn. (21)

Since the p-d exchange interaction couples not only molecular
orbitals with a different z-component Fz of total angular
momentum but also the state with different parities, it is no
longer possible to subdivide the full Hilbert space into two
orthogonal subspaces, as it was done for the undoped case.
Hence both the dimension and number of nonzero matrix
elements of the total Hamiltonian matrix increase significantly.
Notice that the 〈Ĵz(r)〉 is determined by the eigenvalues and
eigenvectors of H MF. In turn, the matrix elements of the H MF

depends on 〈Ĵz(r)〉. Hence this is a nonlinear problem. The
solution of this magnetic polaron problem can only be obtained
by self-consistently solving Eqs. (18) through (21). We start
the self-consistent procedure from computing 〈Ĵz(r)〉. Then
we construct the matrix of the exchange Hamiltonian H MF

h-Mn.
After that, we calculate all of the elements of the H MF and
diagonalize the matrix of the H MF to obtain the eigenvalues and
eigenstates. We repeat the above procedure until the required
convergence is reached.

III. RESULTS AND DISCUSSION

A. Switch in nature of molecular ground state in undoped
QDMs

A change in the nature of the conventional undoped QDM
ground state from BD to AB by increasing the valence-band
mixing has been reported in the literature [7–9]. This unusual
behavior is reproduced by our calculation, as shown in Fig. 2 in
which we plot the energy levels of the two lowest valence-band
states of undoped QDMs as a function of interdot distance L,
obtained by means of a single-band model (a) and multiband
k · p calculations (b). Both figures show that in a regime of
large L the BD and AB are degenerate states, having the
ground-state energy of an individual QD, as expected. As L
decreases, the single-band model reckons on that each energy
level of the isolated QDs splits into two molecular orbitals
belonging to the pair, one lower and the other higher in energy
as compared to the original atomic level. The lower energy
orbital is BD, whereas the higher-energy orbital is AB. In
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FIG. 2. (Color online) Energies of the two lowest heavy-hole
bonding and antibonding states of pure (undoped) double QDs as
a function of interdot distance (L), for a dot size 	 = 70 Å and lateral
confinement strength �ω = 150 meV, calculated by (a) single-band
model and (b) multiband k · p formalism. (c) Energy differences
between the BD (blue solid line) and AB (red solid line) states
vs L for different confinement strengths �ω = 150 (solid red line),
200 (dashed green line), 250 (dash-dotted blue line), and 300 meV
(magenta dotted line), computed by k · p approach.

contrast, the k · p theory predicts a crossover between BD
and AB energy levels, indicating a change in character of the
QDMs ground state. As is well known, in the single-band
model calculation, both heavy-light hole coupling and SOI
are neglected. In the multiband k · p approach, however, both
contributions are included. Therefore the distinction between
Figs. 2(a) and 2(b), i.e., BD-AB crossover, results from the
heavy-light hole coupling and SOI. For a better insight of
the mechanism of the AB-BD switch, Fig. 2(c) illustrates the
energy difference between BD and AB states versus L under
four different x-y plane confinement potentials �ω. Notice
that, for small L, the energy difference between AB and BD is
positive, indicating that the ground state is BD. With increasing
L, however, BD-AB splitting decreases. At a critical value Lc

the splitting becomes zero. After that, the energy difference
turns to be negative, demonstrating a change in the character of
the molecular ground state from BD to AB. Interestingly, this
unusual behavior is strongly modulated by �ω. Although the
BD-AB crossover takes place in all cases it occurs at shorter L
as �ω is increased. Meanwhile, the curve becomes deeper and
deeper. The underlying physics can be understood as follows.
The energy splitting between the BD and AB states depends on
both interdot tunnel coupling and SOI. In absence of SOI, the
tunneling rate is determined by the overlap between the hole
orbitals of two individual dots, which decreases exponentially
with increasing L at a rate dependent on the heavy-hole mass.
When the SOI interaction is included, there is a correction
to the tunneling coupling, arising from the small contribution
of the light-hole component of the spinor. It therefore adds a
small AB (BD) component to the BD (AB) state determined by
the dominant heavy-hole component. The addition of this AB
component increases the energy of the BD orbital (and vice
versa for the AB orbital). For closely stacked two QDs, the SOI

