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We theoretically study three-dimensional topological semimetals (TSMs) with nodal lines protected by
crystalline symmetries. Compared to TSMs with point nodes, e.g., Weyl semimetals and Dirac semimetals,
where the conduction and the valence bands touch at discrete points, in these TSMs the two bands cross at closed
lines in the Brillouin zone. We propose two different classes of symmetry protected nodal lines in the absence
and in the presence of spin-orbital coupling (SOC), respectively. In the former, we discuss nodal lines that are
protected by a combination of inversion symmetry and time-reversal symmetry, yet, unlike previously studied
nodal lines in the same symmetry class, each nodal line has a Z, monopole charge and can only be created
(annihilated) in pairs. In the second class, with SOC, we show that a nonsymmorphic symmetry (screw axis)

protects a four-band crossing nodal line in systems having both inversion and time-reversal symmetries.

DOLI: 10.1103/PhysRevB.92.081201

The study of topological semimetals has recently drawn
much attention from both the theoretical and the experimental
communities. Topological semimetals (TSMs) are systems
where the conduction and the valence bands have robust
crossing points in k space, compared with normal metals where
the two bands have a direct gap at each k. Compared with
normal metals, the Fermi surface (FS) of an ideal TSM has a
reduced dimension: In two dimensions, a normal metal has a
one-dimensional (1D) FS while a TSM has a zero-dimensional
(0OD) FS; and in three dimensions, a normal metal has a
two-dimensional (2D) FS while a TSM has a 1D or OD FS.
More importantly, the states near the FS are characterized by
a nontrivial topological number. These unique features of FS
in TSMs give rise to exotic properties, such as the existence
of Fermi arcs on the surface [1] and the chiral anomaly in
the bulk [2,3]. In three dimensions, Weyl semimetals [1]
and Dirac semimetals [4] have been intensively studied both
theoretically [2,5-13] and experimentally [14-25]. In Weyl
semimetals, the two bands cross at an even number of discrete
points in the Brillouin zone (BZ), around which the bands are
nondegenerate and disperse linearly in all three directions. In
Dirac semimetals, both the conduction and the valence bands
are twofold degenerate and cross each other at an odd or
even number of points. Both systems belong to the class of
topological nodal point semimetals (TPSMs).

In three dimensions, there is another class of TSMs
where the conduction and the valence bands cross each
other at closed lines instead of discrete points, i.e., nodal
lines [5,13,26-38]. These nodal line semimetals (TLSMs) are
in the midway between TPSMs and normal metals: (i) At exact
half filling, the FS is 0D, 1D, and 2D in TPSMs, TLSMs,
and normal metals, and (ii) the density of state scales as
po x (E — E¢)*, py « |E — E¢|, and a constant in TPSMs,
TLSMs, and normal metals, a fact from which one expects
distinct electron correlation effects in the three classes. For
example, the screening effect in these metallic states has
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been discussed [39]. Very recently, many theoretical proposals
of materials for realizing TLSMs have emerged, including
the realization in graphene networks [31], in Caz;P, [32], in
LaN [13], and in Cu3(Pd,Zn)N [33,34]. In all these works,
and also in earlier theoretical model studies [5,27,28], the
nodal line has the following properties: (i) Unlike a Weyl
node, a single line node can shrink to a point and vanish
by continuously tuning the Hamiltonian [33], and (ii) its
stability requires the absence of spin-orbital coupling (SOC),
and upon turning on strong SOC, each nodal line is either
split or gapped due to the hybridization between opposite spin
components [10,13]. It is natural to ask if there is another class
of nodal lines with nontrivial monopole charges, and if there
are nodal lines that are robust even in the presence of SOC,
i.e., four-band crossing lines. These open questions motivate
us to develop a more comprehensive theory on TLSMs.

