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We propose to realize a two-dimensional chiral topological superconducting (TSC) state from the quantum
anomalous Hall plateau transition in a magnetic topological insulator thin film through the proximity effect to a
conventional s-wave superconductor. This state has a full pairing gap in the bulk and a single chiral Majorana mode
at the edge. The optimal condition for realizing such chiral TSC is to have inequivalent superconducting pairing
amplitudes on top and bottom surfaces of the doped magnetic topological insulator. We further propose several
transport experiments to detect the chiral TSC. One unique signature is that the conductance will be quantized
into a half-integer plateau at the coercive field in this hybrid system. In particular, with the point contact formed by

a superconducting junction, the conductance oscillates between e?/2h and e?/ h with the frequency determined
by the voltage across the junction. We close by discussing the feasibility of these experimental proposals.
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I. INTRODUCTION

The search for topological states of matter has become a
central focus in condensed matter physics. Chiral topological
superconductors (TSC) in two-dimensions (2D) with an odd-
integer Chern number are predicted to host a Majorana zero
mode in the vortex core, which obeys non-Abelian statistics
[1,2] and has potential applications in topological quantum
computation [3]. A chiral TSC with Chern number A breaks
time-reversal symmetry, and has a full pairing bulk gap and N/
topologically protected gapless chiral Majorana edge modes
(CMEMs), which can be viewed as a superconducting analogy
of the quantum Hall (QH) state [4—6]. As a minimal topological
state in 2D, the N = 1 chiral TSC is of particular interest, as
its edge state has only half the degrees of freedom of the QH
state with Chern number C = 1. Intensive efforts have been
made to search for the chiral TSC in 2D [7-17], however, it
has not yet been confirmed in experiments.

In principle, a QH state with Chern number C in proximity
with an s-wave superconductor (SC) can be naturally viewed as
a chiral TSC with even number N/ = 2C CMEMs. Therefore,
it is theoretically possible to realize a chiral TSC with
odd number of CMEMs near a QH plateau transition [12].
However, the strong magnetic field required in a QH state
will severely hinder the superconducting proximity. Instead,
the quantum anomalous Hall (QAH) state has a finite Chern
number C in the absence of an external magnetic field [18,19],
which has been theoretically predicted in magnetic topological
insulators (TIs) with ferromagnetic (FM) ordering [20-30]
and experimentally realized (for C = %1) in both Cr-doped
[31-35] and V-doped [36] (Bi,Sb), Te; magnetic TI thin films.
More recently, a new zero-plateau QAH state with C =0
and the plateau transitions among C = £1,0 states have
been theoretically predicted [37] and experimentally observed
[38,39]. Without requiring a large external magnetic field, the
plateau transition from the C = 1 QAH to the zero-plateau
C = 0O state is a unique parent system for realizing a N' = +1
chiral TSC.

In this paper, we propose to realize the AN/ = £1 chiral
TSC in a magnetic TI near the QAH plateau transition via the
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proximity effect to an s-wave SC. The optimal condition for
realizing the chiral TSC is to have inequivalent SC pairing
amplitudes on top and bottom surfaces of the doped magnetic
TI. We then propose several transport experiments to detect
this chiral TSC. Generally, the conductance could be quantized
into a half-integer plateau at the coercive field in this hybrid
system (Fig. 1), as a signature of the neutral CMEM backscat-
tering. In particular, with a point contact formed by a SC
junction (Fig. 4), the conductance oscillates with a frequency
determined by the voltage across the junction. Last, we briefly
discuss the temperature dependence on the transmission of
CMEM and the feasibility of these experimental proposals.

The organization of this paper is as follows. After this
introductory section, Sec. II describes the effective model
for the SC proximity effect of the QAH state in a magnetic
TI thin film. Section III presents the results on the phase
diagram, edge transport, and experimental proposals on point
contacts. Section IV presents discussion on the feasibility
of experimental realization of chiral TSC in a magnetic TI.
Section V concludes this paper. Some auxiliary materials are
relegated to Appendixes.

