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Interference represents one of the most striking manifestations of quantum physics in low-dimensional systems.
Despite evidence of quantum interference in charge transport having been known for a long time, signatures of
interference-induced thermal properties have been reported only recently, paving the way for the phase-coherent
manipulation of heat in mesoscopic devices. In this work we show that anomalous thermoelectric properties
and efficient heat rectification can be achieved by exploiting the phase-coherent edge states of quantum Hall
systems. By considering a tunneling geometry with multiple quantum point contacts, we demonstrate that the
interference paths effectively break the electron-hole symmetry, allowing for a thermoelectric charge current
flowing either from hot to cold or vice versa, depending on the details of the tunnel junction. Correspondingly,
an interference-induced heat current is predicted, and we are able to explain these results in terms of an intuitive
physical picture. Moreover, we show that heat rectification can be achieved by coupling two quantum Hall systems
with different filling factors, and that this effect can be enhanced by exploiting the interference properties of the
tunnel junction.
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I. INTRODUCTION

In recent years significant attention has been devoted to
the study of thermal transport at the nanoscale and energy
and heat exchanges in small quantum devices [1–9]. A deep
understanding of these phenomena is of paramount impor-
tance for applications in solid-state cooling, high-precision
sensors, cryogenic thermometry, and thermal logic in quantum
information [3,4,10,11]. This emerging field goes under the
name of caloritronics [3,12–14]. Here, surprising experimental
results already have been obtained. Among them Giazotto
et al. have recently demonstrated the possibility to coherently
manipulate the heat flux in a hybrid superconducting circuit
[12–14]. By realizing the thermal version of the electric
Josephson interferometer, they have paved the way towards
the phase-coherent manipulation of heat in mesoscopic devices
[15]. Moreover, implementations of mesoscopic heat engines
and thermal diodes have been proposed and will be soon
achieved [3,16–19]. These can be realized using quantum dots
[8,20–22], optomechanical systems [23], and multiterminal
mesoscopic devices combining also normal metals, supercon-
ductors, and ferromagnets [24–28]. The rapid progress made
in the field of caloritronics allows us to glimpse a future in
which electric and thermal manipulation will proceed on equal
footing.

In this context, a promising role is played by topologically
protected states, such as the edge states of quantum Hall
systems (QHSs) and topological insulators (TIs). As far as
the recently discovered TIs are concerned, the presence of
protected helical edge states not only allows us to generate
peculiar spin-dependent thermal phenomena [29,30], but also
to achieve high thermoelectric performances [31–34]. On the
other hand, the interest of the scientific community in QHSs
has been refueled in the anticipation of possible thermal
applications [7,24–26,35,36]. For example, Sanchez et al. have
demonstrated that a three-terminal device in the quantum Hall
regime can work as a perfect thermal diode, with a rectification
coefficient rQ → ∞, exploiting the chirality of edge states

[24]. Heat transport measurements were also proposed in order
to extract important information on fractional statistics and
neutral modes in exotic fractional quantum Hall states [35,36].
In these topologically states protection from backscattering
guarantees phase-coherent ballistic transport of charge and
heat over long (�μm) distances [37–41], and the possibility
to control their charge transport properties in the presence of
applied bias voltages via interferometric setups has been exten-
sively studied. However, the effects of quantum interference
on their thermal and thermoelectric properties remain quite
unexplored, and our work, motivated indeed by the recent
interest in phase-coherent heat manipulation, moves in this
direction.

In this paper we show that the chiral edge states of
QHSs can be exploited to implement coherent caloritronics.
In particular, we consider two separated QHSs coupled by a
tunneling region, driven out of equilibrium by the presence
of a thermal gradient that induces finite charge and heat
flows. We demonstrate that a tunnel junction with n quantum
point contacts (QPCs) enables us to control the charge and
heat transfer between the two QHSs. As far as the charge
sector is concerned, we show that, by varying the geometrical
parameters of the junction, particle-hole symmetry can be
broken, allowing us to selectively enhance electron tunneling
with respect to hole tunneling or vice versa. Therefore
we predict that quantum interference can be exploited to
selectively switch the charge flow induced by the thermal
gradient; that is, charge current can flow either from hot to cold
or from cold to hot, depending on the interference properties.