Our results are presented in two parts on TLSMs without
and with SOC, respectively. In the first part, we revisit systems
with P and T in the absence of SOC, and find a different class
of nodal lines that can only be created and annihilated in
pairs, characterized by a unique Z, topological invariant. For
a closed surface around the nodal line, we define a Z, invariant
protected by P x T, classifying all nodal lines into two classes,
with and without a Z, charge, respectively. Nodal lines with
a Z, charge can only be created and annihilated in pairs, as
the total charge of the BZ must be zero. Finite perturbation
can make a nodal line with a Z, charge shrink to an accidental
nodal point, but cannot gap it. In the second part, we discuss
systems with P, T, and strong SOC. We show that if there is
an additional twofold screw axis, a four-band crossing line, or
a double nodal line (crossing between two doubly degenerate
bands), can be protected on the boundary of the BZ. This
is analytic proof of the symmetry protection of a four-band
crossing line. We apply the resultant theory to explain the
double nodal line found in earlier model studies [26,29] on
SrlrO;.

The symmetry we consider is the composition of P
and T, or P x T, an antiunitary symmetry that preserves
the momentum of a single particle. In a system without
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SOC, we have T2 = 1, P2 = 1, and [P,T] = 0, which imply
(P % T)? = +1. The action of P T on the atomic orbitals can
hence be represented by complex conjugation (K ) up to a basis
choice. Therefore, the single particle Hamiltonian H (k) is a
real matrix at every k in BZ. A real, gapped Hamiltonian has a
Z, topological classification in both one and two dimensions,
indicated by the first and the second homotopy groups of the
projector onto the occupied bands [40],

n( O(M + N) )_n< OM +N)
Nomyeow)) ™ \own e ow)

where M and N are the numbers of the unoccupied and the
occupied bands (M,N > 1). Since H (k) is real, at each k there
is a real representation for all eigenstates of H (k). Therefore,
for each projector onto the occupied bands P(k), 1 — 2P (k)
is an O(M + N) matrix that is invariant under any rotation
within the occupied (unoccupied) space, i.e., an element of the
quotient group.

The Z, classification of H(k) in 1D directly leads to
protected nodal points in 2D and nodal lines in 3D, which
have been studied in Refs. [5,31,33]. To see this, consider
a closed path, i.e., a loop, in the 3D BZ, along which the
Hamiltonian is gapped. The Z, invariant for the loop is
simply the Berry’s phase for all occupied bands, quantized
to either O or 7, corresponding to the trivial and the nontrivial
classes, respectively. If a loop belongs to the nontrivial Z,
class, it cannot shrink to a point and vanish without crossing
a singularity. In 3D BZ, this implies a line of singularities
threading through the loop [see Fig. 1(a)]. Given H(k)
continuous, each singularity is where the gap closes between
the conduction and the valence bands, i.e., a nodal point, and a
line of singularities is hence a nodal line. Given a nodal line in
3D, any loop that interlocks with the nodal line has a Berry’s
phase of m, while the other loops have zero Berry’s phase.
Thus we conclude that P x T topologically protects a nodal
line in 3D in the absence of SOC. Unlike the monopole charge
of Weyl nodes, the 1D Z, invariant does not forbid a single
nodal line from being annihilated or created locally in k space

) =2, (1)
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FIG. 1. (Color online) (a) A nontrivial Z, invariant (Berry’s
phase of ) of any loop in 3D BZ implies a nodal line (solid line)
passing through the loop. (b) The 2D Z, invariant for a nodal line in
3D BZ defined on a sphere enclosing the line. (c) The evolution of
a nodal line with zero monopole charge as the parameter changes in
the model of Eq. (2). (d) The evolution of a nodal line with nonzero
monopole charge as the parameter changes in the model of Eq. (5).
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in 3D. Consider the following two-band model as an example:
HK) = (m — ko, + k.o.. )

H (k) has a nodal line on the k, = 0 plane of radius /m if
m > 0. As we change m from positive to negative, the nodal
line shrinks to a point at the origin and vanishes [see Fig. 1(c)].
The reverse process creates a single nodal line from the origin.
This is a key difference between this nodal line and a point
node in Weyl semimetal or some Dirac semimetal. In the latter
cases, each point node has a monopole charge, and therefore
can only be created or annihilated in pairs.