II. MODEL

To start, we consider the SC proximity effect of the QAH
state in a magnetic TI thin film with FM order. Without
the proximity effect, the low-energy physics of the system
only consists of the Dirac-type surface states (SS) [37].
The 2D effective Hamiltonian is Ho = ) wiHo(k)wk, with
Vi = (cim,ch,cﬁwcaf and

Ho(K) = kyo, %, — k0,7, + m(K)F, + hoz, (1)

where ck, annihilates an electron of momentum k and spin
o =1,], and superscripts ¢ and b denote SS in the top
and bottom layers, respectively. o; and 7; (i = x,y,z) are
Pauli matrices for spin and layer, respectively. A is the
exchange field along z axis induced by the FM ordering. Here
A o (S) with (S) being the mean-field expectation value of
the local spin, and the value of A can be changed during
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FIG. 1. (Color online) The hybrid QAH-SC device. In region II,
achiral TSC state is induced through the proximity effect to an s-wave
SC layer on top of the QAH in magnetic TI. A back-gate voltage Vyg
is applied to control the Fermi level in region II. Voltages V; and V,
are applied on leads 1 and 2, respectively. The SC layer is grounded
through a lead in its bulk.

the magnetization reversal process in magnetic TIs. m(k) =
mo + ml(kf + k%) describes the hybridization between the top
and bottom SS. The Chern number of the system is C = A/|A|
for |A| > |mg|, and C =0 for |A| < |mg]|. Correspondingly,
the system has |C| chiral edge state [37]. In proximity to
an s-wave SC, a finite pairing amplitude is induced in the
QAH system. The Bogoliubov-de Gennes (BdG) Hamil-

tonian becomes Hpic = D \IJIT(HBdG\IJk/Z, where Wy =

b b
[(Chp ol by et ) (el g che 1T and

Haug = (Ho(k) — K Ak >
AL —HK) )

. iAlay 0
A"‘( 0  iAgy)

Here p is chemical potential, A; and A, are pairing gap
functions on top and bottom SS, respectively.

In a simple case for w =0 and A} = —A,; = A, a basis
transformation [40] decouples the BAG Hamiltonian into two
models with opposite chirality, and

HBdG = (H-B(k) H_O(k)> s (3)

where Hi(k) = kyo, F kioyg, + [m(k) £ Alo; ¢, F Aoyg,
with ¢, , . the Pauli matrices in Nambu space. The topological
property of H, is clearly seen by a further basis transformation
into a block diagonal form:

()

where h1(K) = kyo, — k.0, + [m(k) + A & | Al]o, character-
izes a p, £ip, SC [1,7]. The BdG Chern number of (k)
depends only on the sign of mass m(k) + A &= |A| atthe I" point
[37]. Therefore, the Chern number of H, (k) is N, = —2 for
Al < —mg — A, Nop = —1 for |A| > |mo+A] and N =0
for |A| < my + A. Similarly, the Chern number of H_(K) is
N_ =2 for |A| <A —mg, N_ =1 for |A| > |mg — A| and
N_ =0 for |A| < my — A. The total Chern number of the
system is then N' = A, + N_. Figure 3(a) shows the phase
diagram of the system. The phase boundaries are determined
by A &£ (mo=£ A) =0, which reduce to the critical points
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A = £|mg| between the C = +1 QAH and the zero plateau
normal insulator (NI) for A = 0. An infinitesimal SC gap
drives the QAH phase into a ' = £2 TSC. More importantly,
the /"= £1 TSC state emerges in the neighborhood of the
transition between the QAH phase and NI phase.

III. RESULTS

A. Phase diagram

Now we turn to the optimal condition for realizing the
N = +£1 TSC. First, consider the phase diagram for u = 0
and general values of A; and A,. The phase boundaries are
determined by the bulk BdG gap closing in Eq. (2). Assuming
Ay =aA; and « is real, the phase boundaries are given
by F(1 — @)A1A + A* = m} + a A2, as shown in Fig. 2. For
A = A,, the Chern number jumps directly from N = 42 to
N =0, and N = £1 TSC phases disappear due to accidental
particle-hole symmetry in Hy with © = 0. As A, decreases, the
N = +£1 TSC phase space emerges and becomes the widest
at A, = 0. In particular when A A, < 0, a helical TSC phase
with helical Majorana edge states emerges on the A = 0 line
[Fig. 3(a)]. The general case for complex « is studied in
Appendix A, where the topology of phase diagram remains
unchanged. Next, for the case u # 0, which corresponds to
the SC proximity effect of a doped or electrically gated QAH
system, the proximity effect is effectively enhanced by the
finite density of states at the Fermi level [12]. As shown in
Fig. 2, the phase space of N = +1 TSC near the A =0
axis enlarges from u = 0 to u # 0. Therefore, the optimal
condition for A' = £1 TSC is u # 0 and A, = 0. This leads
us to design the transport device in Fig. 1. The s-wave SC is
only grown on top of the magnetic TI in region II to ensure the
proximity pairing gap of the top SS is larger than that of the
bottom SS, while the Fermi level can be tuned by the back-gate.
The size of the SC layer should be larger than the back-gate
electrode so that there is no metallic regions in the device.
Similarly, one can also employ another device geometry by
using a global back gate and two top gates in region I and III,
to tune the Fermi levels in region I, I, and III separately.

