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Ising lines: Natural topological defects within ferroelectric Bloch walls
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Phase-field simulations demonstrate that the polarization order-parameter field in the Ginzburg-Landau-
Devonshire model of rhombohedral ferroelectric BaTiO3 allows for an interesting linear defect, stable under
simple periodic boundary conditions. This linear defect, here called the Ising line, can be described as an
about 2-nm-thick intrinsic paraelectric nanorod acting as a highly mobile borderline between finite portions of
Bloch-like domain walls of opposite helicity. These Ising lines play the role of domain boundaries associated
with the Ising-to-Bloch domain-wall phase transition.
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I. INTRODUCTION

Perovskite ferroelectrics are the key materials in current
ferroelectric research, and a considerable effort was recently
devoted to investigations of their domain structure and their
domain-wall properties. Much less is known about ferroelec-
tric line defects, although this topic is now gaining attention
[1–11], for example, in relation to magnetic vortices and
skyrmions [1,2]. Ferroelectric domains and line defects are
inspiring in other research areas, too, for example, in the
particle physics [12].

Here we demonstrate that perovskite ferroelectrics like
BaTiO3 may contain an interesting linear defect, analogous
to the edge dislocation lines of crystal lattices and twist
disclination lines of liquid-crystal textures [13,14] but related
to the vectorial field of the spontaneous polarization. It is
similar to magnetic Bloch and Néel lines [15–18], but the
ferroelectric line obtained here has a vanishing polarization at
the axis of its core (see Fig. 1). Therefore, we will denote the
specific defect studied here as an Ising line.

This Ising line is ultimately related to the existence of
ferroelectric Bloch walls, recently inferred from phenomeno-
logical [19–22] and first-principles calculations [23,24] for
BaTiO3 and PbTiO3. In particular, within the Ginzburg-
Landau-Devonshire (GLD) model of Refs. [25,26], the Bloch-
like (bistable and chiral) structure of the [2̄11]-oriented 180◦
domain wall of rhombohedral BaTiO3 has been demonstrated
[19,22]. Moreover, this wall can be transformed to an
achiral, Ising-like domain wall, for example, by moderate
uniaxial stress [21]. The transformation proceeds as a con-
tinuous, symmetry-breaking phase transition associated with
a divergence of the dielectric permittivity [27] and with a
disappearance of the polarization PDW within the domain-wall
interior [21]. The “internal” polarization PDW of the Bloch
wall between domains with spontaneous polarization parallel
and antiparallel to the [111] direction is parallel or antiparallel
to the [01̄1] direction (we refer to the cubic axes of the parent
phase; see Fig. 2).

In light of these findings, we expect that the simple array
of 180◦ Ising walls depicted in Fig. 2(a) is unstable at ambient
pressure. In phase-field simulations, a minor perturbation
typically transforms the structure of Fig. 2(a) into an array
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of Bloch walls, for example, the one in Fig. 2(b), where
the PDW vector has opposite orientation within neighboring
domain walls [21]. Such a domain structure contains only
the domain walls of the same helicity, and it is thus a chiral
structure as a whole, but there are no defect lines there.
Obviously, it can be anticipated that the antiparallel PDW states
could coexist within the same domain-wall plane, similar
to how the ferroelectric domains may coexist in the bulk
ferroelectric crystal [22,28–30]. Then, soliton-like line defects
with a characteristic profile may form at the borderline between
domain-wall regions of opposite helicity, similar to how the
Bloch or Néel lines may form within magnetic Bloch walls
[22,30].

Here we report a domain structure with equal left-handed
and right-handed areas within each Bloch-wall plane, which
is numerically stable in the standard phase-field GLD sim-
ulations for BaTiO3. This racemic structure, depicted in the
Figs. 2(d)–2(f), indeed comprises a set of Ising lines, such as
that in Fig. 1. The aim of this paper is to describe their basic
properties.

II. PHASE-FIELD SIMULATIONS

The present phase-field simulations employed a phe-
nomenological GLD energy functional complemented by
exact calculation of the long-range electrostatic energy as-
sociated with the inhomogeneous profile of the polarization
field [31]. The local mechanical equilibrium and strain com-
patibility are implicitly imposed by the method [31]. Further
details about the phase-field approach in ferroelectrics can
be found in Refs. [6,26,32–34]. In the results displayed here,
we used the same GLD model parameters for BaTiO3 as in
Ref. [21]. The adjustable temperature parameter of the model
was set to 118 K, but similar results were obtained at other
temperatures within the stability range of the rhombohedral
ferroelectric phase. Periodic boundary conditions were applied
to both polarization and strain fields. Furthermore, the overall
stress-free conditions were assumed (stress averaged over the
periodic supercell is vanishing). The calculation was typically
conducted on a 128 × 128 × 128 discrete mesh with 0.5-
or 0.25-nm spatial steps. This allows us to inspect local
polarization vectors at the scale of the perovskite elementary
unit-cell parameter (see Fig. 3).

