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We theoretically study the magnetization inside a normal metal induced in an s-wave superconduc-
tor/ferromagnetic metal/normal metal/ferromagnetic metal/s-wave superconductor (S/F1/N/F2/S) Josephson
junction. Using the quasiclassical Green’s function method, we show that the magnetization becomes finite inside
the N. The origin of this magnetization is due to odd-frequency spin-triplet Cooper pairs formed by electrons
of equal and opposite spins, which are induced by the proximity effect in the S/F1/N/F2/S junction. We find
that the magnetization M(d,0) in the N can be decomposed into two parts, M (d,0) = M'(d) + M"(d,0), where
0 is the superconducting phase difference between the two Ss and d is the thickness of N. The 6-independent
magnetization M'(d) exists generally in S/F junctions, while M"(d,0) carries all 6 dependence and represents
the fingerprint of the phase coherence between the two Ss in Josephson junctions. The 6 dependence thus
allows us to control the magnetization in the N by tuning 6 for a fixed d. We show that the 6-independent
magnetization M'(d) weakly decreases with increasing d, while the 6-dependent magnetization M"(d,8) rapidly
decays with d. Moreover, we find that the time-averaged magnetization (M"(d,0)) exhibits a discontinuous peak
at each resonance dc voltage V,, = nhws/2e (n: integer) when dc voltage V' as well as ac voltage v,.(¢) with
frequency ws are both applied to the S/F1/N/F2/S junction. This is because M'(d,0) oscillates generally in
time ¢ (ac magnetization) with d6/dt = 2e[V + v,(t)]/h and thus (M"(d,8)) = 0, but can be converted into
the time-independent dc magnetization for the dc voltage at V,,. We also discuss that the magnetization induced
in the N can be measurably large in realistic systems. Therefore, the measurement of the induced magnetization
serves as an alternative way to detect the phase coherence between the two Ss in Josephson junctions. Our results

also provide a basic concept for tunable magnetization in superconducting spintronics devices.

DOI: 10.1103/PhysRevB.92.024512

I. INTRODUCTION

The proximity effect is an important quantum phenomenon,
which occurs when a superconductor is attached to nonsuper-
conducting materials, where the pair amplitude of Cooper pairs
in the superconductor penetrates into the nonsuperconducting
materials [1]. A typical example is the Josephson effect,
which has been known as one of the macroscopic quantum
phenomena, characterized as dc current flowing without a
voltage drop between two superconductors separated by a thin
insulator (/) or normal metal (N) [2,3]. The Josephson critical
current in a superconductor/insulator/superconductor or su-
perconductor/normal metal/superconductor junction forming
a Josephson junction monotonically decreases with increasing
the thickness of 7 or N [1-3].

The proximity effect in s-wave superconductor/ferro-
magnetic metal (S/F) hybrid junctions has been extensively
studied in the last decade because of its fascinating phenomena
and potential applications to superconducting spintronics [4—
23]. Due to the proximity effect between S and F in a
S/ F junction, the spin-singlet Cooper pairs (SSCs) penetrate
into the F and acquire a finite center-of-mass momentum
proportional to the exchange splitting between up- and down-
spin bands in the F'. The pair amplitude of SSC shows damped
oscillation with increasing the thickness of F'. One interesting
phenomena induced by the damped oscillatory behavior of the
pair amplitude of SSCis a & state ina S/F/S junction, where
the current-phase relation in the Josephson junction is shifted
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by 7 from that of the ordinary S///S or S/N/S junction
(called O state) [4-22]. It is expected that the m state can
be utilized for an element of quantum computing and circuit
[24-27].

Another intriguing proximity effect in §/F hybrid junc-
tions is the emergence of odd-frequency spin-triplet Cooper
pairs (STCs), although the S is an s-wave superconductor
[22,28]. Here, the anomalous Green’s functions of spin-triplet
components are odd functions with respect to the fermion
Matsubara frequency w,. It should be noted that the anomalous
Green’s functions in bulk superconductors are generally even
functions with respect to w,. When the magnetization in the F
is uniform in a S/ F junction, not only the SSC, as described
above, but also the STC composed of opposite spin electrons
(i.e., total spin projection on z axis being S, = 0) penetrates
into the F due to the proximity effect [22,29]. The penetration
length of STC with S; = 0 (and also SSC) into the F is very
short and the amplitude of STC exhibits a damped oscillatory
behavior inside the F with increasing the thickness of F. The
penetration length is determined by & = /hDg/ hex, which
is typically an order of few nanometers [4-22]. Here, D and
hex are the diffusion coefficient and the exchange field in the
F, respectively.

On the contrary, when the magnetization in the F is
nonuniform in a S/ F junction, the STC formed by electrons
of equal spin (|S;| = 1) can also be induced in the F. This
includes cases, for instance, where the F contains a magnetic
domain wall [30-36], the junction consists of F multilayers

©2015 American Physical Society


http://dx.doi.org/10.1103/PhysRevB.92.024512

S. HIKINO AND S. YUNOKI

[37-55], the interface of S/ F junction is spin active [56—61],
and the ferromagnetic resonance occurs [62—-64]. Although the
pair amplitude of STC with |S;| = 1 monotonically decreases
with increasing the thickness of F', the STC with |S,| = 1 can
propagate into the F over a distance of the order of & =
hDg/2wkgT (T: temperature), which is typically about
several dozen nanometers [65]. This is approximately two
orders of magnitude longer than the penetration length of the
SSC and the STC with S, = 0. Therefore, the proximity effect
of STCs with |S,| =1 is called the long-ranged proximity
effect (LRPE).