correction is small compared to the large tunnel coupling. Thus
the splitting between BD and AB orbitals is mainly determined
by tunnel coupling. While increasing the separation between
two QDs the tunnel coupling becomes weaker. The correction
induced by SOI, however, does not decrease as fast as the
tunnel coupling term does, in part because of its light-hole
origin. Then, one may expect that at certain L, the SOI plays
the same role as the tunnel coupling. As L is further increased,
the SOI-correction term exceeds the tunnel coupling one.
Then the AB state turns out to be the ground state of the QDMs.
Furthermore, an enhancement of the quantum confinement of
the individual QD weakens quantum tunnel coupling while
enlarges SOI. Then the critical value of Lc at which the
crossover between the energy levels of BD and AB orbitals
occurs is reduced. The progressive deepening of the curves
in Fig. 2(c) is also due to the systematic enhancement of the
SOI, which scales with the in-plane confinement provided
by �ω. Since the multiband k · p formulation, rather than the
single-band model, provides a reliable physical behavior of the
molecular ground state. It will be used from now on, except
otherwise stated.

B. Spin-split AB molecular ground state in single-Mn-doped
InAs/GaAs QDMs

The p-d exchange interaction strength Jeff depends strongly
on the hole probability at the Mn2+-ion location. Thus it can
be modulated by changing the Mn-ion position. Except for the
special case in which the manganese embedded exactly in the
middle of the GaAs barrier in single-Mn-doped InAs/GaAs
QDMs, the exchange interaction produces an asymmetric
spin-dependent potential. Hence it breaks not only the mirror
symmetry of the QDMs along the QDM axis, but also Kramer’s
degeneracy. Figures 3(b)–3(d) show the energies of the lowest
molecular states in single-Mn-doped QDMs with manganese
embedded in the upper (U ) QD. For comparison purposes, the
correspondent figure of undoped QDMs is shown in Fig. 3(a).
One notices that a crossover between BD and AB states in
undoped QDMs takes place as the dot-dot separation increases
from 30 Å, as discussed in the previous section. In strong
contrast, twelve branches that can be divided into two sets
are observed in the single-Mn-doped QDMs. Among them,
one is composed of six closely stacked levels (solid curves),
the other (dotted curves) is constituted of well separated six
branches. In addition, crossings take place among the states
in the former set, whereas avoided crossings are found in the
latter. In the regime of large L, these twelve energy levels
are gradually converging into seven branches. Among them,
six possess equal interlevel distances in the latter set and the
other one is located at the middle of them. Furthermore, with
increasing exchange interaction, the six energy levels in the
former set become much closer. Nevertheless, the interlevel
distances are strongly enhanced by increasing Jeff . It is also
worthwhile to notice that although the energy levels are split,
an overall switch between BD and AB character of the ground
molecular state is still observed. The underlying physics can
be understood by virtue of the schematic diagram shown in
Fig. 4. In the single-Mn-doped QDMs, only one of the two
QDs is embedded with a Mn2+ ion. For clarity and without
loss of generality, we suppose that the manganese is embedded
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FIG. 3. (Color online) L dependence of the lowest lying BD and
AB state energies of a heavy-hole in single-Mn-doped QDMs with a
dot size 	 = 70 Å and lateral confinement strength �ω = 150 meV,
for four effective exchange interaction values: (a) Jeff/Jpd = 0.00,
(b) 0.01, (c) 0.02, and (d) 0.03. Mz is the z component of Mn spin.

in U -QD as shown in Fig. 4(a), sharing a common assumption
about the Mn position with our calculations. It is also supposed
that there is one orbital state in each of well separated QDs.
Under these assumptions, one can safely expect that in the
regime of large L, there is only one energy level in the
lower (L)QD, but there are six sublevels characterized by six
components of Mn2+-ion spin Mz =± 1