Remarkably, we find that quantum interference phenomena
control heat transport as well. In contrast to the charge trans-
port, with electrons and holes giving opposite contributions,
heat transport does not depend on the charge of the carriers,
so that electrons and holes equally contribute; this property
manifests in the correspondence between the zeros of the
charge current and the maximum/minimum visibility of the
heat current. We study tunnel junctions both between integer
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QHSs and between one integer and one fractional QHS. In
this second case, the presence of e-e interaction is crucial for
the formation of the strongly correlated fractional QHS and
leads to different behavior of the charge and heat currents with
respect to the case of tunneling between two integer QHSs. As
a general remark, a strong suppression of the signal appears,
due to the anomalous temperature dependence of the effective
tunneling density of states, a hallmark of non-Fermi liquid
behavior. More interestingly, the presence of different filling
factors breaks the left-right symmetry, inducing rectification
effects. By taking advantage of the interference patterns
induced in the presence of several QPCs, we show that strong
rectification effects can be obtained. We thus demonstrate that
the interplay between interactions and quantum interference is
crucial in order to enhance the heat rectification.

The paper is organized as follows. In Sec. II we describe the
setup and evaluate the charge and heat currents for a generic
tunneling region. Section III is devoted to the main discussion,
focusing on interference phenomena (III A) and rectification
effects (III B) in a multiple QPC geometry. Finally, we draw
our conclusions in Sec. IV.

II. MODEL AND TRANSPORT EQUATIONS

We consider two quantum Hall bars with filling factor
να (α = R,L) belonging to the Laughlin sequence [42,43],
with the same chemical potential μ = μL = vLkF,L = μR =
vRkF,R . They are kept at two different temperatures TL > TR

and coupled by a tunneling region, as shown in Fig. 1. The two
quantum Hall systems (QHSs) have counterpropagating single
edge channels with Hamiltonian (in this work � = kB = 1)

Hα = πvα

να

∫
dxρ2

α(x) = vα

4πνα

∫
dx[∂xφα(x)]2. (1)

Here, vα is the propagation velocity of the mode and να =
1/mα , with mα � 1 an odd integer [42]. The case mα = 1
corresponds to an integer QHS, while mα > 1 describes
fractional quantum Hall liquids. In the second expression of
Eq. (1) the electron density ρα(x) is written in terms of the
chiral bosonic particle-hole collective excitations field φα(x).
Using bosonization technique [44,45] the electron operator

FIG. 1. (Color online) Scheme of two fractional quantum Hall
systems with different filling factors νL and νR at temperatures TL >

TR . Counterpropagating edge states are coupled by a tunneling region,
schematically depicted in the middle. The zoom in the right panel
shows the case of tunneling due to multiple quantum point contacts
(n = 3 in this case) equally spaced with distance d .

ψα(x) can be also expressed in terms of φα(x):

ψα(x) = Fα√
2πa

eiαkF,αxei α
να

φα(x), (2)

with a a short-distance cutoff andFα the so-called Klein factor
[44]. The index α = R(+),L(−) indicates also the direction of
propagation and kF,α is the associated Fermi momentum. We
assume that the two QHSs are tunnel coupled with a tunneling
Hamiltonian

H	 = 	

∫
dxf (x)ψ†

R(x)ψL(x) + H.c., (3)

where f (x) describes the shape of the tunneling region [46] and
	 is the constant amplitude strength [47,48]. In the following
we will consider a series of multiple n point-like contacts
equally spaced [49] with distance d [47,50–52], with f (x) =∑n−1

j=0 δ(x − jd)/n. Although challenging, a setup similar to
the one schematically depicted in the zoom of Fig. 1 can be
experimentally realized, thanks to the great ability to engineer
interferometric devices in quantum Hall bars, where the edge
state profile can be manipulated in a controlled and precise
way [53]. By properly acting on the gate voltages of the QPCs
one can manipulate and tune their transmissions, selectively
opening or closing some of them. The electric charge JC and
heat JQ currents can be written in terms of particle and energy
variations JN = 〈ṄR − ṄL〉/2 and JH = 〈ḢR − ḢL〉/2 as

JC = −eJN, JQ = JH − μJN, (4)

with Nα = ∫
dx ρα(x) the particle numbers on each edge. The

averages 〈· · · 〉 are taken over the equilibrium states of the left
and right QHSs with respect to their temperatures TL, TR [54].
They can be computed at lowest order in the tunneling, using
standard perturbation techniques [55,56]:

JC = −2ie|λ|2
∫

dx dx ′
∫

dτ f (x)f (x ′) sin[2k̄F(x − x ′)]