Following the theoretical predictions, the STC in S/F
hybrid junctions has been confirmed experimentally [66—73].
The obvious way to observe the LRPE induced by the STC
with |S;| =1 is to directly measure the Josephson current
in Josephson junctions composed of F's [66-70]. Indeed,
the LRPE has been observed in S/F junctions with spin-
active interfaces [66,69,70] and in S/F multilayer systems
with noncollinear magnetization alignment between F' layers
[67,68]. Recently, the variation of superconducting transition
temperature (7¢) has been observed in S/F1/F2 type spin
valve structures as the direction of magnetizations in the two
ferromagnetic metals F'1 and F2 is changed [71,72]. This is
also due to the LRPE induced by the STC as predicted in the
previous theoretical calculation [45].

An alternative way to prove the STC is to measure the spin
angular momentum carried by Cooper pairs because the spin
is finite for the STC but is zero for the SSC. Several theoretical
studies have already addressed this issue and examined the
magnetization induced by the STC in the various geometry of
S/ F hybrid structures [22,40,42,48]. A F/S/F junction with
a spin valve structure is a typical geometry of such S/ F hybrid
structures. When the magnetizations in the two F's separated
by the S are noncollinearly aligned, not only the STC with
|S;| = 0 but also the STC with |S,| = 1 becomes finite and
induces a finite magnetization inside the § as well as the two
Fs [22,40,42].

Recently, the magnetization induced by the STC has also
been studied in Josephson -junction-type multilayer systems,
eg.,S/F/F/S,S/F/F/S/F, and rather complex symmetric
three-terminal S/F/F/S/F/F/S junctions [48]. It has been
pointed out that such Josephson junctions with metallic ferro-
magnetic multilayers, especially the symmetric three-terminal
S/F/F/S/F/F/S junction, may have promising potential for
superconducting spintronics applications with low dissipation
[48]. This is because the magnetization in this junction can
be well controlled by changing the superconducting phase
difference between the two outmost Ss without Jule heating.
Here, it should be noted that the thickness ds of S in the middle
layer sandwiched by the two ferromagnetic double layers has
to be ds K SSZ /& (&s: superconducting coherence length) in
order to observe clearly the magnetization in the middle §
layer induced by the STC [48]. However, in this case, the
superconductivity in the middle S layer is violently suppressed.
To prevent this from happening, for example, a three-terminal
Josephson junction composed of large superconducting elec-
trodes in the middle S layer is proposed [48,55,73].

In this paper, we focus on a much simpler Joseph-
son junction with metallic trilayers, i.e., a S/F1/N/F2/S
Josephson junction (see Fig. 1), which nowadays has been able
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FIG. 1. (Color online) Schematic illustration of the
S/F1/N/F2/S junction studied, where the normal metal (N)
is sandwiched by two ferromagnetic metals (F'1 and F2) attached
to s-wave superconductors (Ss). Arrows in F'1 and F2 indicate the
direction of ferromagnetic magnetizations. While the magnetization
in F2 is fixed along the z direction, the F'1 is assumed to be a free
layer in which the magnetization can be controlled by an external
magnetic field within the yz plane with ¢ being the polar angle
of the magnetization. ds, dri, dr:, and d are the thicknesses of S,
F1, F2, and N, respectively, with L = d + dg;, Lg = L + dp,, and
Ls = Lr + ds. We assume that the magnetizations are uniform in
both F'1 and F2 layers, and that ds > &s.

to be fabricated experimentally [67,68,74], and theoretically
examine, by employing the quasiclassical Green’s function
method, the magnetization inside the N induced by the odd-
frequency STCs composed of electrons of equal and opposite
spins. Fixing the magnetization in F2 along the z direction
perpendicular to the junction direction (x direction), we show
that (i) the x component of the magnetization in the N is
always zero; (ii) the y component becomes exactly zero when
the magnetizations in 1 and F2 are collinear; and (iii) the z
component is generally finite for any magnetization alignment
between F'1 and F2. We also show that the magnetization
in the N can be decomposed into two parts, 6-dependent
and @-independent parts, where 6 is the superconducting
phase difference between the two Ss in the S/F1/N/F2/S
junction. The 6-dependent magnetization is induced as a result
of finite coupling between the two Ss, while the 8-independent
magnetization always exists due to the proximity effectin S/ F
hybrid junctions. We find that the 6-independent magnetization
decreases slowly with increasing the thickness of N, whereas
the 6-dependent magnetization decays rather rapidly. We
also investigate the dynamics of the magnetization in the N
when ac voltage is applied. Because of the ac voltage, the
superconducting phase difference 6 is now time dependent
and accordingly the 6-dependent part of the magnetization
oscillates. However, we find that the 6-dependent part of the
magnetization is converted, when it is time averaged, from the
oscillating ac character to the time-independent dc character at
specific dc voltages, depending on the frequency of ac voltage,
if dc and ac voltages are both applied to the S/F1/N/F2/S
junction. Finally, we argue that the magnetization induced
inside the N can be large enough to be observed experimentally
in realistic settings.

The rest of this paper is organized as follows. In Sec. II,
we introduce a simple S/F1/N/F2/S junction consisting of
metallic trilayers and derive the analytical formulation of the
magnetization induced inside the N on the basis of Usadel
equation in the diffusive transport limit. It is clear from this
analytical formulation that the magnetization in the N is indeed
induced by the odd-frequency STCs. In Sec. III, we show the
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results of the magnetization as a function of the thickness
of N for different magnetization alignments of the two Fs.
The 6 dependence of magnetization, including the dynamics
when ac voltage is applied, is also discussed. Finally, the
magnetization induced by the STCs is estimated for a typical
set of realistic parameters in Sec. IV. The summary of this
paper is given in Sec. V. The spatial dependence of anomalous
Green’s functions in the N is discussed in Appendix A and the
local magnetization density induced inside the N is examined
in Appendix B.

II. JUNCTION AND FORMULATION

After introducing the Josephson junction studied, we first
formulate for this junction the anomalous Green’s functions in
the diffusive transport limit on the basis of the quasiclassical
Green’s function method and then derive the analytical
formulas of the magnetization induced inside the N.