(a) A=A, A=0, p=0 (b) A=A=A, p=0
3
TSC
N=1 2
<
TsC || Tsc NSC TSC
N=2
1 2 A
(©) A=A, A=0, 1=0.7
TSC TSC
N=—1 |NSC N=1
2 N=0
<k
1 TSC
N=2
R N RS B

FIG. 2. (Color online) Phase diagram of the QAH-SC hybrid
system with typical parameters. (a) A; =A, A, =0, u=0.
OA=M=A10=0()A=A,A=0,0=07.(d) A =
—A; = A, n=0.7.Here A, A,, u are in the units of |my].
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FIG. 3. (Color online) (a) Phase diagram of the QAH-SC hybrid
system for w =0 and A} = —A, =A. Only A >0 is shown.
(b) Without SC proximity effect, the o,, = -1 - 0 — 1 QAH
plateau transition occurs at the coercivity when the magnetization
flips. (c) With SC proximity effect to region II in hybrid device Fig.
1, o1, shows plateau transition 1 - 1/2 - 0 — 1/2 — 1 in the
hysteresis loop. The half-integer plateau in o1, manifests the V' = 1
TSC. (d)-(j) The edge transport configuration at A, B, C, D, C/, B,
and A’ in (c). There is no backscattering for A" = 2 TSC in (d), (j),
and Majorana backscattering for A" = 41 TSC in (e), (i). Red and
blue arrows represent (c & c¢') CMEMs, respectively. NSC: normal,
topologically trivial SC.

B. Edge transport and half-plateau

To identify the AV = 1 TSC in the QAH-SC hybrid system,
one can probe the neutral Majorana nature of CMEM or
trap the vortex core zero mode. Several methods have been
proposed to measure the Majorana fermions [8,41-46]. Here,
we base our discussion on a recent proposal studying the
CMEM backscattering [46]. The basic setup is shown in Fig. 1,
consisting of a magnetic TI in proximity with a grounded top
SClayerinregion Il and two current leads at the corners. When
the magnetic domains of magnetic TI are aligned in the same
direction, the magnetic Tl is in a QAH state with a single chiral
edge state propagating along the sample boundary. During
the flipping of the magnetic domains at the coercive field, A
decreases and the magnetic TI enters the NI with a zero-plateau
in Hall conductance o, over a finite range of magnetic field
[37-39], as shown in Fig. 3(b). Either perpendicular or in-plane
external magnetic field could induce such plateau transition
[39]. When the SC proximity effect is sufficiently strong, the
superconducting region II experiences the BAG Chern number
variation ' = -2 - —1 —- 0 — 1 — 2 as A decreases in
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the hysteresis loop [dashed line in Fig. 3(a)]. Therefore,
the transport setup Fig. 1 is a QAH/NI-TSC/NSC-QAH/NI
junction. As we will discuss in details below, the edge transport
features of the junction uniquely convey the topological
properties of the SC in region II.