×PmL

(
τ + x − x ′

vL

)
PmR

(
τ − x − x ′

vR

)
, (5)

and

JQ = −i|λ|2
∫

dx dx ′
∫

dτ f (x)f (x ′) cos[2k̄F(x − x ′)]

×
{
∂τPmL

(
τ + x − x ′

vL

)
PmR

(
τ − x − x ′

vR

)

−PmL

(
τ + x − x ′

vL

)
∂τPmR

(
τ − x − x ′

vR

)}
. (6)

Here, λ ≡ 	/(2πa) and k̄F ≡ (kF,R + kF,L)/2 is the average
Fermi momentum. In Eqs. (5) and (6) we introduced the func-
tion Pmα

(t) = emαWα (t), with Wα(t) = 〈φα(t)φα(0)〉 − 〈φ2
α(0)〉

the bosonic correlator given by [44,57–59]

Wα(t) = ln

∣∣(
1 + Tα

ωc
+ iTαt

)∣∣2

2
(
1 + Tα

ωc

)
(1 + iωct)

, (7)

with (z) the Euler γ function and ωc ∝ α−1 the high-
energy cutoff. It is now useful to introduce the Fourier trans-
form P̂mα

(E) = ∫
dt e−iEtPmα

(t). In the energy representation
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we get

JC = − ie
|λ|2
π

∫
dx dx ′

∫ +∞

−∞
dE f (x)f (x ′) sin[2k̄F(x − x ′)]

× e
2i E

μ
k̄F(x−x ′)

P̂mL
(E)P̂mR

(−E), (8)

JQ = |λ|2
π

∫
dx dx ′

∫ +∞

−∞
dE f (x)f (x ′) cos[2k̄F(x − x ′)]

× e
2i E

μ
k̄F(x−x ′)

EP̂mL
(E)P̂mR

(−E). (9)

In the scaling limit ωc/Tα 
 1, where the scaling behaviors
are universal, P̂mα

(E) can be conveniently recast as P̂mα
(E) =

Dmα
(E)nα(E) with

Dmα
(E) = (2π )mα

ωc(mα)

(
Tα

ωc

)mα−1
∣∣(

mα

2 + i E
2πTα

)∣∣2

∣∣(
1
2 + i E

2πTα

)∣∣2 , (10)

which plays the role of an “effective” tunneling density
of states (DOS) [59–62], and nα(E) = [eE/Tα + 1]−1 is the
equilibrium Fermi distribution function at temperature Tα [63].
Note that in the noninteracting/integer case (να = 1, mα = 1)
the DOS is constant, as for a normal Fermi liquid, while
for the fractional case Dmα

(E) is energy and temperature
dependent taking into account the non-Fermi liquid nature of
the fractional QHS [59–62]. Using the symmetry properties
Dmα

(E) = Dmα
(−E) and nα(E) + nα(−E) = 1, the charge

and heat currents assume the more compact form

(
JC

JQ

)
= |λ|2

2π

∫ +∞

−∞
dE

(−e

E

)
g(E + μ)

× DmL
(E)DmR

(E)[nL(E) − nR(E)], (11)

where we introduced the transmission function

g(E) =
∫

dx dx ′f (x)f (x ′) cos

[
2E

μ
k̄F(x − x ′)

]
. (12)

In this way Eq. (11) takes an analogous form of the well
known Landauer-Büttiker expression for transport [64–66]
with, however, a renormalized effective DOS Dmα

(E). The
transmission is also sensitive to the shape of the tunneling
constriction within the g(E) function. For a periodic array of
n QPCs, the case of interest here, the modulating function is

gn(E) = n + 2
∑n−1

j=1(n − j ) cos(2jηE/μ)

n2
, (13)

with the dimensionless quantity η = k̄Fd.
One immediately recognizes that g1(E) = 1 in the case

of a single QPC, while oscillating functions of the form
cos(2jηE/μ) appear for multiple QPCs n � 2. Note that
the limits n → ∞ and d → 0, corresponding to an infinite
number of tunneling regions at infinitesimal distance, models
an extended tunnel junction [48,67,68]. Therefore, also a single
contact with finite extension gives rise to an energy-dependent
transmission coefficient which could be responsible for finite
thermoelectric effects [69,70].