A. S/F1/N/F2/S junction

As depicted in Fig. 1, we consider the S/F1/N/F2/S
junction made of normal metal (V) sandwiched by two layers
of ferromagnetic metal (F1 and F2) attached to s-wave
superconductors (Ss). We assume that the magnetization in
F2 is fixed along the z direction perpendicular to the junction
direction (x direction), while the F'1 is a free layer in which
the magnetization can be controlled by an external magnetic
field, pointing any direction in the yz plane, parallel to the
interfaces, with ¢ being the polar angle of the magnetization.
We also assume that the magnetizations in F'1 and F2 are
both uniform. The thicknesses of S, F1, F2, and N are ds,
dp1, dp, and d, respectively, with L = d + dp;, Ly = L + dp,
and Ls = Lg + ds. Furthermore, we assume that ds is much
larger than the superconducting coherent length &g.

B. Anomalous Green’s functions

In the diffusive transport region, the magnetization inside
the N is evaluated by solving the linearized Usadel equation
in each region m (=F1, N, and F2) [20-22],

ihDy % ™ (x) — i2hlw,| f™(x) + 2A(x) — sgn(w,)h (x)
X (£, [ (X)) — sgn(w, )b (0)[E,, F"(x)] = 0, (1

where D, is the diffusion coefficient in region m, w, = (2n +
DrkgT/h with n = 0,4£1,%2, ... is the fermion Matsubara
frequency, sgn(A) = A/|A|, and £, is the y (z) component
of Pauli matrix. We assume that diffusion coefficients in
F1 and F2 are the same, i.e., Dp; = Dr, = Dg. Note also
that {O,R} = OR+ RO, [0,R] = OR — RO, and 0 is null
matrix. The anomalous part f” of the (2 x 2) quasiclassical
Green’s function [56] is given by

N Y COR YD

/ (x)_(fi”T(x) £
_ (oo R+
T\ @ e e+ ifre )

where the w, dependence is implicitly assumed. Notice
that f"(x) is the anomalous Green’s function for the SSC,
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whereas fl')’(’(,y)(x) and f;7 (x) represent the anomalous Green’s

functions for the STC with [S;| = 1 and | S;| = 0, respectively.
The s-wave superconducting gap A(x) is finite only in the S
and assume to be constant, i.e.,

(AOL _(?L), —ds <x <0
AW =1, ™). Lr<x<Ls: (3)
0, other

The exchange field Eex(x) = [ (x),hax(x),h (x)] due to the
ferromagnetic magnetization in the F's is described by

héVxEy + hé‘xgz, 0<x <dp
Eex(x) = hex22zs L<x< LFv (4)
0, other

where hiy = hey sing, hZ, = hexi cos ¢ (see Fig. 1), and Ey(z)
is a unit vector in the y (z) direction. We assume that h.x; and
hexo are both positive.

To obtain the solutions of Eq. (1), we impose appropriate
boundary conditions [75], i.e.,

5= = FF )]s, )
PO izdry = PN s (6)
et = 20t 7
PP eere = £ ity (8)
~ 1 ~

N ez, = — N, )

VF x=dp)

and

iafom =0, )| (10)

YF x=L x=L

where yr = or/on and og) is the conductivity of F'1 and F2
(N). Moreover, in the present calculation, we adopt the rigid
boundary condition
o e (1
os £s
where og is the conductivity of S in the normal state
and %_FI(Z) = /hDg/ hex1(2) [21]. Assuming that ds > &, the
anomalous Green’s function in the Ss attached to F1 and F2
can be approximately given as

A AL(R)
L300 oz = — 1ty ,
s x=0(LF) y /—(hw)2 T |AL(R)|2

where AR, = Ae’%t® (A: real) and 6y g, is the superconduct-
ing phase in the left (right) side of Ss (see Fig. 1).

Assuming that dg;/&p; < 1, we can perform the Taylar
expansion for fF'(x) as follows [41,76]:

FE ) ~ ffdr) + (0 — dp)de £ 00 Lemar,

+ (x —ZdF1)2 3§fFl(x)

12)

13)

x=dr|
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Using the boundary conditions given in Egs. (5) and (9) for
Eq. (13) and substituting Eq. (13) into Eq. (1), fF'(x) can be
approximately expressed as

£l ~ 1afo<x> + 510)

x=dp;

exd A
+isgn(w,) L (%, 51(0)}
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expressed as

fPx) ~ —dyﬂaxf%) + FS3(Lp)
F

x=L

+uafo(x)
YE

x=L

2Dy +isgn(e,) ;"2 I
z 2 hDg
+isgn(w,) 21, f51(0)] (= Lhes . »
2h —isgn(,) 2= 8 fHLL (19)
(x —dpy)? S F
— TR 1y s
isgn(w) 2hDg {hex{TY’f )} where hexy > kg T is also assAumed.
. sl The general solutions of fN(x) are given as
+[£.. />N O]} (14)
N o N —k
Here we also assume that the exchange field /iy in the F1 i) = Mt Bre ™ (16)
is much larger than kg7 and thus the term Alw,|fF'(x) is
. and
neglected in Eq. (14).
Similarly, assumingAthat dpy /&m < 1, we can perform the le (x) = AN e 4 BNk (17)
Taylor expansion for f"*(x) and, using the boundary condi- Y ’ !
tions given in Egs. (8) and (10), fF%(x) can be approximately where
J
R = 1w £ R (18)

and kx = +/2]w,|/Dn. Applying the boundary conditions given in Egs. (6) and (7) to Egs. (16) and (17), and also using the
results in Egs. (14) and (15), we can obtain the anomalous Green’s functions in the N as