The initial configuration had a steplike polarization seed
profile in which polarization directions roughly conform to that
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FIG. 1. (Color online) Ising line defect in rhombohedral BaTiO3

as obtained from the model described in the text. When circumventing
the core of this defect following a closed path (dashed line) around
its axis t, the polarization on this path rotates around the [2̄11] axis,
which is perpendicular to t.

in Figs. 2(d)–2(f). A careful design of the initial configuration
was an essential condition for keeping the Ising lines in
the relaxed domain structure because these lines are highly
mobile and easily annihilate. The architecture of our initial
configuration obviously respected the basic requirements such
as that the energetically very costly head-to-head or tail-to-tail
polarization configurations should be avoided. Among other
things, this implies that the Ising lines are all parallel to PDW

[see Figs. 2(c) and 2(e)].
Subsequently, the initial polarization field configuration

has been fully relaxed according to the time-dependent
Ginzburg-Landau equation [21,26,31]. The final relaxed
domain-structure state indeed kept the overall architecture of
the engineered initial state [Fig. 2(d)], at least as long as the
distances between the Ising lines were larger than about 3 nm
and the distance between the domain walls was larger than
about 6 nm. Such polarization profiles can be viewed as the
exact numerical solution of the Euler-Lagrange equations of
the above-introduced GLD model.

III. RESULTS

The local arrangement of the polarization in the relaxed
structure around the core of the Ising line is shown in Fig. 3.
The structure can be best understood in terms of the symmetry-
adapted coordinates associated with the orthogonal unit
vectors r ‖ [111], s ‖ [2̄11], and t ‖ [01̄1] shown in Fig. 2(c).
For example, the Bloch nature [21,35] of the domain walls
becomes apparent when the Pr,Pt,Ps polarization components
are traced across the domain wall [see Fig. 4(a)]: In the heart
of the domain wall, the principal polarization component Pr

passes through zero, but the additional polarization component
Pt appears, so that the total polarization at the Pr = 0 point
is nonzero. The exchange between Pr and Pt components on
the path across the domain wall corresponds to the rotation of
the polarization vector within the plane parallel to the domain
wall. In the domain walls shown in Fig. 4(b), the polarization
rotates in the same sense as the windings on a right-handed
screw; the opposite sense of rotation is encountered in domain
walls depicted in Fig. 4(a).

Figure 4(c) displays the polarization profile along a trajec-
tory that connects the antiparallel bulk domain states through
the Ising line. It demonstrates that within the Ising line, the

FIG. 2. (Color online) Plausible domain structures of rhombohe-
dral BaTiO3 with [2̄11]-oriented 180◦ (a) Ising walls, (b) Bloch walls,
and (d)–(f) Bloch walls containing Ising lines. (c) shows directions of
the spontaneous polarization within ferroelectric domains (parallel
or antiparallel to [111]), the internal polarization within the Bloch
walls ([011̄] or [01̄1]), and the domain-wall normal s ‖ [2̄11]. The
distribution of the internal polarization within a selected Bloch wall
is sketched in (e). Areas 1–3 marked in (d) relate to Figs. 3 and
4, and the hexagon shown in (f) emphasizes the Honeycomb lattice
arrangement of Ising lines.

FIG. 3. (Color online) (a) Polarization around the Ising line in
region 3 in Fig. 2(d), calculated at 0.5-nm mesh. (b) Domain-wall
area, emphasized by the color code.
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FIG. 4. (Color online) Profiles of Pr,Pt, and Ps polarization
components along the [100] direction as obtained from phase-field
simulations for rhombohedral BaTiO3 at 118 K using the model
described in the text. Data are taken from the front face of the
simulation box (a) at the trajectory 1 and (b) at trajectory 2 shown
in Fig. 2(d) and (c) at the intermediate trajectory passing through the
Ising lines.

PDW really vanishes. This strongly contrasts with analogical
line defects known from ferromagnetism. The reason for this
difference is obviously the importance of the electrostatics;
a ferroelectric Néel line would be strongly penalized by
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FIG. 5. (Color online) Profiles of the Pr,Pt, and Ps polarization
components within a selected Bloch wall (along the r ‖ [111]
direction) corresponding to (a) the virgin state and (b) the partially
switched (b) state. These two states correspond to points A and
B on (c) the quasistatic hysteresis loop, demonstrating switching
of the domain-wall polarization PDW by the electric field applied
along the t ‖ [01̄1] direction. Results were obtained from phase-field
simulations at 118 K using 128 × 128 × 128 simulation box with a
spatial step of 0.5 nm.

the associated local depolarization field [36]. However, this
penalty is less prohibitive than that of the 2D Néel wall,
and in principle, the ferroelectric Néel line may exist in
some ferroelectric materials. It is likely that Ising-to-Néel or
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Ising-to-Bloch crossover phenomena could occur in Ising lines
curved or inclined out of their nominal orientation.

We have also explored the stability of the domain structure
with respect to applied bias electric fields. The width of the
Ising line is about 2 nm, and such a broad thickness ensures its
high mobility within the domain wall. Concerted drift of Ising
lines can be forced by a homogeneous bias field applied along
the t ‖ [01̄1] direction. For example, in the simulations with a
0.5-nm step the coercive field sufficient to remove all the Ising
lines at 118 K was only about 3 kV/mm.

