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Long-distance entanglement of soliton spin qubits in gated nanowires
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We investigate numerically the charge, spin, and entanglement dynamics of two electrons confined in a gated
semiconductor nanowire. The electrostatic coupling between electrons in the nanowire and the induced charge
on the metal electrodes leads to a self-trapping of the electrons, which results in solitonlike properties. We show
that the interplay of an all-electrically controlled coherent transport of the electron solitons and of the exchange
interaction can be used to realize ultrafast SWAP and entangling

√
SWAP gates for distant spin qubits. We

demonstrate that the latter gate can be used to generate a maximally entangled spin state of spatially separated
electrons. The results are obtained by quantum-mechanical time-dependent calculations with exact inclusion of
electron-electron correlations.
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I. INTRODUCTION

One of the most striking manifestations of the quantum laws
of physics is entanglement [1,2]. The ability to entangle qubits
is also an essential ingredient for quantum computation [3].
The spins of electrons confined in an array of electrostatically
defined quantum dots (QD) emerged as a promising candidate
for encoding quantum bits of information [4,5]. Spin qubits
weakly interacting with their environment can be electrically
controlled and show potential in scalability [6]. Recent
experiments have demonstrated fast and precise manipulation,
initialization, and measurement of spin qubits confined in
lateral QDs [7–15] and nanowire QDs [16]. Furthermore, long
spin decoherence times have been reported, reaching ∼ 200 ns
[16] for InAs QDs and ∼270 μs [17] for GaAs QDs, and the
charge noise has been measured to be very weak ∼1 μV [18].

However, the ability to couple and entangle solid state spin
qubits over long distances, which is essential for realizations of
scalable quantum computer architectures and for applications
of fault-tolerant quantum error correction (QEC) schemes,
still seems to be one of the key challenges to overcome. The
first encouraging steps toward coupling remote spin qubits
via microwave cavities [19–21] have been recently reported
[21–23]. Coherent long-range spin qubit coupling based on
cotunneling phenomena [24] has been demonstrated for an
array consisting of three quantum dots [25,26]. There are also
several interesting proposals for coupling spatially separated
QD spin qubits, e.g., using ferromagnets [27], floating gates
[28], Majorana edge modes [29–31], or superconductors [32].
Cooper-pair splitters may be another promising source for non-
local spin-entangled electrons [33–36]. Another interesting
platform useful for coupling spin qubits are mobile electrons
shuttled by surface acoustic waves [37–39] or flying qubits
[40], however, spin entanglement of such moving electrons
has not been reported so far.

In this paper, we propose an all-electrically controlled and
ultrafast method for realization of the SWAP and

√
SWAP

gates and for generating maximally entangled spin states
of spatially separated electrons. Our scheme does not re-
quire coupling with an additional external system—“quantum
bus”—which may simplify its implementation. The proposed

scheme is based on the interplay between the exchange
interaction and theoretically proposed on-demand coherent
transport [41] of self-trapped electron solitons [42,43] confined
in gated semiconductor nanostructures. Exchange interaction,
which has a short-range character, limits the ability to couple
spatially separated spin qubits confined in stationary QDs.
However, for mobile electron solitons, this is not the case. Self-
trapping allows for transporting spatially separated initially not
entangled electrons to the region where they can entangle their
spins due to the exchange interaction and finally be separated
and transported back to distant regions as an entangled
entity. To be specific, we present the results for structurally
defined InAs nanowires. However, one can expect qualitatively
similar results for electrostatically defined quantum wires in
2DEG/2DHG systems as proposed, e.g., in Refs. [41], and
for different materials. The main difference will be in the
timing but qualitatively the results will be the same. One
can integrate the proposed SWAP and

√
SWAP gates with

all-electrically controlled single ultrafast quantum logic gates
[44], which can be arranged in a 2D scalable register (Ref.
[45]) and be selectively manipulated. Such an architecture
may be particularly suitable for implementation of powerful
QEC surface codes [46].