The QAH edge state can be viewed as two CMEMs since a
C = 1 QAH state is topologically equivalent to a N = 2 TSC.
Therefore, in the case of QAH,_;-TSCp—2-QAH,_, junction
[Fig. 3(j)], the edge current will be perfectly transmitted. By
contrast, if the junction is QAHc_;-TSCp=;-QAH,_; [Fig.
3(1)], the chiral edge state in the QAH region separates into two
CMEMs at the TSC boundary [8,43]. One CMEM is perfectly
transmitted, while the other is totally reflected. The edge trans-
port of the junction is governed by the generalized Landauer-
Biittiker formalism, which includes the contributions from
both the normal scattering and Andreev scattering [47,48]. The
general relationship between current and voltage on leads 1 and
2 shown in Fig. 1is I} = (e*/h)[(1 = R + RV, — VS%) -
(T' = T)(Va = VOl and I = 2/ W(1 = R’ + Ry)(Va —
VO — (T — Ty)(Vi — VO)]. Here V2 =0 is the voltage of
the grounded SC layer, I; and I, are currents flowing into
leads 1 and 2, respectively. R, 7, R4, and 7, are the normal
reflection, normal transmission, Andreev reflection, and An-
dreev transmission probabilities, respectively, for an electron
injected from the left, while R, 77, R/,, and 7 are for an
electron coming from the right. The two-terminal conductance
is then defined as o1, = 1 /(V] — Vo) = (11 — L)/2(V] — WV,).
For the QAH,_-TSCx=1-QAH,_; junction in Fig. 3(i), the
probabilities of normal scattering and Andreev scattering are
equal [46], and we have R=R, =T =T, =R =R/, =
7' =T, = 1/4, resulting in a half-quantized conductance:

o2
2h
Moreover, since the SC layer is not floating but grounded,
the quantized net incoming current Isc = (V| 4+ V»)e?/ h will
be flowing from the SC layer to ground. Here we point out
that the supercurrent due to the phase fluctuation of SC order
parameter may give a small correction to conductance, which
scales as (£/L)%, where ¢ is the width of CMEM, and L is
the size of SC. For an estimation, £ ~ 0.5 um, therefore such
correction is negligible for L > 50 um. In contrast, the N = 2
TSC junction in Fig. 3(j) exhibits a quantized conductance
01 = e2/h [46]

The entire plateau transition of o}, in the hybrid junction
device is shown in Fig. 3(c). In correspondence to the QAH
plateau transition of oy, in Fig. 3(b), o1, also exhibits plateaus
quantized at ¢?/h and 0 when region II is A" = £2 TSC and
N =0 NSC, respectively. In addition, an intermediate half-
quantized plateau at e?/2h could occur at the coercivity under
the condition |A|+ |mg| > |A| > |my|, which is a unique
signature of the A/ = 41 TSC in region II. We emphasize
that a plateau usually indicates a stable phase instead of
a fine-tuned state. The size of backscattering region is not
necessarily mesoscopic. In fact, the size L of the TSC region
sets a temperature scale kpTiy ~ vy /L, above which the
interference effect vanishes due to thermal averaging, where
vy is the Fermi velocity of CMEM. For an estimation,
L ~200um, vy ~ 2.0 eV A, Tine ~ 10 mK. Therefore,
the half-plateau is robust at large L and finite temperature

62
o = E(T-’_ Ra) = &)
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FIG. 4. (Color online) (a) The point contact configuration of two
SC islands with SC phases ¢ and ¢,, across which the reflection
and transmission amplitudes of the CMEMSs are r and t. (b) The
conductance o, as a function of t for different coupling strengths £.
A dc current flows between a; and a,, an ac voltage between them is
measured, with frequency f = 2eV,./h.

T > Tin. The plateau transitions and corresponding edge
transport configuration in the hysteresis loop are illustrated in
Figs. 3(c)-3(j). In particular, four 1/2-plateaus occur around
the critical magnetic fields £H; and +H} shown in Fig. 3(c).

C. Point contact

Another useful transport configuration is a point contact
formed by two SC islands that allow the transmission of
CMEMs, as shown in Fig. 4(a). A voltage V. is ap-
plied onto island TSC;, while TSC, is grounded. If either
TSC; or TSC, is a N =2 TSC, the edge current will
be perfectly transmitted. Nontrivial physics occurs when
both TSC; and TSC, are ' =1 TSC. An incident edge
electron from b; splits into two CMEMs, one is perfectly
transmitted along the edge, while the other is scattered at the
point contact with transmission amplitude ¢, which depends
on the phase difference §¢ = ¢; — ¢ of two TSCs (see
Appendix B). The I-V relation in this geometry is I} =
@/l —R+RDVi — Vie)) = (T' = THV5], and I, =
@/MWI1 =R +ROV2 = (T = Ty)(Vi — Vio)l, where R =
Ra=R =R,=r2/4, T=T =1 +1)*/4, Th=T, =
(1 —1)?/4, r is reflection amplitude and r? + t> = 1. There-
fore, I = e?(1 4+ ¢)(V; — V5, — Vi.)/2h. Note that the current
is proportional to the tunneling amplitude ¢, not the tunneling
probability. If Vi, =0, we have oy, = (1 + t)ez/2h, which
directly measures ¢ of the neutral CMEMs. A finite V. leads
to a time-dependent 8¢, which in turn affects 7. A simple
tunneling model for the CMEM is (also see Appendix B)