2 , ± 3
2 , ± 5

2 in the U -QD.
Since the tunneling coupling is vanishing small in the current

FIG. 4. (Color online) (a) Schematic view of a QDM doped
with a single manganese represented by a sphere. L and U are
abbreviations of lower and upper, respectively. (b)–(d) are schematic
depictions of couplings between one atomic state of a hole in the
undoped L-QD and six in the doped U -QD and the formation of
molecular states for short, intermediate, and large interdot distances,
respectively. In each panel, the left and right columns depict
schematically the atomic energy levels of L- and U -QDs, where
the middle column illustrates the molecular states. Dotted lines are
guides to the eye that indicate the couplings. Red and blue arrows are
also guides to the eye that show how the BD and AB states respond
when L increases from the left to the right panels.

case, these six sublevels in the doped QD are symmetrically
distributed around the energy level of the undoped QD, i.e.,
half above and half below the ground-state energy level of
the L-QD, denominated by higher (red lines) and lower (blue
lines) states, respectively, as illustrated in Fig. 4(d). As two
QDs approach each other, the tunnel coupling is enhanced
and molecular orbitals are created. The coupling between the
state in L-QD and the six states in the U -QD results in the
formation of six pairs of molecular orbitals. As is well known,
a hybridization between two separate states raises the energy
level of the lower energy state and lowers that of the higher
energy state. Therefore these molecular orbitals belong to two
groups. Among them group-I (II) arises from hybridizations of
the state in L-QD with the higher (lower) states in U -QD, as
shown in the middle of Fig. 4(c) by red (blue) lines. Because of
weak tunnel coupling, the renormalization of atomic energy of
individual QDs due to the hybridization is small. Therefore, in
each group, there are two sets of three closely stacked levels,
separated by the exchange interaction energy. In this regime,
because of delocalization of the hole wave function, both
heavy-light hole mixing and tunnel coupling exist. However,
the valence band mixture is a predominant factor. Therefore
the ground-state molecular orbital exhibits AB character. As L
is further decreased, however, the tunnel coupling overcomes
the valence band mixing and the molecular ground state is best
characterized by BD type, as demonstrated in the middle of
Fig. 4(b). Then, either crossover or anticrossing takes place for
the molecular orbitals with the same or different z component
of the total spin. Therefore a switch in the nature of the
molecular ground state from the common BD to the AB type
happens as the dot-dot separation increases.

C. Electrical field tuned AB molecular ground state
in single-Mn-doped InAs/GaAs QDMs

In absence of electric field F , the molecular orbitals are
orthogonal. Application of F along the QDM axis breaks
its vertical mirror symmetry, shifting the energy levels of
both dots overall and with respect to each other and causing
a charge transfer between the two QDs. Then, the original
zero-field orthogonal BD and AB states of QDMs are no longer
decoupled. Instead, they become hybridized, which results in
an avoided crossing and consequently the onset of an energy
gap, as shown in Fig. 5 where the energies of the two lowest
molecular states in a pure (undoped) QDM as a function of
interdot distance are plotted. To reveal the characteristic of the
molecular orbital, the weights of the BD (red curve) and AB
(blue curve) components in the ground state of the QDM at
F = 0.04 kV/cm are illustrated in the inset. Notice that the
weight of the BD and AB components in the ground state is
almost equal at L = 80 Å . As L is decreased, the weight of
AB increases, its counterpart decreases. Thus the molecular
ground state is of the AB character. At L = 43 Å, the former
reaches its maximum and the latter drops to its minimum.
After that, the BD starts to increase meanwhile the AB begins
to decrease. When L = 36 Å, the two components reach an
equal weight again. While L is further decreased, the weight
of BD type exceeds that of AB type. Consequently, the nature
of the molecular ground state is characterized by BD type. It is
also noted that the stronger the electric field the larger the band
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FIG. 5. (Color online) Energies of the two lowest molecular
states in a pure (undoped) QDM with a dot size 	 = 70 Å and lateral
confinement strength �ω = 150 meV, subjected to an electric field
F = 0 (solid line), 0.02 (dashed line), and 0.04 kV/cm (dotted line).
The inset shows the weights of the BD (red curve) and AB (blue curve)
components of the ground state of the QDM at F = 0.04 kV/cm.