III. INTERFERENCE-INDUCED THERMOELECTRIC
PHENOMENA

A. Thermoelectric switching and heat current interference

We start the discussion with the two QHSs at integer filling
factors νL = νR = 1. Here, Eq. (11) reduces to(

JC

JQ

)
= 2π |λ|2

ω2
c

∫ +∞

−∞
dE

(−e

E

)
gn(E + μ)[nL(E) − nR(E)].

(14)
Explicit calculation, inserting Eq. (13), leads to

JC = 4π |λ|2eμ
ω2

c

n−1∑
j=1

2(n − j )
sin(2jη)

2jηn2
I3

(
2jηTL

μ
,
2jηTR

μ

)

(15)
and

JQ = 4π |λ|2μ2

ω2
c

{
1

n
I1

(
TL

μ
,
TR

μ

)

+
n−1∑
j=1

2(n − j )
cos(2jη)

(2jη)2n2
I2

(
2jηTL

μ
,
2jηTR

μ

)}
, (16)

where

I1(x,y) = π2

12
(x2 − y2), (17)

I2(x,y) = π2

2

[
x2 cosh(πx)

sinh2(πx)
− y2 cosh(πy)

sinh2(πy)

]
, (18)

I3(x,y) = π

2

[
x

sinh(πx)
− y

sinh(πy)

]
. (19)

Before discussing the results, in order to make realistic
predictions, it is useful to restrict the parameter range to
a set of experimentally reasonable ones. We thus estimate
k̄F ∼ 1/�B , with �B ∼ 10 nm a typical magnetic length of a
QHS [68,71]. The velocity of the edge states vα is of the
order of ∼104 m/s. Using these values we have μ ∼ 10 K. We
set the temperature in the range 20–300 mK, typical values
in which well-developed fractional quantum Hall plateaus
were measured [43,71]. Furthermore, we consider distances
between the contacts of order 10–300 nm (less than the
phase coherence length at the considered temperatures [41]),
corresponding to a dimensionless parameter range η ∼ 1–30.
With these parameters the QPCs’ separation d is never much
larger than the thermal lengths Lα = vα/Tα [72,73].

We start now to analyze the charge current. Figure 2(a)
shows JC as a function of η for different numbers of
QPCs at fixed TL > TR . In the case of a single QPC n =
1 (red/dashed-dotted curve), the charge current is always
zero, because the energy independence of g1(E) = 1, see
Eq. (13), does not induce particle-hole symmetry breaking
[62], so that electrons and holes equally contribute to transport
leading to no net charge current. On the other hand, in the
presence of a multiple QPC setup (n = 2, n = 10 in the
figure) quantum interference phenomena are responsible for
an energy-dependent transmission function gn(E), effectively
breaking in general particle-hole symmetry and leading to a
nonvanishing charge current. The charge current exhibits an
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FIG. 2. (Color online) Tunneling charge current JC in units of
J

(0)
C = 2π |λ|2eμ/ω2

c for νL = νR = 1, as a function of η = k̄Fd .
(a) Different curves represent different numbers of QPCs with
temperature TR = 20 mK and TL = 300 mK. The n = 2 curve
displays oscillations of period π , modulated by a nonmonotonic
envelope function that reaches its maximum for η ∼ 4.5π . More
complicated interference patterns arise for the n = 10 curve. Note
that the single QPC (n = 1) does not break particle-hole symmetry,
resulting in a null charge current. (b) Density plot of charge current
for n = 2 QPCs as a function of η (x axis) and TL/TR (y axis). TR is
fixed and equal to 20 mK, while the ratio TL/TR goes from 1 to 15
(corresponding to a maximum temperature of 300 mK). The figure
shows an increasing or decreasing monotonic behavior of the charge
current as a function of the ratio TL/TR at fixed η, depending on the
sign of JC . The oscillating behavior described in panel (a) is also
visible. In both panels the chemical potential is set to μ = 10 K.

oscillating behavior, switching between positive and negative
values, with principal zeros at η = kπ/2 (k integer). This
result suggests that, despite the thermal gradient being fixed,
charge can flow either from hot to cold or from cold to hot,
depending on the parameters of the junction only. Note that
oscillating behaviors in thermoelectic properties have been
already reported in quantum dots, where the period of the
oscillations is related to the charging energy [74,75]; in our
setup, the periods of the oscillations are related to the times
of flight of the different interference paths performed by the