Htunnel = iUz 8): - K()C) Sln(8¢/2 - ¢0)Uya (6)

where «(x) is nonzero in a finite interval, and the basis
is the CMEMs (y1,y»2) shown in Fig. 4(a). The transmis-
sion amplitude ¢ at zero-energy in this model is 7(6¢) =
1/ cosh[& sin(8¢/2 — ¢o)], where & = [ dxk(x)/2. Within
this model, ¢ is purely real. With a fixed Vi across the
point contact, §¢ varies linearly with time 7 with a slope
dé¢/dt = 2eVy./h. We can define a new conductance

NS ™
Vi—Vo— Vi 2h ’
which is a periodic function in time with the Josephson
junction frequency f = 2eV,./h. Figure 4(b) shows o}, as a
function of time for different values of £. The time oscillation

’
5P
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shape of o/, are different for a weakly coupled point contact
(small &) and a strongly coupled one (large &). However,
o{, always oscillates between e?/2h and €2/ h, since there
is always at least one perfectly transmitted CMEM, which is
also a unique feature of the N' = 1 TSC state.

D. Temperature dependence

We further consider the temperature dependence of the
above CMEM transmission (see Appendix D). It is straightfor-
ward to see by a dimensional counting that #(§¢) in the above
free Majorana fermion model is marginal, therefore it remains
constant at low temperature 7. When the leading four-fermion
interaction (irrelevant) is included, the tunneling amplitude
acquires a weak temperature dependence. For V. = 0, in this
case 0, = o2, the renormalization group analysis gives a
power-law correction §¢ ~ —Af,Tﬁ to #, where 1, is the bare
fermion interaction strength. The conductance oy, o< (1 + 1)
will therefore decrease as T increases. This perturbative
result is no longer valid above a characteristic temperature
of T, ~ )»;1/ 3, when the correction §¢ is comparable to 7. For
higher temperature 7, < T < |A|, ¢ will flow toward 0, and
the two TSC islands will behave like a single connected TSC
analogous to that shown in Fig. 1. In this regime, one can
formulate a similar point-contact tunneling model between
the left and right edges of the new TSC as in Eq. (6), but with
an additional vortex tunneling through the bulk TSC. At high
temperature, the leading contribution to # then comes from the
vortex tunneling, which leads to ¢ ~ )»[2, T-7/4, where A, is the
bare vortex tunneling strength. Therefore, the half-quantized
plateau in o, remains robust in the high-temperature regime
T. < T <A

IV. DISCUSSION AND EXPERIMENTAL REALIZATION

Finally, we discuss the feasibility of our proposals. Exper-
imentally, to observe the N' = +1 chiral TSC and all of the
four half-quantized conductance plateaus, a good proximity
effect between SC and magnetic T1 is necessary. Moreover, the
critical field H* of SC should be larger than the coercivity H e
in magnetic TI. From Refs. [38,39], the estimated H;* ~ 0.05
T and HJ ~ 0.2 T. The candidate SC materials are Nb and
NbSe,. The bulk Nb is a type I SC with T, =9.6 K and
H! ~ 0.2 T, while a thin film Nb becomes a type II SC
with upper critical field H5 ~ 1 T. NbSe; is a type II SC
and shows good proximity effect with Bi,Se; [49] even at
4.2 K and 0.4 T, where the proximity effect induced SC
gap is A ~ 0.5 meV. The width of the CMEM £ can be
estimated as vgp/A ~ 0.52 um, where the Fermi velocity
vp ~ 2.6 eVA [31]. For a typical junction voltage V. ~ 1 uV,
f ~ 0.48 GHz, which is easily accessible in experiments.