gap due to enhanced quantum confined Stark effect (QCSE).
Furthermore, the QCSE depends strongly on L. For a certain
F , the QDMs with smallL exhibit a weaker electric field effect
than those with large L. Then the energy levels are very close
to their original zero-field counterparts. While increasing L,
however, the effects of the electric field become progressively
stronger. In the regime of largeL, the tunnel coupling becomes
vanishing and the energy levels of the two molecular states
converge into two different values corresponding to the QCSE
renormalized atomic energies of the U - and L-individual
QDs. This strong F dependence allows us to tune the
nature of the QD molecular orbitals electrically. Although F

transforms a zero-field BD-AB crossing into an anticrossing,
the main conclusion that is the switch of the character of the
molecular ground state from BD to AB type still holds as L
increases.

For the single-Mn-doped QDMs, both the p-d exchange
interaction and applied electric field F break the vertical mirror
symmetry of the system. The former induces the splitting of the
molecular orbitals, whereas the latter induces an overall shift
of the energy levels in both dots and a detuning between them,
causing a charge transfer between QDs. Nevertheless, the p-d
exchange interaction and F are not independent entities, but
instead an interplay between them exists. Figure 6 shows the
energies of the lowest twelve molecular spin orbitals as a
function of the interdot distance for four different F values.
In absence of F , there are two groups of molecular states:
one (upper group) with a higher energy and the other (lower
group) with a lower energy. In either group, three energy levels
are closely stacked and others are well separated. However,
the six twofold degenerated energy levels in the QDMs with
large L are uniformly and symmetrically distributed around
the energy level of the undoped QD. The electrical field F

squeezes the energy levels belonging to the higher energy
group, while spreads the energy levels in the other group,
accompanied by opening up a gap. The stronger the F the

FIG. 6. (Color online) Energies of the lowest twelve states of the
hole-Mn complex in a single-Mn-doped QDMs with a dot size 	 =
70 Å, lateral confinement strength �ω = 150 meV, and Mn2+ ion
located at z = 	/2 + L/2, subjected to an electric field F = 0.01 (a),
0.02 (b), 0.03 (c), and 0.04 kV/cm (d). Jeff/Jpd = 1% is assumed in
the calculation.

bigger the gap and more closer the energy levels in the
upper group. On the other hand, for a given F , the QCSE
depends strongly onL. In the regime of small dot-dot distance,
tunnel coupling overcomes the effect of charge transfer. Then,
molecular BD and AB are created and they extended to the
whole system. Thus the overall twelve states arising from the
exchange interaction between the hole and the Mn2+-ion spin
are observed. Increasing L leads to an enhanced Stark effect.
Thus the ground-state hole is transferred from U to L dot.
However, the hole lying in the first excited state is attracted
to the U dot. Since the Mn2+ ion is embedded in the U dot,
there is a vanishing exchange interaction in the ground state
but a finite value in the first excited state. As a result, the six
higher energy states are condensed by F , while the others are
well separated by exchange interaction energy. Since F breaks
down the mirror symmetry along the QDM axis, it induces
coupling between the original independent zero field (F = 0)
molecular orbitals, which leads to anticrossings as well as an
opening of an energy gap. The larger the electric field the
more pronounced the effects. It is worthwhile to comment that
reversing the direction of F or changing the position of Mn2+

ion from the U to L dot, an inversion of energy spectra is
expected.

To gain more insight into the spin and charge molecular
physics, Fig. 7 depicts the energy spectra of the three lowest
|Mz| = 5/2 states and the evolution of the correspondent
orbitals of a hole-Mn complex in single-Mn-doped QDMs,
subjected to an electric field F = 2 kV/cm. Notice that two
of the three lowest states are coupled. As L increases, an
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FIG. 7. (Color online) (Left) Energies of the three lowest |Mz| =
5/2 states of the hole-Mn complex in single-Mn-doped QDM with
lateral confinement strength �ω = 150 meV and Mn2+ ion located
at z = 	/2 + L/2, subjected to an electric field with a strength close
to the resonance condition F = 2 kV/cm. The right-hand side inset
plots the weight of the BD (blue line) and AB (red line) components
in the ground state, whereas the middle and the left-hand side
insets illustrate schematically the characteristics of the correspondent
molecular orbital. Herein, the dashed lines are guides to the eye
and indicate the critical point at which the switch in thecharacter
of the ground state occurs. (Middle and right) Evolution of the
correspondent molecular orbitals of the two coupled blue (middle)
and red (right) |Mz| = 5/2 states as dot-dot separation L increases:
[(a) and (b)] 35, [(c) and (d)] 45, and [(e) and (f)] 55 Å .