FIG. 3. (Color online) Schematic representation of electron and
hole contributions to the charge current in the presence of a thermal
gradient (here TL = 300 mK, TR = 20 mK, and μ = 10 K). The
electron contribution gn(E + μ)nL(E)[1 − nR(E)] is represented in
red, while the hole one gn(E + μ)n̄L(E)[1 − n̄R(E)] is represented
in blue [see Eq. (20)]. The insets show the transmission functions
gn(E + μ). (a) Single QPC: the transmission function is energy
independent and electrons and holes contribute equally, thus giving
JC = 0. (b)–(d) Two QPCs. (b) η = 4π : despite the transmission
function being energy dependent, it does not break particle-hole
symmetry, so that JC = 0. (c) η = 4π − π/4: particle-hole symmetry
is broken and electron tunneling is enhanced with respect to hole
tunneling, giving JC < 0. (d) η = 4π + π/4: particle-hole symmetry
is broken and hole tunneling is enhanced with respect to electron
tunneling, giving JC > 0.

propagating electrons. To shed light on this result, it is useful
to rewrite Eq. (14) as

JC = 2π |λ|2
ω2

c

{
−e

∫ +∞

−∞
dE gn(E + μ)nL(E)[1 − nR(E)]

+e

∫ +∞

−∞
dEgn(E + μ)n̄L(E)[1 − n̄R(E)]

}
, (20)

with n̄α(E) = nα(−E) representing the Fermi distribution
for holes and where the first (second) line represents the
electron (hole) contribution to the charge transport from left
to right. In this picture, transport is due either to electron
tunneling, i.e., nL(E)[1 − nR(E)] �= 0, or to hole tunneling
i.e. n̄L(E)[1 − n̄R(E)] �= 0. Obviously, these two cases differ
for the sign of the carriers, as shown in Eq. (20), so that
if particle-hole symmetry is present, no charge current is
expected. In order for the charge current to be finite, the
transmission function must break the particle-hole symme-
try, differently weighting electron and hole contributions.
This cannot happen for a single QPC with g1(E) = 1, as
schematically shown in Fig. 3(a). However, if n > 1 QPCs
are present, the energy dependent transmission function can
promote electron tunneling with respect to hole tunneling or
vice versa, inducing either negative or positive charge current
respectively. In particular, transitions between positive and
negative values of the charge current occur for η = kπ/2,
where gn(E + μ) = gn(−E + μ): at these specific values
particle-hole symmetry is restored, i.e., electrons and holes
contribute equally giving a null charge current signal, as
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shown in Fig. 3(b). This argument remains valid also for
n > 2, but the presence of higher harmonics shifts the position
of maximal intensity, as shown in Fig. 2(a). Note also that,
despite particle-hole symmetry being broken in the multiple
QPC geometry, the greater the number of the QPCs, the smaller
the effective transmission of the tunnel junction, as one can
infer from the expression of Eq. (13).

Acting on the parameter η one can therefore switch the
sign (and thus the flow) of the charge current: this can be used
to implement a device that, exploiting quantum interference,
allows us to selectively switch the charge flow induced by a
fixed thermal bias. To complete the description, we present in
Fig. 2(b) the density plot of the charge current for n = 2 as a
function of the temperature ratio TL/TR and η. The switching
behavior of the charge current is stable against temperature
variations. The oscillations as a function of η have the same
zeros also with varying temperature. The interference patterns
are modulated by an envelope function which moves towards
higher η values while lowering the temperature ratio. They
show a power-law behavior (TL/TR)2 varying the thermal
gradient and as a function of η a dephasing envelope which
scales as 1/η for large η values, [see Eq. (15)]. Note that
the crossing to an exponential dephasing dependence would
be present only at much larger temperatures and/or QPC
separation, out of the considered parameter range [73].

The arguments exposed above explain also the oscillating
interference patterns of the heat current JQ shown in Fig. 4.
Indeed, as was done for the charge current, one can rewrite the
heat current as

JQ = 2π |λ|2
ω2

c

{∫ +∞

−∞
dE Egn(E + μ)nL(E)[1 − nR(E)]

+
∫ +∞

−∞
dE(−E)gn(E + μ)n̄L(E)[1 − n̄R(E)]

}
.