II. MODEL

We consider two electrons confined in an InAs semiconduc-
tor nanowire covered by seven electrodes eL, eR , eJ , and e1−4,
to which the voltages VL,R,J,1−4 are applied [47], respectively.
The radius of the nanowire is l = 5 nm. The nanowire is
separated from the metal by a dielectric material (InAlAs)
[48], and the distance from the center of the nanowire to the
metal is d = 15 nm. The presented system can be described
by the quasi-1D Hamiltonian

H =
∑
j=1,2

[
p2

j

2m
+ Vconf(xj ,ρ(x,t))

]
+ V 1D

C (x1,x2) + HBR,

(1)
where pj = −i�∂/∂xj is the x component of the momentum
operator for the j th electron, j = 1,2, m = 0.023m0 is the
effective mass of the electrons confined in the InAs nanowire,
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and m0 is the free electron mass. The two-electron wave
function is represented as

�(x1,x2,t) =

⎛
⎜⎜⎜⎝

ψ↑↑(x1,x2,t)

ψ↑↓(x1,x2,t)

ψ↓↑(x1,x2,t)

ψ↓↓(x1,x2,t)

⎞
⎟⎟⎟⎠. (2)

It has to be antisymmetric with respect to simultaneous
exchange of the space and spin coordinates: ψij (x1,x2,t) =
−ψji(x2,x1,t), where i,j = ↑, ↓ indicate the spin projections
of the first and the second electron on the z axis.

The electrons in the nanowire induce a positive charge on
the surface of the metal electrodes, which in turn leads to
the self-confinement of the electron wave function along the
wire. This wave function has solitonlike properties [42,43]: it
can be transported in the form of a stable wave packet that
maintains its shape while traveling. Moreover, it can reflect
or pass through obstacles (potential barriers or wells) with
100% probability while preserving its shape. This effect can
be exploited to realize on-demand transport of self-confined
electrons, whose motions can be fully controlled by geometry
and voltages applied to the electrodes [41]. The binding energy
of such solitons depends on m, ε-dielectric constant, and on
d (electron-metal distance) [43]. Most favorable conditions
for the soliton observation are expected for semiconductors
with large m, small ε, and short distance d (�20 nm). For
InAs with d = 15 nm, the binding energy is ∼ 1 meV. Thus
we expect that at sub-Kelvin temperatures thermal excitations
will not destroy the soliton effects. We note that similar
self-trapping effects have been reported for vacuum/metal or
dielectric/metal interfaces [49–51].

In the general case (e.g., arbitrary geometry of the elec-
trodes), the induced self-confining potential is determined
using the Poisson-Schrödinger self-consistent scheme, which
was described in detail in Refs. [41]. However, since in the
considered structure the electrodes form almost uniform wide
plates (the interelectrode distance is about 10 nm), in order to
determine the induced potential, we can use instead the image
charge technique [43,52–54],

Vind(x,t) = e

4πεε0

∫
dx ′ ρ(x ′,t)√

(x − x ′)2 + 4d2
. (3)

This greatly simplifies and speeds up the numerical calcu-
lations. Quantum calculations within linear response theory
[43,55] indicate that it is a good approximation for the actual
response potential of the electron gas. Here, ε = 14.3ε0 for
InAs nanowires [56]. In stark contrast to the commonly used
pointlike approximations of the image charge, we take here
into account the spatial distribution of the image charge in a
direction parallel to the metal plate. The two-electron charge
density is defined as

ρ(x,t) = e

∫
dx ′(|�(x,x ′,t)|2 + |�(x ′,x,t)|2), (4)

where |�(x1,x2,t)|2 = ∑
i,j=↑,↓ |ψij (x1,x2,t)|2. The voltages

applied to the electrodes generate an additional electrostatic
potential in the nanowire region, φ0(x,y0,z0), which we
determine by solving the Laplace equation, ∇2φ0(x,y,z) = 0,
under the conditions φ0(x,ygates,z) = Vi , where Vi is the