A
Ny = —iE—L|:sinh[kN(x —L)]—
AR |
+i—— |:Slnh[kN(x —drp)] +
L hid?
ftlj(x) = Sgn(wn)E_wn I?DEI
and
AL hi.d?
) = sgn(w,)— £, 7?13:' [smh[kN(x - L)] -
_Sgn(a)n)E_wn hDF
where
Ewn = (hwn)z + A2 (22)
and
knd, knd,
K;\(d) = ( NTFLL N Fz)cosh(kNd)

kndr1 knd,
N (1 N ﬂﬂ)smh(kw), 23)
YE YR

From Egs. (19)—(21), it is immediately found that fSN(x)
describing the SSC is an even function with respect to w,,
whereas ftl;’(tz)(x) describing the STC is an odd function with

respect to w, since f,y y(x) is proportional to sgn(w,). Hence,

(tz

fty(tz)(x) represents the odd-frequency STC.

|:s1nh[kN(x —L)]—

hexad? knd
R T2 [sinh[kN(x — dp)] + —

2 coshlkn(x — L)]:| K., (d)

kN)f‘ cosh[k(x — dm]}Kw,, @), (19)

ki F2 cosh[kn(x — L)]}Kw,, (), (20)
YF

ke 2 coshlkn(x — L)]:|Kw,,(d)
YF

cosh[kn(x — dFl)]]Kwn (d), 2D

(
It should be emphasized here that

lim f}f(x) =0 (24)
Lxl
and
hex,lifﬂa Ry = (25)

whereas fN(x) is generally finite independently of hey and
hexz. This is due to the fact that the presence of F' layers
are essential to induce the STC [22]. On the contrary, the
SSC is always induced inside the N in S/N junctions as well
as more complex S/N/F junctions [64]. Notice also that (i)
fN(x) = 0 because the exchange field in the F'1 does not have
the x component, and (ii) fff(x) is exactly zero when ¢ =0
or  as fl (x) o h2,. The spatial dependence of anomalous
Green'’s functions in the N is discussed in Appendix A.
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C. Induced magnetization in normal metal

Within the quasiclassical Green’s function method, the
magnetization M(d,0) induced inside the N is given [31,40]
as

M(d,0) = [M(d,0),M(d,0),M.(d,0)]
L

A n(x,0)d
— m(x,0)dx,
14 dri

(26)

where 6 = 6g — 6, is the superconducting phase difference
between the outmost Ss in the junction and

m(x,0) = [my(x,0),my(x,0),m(x,0)]

= —gum NeksT Y _ sgn(a)Im[ £ () [ ()]

wp

@7)
with
NG = [N, =0, i)

Here, m(x,0) is the local magnetization density in the N, g
is the g factor of electron, up is the Bohr magneton, and
A and V = Ad are the cross-section area of junction and
the volume of N, respectively. In the quasiclassical Green’s
function method, the density of states Ng per unit volume
and per electron spin at the Fermi energy is assumed to be
approximately the same for up and down electrons in the N
[20-22]. .

It is apparent in Eq. (27) that fSN(x) and ftN(x) are both
required to be nonzero to induce finite m(x,0). However, as
described in Sec. II B, nonzero le(x) occurs only when F
layers are involved in the junction and f;N(x) = 0 whenever
fSN(x) =0 for AL = Ar = 0. Therefore, the origin of the
magnetization in the N is considered to be due to the STCs
induced by the proximity effect [22,40,48]. Note also that
because of f}j(x) =0 (see Sec. IIB), m,(x,0) and thus
M, (d,0) are always zero. Therefore, irl the following, we only
consider the y and z components of M(d,6). More details of
m(x,0) are examined in Appendix B.

Substituting Eqs (19)—-(21) into Eq. (27) and performing
the integration with respect to x in Eq. (26), we can obtain
the y and z components of the magnetization induced inside
the N. The y component M,(d,0) of the magnetization is
decomposed into two parts,

(28)

M,(d.0) = My(d) + M\'(d.6), (29)
where
7T NpA? hld? K2 (d)F! (d)
MI d — _ k T F1 Wy Wy 30
y( @ = =guskeT— == ; knE2 G0
and
NpA2 bl d> K2 (d)FI(d)
MYd.0) = gupksT > El 0 T o 0.
,(d.0) = gupks 2d 7Dy ; E2 08
3

PHYSICAL REVIEW B 92, 024512 (2015)

Here, we have introduced

knd kndr \ 2
Fl (@)= Ny:zn — cos(2knd)] + [1 —( Ny:z) :|kNd

1 kndp \
- —[1 + <—N ”) :|sinh(2kNd) (32)
2 VE
and
kndpy knd
Fll(d) = (1 4 IR lFz)/’q\]dcosh(lq\m')
kndry knd, knd knd
_|:1_NF]NF2_(NF1+NF2>kNd:|
VF VF YE
x sinh(knd). (33)

Similarly, the z component M,(d,0) of the magnetization is
decomposed into two parts,

M (d,0) = M;(d) + M?(dﬁ), (34)
where
[ TnNFA2 3 K2 (d)[ hi d?, R @
Y R -
hedeéz b
— =R (d 35
+ 1Dy 0, () (35)
and
NeA? (W2 d2  heod?
MYd.0) = —gupk ™ x9F1 ex2dp)
@0y = —guekeT = =\ 5 5 Thpy
K2 (d)FI(d)
X ;WCOSQ. (36)
Here, we have also introduced
knd, knd, .
Rj,(b)(d)z Ndre) 1_( N Fl(2)> knd
! VF VF
knd,
_ NI o sh(2knd)
1 knd, 2
_ -[1 + (M) i|sinh(2kNd). (37)
2 YF

The 6-independent part of the magnetization, i.e., M;.(d)
and Mg(d), is due to the proximity effect common in S/F
junctions, similar to the one inducing the STCs in F/S/F and
S/F/F junctions [39,40,42,45,51,54]. On the other hand, the
6-dependent part M'(d,6) and M}'(d,0) of the magnetization
is induced by the coupling between the two Ss in the junc-
tion. Therefore, M;'(Z)(d ,0) appears only when ferromagnetic
metallic multilayers constitute the Josephson junction [48].
It should also be noticed that M, (d,6) becomes zero when
¢ = 0 or  since M;(d) and M;I(d ,0) are both proportional to
hix = hex1 sin . In contrast, M.(d,0) is generally nonzero for
any ¢.
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T3 4 5 6
d/é,

FIG. 2. (Color online) (a) The y component M, (d,6) and (b) the
z component M,(d,0) of the magnetization in the N for ¢ =0,
corresponding to the parallel magnetization configuration between
F1 and F2. For other parameters, we set 7/Tc = 0.3,0 =0, yr =
O.l, dFl/SD = 03, dpz/gD = 02, hexl/AO = 30, and hSXZ/AO = 20.
For comparison, M(d) and M!'(d,6) are also plotted separately in (b).