(21)

In contrast to Eq. (20), electron and hole contributions add
up, because the heat current is insensitive to the charge of the
carriers. The main features are represented by the presence of
minima and maxima as a function of η around the mean value
proportional to I1 in Eq. (16). For n = 2 they coincide with
η = (2k + 1)π/2 and η = kπ respectively, and correspond to
values at which the transmission function at zero energy has
a minimum or a maximum respectively. These are precisely
the values that give zero charge current. Then the heat current
has a maximum or a minimum if, due to quantum interference,
electrons and holes have high or low transmission respectively,
as schematically represented in Fig. 5.

Generalizing to n contacts, there are multiple paths whose
phase differences are always multiples of 2η. This explains
the more complicated interference patterns shown in Fig. 4(a)
for n = 10. Similar curves are obtained for different values of
temperatures as shown in the density plot of Fig. 4(b) for n = 2.
Here, the magnitude of the interference patterns increase with
temperature following the power law (TL/TR)2 increasing the
temperature gradient. Note that in both panels at η bigger than
a critical value ηc the interference paths have a phase shift of π ,
with ηc becoming lower and lower by increasing the number
of QPCs.

0 2π 4π 6π 8π

η

0.

0.5

1.0

1.5
(a)

(b)

J
Q

[1
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3
J

(0
)

Q
]

n = 10
n = 2
n = 1

0.0 2π 4π 6π 8π 10π

η

2.0
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10.0
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T
L
/T
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JQ[10−3J
(0)
Q ]

0.0

0.2

0.4

0.6

0.8
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1.2

1.4

FIG. 4. (Color online) Tunneling heat current JQ in units of
J

(0)
Q = 2π |λ|2μ2/ω2

c for νL = νR = 1. The chemical potential is set
to μ = 10 K. (a) JQ as a function of η = k̄Fd . Different curves
represent different numbers of QPCs with temperature TR = 20 mK
and TL = 300 mK. As for the charge current, oscillations of period
π are visible in the n = 2 signal. Here heat current oscillates around
a nonvanishing mean value equal to half the value of the single QPC
heat current. Note that the modulating function of the oscillating part
of the signal changes its sign at η ∼ 4.5π , displaying a sort of beat.
More complicated interference patterns arises for the n = 10 curve.
(b) Density plot of heat current for n = 2 QPCs as a function of η

(x axis) and TL/TR (y axis). TR is fixed and equal to 20 mK, while
the ratio TL/TR goes from 1 to 15 (corresponding to a maximum
temperature of 300 mK). The heat current is an increasing monotonic
function of the ratio TL/TR for all values of η. The oscillating behavior
described in panel (a) is also visible.

Mathematically, this is due to a change in the sign of the
envelope function I2 in Eq. (19). On more physical grounds,
one can observe that states contributing to heat transport
are mostly distributed around E ∼ ±T̄ = ±(TL + TR)/2, as
can be argued from Fig. 5(a). Therefore, the behavior of the
heat current depends on whether these states have high or
low transmission; that is, if gn(E + μ)|E∼T̄ ≈ (�) 1 maxima
(minima) of the heat current are expected.
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FIG. 5. (Color online) Schematic representation of electron and
hole contributions to the heat current (in units of μ) in the presence of a
thermal gradient (here TL = 300 mK, TR = 20 mK, and μ = 10 K).
The electron contribution Egn(E + μ)nL(E)[1 − nR(E)] is repre-
sented in red, while the hole one (−E)gn(E + μ)n̄L(E)[1 − n̄R(E)]
is represented in blue [see Eq. (21)]. In contrast to the charge current,
the total heat current is given by the sum (and not the difference)
of electron and hole contributions; see Eq. (21). The insets show the
transmission functions gn(E + μ). (a) Single QPC: the transmission
function g1(E) = 1, giving the maximum heat current; see Fig.
4(a). (b)–(d) Two QPCs. The heat current shows a sequence of
maxima and minima (compare with Fig. 4). (b) η = 2π − π/2: both
electrons and holes have low transmission, giving a minimum of JQ.
(c) η = 2π : both electrons and holes have high transmission, giving
a maximum of JQ. (d) η = 2π + π/2: both electrons and holes have
low transmission, giving a minimum of JQ.