V. CONCLUSION

In summary, we propose to realize the A' = +1 chiral TSC
in a magnetic TI near the QAH plateau transition via the
proximity effect to an s-wave SC. We show that inequivalent
SC pairing amplitude on top and bottom surfaces in doped
magnetic TIs will optimize the A" = %1 chiral TSC phases.
Several edge transport measurements have been proposed to
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identify such A/ =1 TSC in the QAH-SC hybrid system.
In particular, the conductance could be quantized into a
half-integer plateau at the coercive field in this hybrid system,
as a unique signature of the neutral CMEM backscattering.
We emphasize that such an experiment can work at reasonable
temperature and does not depend on the interference effect of
CMEM. We hope the theoretical work here can aid the search
for chiral TSC phases in hybrid systems.
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APPENDIX A: PHASE DIAGRAM UNDER COMPLEX
o« =A/A

In the paper we have only considered the case @ = A, /A,
is real. In general, in the absence of time reversal symmetry (as
is in our model), & = |ar|e’? is complex. Correspondingly, the
phase diagram will be modified quantitatively, but the topology
of the phase boundaries remains unchanged compared to those
shown in Fig. 2 of the paper.

By a proper choice of basis we can always set A; = A
real. As an illustrative example, we consider here the case
le| =1, namely o = Ay/A; =¢'%. Via a unitary trans-
formation (ciy, ¢, Cor.ch;) = (CprChp €% 2egy %2} ),
A, is transformed into a real number A, = A; = A, while
the hybridization m(k) between the top and bottom SS
becomes a complex number e '%/2m(k). Therefore, we
can always set two of the three parameters Aj, A,
and mg to real numbers. Diagonalizing the BdG Hamil-

tonian Hpgs yields the energy spectrum E2 =k’ 4+ [A +
2

VIm(k)sin(gg/2) £ AP + m(k)? cos? (¢o/2)] . The phase

boundaries are given by the gap closing of the energy spectrum:

Ax \/[mo sin(¢y/2) & A? + mj cos? (¢ /2) =0, (Al)
namely, the following hyperbolas:

22— [A £ mgsin(gy/2)]* = m} cos? (¢a/2). (A2)

The phase diagram is shown in Fig. 5. As one can see,
the topology of the phase diagram does not change much.
In particular, when ¢, = 0 and 7, the phase diagram is as
indicated in Figs. 2(b) and 3(a) of the paper, respectively.

APPENDIX B: DERIVATION OF THE EFFECTIVE
TUNNELING HAMILTONIAN

Without loss of generality, consider the case |A| > A —
mo > 0. The QAH has Chern number C = 1 and the SC in
region II has BAG Chern number A/ = 1, both of which come
from the lower block H_(k) of the BAG Hamiltonian Hgqg.

PHYSICAL REVIEW B 92, 064520 (2015)

A
N=-1TSC mo sin%
N=-2 TSC b

FIG. 5. The phase diagram for A, = /% A; and pu = 0. When
¢« =0, the N'= %1 TSC phases disappear, while when ¢, = 7,
the phase spaces of ' =1 and N'= —1 TSC touch each other, as
indicated in Figs. 2(b) and 3(a) of the main text, respectively.

When the pairing amplitude of the superconductor is A =
|Ale’® = Ay = —A, withaphase ¢, H_(K) can be rewritten as

H-(k) = (h+(§k) —h’*o(—k))’ B
Lo (mB—AE A —ike Lk,
he (k) = ( ikotk,  —m)+ AT |A|>’ (B2)

under the following new basis %(e"'w%m + e"‘p/zcim,
e 2 + e"‘f’/zcikw—e’i"’ﬂcu + ei¢/2cikT,—e’i¢/zckT +

et/ Zcik \), where we have used the notation

b -t
o = 2 = L, (B3)
and
e, +cb
cxy = et = ke (B4)

The Majorana edge state between the QAH (where |A| = 0)
and the TSC (where |A| > A — mg > 0) is given by h’+(k).
As shown in Fig. 4 of the paper, the lower TSC; and
the upper TSC, have superconducting phases ¢; and ¢»,
respectively. For simplicity, we shall approximate m(k) as my,
which does not change the topological physics. If the upper
edge of the lower TSC; is set as y = 0, the Hamiltonian of the
corresponding Majorana edge state can be derived as

Hy = /dx iy1(x)3: y1(x), (B5)
where
e~i1/2¢,(x) + ei¢'/2cT(x)

(x) = =, (B6)

Y1 \/5

o0

cl(x)=/ IAIOC o2y

x [e™*ep(x,y) + e e (x,y)1dy,  (BT)

with ®(y) defined as the Heaviside function. Similarly, the
lower edge of the upper TSC; at y = yp > 0 has a low-energy
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Hamiltonian,
H, = —/dx 1y2(x)3x y2(x), (BY)
where
) = em%(xb; D
eax) = /oo O AIOO [T A (1)
—00
+e™e (x,y)]dy. (B10)