A hysteresis loop showing variations of the Pt polariza-
tion component averaged over the whole supercell under a
periodically oscillating electric field is shown in Fig. 5(c).
This hysteresis is related to the growth of the area with a
favorably oriented Pt component, mediated by the motion
of the Ising lines. A comparison of the virgin and partially
switched polarization profiles within the domain-wall plane is
shown in Figs. 5(a) and 5(b). The profile of the Pt component
clarifies that the Ising line can move as a soliton, without any
essential change in its internal form.

Figure 5 also shows slight spatial oscillations of the profiles
of Ps and Pr components. They are partially related to a
slight bending of the domain-wall plane around the Ising line
(the wall is not completely planar). On the other hand, the
polarization profiles of the domain wall in the flat regions
distant from the Ising line are very similar to the ideal
polarization profiles obtained in Refs. [21,22]. In spite of a
strong electrostatic interaction term in the model, domain-wall
profiles in these flat regions [Figs. 4(a) and 4(b)] show a
clear indication of the characteristic double kink in the normal
(Néel) component of the polarization (Ps). It is worth noting
that in some high-symmetry domain walls [37–39] such double
kinks on Ps or Pt appear only after considering flexoelectric
[40] coupling terms, while here, in the case of the [2̄11]-
oriented Bloch (bistable [41]) wall, the flexoelectric coupling
has actually only a negligible influence on the domain-wall
profile [21,22].

Since the polarization in our simulation happens to be
strictly constant along the t direction, it is convenient to
inspect the section of the simulated domain structure by a
plane perpendicular to the t ‖ [01̄1] direction. The polarization
distribution in this plane [highlighted in Fig. 2(f)] shows that
here the Ising lines are actually forming a slightly distorted
triangular lattice with mutual distances of about 14 nm.
The macroscopic (average) symmetry of this relaxed domain
structure is 2/m, with the twofold axis along the t direction.
However, the mirror symmetry plane here is actually a glide
operation with a fractional translation along the r direction.
Thus, it only transforms one Ising line to another one. This
is compatible with the fact that the individual Ising line is a
chiral object.

IV. DISCUSSION

In the continuum limit, the core of the Ising line is a line
of zero polarization. In this sense, the Ising line cores are
the lines of true singularities. The Jacobian matrix evaluated
there has two complex-conjugate eigenvalues and one zero
eigenvalue. Thus, the Ising line could be viewed as a line of

focus-type singular points [42]. Moreover, it can be denoted
as a vortex since it satisfies both the Q > 0 and λ2 < 0 vortex
identification criteria of Refs. [43,44], respectively [45,46].
Interestingly, Ising lines overall are slightly charged. The linear
charge density of the perfectly [01̄1]-oriented Ising line studied
here was less than about 10−10 C/m, but in principle, in a real
material, it may play some role.

If we follow the polarization round an oriented circuit
far from the core of a given Ising line (see Fig. 1), it is
found that the polarization rotates once around the s direction
[47]. Therefore, the Ising line can be considered an edge
disclination of unit strength [13]. The nearest-neighbor Ising
lines within the same domain wall have the opposite sense of
the polarization rotation. In contrast, the flux closure vortices
observed in ferroelectric thin films and ferroelectric nanodots
are analogical to a screw disclination of unit strength because
there the similar construction would result in rotation around
the core of the vortex.

V. SUMMARY

In summary, we have explored properties of Ising lines –
vortex line defects, expected to exist in ferroelectric Bloch
walls as borderlines between areas of opposite helicity. We
have proposed a simple ferroelectric domain structure with
a triangular lattice of such Ising lines. This structure was
shown to be stable within the established GLD model for
rhombohedral phase of BaTiO3.

In simple words, the Ising line studied here is an about
2-nm-thick, [01̄1]-oriented paraelectric nanorod of intrinsic
nature, embedded within a [2̄11]-oriented wall. This Ising line
is mobile, and its motion mediates the switching of both the
Bloch-wall helicity and Bloch-wall polarization. Therefore,
the electric field parallel to the Ising line can be used to
switch the domain-wall polarization without changing the bulk
domain polarization. Obviously, it can be expected that when
the electric field in such a direction is applied locally to an
originally homogeneous Bloch wall, for example, using the
tip of a conveniently designed atomic force microscope, then
the Ising lines can also be created or destroyed in this way.

Finally, the structure of the Ising line itself was clarified.
The polarization, followed along an oriented circuit drown
around the axis of the Ising line (see Fig. 1), makes a full turn
around the Bloch-wall normal s. Therefore, the structure of
this vortex line differs from the more frequent case where the
polarization rotates around the axis of the defect, for example,
in two-dimensional skyrmions or the ferroelectric flux-closure
vortices. The structure of the Ising line also differs from that
of magnetic Bloch lines and Néel lines because the core of
the Ising line is unpolarized. We believe that, in general, Ising
lines with similar properties can be encountered in other kinds
of ferroelectric Bloch walls.
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