We focus on the simple case n = 2, where the transmission
function shows an oscillating pattern with period �E =
πμ/η. Then, consider what happens for values of η multiples
of π , corresponding to maximum transmission at zero energy,
i.e., g2(E + μ)|E=0 = 1. In this case, as long as �E 
 4πT̄

the transmission function is slowly oscillating so that states
contributing to heat transport have high transmission, since
g2(E + μ)|E∼T̄ ≈ 1, and a maximum of the heat current
appears. On the other hand, if �E � 4πT̄ the transmission
function rapidly oscillates, so that gn(E + μ)|E∼T̄ can be
significantly smaller than 1, leading to a minimum of the
current. This mechanism is related to the presence of thermal
dephasing and induces an exchange between maxima and
minima by increasing �E; that is, by increasing η, as shown
in Fig. 4(a). One can roughly estimate the crossover as �Ec ≈
4πT̄ , which gives ηc ≈ μ

4T̄
, and corresponds indeed to a critical

length dc ≈ LT , with LT = μ/k̄F

T̄
the characteristic thermal

length. Note that in the case of n > 2 QPCs the presence
of additional modulations in the transmission function leads
to a decrease of the critical value ηc.

We now comment on the tunneling between different
filling factors νR �= νL with a fractional QHS. For the sake
of simplicity, we focus on the two bars with νL = 1 and
νR = 1/3. Generalizations to other filling factors [43,57] are
straightforward. Also in this case one can calculate Eq. (11) in
analytical form (not quoted). Figure 6(a) shows the charge
current JC and Fig. 6(b) shows the heat current JQ as a
function of η at fixed TL/TR = 15 for different numbers of
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FIG. 6. (Color online) Charge (a) and heat (b) currents for νL =
1 and νR = 1/3 as a function of η = k̄Fd at fixed temperatures
TR = 20 mK and TL = 300 mK. Units of JC or JQ are respectively
J

(1)
C = 2π |λ|2eμ3/ω4

c and J
(1)
Q = 2π |λ|2μ4/ω4

c . Different curves refer
to different numbers of QPCs. The chemical potential is set to μ =
10 K.

QPCs. The oscillating behaviors are again present, reflecting
the interference patterns. The charge current has the same
positions of the zeros as the integer case. However, the currents
show a faster decrease of the visibility while increasing η.
This is a hallmark of the fractional nature reflected in the
peculiar behavior of the effective DOS DmR

(E). Indeed, the
latter acquires an energy and temperature dependence, with
the well-known power-law dependence of a non-Fermi liquid,
thus modifying the envelope function. Here also the scaling
behavior with temperature is modified, which is reflected in a
strong suppression of the signal for both JC and JQ. Note
that in our treatment the e-e interactions are fundamental
in order to generate the strongly correlated ground state of
the fractional QHS. They lead to different behaviors of the
charge and heat currents with respect to the noninteracting
case, i.e., tunneling between two integer QHSs. Also Coulomb
interactions between the edge states at the two sides of the
junction could affect the transport properties. In particular,
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it has been shown that interactions across the junction lead
to density waves which propagate in the form of edge
magnetoplasmons [76]. Considering these effects is beyond
the scope of the present work, and electron interactions are
only considered in the formation of the fractional QHS and in
the emergence of non-Fermi liquid behavior.

B. Heat current rectification

We now focus on thermal rectification effects. We con-
sider the heat current JQ in two different (and opposite)
configurations: forward J

(f )
Q ≡ JQ(TL = Thot,TR = Tcold) and

backward J
(b)
Q ≡ JQ(TL = Tcold,TR = Thot), exchanging the

temperatures Thot and Tcold. One can conveniently define a
rectification coefficient as [16,77]

rQ =
∣∣∣∣∣
J

(f )
Q

J
(b)
Q

∣∣∣∣∣. (22)

Recalling Eq. (11), for constant DOS DmR
(E) and DmL

(E)
(integer/noninteracting case) one obtains rQ = 1, where the
difference between forward and backward heat currents is a
simple change of the sign. We now show that rectification
effects with rQ �= 1 are possible in the case of tunneling
between a fractional QHS and an integer one, achieving also
large rectification coefficients. Therefore interactions, in the
form of the strongly correlated fractional QHS, and left-right
symmetry breaking, due to different filling factors at the
two sides of the tunnel junction, are crucial ingredients to
generate the thermal rectification effect. This phenomenon
is related to the energy and temperature dependent effective
DOS Dmα

(E) proper for a fractional filling. In this case, the
difference in the DOS between νR and νL breaks the left-right
symmetry, see Eq. (11), allowing for rQ �= 1. For the sake of
simplicity, hereafter we restrict the discussion to the tunneling
between νR = 1/3 and νL = 1. However, provided that νR �=
νL, all results and conclusions remain valid and can be easily
generalized to other filling factors belonging to the Laughlin
sequence. We point out that for larger differences mR − mL

one would obtain stronger rectification effects (e.g., νR = 1/5
and νL = 1 gives a higher rectification coefficient compared
to the case νR = 1/3 and νL = 1).