III. RESULTS

A. Thickness dependence of magnetization in normal metal

Let us first numerically evaluate M,(d,60) and M,(d,0)
in the N obtained in Egs. (29)—(37). For this purpose, the
temperature dependence of A is assumed as

T
A = Agtanh (1.74,/?C - 1), (38)

where A is the superconducting gap at zero temperature
and T¢ is the superconducting transition temperature [77].
Figures 2—4 show the typical results of the magnetization in
the N as a function of thickness d of the N normalized by
SD = «/hDN/27thTC.

Figure 2 represents the results for ¢ =0 where the
magnetizations between F1 and F2 are parallel. As shown
in Fig. 2(a), the y component M,(d,0) of the magnetization
is exactly zero since f};I (x) contributing to M(d,0) is zero in
the parallel magnetization configuration. On the other hand,
the z component M,(d,0) has a finite value, as shown in
Fig. 2(b), because fg(x) contributing to M,(d,6) is nonzero
in the parallel magnetization configuration. Furthermore, the
induced magnetization M,(d,0) is found to be negative, i.e.,
opposite to the magnetizations in F'1 and F2. It is also found
in Fig. 2(b) that |M, (d,0)| monotonically decreases with
increasing d for d > &p, but le(d) decays rather slowly as
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0.3 — T T T T T 1T
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0.2t A
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2
F2

gHp Nk T,

FIG. 3. (Color online) (a) The y component M,(d,0) and (b)
the z component M,(d,0) of the magnetization in the N for ¢ =
7, corresponding to the antiparallel magnetization configuration
between F'1 and F2. Other parameters are the same as in Fig. 2. For
comparison, M!(d) and M!"(d,6) are also plotted separately in (b).

compared with M ?(d ,0). The difference of the decay rates for
d >> &p as well as the small d behavior in M(d) and M}'(d,6)
will be further discussed below.

Figure 3 shows the results for ¢ = m where the magne-
tizations between F1 and F2 are antiparallel. As shown in
Fig. 3(a), the y component M,(d,0) of the magnetization
is still exactly zero since f};l(x) contributing to M, (d,0)
is zero also in the antiparallel magnetization configuration.
However, the z component M,(d,0) is finite and decreases
monotonically with increasing d for d > &p [see Fig. 3(b)]. It
is also noticed in Fig. 3(b) that the sign of M_(d,0) is positive
and is opposite to the one for ¢ = 0 [Fig. 2(b)]. The sign
reversal of M,(d,0) will be further discussed below. It is also
observed in Fig. 3(b) that Mi(d ) decays slowly with respect to
d as compared with M!'(d,0), similarly to the case when the
magnetizations in F'1 and F2 are parallel. It should be noticed
however that M, (d,0) becomes exactly zero in the antiparallel
magnetization configuration when dr; = dp> and |h, | = |hexol
because in this case M(d) and M'(d,0) are both zero, as seen
in Egs. (35)-(37) [see also Egs. (41)—(43)].

Figure 4 shows the results for ¢ = /2 where the mag-
netization in F'1 is perpendicular to that in F2. As shown in
Fig. 4(a), the y component M,(d,0) of the magnetization is
now finite since ftl;l(x) contributing to M,(d,0) is nonzero
in this case. It is also found in Fig. 4 that both |M,(d,0)|
and |M,(d,0)| decrease monotonically with increasing d for
d > &p. Moreover, it is clearly observed that the decay rate of
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FIG. 4. (Color online) (a) The y component M,(d,0) and (b)
the z component M,(d,0) of the magnetization in the N for ¢ =
7 /2, corresponding to the case where the magnetization in F1 is
perpendicular to that in 2. Other parameters are the same as in Fig. 2.
For comparison, M}, (d) and M} (d,0) are also plotted separately.

|M}.,(d)| with respect to d is slower than that of |M{_(d,0)|.
This is similar to the other cases discussed above in Figs. 2
and 3.

It is now instructive to consider limiting cases for the
magnetization M,(d) and MJ_(d,0) induced inside the
N and analyze the qualitative behavior with respect to the
thickness d of the N. For T ~ Tc and d > &p, the y
components M (d) and M}'(d,0) of the magnetization are
approximately given as

gl‘LBNFAZ hgxdél g_N

M(d) ~
y( ) 27TkBT hDF d

(39

and
1453:] IVFAZ hgxd}%l

cosfe 4/ EN,
JTkB T hDF

M}(d.0) ~ (40)

whereas the z components M(d) and M'(d,0) of the magne-
tization are approximately

L &MBNEA® He £

Md)~ ——m—— —— 41
Z() 27TkBT hD]:d ( )
and
guBNpA? He -

MMNd,0) ~ —=——— = cosfe V5, 42
. (d.0) okl hiDg S°50¢ (42)

where
He = hidi + hexadd, (43)
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and &y = /RDN/27kpT (R&p at T ~ T¢). It is immediately
found in Eqgs. (39)—(42) that M ;(Z)(d) decreases rather slowly,
i.e., algebraically, as 1/d, whereas Mi,l(z)(d ,0) decays expo-
nentially. This is indeed comparable with the numerical results
shown in Figs. 2—4.