FIG. 1. (Color online) Schematic view of the nanostructure and
its cross-section. The nanowire is covered by seven electrodes which
are labeled by e1−4 and eL,R,J . Two electrons with opposite spins (blue
arrows) are confined in the nanowire. The positive charge induced on
the gate surface is marked by red areas.

voltage applied to the ith electrode. Thus, according to the
superposition principle, the total confinement potential for the
electrons in the nanowire can be expressed as

Vconf(x,ρ(x,t)) = −|e|Vind(x,t) − |e|φ0(x,y0,z0). (5)

The electric field Ey , generated by the electrodes, and the
induced charges is also the source of the Bychkov-Rashba spin-
orbit interaction (SOI) in the nanowire, Hj

BR = αEykxj
σz [57].

The corresponding BRSO Hamiltonian for the two electrons
in the quasi-1D nanowire takes the form HBR = H 1

BR ⊗ I +
I ⊗ H 2

BR. However, for a chosen orientation of the electrodes,
wire, and initial electron spin (either up or down along the z

direction) the motion of the electrons along the wire does not
induce spin rotations, but slightly increases spin swap times.
Furthermore, we assume that the nanowire is grown along the
[111] crystallographic direction, which allows us to neglect
the Dresselhaus SOI [56], which can affect weakly the gate
fidelity [58].

The effective 1D Coulomb interaction between electrons in
a nanowire with strong parabolic confinement in the y and z

directions has the form [59]

V 1D
C (x1,x2) = 1√

2π4ε0εl
erfcx

( |x1 − x2|√
2l

)
. (6)

The time evolution of the system is described by the nonlin-
ear time-dependent Schrödinger equation i� ∂

∂t
�(x1,x2,t) =

H�(x1,x2,t), which we solve numerically using an explicit
Askar-Cakmak scheme [60]. As initial condition we take
the ground state �(x1,x2,t0) = �0(x1,x2) for the two self-
confined electrons under the metal electrodes, which we obtain
by solving the eigenvalue equation H�0(x1,x2) = E�0(x1,x2)
with the imaginary time propagation method [61]. In this
approach, electron-electron correlations are taken into account
exactly.

To characterize the properties of the system, we evaluate
the spin density (ith component) of the two-electron system,

ρSi
(x,t) = �

2

∫ xR

xL

dx ′(�†(x,x ′,t)σi ⊗ I�(x,x ′,t)

+�†(x ′,x,t)I ⊗ σi�(x ′,x,t)), (7)
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FIG. 2. (Color online) Time evolution of the charge density
ρ(x,t) illustrating the difference in propagation and collision of two
incident electrons between the case with (a) and without (b) image
charge potential. Note the self-trapping and the solitonlike behavior
in case (a).

where σi is ith Pauli matrix, i = x,y,z. Consequently, with
this formula, the expectation value of the electron spin in the
left (sL

z ) or right (sR
z ) part of the nanostructure takes the form

sL(R)
z (t) =

∫ x0(xR )

xL(x0)
dxρSz

(x,t), (8)

where x0 is the midpoint of the nanowire and xL (xR)
denotes the left (right) end of the nanowire. The amount of
entanglement between the spin in the left and the right parts of
the nanowire can be quantified by calculating the concurrence
[62], which is defined as C(ρSLR ) = max{0,

√
λ1 − √

λ2 −√
λ3 − √

λ4}. It varies from zero for completely separa-
ble (nonentangled) states to unity for maximally entangled
states. Here, λi are eigenvalues (in decreasing order) of
ρ̃ = ρSLR (σy ⊗ σy)ρSLR

∗
(σy ⊗ σy). The ρSLR is the reduced

density matrix for two-electron spin states in the left and right
parts of the nanowire:

ρSLR = 2
∫ x0

xL

dx1

∫ xR

xL

dx2 ρ(x1,x2,x1,x2), (9)

where ρ(x1,x2,x1,x2) = |�(x1,x2)〉〈�(x1,x2)| is the full two-
electron density matrix. In the above definition of reduced
density matrix ρsLR , we take into account the double occupancy
of electron states in the right and left part of the nanowire.