We shall assume the point contact extends in the interval 0 <
x < L, and the two edges have a nonzero hopping and pairing
term:

L
Hy =— / dx[Jpc](x)ex(x)
0
+ J, (AT + ADei(x)ea(x) + Hel, (Bl

where Aj, = |Ale!®2. When projected into the low-energy
Hilbert space of y; and y, via the substitutions

cL = €92 /N2, ¢ —> €9 N2, (B12)
this term becomes
L . (00
H =2 / dx ix()sin (%2 = g0 )
0
L
= Zf dx iM(x)y1(x)ya(x), (B13)
0
where
3¢ = ¢1 — ¢, (B14)
k(x) = |Jn/2 + ilm(J,)], (B15)
¢o = arg[J, +i2Im(J))]. (B16)
For simplicity we have defined
. (8¢
A(x) = k(x)sin (7 — qbo). B17)

The total tunneling Hamiltonian is then Hynne) = Hy + Hy +
Hj as given in Eq. (6) of the paper. The eigenwavefunction
¥ = (n1,m2)T atenergy E can then be obtained by solving the
following Shrodinger equation:

19y M)\ (m) _ p(m
—iA(x)  —ide J\m mn)
The solution for a wave incident from x = —oo with momen-

tum k is £ = k, and

(n1(x),n2(x))

(B18)

—ikx Asinh(v¥A2—k2L) ik
(6‘ lx’Tel x) (ng)
_ G[L—x] Asinh[v/A2—k%(L—x)]
=\ Com - m ) O<x<D), (B9
S
( GiL] ,O) (x>1L)
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where  function Glx] = VA% — k2 cosh(v/ A% — k?x) —
ik sinh(+/A2 — k2x). At low energies k <« A, the wave
function can be approximately written as

(1 (x), na2(x))

1 *© ! / : o ! !
= coshiL (cosh |:/x A(x"dx ], sinh |:/x A(x)dx :|),

(B20)

from which the transmission and reflection amplitudes can be
extracted out as

t = ! = - ! )
cosh ([ dxi(x))  cosh[£ sin(8¢/2 — ¢o)]

(B21)

r = tanh </ dxk(x)) = tanh [£ sin(6¢/2 — ¢p)], (B22)

where & = [ dxk(x). Note that 7 is always real and positive
at low energies. For scattering at a finite energy E = k, the
transmission amplitude ¢ is generally complex.

APPENDIX C: S-MATRIX AND CONDUCTANCE IN
GENERAL JOSEPHSON JUNCTION SETUP

Here we formulate the scattering matrix of edge states in
the setup of Fig. 4(a), and derive the conductance o/,. The
edge fermions at four ends of the sample are denoted by a; »
and b; » as shown in Fig. 4(a). With transmission coefficient ¢
and reflection coefficient r at the point contact, the scattering
matrix S due to the point contact is

ai x +611T,,k bl.,k+bjlr,7k
ark—aj _y _s bix — bl{,,k
ark+ay byx + b;,k
dox — dy i byx — b;,k

r 0 t 0 bl,k + bJ{’,k

0 0 0 1||bik—bl_

0 = 0| bk + b;_k

0 1 0 0\, sl

(CnH

Upon basis transformation from Majorana fermions to charged
fermions on QAH edges, we have

ap r r r+1 t—1\ [ bk
al | I or r r—1 141 b}fk
ax Toltr+1 -1 —r* —r* b2,k ’
i * * ek ek T
ay t 1 t*+1 r r bz,fk
(C2)

based on which the normal, Andreev transmission, and
reflection probabilities are given as T = |t + 1|?/4, Ty =
|t — 1]?/4,and R = R, = |r|>/4, respectively. According to
the generalized Landauer-Biittiker formula, the conductance
defined in the main text is

,_1+Re)?

—_— C3
O12 5 7 (C3)
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Note that the conductance o, merely depends on the real
part of Majorana transmission coefficient ¢, physically it
is due to the fact that charged fermions are treated as
combinations of Majorana fermions with transmissions ¢ and
perfect transmission 1.