The nontrivial Z, classification for real, gapped Hamilto-
nians in 2D indicates a different classification for nodal lines
in 3D. It implies that with P x T, H(k) on the surface of a
sphere can be topologically nontrivial. In 3D k space, if H (k)
on the surface of a sphere belongs to the nontrivial class, the
sphere cannot shrink to a point and vanish without meeting
a singularity. Since P x T cannot stabilize a point node, the
singularity is a nodal line inside the sphere.

The 2D Z, invariant for nodal lines in 3D k space, defined
on a surface enclosing the line [see Fig. 1(b)], is a unique
topological invariant. It indicates the absence or presence of
the obstruction to finding a smooth and real gauge for the
periodic part of the Bloch wave functions (wave functions
for short hereafter) of the occupied bands. This invariant can
be constructed based on this observation. Consider a sphere
divided by an equator into two halves, say, the Northern
and the Southern Hemispheres. The wave functions on each
hemisphere, [u (6,4)) and |u5(6,¢)), can be real and smooth
because each hemisphere is contractible. At each point on the
equator, denoted by the azimuthal angle ¢, where the two
hemispheres meet, the projectors to the occupied space must

be equal,
(GG

neoct
because the Hamiltonian is smooth on the whole sphere.
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Therefore, the matrix
aGo) o

T
an(¢) = <u;17\1[<_7¢>
2
is an Noee-by-Noe orthogonal matrix. For the orthogonal
group, there is

’

T[I[O(NOCC)] = 7. (4)

When M(¢) is Z, nontrivial, there is an obstruction to
defining a smooth gauge on the whole sphere. In Sec. I of
the Supplemental Material [41], we show how to obtain this
invariant without using a smooth gauge on hemispheres.

This Z, invariant classifies nodal lines in 3D systems with
P x T into two classes: with and without a Z, charge. A nodal
line with a Z, charge can be considered a Z, monopole, which
can only be created or annihilated in pairs. This is easy to prove
by contradiction: If a Z, monopole is created (annihilated)
locally in k space, the wave functions sufficiently away from
this point are changed by a small amount, so the Z; invariant on
a surface far away from the point is unchanged, contradicting
the assumption that a Z, monopole is created (annihilated)
within.
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For concreteness, we construct a 3D Hamiltonian around
such a Z, monopole,

H(K) = q,Sxc +qyTy8y + q.5; +mtys,, 5)

where 7; and s; are Pauli matrices acting on two isospin degrees
of freedom and q = k — K is the momentum relative to the
origin of the k - p expansion. The spectrum is given by

Ek) = i\/q§+( q§+q§im)2. (6)

The band crossing can be found by solving E(q) = 0, yielding

k., =0and /q? +q3 = |m|, i.e., anodal line on the xy plane

of radius /[m]. As m changes from positive to negative, the
radius decreases and shrinks to zero at m = 0, but increases
again when m becomes negative [see Fig. 1(d)]. An explicit
calculation of the Z, charge of this nodal line is given in Sec.
II of the Supplemental Material [41].

We emphasize that the SU(2) rotation plays an important
role in protecting a line node. When SU(2) is broken, or there
is SOC, the composition of inversion and time reversal ensures
double degeneracy at each k in BZ. Any crossing point between
two doublet bands is hence a four-band crossing, yetitis easy to
see that a four-band crossing is not protected in any 3D system
without additional symmetries. Without SU(2), the symmetry
P + T satisfies (P % T)*> = —1, because 7> = —1 in a spin
half system. A generic four-band model with P % T in the
presence of SOC is

H(K) = fisy + fatysy + fas: + fatusy + fstzsy, (D)

where each f; is a function of (ky,ky,k;), P * T = K(it)). A
band crossing requires five equations to be satisfied, namely,
fi=fr= f3 = fa = f5 =0, whichis impossible ina 3D BZ
without fine tuning. It is natural to ask if additional symmetries
can protect a four-band crossing nodal line in 3D systems with
SOC, and further, if yes, what are they.