Next, we discuss in the same limiting case the sign change
of M.(d,0) by flipping the magnetization direction from the
parallel to the antiparallel configuration in F'1 and F2. For
this purpose, we focus on H. appearing in Egs. (41) and
(42), the definition being given in Eq. (43). In the case
of parallel magnetization configuration, M,(d,0) is always
negative, as shown in Fig. 2, simply because H. is positive
(assuming that |0| < 7/2). On the other hand, in the case
of antiparallel magnetization configuration, A%, is negative.
Therefore, M,(d,0) becomes positive when |h§x|dI§1 is larger
than heydZ,, as shown in Fig. 3.

Let us now consider the opposite limit, i.e., d K &p, at
T ~ Tc. In this limit, the y components M (d) and M,'(d,0)
of the magnetization are approximately given as

gupNeA? hid?, < dey e )‘2
nkgT  hDp \&nvr  &nVr

dp> < dr> d)
X — = + —
Ervr \ényF &N

gupNeA? hiydl, < der dp )‘2
7kgT  hDp \&ExYr EnYE

dpy d d d, d
> |: F1 F2 + < F1 + F2 )_] COS@,
ENVF ENYE 26nvr 28nYE/) &N

(45)

Mid) ~

44
and

M(d.0) ~

whereas the z components M!(d) and M!'(d,0) of the magne-
tization are approximately

_gMBNFA2 hexad}, < dr n dr> )2
wkgT  hDr \&xyr  &nyF

h? d, d
[
hex2 \énve &N

M)~

o) ()]
+ 1+ yr—— (46)
<$NVF "
and
MY(d.0) ~ _é.’MBNFA2 hids,  hexad?,
' JTkBT hDF hDF

« < dFl n sz )2[ dFl dFZ
NV ENVE ENVF ENYF
d d d
+ ( L )—} cosf. (47
26nye - 286Ny ) én
It is therefore readily noticed in Eqs. (44)—(47) that M;(Z)(d)
and M;I(Z)
are determined by the signs of hg and hZ,. This is in good

qualitative agreement with the numerical results shown in
Figs. 2-4.

(d,0) are linearly dependent on d and their slopes
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FIG. 5. (Color online) The 6 dependence of the magnetizations, (a) M,(d,0) and (b) M.(d,0), induced inside the N for ¢ = /2,
corresponding to the case where the magnetization in F1 is perpendicular to that in F2. We set d/&p = 1 for three different values of

yr indicated in the figures. Other parameters are the same as in Fig. 2.

B. 0 dependence of magnetization in normal metal

In the previous section, we have focused on the d depen-
dence of the magnetization induced inside the N. Here, we
shall demonstrate that the magnetization can also be controlled
by the superconducting phase difference 6 in the two Ss. The
most simplest way to tune 6 experimentally is to apply dc bias
current to the junction, in which the dc Josephson effect can
be detected [78].

Figure 5 shows the y and z components M,(d,0) and
M,(d,0) of the magnetization induced inside the N as a
function of @ for different values of yg. Figure 5 clearly
demonstrates that the magnetization can indeed be controlled
by tuning 6. It should also be noticed that the magnitude of the
magnetization increases with decreasing yr. Therefore, yr is
an important parameter to increase the magnetization induced
inside the N.

C. Dynamics of magnetization in normal metal

Next, let us discuss an alternative way to control the
magnetization induced inside the N. Here, we consider the
S/F1/N/F2/S junction subject to both dc and ac external
fields, described by the voltage bias model [78], as schemati-
cally shown in Fig. 6. In this case, the superconducting phase
difference 6 evolves in time ¢ according to the following
well-known formula:

2eV't 2evg
0(t) =6y + + —— sin(wst), (48)
h ha)s
Fl F2

S INE s

vV vscos(agt)

FIG. 6. (Color online) Schematic set up of the S/F1/N/F2/S
junction to observe dynamics of the magnetization induced inside the
N. This set up is based on the voltage bias model [78], where V is
the dc voltage, and vs and ws are the amplitude and frequency of the
ac voltage, respectively.

where 6 is a time-independent constant, V is the dc voltage,
and vs and wg are the amplitude and frequency of the ac
voltage, respectively.

Substituting Eq. (48) into Eqgs. (31) and (36), and using the
generating function of Bessel functions, we can easily find that
the 6-dependent parts of the magnetization in the N are given
as

MIALV.0) = gk o hg*g“ r(V.h)
TEEE
and
MYALV.0) = —gpuks TnzZZAZ (hiixlc)ifl heg;dfz)
xD(V.0)) K ]Edj;n @ (50)

wy

for the y and z components, respectively, where the V and ¢
dependence is explicitly shown in the left-hand sides. In the
above, we have also introduced

> 2mv
rv.an= - (—1)'”Jm< oo

)cos[@o + (wy — mwy)t],

61V}

where wy = 2eV /h is the Josephson frequency, ®¢ = h/2e is
the flux quantum, and J,,(x) is the Bessel function of the first
kind (m: integer).

Let us now consider the time-averaged quantity [79]

1
M;'(Z)(d,V) = T]L”;o - /0 dt MI(Z)(d v.n). (52)

As shown in Egs. (49) and (50), the 6-dependent part
of the magnetization clearly oscillates in ¢. Therefore, the
time-averaged magnetization (SM;I(Z)(d,V) is zero except for
wy = mws. This is simply because the coefficient proportional
to ¢ in the cosine function of Eq. (51) becomes zero only when
this condition is satisfied. Indeed, the characteristic feature
of M} (d,V) is clearly found in Fig. 7, i.e., §M}_(d,V)
showing nonzero values only at V = mhws/2e.
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FIG. 7. (Color online) Time average, (a) §M,(d,V) and (b) §M.(d,V), for the §-dependent part of the magnetization M)I,I(d ,V,t) and
M(d, V) induced inside the N for ¢ = /2, corresponding to the case where the magnetization in F'1 is perpendicular to that in F2. We set
d/&p = 1,6y =0, and mvs/ Pows = 1. Other parameters are the same as in Fig. 2.