APPENDIX D: TEMPERATURE DEPENDENCE AND
RENORMALIZATION GROUP ANALYSIS

In this section we analyze the temperature dependence of
Majorana transmission coefficient # by renormalization group
technique in detail [50,51]. Specifically, we focus on its real
part Re(?), since it is directly related to the conductance o75.
Our starting point is the action for the model in Eq. (6) of the

paper,

SO = / dt f dx[yll(ar + 3x))/1 + V2l(8r - ax)VZ

+ 288(x) sin(6/2 — ¢o)iy1y2]. D1
Since the Majorana tunneling occurs locally at x = 0, the
scaling dimension of the tunneling strength £ vanishes; i.e.,
[£] = 0. Therefore, £ is invariant when the temperature 7' of
the system changes, and so does the transmission coefficient 7.

The temperature dependence of ¢ comes from higher
irrelevant terms at the point contact. The leading irrelevant
term is a four-fermion interaction of the following form:

H, = /dxkprs(x)ylaxylyzaxyz- (D2)

It represents the tunneling of one pair of Majorana fermions
from one edge to the other. The scaling dimension of A, is
[Ap] = =3, hence it is irrelevant and scales as A% ~ 4,73
when T — 0. Increasing the temperature 7 will enhance the
effective interaction strength A,, which affects the transmis-
sion coefficient ¢.

The contribution of H), to the transmission coefficient ¢
can be calculated perturbatively as follows. Suppose both &
and A, are small, so that perturbation theory can be used.
We shall regard H; = 2i§6(x)sin(8¢/2 — ¢po)y1v» and H),
given above as the perturbation. Consider an in-state |i) =
¥1,—«|S2) of Majorana fermion y), and a transmitted out-state
|f) = y1.—1|S2), where |2) is the system ground state. The
transmission coefficient ¢ is then given by

t & (f|Tpe™ oo T |y (D3)
where T, stands for the time ordering. The zero-order t© is
simply 8y . The first-order contribution ¢ is

D= (f|—i /(1—1, + H,)dtli). (D4)

PHYSICAL REVIEW B 92, 064520 (2015)

Since H; is odd in y; and y», its first-order contribution
vanishes. The second term of H,, is purely imaginary and
therefore does not contribute to the conductance oy,. The
second-order correction is

1
@ ~ —§(f|Tr /(H, + H,)(v)(H; + Hy)(t)dtdT'|i).

(D5)
The H,2 term gives a constant contribution ~—£2 sin?(8¢/2 —
o), in agreement with calculations in Appendix B. The cross
term H;H), vanishes because it is odd in y; and y». The H,%
term results in a temperature-dependent correction to the real
part of transmission coefficient ¢ as

2
SRe(r) ~ =8 (A1) = =8 Al TO. (D6)

Therefore, the transmission coefficient ¢ generically decreases
as temperature T increases. When the temperature 7T is above
a characteristic temperature 7, ~ A;l/ 3, the interaction A, at
the point contact dominates, so that ¢ becomes small and r
becomes large. In this case, the above perturbative treatment is
no longer valid. However, this case can be effectively viewed
as a breaking up of original Majorana edge states y; and y, and
aremerging of them into two new Majorana edge states y; and
Y on the left and right of the point contact, and of the two TSCs
merging into a single TSC. In the temperature range 7, <
T < |A|, we can do a perturbation calculation about the high
temperature fixed point before the superconducting phase is
destroyed.

This scenario is very similar with our setup in Fig.
1(a), except that the two edges are brought together at the
point contact. Since the region between the edges in this
case is a SC, there are both fermion tunnelings and vortex
tunnelings between edges [52]. The effective action for this
point contact is

S/ Z/dl’ / dy[wll(ar + vmay)wl + 1le(ar - vmay)WZ

+ Ay 8WMiv1Yn + Ao 8(y)or02], (D7)

where 0| and o, are the vortex operators on edges with a scaling
dimension [07] = [02] = 1/16. Dimension counting renders
[Ay] = 0and [A,] = 7/8, so the vortex-vortex tunneling is the
most relevant. Therefore, at a high temperature 7', the vortex-
vortex tunneling term gives the temperature dependence of
transmission coefficient ¢:

t~ AT, (D8)

The power-law relation is valid above a characteristic tempera-
ture T, ~ A7 provided the SC gap |A| is much higher. In fact,
this confirms the robustness of the half-quantized plateau. For
in the setup with reasonable finite temperature, the edges are
far away from each other, so the tunneling strengths including
Ao are sufficiently tiny, resulting in an extremely low 7.
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