III. RESULTS

First, we investigate the charge dynamics and illustrate
differences in propagation between self-trapped solitonlike
electrons and “freely” propagating electrons not interacting
with the metal. Initially, electrons are confined in the nanowire
under the electrodes eL and eR (see Fig. 1), which is achieved
by applying V1,2,3,4 = −1 meV and zero voltage to the other
gates VL,R,J = 0. The electrons are forced to move against
each other by changing the voltage on electrodes e2,3 to
V2,3 = 0 and by lowering the voltage on electrodes e1,4 to
V1,4 = −1.5 mV [63]. The time evolution of the two-electron
charge density ρ(x,t) along the wire is depicted in Fig. 2. It can
be seen that the electrons being self-trapped under the metal
maintain their charge density shape while moving, which is a
characteristic feature of soliton waves. Furthermore, the shape
is not affected by the collision with other electrons [Fig. 2(a)].

FIG. 3. (Color online) (a) Time evolution of the charge density
ρ(x,t) and scheme of the electrodes covering the nanodevice (grey).
Time evolution of (b) the z component of spin density ρSz

and (c) the
z component of the expectation value of the electron spin in the left
sL(t) (red) and the right sR(t) (blue) part of the nanowire (referred
to the left axis). The concurrence C (black) of the two-electron spin
state is shown with respect to the right axis in (c). In the inset (c′)
of Fig. 3(c), we plot the average distance |x1 − x2| (orange) between
electrons for the first few collisions.

However, this is not the case for “free” electrons that are not
interacting with the metal [Fig. 2(b)] [64].

In order to realize a quantum
√

SWAP gate using the
nanodevice from Fig. 1, we propose the following scheme.
Initially (for t0), each of the electrons is localized under
spatially separated (by about 1.2 μm) electrodes eL and eR ,
in a spin-up sL

z (t0) = �/2 and a spin-down sR
z (t0) = −�/2

state, respectively. Thus the initial state has the following
form [65]: �0(x,y) = (0,ϕL(x1) ϕR(x2), − ϕR(x1) ϕL(x2),0)T ,
where ϕR(xi) and ϕL(xi) are the single electron ground-state
orbitals localized in the right (R) and in the left (L) dot. In this
situation, there is no entanglement, i.e., C(ρ(t0)) = 0.

Then, by changing the voltage on the electrodes (in the same
manner as in the previous example), the electrons start to move.
When the electrons reach the region under the electrode eJ (for
t = ttrap ≈ 20 ns), the voltage on the neighboring electrodes
e2,3 is set to V2,3 = −1 mV, which traps the electrons under eJ .
Then the electrons collide periodically under this electrode.
The time evolution of the charge (zth component of spin)
density for the two electrons ρ(x,t) [ρSz

(x,t)] is plotted in
Fig. 3(a) [Fig. 3(b)]. The time evolution of the expectation
value of the spin in the left and right part of the nanodevice
and the concurrence C is depicted in Fig. 3(c). During each
collision (due to exchange interaction which is intrinsically
present in our model), electrons exchange a fraction of the spin
and consequently entanglement builds up between electron
spins in the left and right part of the nanodevice. This is
illustrated in Fig. 3(c′) where we also plot the average distance
between electrons (orange line). Dips in the average value
of the spin or concurrence are due to a local and temporary
increase of double occupation probability [66] during the
soliton collision.
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FIG. 4. (Color online) Probability densities of the two-electron
wave functions |ψ↑↓(x1,x2,t)|2 (upper panel) and |ψ↓↑(x1,x2,t)|2
(lower panel with primes) for the instants (a) t0, (b) ttrap, (c) t1/2

[C(ρ(t1/2)) = 0.5], (d) trel, and (e) tstop during the realization of the√
SWAP gate.