IV. DISCUSSION

Finally, we shall approximately estimate the amplitude
of the magnetization induced inside the N. As shown in
Figs. 2—4, the magnetization in the N has a finite value in
the length scale of &p. In dirty normal metals, &p is in a range
of several dozen to several hundred nanometers since Dy is
about 0.01-0.1 m?/s and Tc is assumed to be a few kelvins
[65]. As indicated in Figs. 2-5, and 7, the amplitude of the
magnetization is estimated to be one to two orders smaller
than My = gup NrkpTc&l /&7, When we use a typical set of
parameters, i.e., the density of states at the Fermi energy

1 (2m\*? 1/2 27 y—l -3

Ng = m ﬁ &g = 54 x 10" eV ' m (53)
with the Fermi energy er ~ 5 eV [80] (m: the electron mass),
Tc =9 K for Nb [65], &p = 100 nm, and &g, = 5nm [6,65],
we can estimate that M, is approximately 31000 A/m. It is
therefore expected that the magnetization induced inside the

N can be detected with the magnetization measurement by
SQUID [81].

V. SUMMARY

We have calculated the magnetization inside the N in the
S/F1/N/F2/S Josephson junction based on the the quasi-
classical Green’s function method in the diffusive transport
limit. By solving the Usadel equation, we have found that finite
magnetization is induced inside the N. We have shown that
the magnetization is due to the odd-frequency STCs formed
by electrons of equal and opposite spins, which are induced by
the proximity effectinthe S/F1/N/F2/S junction. Fixing the
magnetization in F'2 along the z direction perpendicular to the
junction direction (x direction), we have shown that (i) the x
component of the magnetization in the N is always zero; (ii) the
y component is exactly zero when the magnetization direction
between F'1 and F2 is collinear; and (iii) the z component is
generally finite for any magnetization direction between F'1
and F2.

Decomposing the induced magnetization into 6-
independent and 6-dependent parts, we have found that the

0-independent part of the magnetization decays slowly with
increasing the thickness of the N, whereas the 6-dependent
part of the magnetization decays rather rapidly. While the
f-independent part of the magnetization is generally induced
even in the S/F junctions due to the proximity effect,
the f-dependent part of the magnetization results from the
finite coupling between the two Ss in the S/F1/N/F2/S
Josephson junction. We have also found that the time-averaged
magnetization in the N exhibits discontinuous peaks at
particular values of dc voltage when dc and ac voltages are
both applied to the S/F1/N/F2/S junction, implying that
the ac magnetization oscillation can be converted into the dc
component. We have discussed that the magnetization induced
inside the N can be large enough to be observed in typical
experimental settings. It is therefore expected that a Josephson
junction composed of ferromagnetic metallic multilayers such
as the one studied here can have a promising potential for low
Joule heating spintronics devices, where the magnetization
can be controlled by varying the superconducting phase
difference 6.
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APPENDIX A: SPATIAL DEPENDENCE OF ANOMALOUS
GREEN’S FUNCTIONS INSIDE NORMAL METAL

In this Appendix, we shall discuss the spatial dependence of
the anomalous Green’s functions inside the N. The analytical
solutions are obtained by solving the linearized Usadel equa-
tion (see Sec. II B) and are given in Eqs. (19)—(21). Figure 8
shows the typical results of the anomalous Green’s functions
inside the N for three different magnetization alignments
between F'1 and F2, parametrized by ¢ (see Fig. 1). As
shown in Fig. 8(a), fN(x) does not depend on ¢ and exhibits
symmetric behavior with respect to x about the center of the
N. The ¢ independence is simply because fN(x) represents
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FIG. 8. (Color online) Spatial dependence of the anomalous
Green’s functions, (a) fN(x), (b) fN(x), and (c) fN(x), inside the
N atw, = wkgT /htfor ¢ = 0, /2, and  indicated in (a). We set the
thickness d of the N to be &y and 6, = Og = 0. Other parameters
are the same as in Fig. 2. Note that the N layer is located in
0.3 < x/&p < 1.3 for this parameter set.

the SSC, which can be induced even without F layers [see
Eq. (19)].

Figure 8(b) shows the spatial dependence of the anomalous
Green’s function ftl;l (x), corresponding to the STC with |S,| =
1. For the collinear magnetization alignment, i.e., ¢ = 0 or
7, f(x) is exactly zero because f(x) is proportional to
the y component of the magnetization in F'1 [see Eq. (20)].
Therefore, the local magnetization density m(x,0) and thus
the magnetization M, (d,0) in the N is exactly zero in this case
(see Figs. 2 and 3). In contrast, fg(x), corresponding to the
STC with |S;| = 0, is generally finite, as shown in Fig. 8(c).
Therefore, the magnetization M, (d,0) inside the N is generally
finite, as shown in Figs. 2—4.

It should be noticed here that although the analytical solu-
tions in Egs. (19)—(21) indicate their exponential dependence

PHYSICAL REVIEW B 92, 024512 (2015)

with respect to x, Figs. 8(b) and 8(c) suggest that ftl;'(x) for
¢ # 0,7 and ftlj(x) vary almost linearly. This seemingly linear
dependence is simply because of the parameter set chosen in
Fig. 8, where knép = +/T/ Tc =~ 0.5 and hence kx(L — x) and
kn(x — dpp) in the exponents are no larger than 0.6.