In the case of a single QPC it is possible to get a simple
expression for the rectification coefficient,

rQ = 17τ 4 − 10τ 2 − 7

7τ 4 + 10τ 2 − 17
, (23)

in terms of τ = Thot/Tcold. Note that for Thot = Tcold one has
rQ = 1 as expected. On the other hand, in the limit Thot 

Tcold (τ 
 1) the rectification coefficient saturates to the value
rQ → 17/7 = 2.43.

Moreover, it is interesting to study possible enhancements
of the rectification effects due to quantum interference phe-
nomena arising in the presence of n multiple QPCs, which, as
we have shown in the previous section, have a strong impact on
heat transport. In Fig. 7(a) we show the rectification coefficient
as a function of Thot/Tcold at fixed Tcold = 20 mK, for different
numbers of QPCs. The case of single contact (solid line in the
figure) is an increasing function of τ as reported in Eq. (23).
The different qualitative behavior of rQ in the presence of

2 4 6 8 10 12 14

Thot/Tcold

2

4

6

8

10(a)

(b)

r q

n = 10
n = 2
n = 1

FIG. 7. (Color online) (a) Heat rectification coefficient rQ for
multiple QPC geometry as a function of Thot/Tcold for η = 3π .
Different curves refer to different numbers of QPCs. In the case
of a single QPC (solid line) rQ saturates to 2.43 as one can see
from Eq. (23). (b) Density plot of the heat rectification coefficient
as a function of η (x axis) and Thot/Tcold (y axis) for n = 10 QPCs.
The ratio Thot/Tcold goes from 1 to 15, with fixed Tcold = 20 mK.
Larger rectification effect occurs when η = kπ and is linked to
interference patterns. For each value of k the rectification coefficient is
a nonmonotonic function of Thot/Tcold, displaying a maximum whose
position changes with k. For η = 3π and Thot/Tcold ∼ 12 one can
reach a maximum value of rQ ∼ 9.6.

n > 1 QPCs is due to the interplay between interactions and
interference effects. Remarkably, a pronounced peak can be
observed, which drifts to lower temperatures with higher
values, while increasing the number of contacts n. In Fig. 7(b)
we report a density plot of rQ as a function of η = k̄Fd (x axis)
and Thot/Tcold (y axis). Interestingly, the optimal condition for
the enhancement of rQ corresponds to values of η for which
no charge current flows in the system.

We have shown that efficient heat rectification perfor-
mances can be achieved by increasing the number of QPCs.
There are, however, limitations, related to the requirement
that phase coherence is preserved throughout the tunneling
paths, thus giving rise to quantum interference phenomena.
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This constraint limits the number of QPCs that can be created
to n < lin/d, with lin the inelastic mean free path, that can be
of the order of several μm in QHSs.

IV. CONCLUSIONS

We studied charge and heat transport in two temperature-
biased QHSs coupled by a tunneling region. We showed
that, when the tunneling is realized via a series of point-like
contacts, an interference mechanism take place for both charge
and heat currents. A multiple QPC geometry can effectively
break particle-hole symmetry, leading to a finite thermoelectric
charge current whose sign—that is, the charge current flowing
either from hot to cold or vice versa—is governed by quantum
interference and can be manipulated. Interference effects affect
thermal transport as well, with the heat current displaying
peculiar oscillations as a function of the distance between the
QPCs. We explained both the heat current oscillations and
the thermoelectric switching in terms of different transmission
functions for electrons and holes, due to the different tunneling

paths. Moreover, heat rectification can be achieved when
considering two fractional QHSs with different filling factors,
due to the anomalous non-Fermi liquid tunneling density of
states of the Laughlin state. Both interactions, necessary to
generate the strongly correlated fractional QHS, and left-right
asymmetry, caused by the presence of different filling factors,
are crucial in order to induce thermal rectification effects.
Despite heat flow being rectified already in the single contact
geometry, the presence of multiple QPCs allows us to exploit
the interferometric properties to find an optimal working
condition for the enhancement of the heat rectification effects.
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W. Molenkamp, X.-L. Qi, and S.-C. Zhang, Science 318, 766
(2007).
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