Recent work shows that in the presence of nonsymmorphic
symmetries, four-band crossings can appear at high symmetry
0D nodal points on the BZ boundary [42]. A nonsymmorphic
symmetry is a point group symmetry composed with a frac-
tional lattice translation; the commutation relation involving
a nonsymmorphic symmetry is generally k& dependent due
to the translation part [43-47]. At I', a nonsymmorphic
symmetry can be treated as its point group component as
long as the commutation relations are concerned; at a BZ
boundary, the fractional translation makes the group structure
of nonsymmorphic symmetries different from any point
group, and leads to other types of band crossings and high
degeneracies [48].

In this Rapid Communication we show that the presence
of P, T, and a twofold screw axis protect double nodal lines
(four-band crossing lines) on the BZ boundary in a 3D system
with SOC. Unlike P that only acts in the real space, a twofold
screw axis along z (S;) acts in both the real space (x,y,z) and
the spin space (sy,Sy,S;) simultaneously,

Sy (—x+ B4y M ¢
XLy, —X , — I Y
2 W)z 2 YT R

(SX,Sy,SZ) — (=Sy, — Sy’sz)’ (8)
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where u,A = 0,1 denote the shift of the axis (ua/4,Ab/4,z)
from the inversion center and a, b, and c are the lengths of
three basis vectors. Combining the twofold axis and inversion
generates another symmetry:

ua Ab c
RZ:(-xayaZ)_) X_T»Y_T,—Z-FE 5
(SX,Sy,SZ) g (—Sx, - Sy’sz)~ (9)

R is a mirror plane (if © = A = 0) or a glide plane (if © or
A is nonzero) located at z = ¢/4. Consider the commutation
relation between P x T and R;. In real space we have

(x,y,2,t) R, (x - ﬂ,y - & -7+ E,t)
— 2 2 2
PxT (—x—i—g,—y%—&,z—g,—t),
— 2 2 2

(X,y,th) P*T (_-xv _y9 — I, _t)

and in spin space
(sx,8y,82) Ry (—=Sx, — $y.82)
N
P xT (s:,8y, —5;),
(smsyssz) PxT (_va - Sy7 - Sz)

R, (s¢,8y, —52), (11)
—
from which we find

R, x(PxT)=T_pa-spey(P*T)* R,
= e kHkAM (P Ty x R, (12)

There are two planes (mirror invariant planes) defined by k, =
0 and k, = 7 in the BZ that are invariant under R,, on which
the commutation relations given by Eq. (12) differ by a minus
sign.

On each mirror invariant plane, the bands can be labeled
by their respective R, eigenvalues. In a system with SOC, we
have

RZZ : (-xaysz) — (.X —pa,y — )"bvz)v
(Sx,8y,57) = (Sx,8y,82), (13)
or

RZZ N p— A (14)
The minus sign is because R, is equivalent to a 7 rotation
along z in the spin space so R? includes a 27 rotation, giving
a —1 for a spin-1/2 system. Therefore, each band at k, = 0
and k, = 7 either has an R, eigenvalue g, = +ie(#ktirk)/2
or g_ = —g.. In the presence of SOC and P * T, bands are
doubly degenerate, and the degenerate bands are related to
each other by P * T. Suppose at (ky,k,,ko), where kg = 0,7,
a Bloch function |y (k)) is an eigenstate of R, with eigenvalue
g+, then we consider its degenerate partner P x T|y(K))
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FIG. 2. (Color online) (a) A band crossing line on some mirror
invariant plane at k, = 0 or k, = 7, with an arbitrary cut along which
the band structure is plotted. (b) The band structure along the cutin (a)
on k, = m, with the corresponding eigenvalues of R, shown, where
the degenerate states of a doublet band have the same eigenvalue. (c)
The same band structure on k, = 0, where the degenerate states of a
doublet band have opposite R, eigenvalues, which can anticross with
another doublet band due to the spin mixing enabled by SOC.