anticrossing occurs, accompanied by a switch of the ground-
state character from BD to AB. The character of the ground
state is identified by the form of its orbital (right panel). At
L = 30 Å, the ground state is constituted by both BD and
AB orbitals, but the BD component possesses a dominant
weight. Hence an asymmetric orbital with a nonzero midway
probability is observed, as shown in (a). As the two dots
separate away, the weight of the AB component increases,
while the BD component decreases. At L = 45 Å, the orbital
becomes almost symmetric with zero midway probability, as
illustrated in (c). It indicates that the ground state is dominated
by an antisymmetric AB orbital and the BD-component has
only a vanishing contribution. Hence, the nature of the ground
state has switched from the BD to AB character. As two dots
are separated further, such as L = 55 Å, the shape of the
ground-state orbital changes slightly, but keeping the main
feature unchanged. On the other hand, the right panel showing
an evolution of molecular orbital of red curve provides a com-
plementary information which gives an unambiguous support
to our main conclusion. Finally, it is worthwhile to note that
there is a state decoupled with both of above mentioned states.
This decoupling is attributed to the different z component of
total spin. It is important to mention that the exchange effect
leads to an extra state shared by the BD and AB energy levels,
thus providing a Mn- assisted tunneling resonance.

D. Effective Zeeman splitting of AB molecular ground state
in many-Mn-doped InAs/GaAs QDMs

After understanding well the nature of single-Mn-doped
QDMs ground state, we move our attention to diluted magnetic

FIG. 8. (Color online) The first four lowest-lying Mz = ±5/2
molecular states of many-Mn-doped QDMs with the manganese
concentration (a) xMn = 0.020% and (b) 0.025% (b) as a function
of L for lateral confinement strength �ω = 150 meV.

QDMs. In this case many manganese atoms are uniformly
distributed in the system. The carrier mediated p-d exchange
interaction induces an effective magnetic field which splits the
atomic orbitals of individual QDs into spin-up and spin-down
branches [34,37]. Since the tunnel coupling only hybridizes
spinlike atomic orbitals, two pairs of the BD and AB states are
formed. Among them, one is with an up-spin and the other with
a down-spin, as shown in Fig. 8. The energy level separation
between the two BD (blue lines) or AB (red lines) states are
attributed to the effective Zeeman energy. As the concentration
of manganese is increased from xMn = 0.020% to 0.025%, the
two pairs are separated further due to the enhancement of the
effective magnetic field.

IV. CONCLUSIONS

We present single- and multiband k · p calculations for
both undoped and manganese-doped vertically stacked self-
assembled InAs/GaAs QDMs. We found an unusual switch
of the molecular ground state from BD to AB type as the
dot-dot distance increases for both kinds of QDMs, which
is unexpected in common diatomic molecules. In contrast to
undoped QDMs, not only orbital-related but also spin-related
new features are observed in Mn-doped QDMs. Furthermore,
both of them can be tuned by either the concentration or the
distribution of manganese, or the lateral confinement strength
or the electric field applied along the direction of the QDM
axis. For instance, in absence of electric field, there is only
one pair of BD and AB states in undoped QDMs, there are
six pairs in single-Mn-doped QDMs and two pairs in many
Mn-doped QDMs. Furthermore, the six pairs of BD and AB
states in single-Mn-doped QDMs are grouped into two sets.
In one set, the energy levels are stacked together and the p-d
exchange interaction tends to bring them closer. In the other
group, however, the energy levels are well separated and taken
farther apart by increasing the exchange interaction. Electric
field remarkably tunes the gaps between anticrossing states.
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