APPENDIX B: LOCAL MAGNETIZATION DENSITY
INSIDE NORMAL METAL

In this Appendix, we will first provide the analytical
form of the local magnetization density induced inside
the N and examine the ¢ dependence. Within the quasi-
classical Green’s function method, the local magnetization
density ni(x,0) inside the N is obtained by substituting
Egs. (19)-(21) into Eq. (27). The y component m(x,0)
of the local magnetization density can be decomposed into
0-independent and 6-dependent parts

my(x,0) = m(x) +m)(x.,0), (B1)

where

m'(x) = gupmks TN, %ZA—ZKZ (dF? (x) (B2)
y = §UBTTKB FhDF . Eg) W on

0~3 T T T T T T T T T
an (a)
Hn 0.2+ s
X
W o
< |
o 0.1+ il
3.
56
N————
=0
_0.1 1 1 1 1 1 1 1 1 1
03 0.5 0.7 0.9 1.1 1.3
x/ &y
01 T T T T T T T T T
“a 0 (b) m! (x,0)
iy
" /
e g
=
%
56
~—-03
=

03 05 07 09 1.1 1.3
x/ &y

FIG. 9. (Color online) (a) The y component m ,(x,0) and (b) the
z component m,(x,0) of the local magnetization density in the N
for ¢ = 0, corresponding to the parallel magnetization configuration
between F1 and F2. We set the thickness d of the N to be &y and
other parameters are the same as in Fig. 2. For comparison, m!(x)
and m(x,0) are also plotted separately in (b).
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and

mY(x,0) = — kg T N, hgxdl%l
y (X, 8MUBTTKB F D

F

X Z K2 (d)F,,,(*)Ry,(x)cosf.  (B3)
Here, we have 1ntr0duced
knd
F,, (x) = sinh[kn(x — L)] — ——= cosh[kn(x — L)], (B4)

123
and

. knd,
Ry, (x) = sinh[kn(x — dp))] + ——

COSh[kN(X — d]:])].

(BS)

Similarly, the z component m,(x,6) of the local magnetization
density can be decomposed into two parts

m,(x,0) = mk(x) + m} (x,0), (B6)

where

d2
m(x) = —gusnkBTNF o Z—K2 (d)F; (x)

CX d
—gupmks T Np— -2 Z = K2 DR, ()

w,  @Pn
(B7)
03— T T T T T T T T
o @
o 0.2 .
[\‘m
by
=
& oI 1
%)
~—
= 0
0.1—1 1 1 1 1 1 1 1 1
0.3 0.5 0.7 0.9 1.1 1.3
x/&
T T T T T T T T T
Py FAN ) ]
M AN
s R (x6)
=1 0ar /N .
30 mz (x) \\\
— | .= \-\\-‘ ......
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FIG. 10. (Color online) (a) The y component m,(x,0) and (b) the
z component m,(x,6) of the local magnetization density in the N for
¢ = m, corresponding to the antiparallel magnetization configuration
between F'1 and F2. Other parameters are the same as in Fig. 9. For
comparison, m!(x) and m"(x,0) are also plotted separately in (b).
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FIG. 11. (Color online) The z component m,(x,0) of the local
magnetization density in the N for ¢ = &, corresponding to the
antiparallel magnetization configuration between F'1 and F2. We set
dpl/%']) = d]:z/?;:]) = 0.2 and hexl/AO = hexz/AO = 20. Other param-
eters are the same as in Fig. 9. For comparison, m!(x) and m[(x,6)
are also plotted separately. Where &r = &y = &5.
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hedi

Ly hexadi,
hDg
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FIG. 12. (Color online) (a) The y component m,(x,0) and (b)
the z component m,(x,0) of the local magnetization density in the
N for ¢ = /2, corresponding to the case where the magnetization
in F'1 is perpendicular to that in F2. Other parameters are the same

as in Fig. 9. For comparison, my( ,(x) and my< ,(x,0) are also plotted
separately.
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Figure 9 shows the numerical results for ¢ = 0 where the
magnetizations between F'1 and F2 are parallel. As shown in
Fig. 9(a), the y component m,(x,0) of the local magnetization
density is exactly zero because ftlj(x) contributing to m(x,0)
is zero in the parallel magnetization configuration. On the other
hand, the z component m,(x,0) of the local magnetization
density has a finite value, as shown in Fig. 9(b), since
f}j(x) contributing to m(x,0) is nonzero in the parallel
magnetization configuration. Furthermore, the induced local
magnetization density m_(x,6) is found to be negative, i.e.,
pointing the opposite direction to the magnetizations in F'1
and F2. It should also be noticed that both m!(x) and m% (x,6)
exhibit generally nonmonotonic behavior with respect
to x.

Figure 10 shows the numerical results for ¢ = 7 where
the magnetizations between F1 and F2 are antiparallel. As
shown in Fig. 10(a), the y component m,(x,6) of the local
magnetization density is exactly zero since fll; (x) contributing

PHYSICAL REVIEW B 92, 024512 (2015)

to my(x,0) is zero also in the antiparallel magnetization
configuration. On the other hand, as shown in Fig. 10(b), the
z component m,(x,0) of the local magnetization density has a
finite value since ftlj(x) contributing to m,(x,6) is nonzero in
the antiparallel magnetization configuration. Furthermore, as
opposed to the case for ¢ = 0, the induced local magnetization
density m,(x,0) changes the sign from positive to negative
with increasing x. Note also that m?(x,@) is exactly zero for
the special case when dr; = dp; and |hi;| = |hex2!, as shown
in Fig. 11, and thus the local magnetization density is no longer
dependent on 6.

Finally, Fig. 12 shows the results for ¢ = 7 /2 where the
magnetizationin F'1is perpendicular to thatin F2. As shownin
Fig. 12(a), the y component m (x,0) of the local magnetization
density is now finite because ff;’(x) contributing to m,(x,0) is
nonzero in this case [see Fig. 8(b)]. Similarly to the previous
cases for ¢ = 0 and 7, the z component m,(x,0) of the local
magnetization density is also finite [Fig. 12(b)].
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