under R,

R.(P + T)|Yr(K)) = e Rkt (P TYR |4 (K))

= e thotink Al p oy T o |y (K))
_ e—ikog_P * T |y (K)).

At kg = 0, the degenerate bands have opposite R, eigenvalues,
and two sets of such doublet bands generally anticross: The
bands with the same R, eigenvalue hybridize and avoid
crossing [see Fig. 2(c)]. At kg = &, however, the degenerate
bands have the same R, eigenvalue. In this case, two doublet
bands with opposite R, eigenvalues may cross each other along
anodal line, making a symmetry protected four-band crossing
line, or a double nodal line [see Fig. 2(b)]. In Sec. III of the
Supplemental Material [41], we revisit the 3D k - p model in
Eq. (7) in the presence of R, in addition to P x T and show
the presence of a double nodal line, and in Sec. IV, we write
down a formal invariant for the double nodal lines.

We apply the theory for double nodal lines to the case of the
iridate SrIrOs. An eight-band tight-binding model consistent
with all symmetries in the space group has been shown to
exhibit the double line [26,29,35] around point U in BZ, but
a general symmetry analysis for an arbitrary number of bands
is missing to pin down which symmetries of the little group
at U are protecting the double nodal line, whereas the other
symmetries may be broken without opening a gap or splitting
the double line into two single nodal lines and/or point nodes.
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The little group at U is generated by P plus two screw axes:
P:(x,y,z) > (=x, -y, —2),
Sy (x,y,2) = (—x +a/2,y+b/2, —z+¢/2), (15)
S: 1 (x,y.2) = (=x, = y.2+¢/2).

Following our theory, we see that P, T', and S|, (S;) can protect
double nodal lines on the k, = 7 (k; = m) plane. Therefore,
the double nodal line predicted in Ref. [26] on the k, = 7
plane is protected by P, T, and S,. The other symmetries,
including S;, Sy =S, * S,, M., =S, * P, and G, = P * S,
may all be broken without gapping or splitting the double line.
These statements may be tested in future experiments, as the
crystalline symmetries can be modified by applying epitaxial
strain on thin-film samples [49].

We briefly comment on the possibility of surface states
in the TLSMs proposed. The protection of the nodal lines
in this work requires the presence of P, as opposed to the
Weyl semimetals where no symmetry (other than translation)
is required. Since an open surface always breaks the inversion,
no protected surface states, strictly speaking, are associated
with these TLSMs; however, as shown in Refs. [29,31], when
the conduction and the valence bands are nearly symmetric,
there is a nearly flat surface band bounded by the projection
of the nodal line [50].

We propose two different classes of three-dimensional
topological semimetals with nodal lines in systems with and
without spin-orbital coupling. Without spin-orbital coupling,
or equivalently, with SU(2) spin rotation symmetry, inversion
and time reversal can protect a nodal line that carries a Z;
monopole charge, independent of the previously known m
Berry’s phase. Nodal lines with a nonzero monopole charge
can only be created or annihilated in pairs, while the nodal
lines in previous studies can be singly created and annihilated.
In the presence of SOC, we prove that inversion plus time
reversal is insufficient to protect any band crossing in 3D,
and an additional nonsymmorphic symmetry (twofold screw
axis) can protect a double nodal line, where two sets of
doubly degenerate bands cross each other. We apply the theory
to SrIrOs, and identify symmetries required to protect the
four-band crossing found in earlier model studies, and also
symmetries that can be broken without gapping or splitting
the double nodal line.
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