After many collisions, for t ≈ 260 ps, we have a situation
where the spin density vanishes and the spin in the left and the
right dot is equal to zero, sL

z (t) ≈ sR
z (t) ≈ 0. Furthermore,

the concurrence reaches C(ρ(t)) ≈ 1, which indicates that
the spins are maximally entangled. However, the system is
not yet in the spatially separated entangled state. In order
to separate electrons from the area under the electrode eJ ,
the voltage on the electrodes e2,3 is switched (for trel ≈
260 ps) to V2,3 = 0, and after the last collision, the electrons
start to move into opposite directions. When they reach
the region under the electrodes eL,R (initial position) for
tstop ≈ 280 ps, respectively, they are trapped again by changing
the voltage on electrodes e1,2,3,4 to V1,2,3,4 = −2 mV. Finally,
the maximally spin-entangled state is obtained for spatially
separated electrons characterized by the concurrence reaching
C(ρ) > 0.999.

It is also instructive to analyze the probability densities
of the components of the total two-electron wave functions
during the entanglement generation process. For the chosen
initial state with opposite spins, during the whole evolution,
components with parallel spins are zero ψ↑↑ = ψ↓↓ = 0,
while the other two are nonzero. The corresponding values
|ψ↑↓(x1,x2,t)|2 and |ψ↓↑(x1,x2,t)|2 are depicted in Fig. 4
for the initial moment t0—nonentangled spatially separated
electrons, ttrap—first collision, t1/2 when the concurrence
becomes C(ρ(t1/2)) = 0.5, trel last collision when the electron
spins are maximally entangled, and finally for the maximally
entangled and separated electron spins under electrodes
eL,R .

A similar procedure can be used to realize the two-qubit
SWAP gate, which fully exchanges the spin of the two
electrons. In this case, electrons have to be released from
under the electrode eJ for trel ≈ 510 ps and trapped again
under eL,R for tstop ≈ 530 ps. The results are shown in Fig. 5.
It is clearly seen how electrons exchange their spins during
soliton collisions under electrode eJ . It is quite remark-
able that despite many collisions the shape of the electron
wave function (charge density) is still preserved and well
localized.

The difference between voltages on gate eL, eR , and
neighboring gates determines the initial electron momentum

FIG. 5. (Color online) Same as Fig. 3 but for the SWAP gate.

and thus ttrap. The larger the voltage difference the higher the
momentum and the shorter ttrap become. The switching times
ttrap and tstop have to be tuned with about ±4 ps precision in
order to properly trap electrons. Such precise tuning, however,
can be avoided altogether by allowing the soliton to dissipate
energy. The kinetic energy of the electron (initially transferred
to it) can be absorbed, e.g., by interaction with an electron gas
from a nearby quantum well via retardation effects [55]. Only
trel needs to be tuned in this case, where even a 30% deviation
from trel is allowed and the concurrence reaches still more than
90%.

The operation times τop of the proposed gates are on the
order of hundreds of picoseconds, which is three orders of
magnitude shorter than the reported spin decoherence time in
InAs QDs [16]. However, one can further tune (decrease) the
gate operation time by increasing the voltage applied to the
gates e3,4.

IV. CONCLUSION

We have shown that the interplay of solitonlike properties
of mobile self-trapped electrons in gated semiconductor
nanowires and the exchange interaction can be exploited
to realize ultrafast (subnanoseconds) SWAP and

√
SWAP

gates for remote spin qubits. The latter gate can be used to
realize maximally entangled spin states of spatially separated
electrons. The proposed gates are all electrically controlled
which makes our proposal particularly suitable for scalability
purposes. Furthermore, the mobile character of entangled
electron spins can be useful for the realization of quantum
teleportation in solid state nanostructures.
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