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Third-order nonlinearity of graphene: Effects of phenomenological relaxation
and finite temperature
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We investigate the effect of phenomenological relaxation parameters on the third-order optical nonlinearity
of doped graphene by perturbatively solving the semiconductor Bloch equation around the Dirac points. An
analytic expression for the nonlinear conductivity at zero temperature is obtained under the linear dispersion
approximation. With this analytic formula as a starting point, we construct the conductivity at finite temperature
and study the optical response to a laser pulse of finite duration. We illustrate the dependence of several nonlinear
optical effects, such as third harmonic generation, Kerr effects and two photon absorption, parametric frequency
conversion, and two-color coherent current injection, on the relaxation parameters, temperature, and pulse
duration. In the special case where one of the electric fields is taken as a dc field, we investigate the dc-current-
and dc-field-induced second-order nonlinearities, including de-current-induced second harmonic generation and

difference frequency generation.
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I. INTRODUCTION

The optical nonlinearities of monolayer graphene have
recently attracted wide attention [1-3], both experimentally
and theoretically. The nonlinear susceptibility of graphene [4]
is both strong—per atom it is orders of magnitude higher
than that of common gapped semiconductors and metals—and
controllable by the chemical potential [5,6], which can be
tuned by an external gate voltage [7,8] or chemical doping [9].
With the possibilities it offers for integration in silicon-
based optical integrated circuits, graphene is an exciting new
candidate for enhancing nonlinear optical functionalities in
silicon-based on-chip optical devices, such as on-chip broad-
band light sources, electro-optic modulators [10,11], optical
switches [12—14], and optical transistors [15,16]. In realizing
some of these devices [14], the presence of second-order
optical nonlinearities, especially second harmonic generation
(SHQG), is a key requirement.

The third-order optical nonlinearity is described by the sus-
ceptibility tensor x®(w;,w;,w3) or equivalently the conduc-
tivity tensor o®(w;,w;,ws), which has a complex frequency
dependence. It describes different physical effects, such as
third harmonic generation (THG), which is determined by
¥ (w,w,w); Kerr effects and two photon absorption, which
are determined by x¥®(—w,w,w); two-color coherent current
injection, which is determined by x®(—w, — w,2w); and
parametric frequency conversion (four wave mixing), which
is determined by x®(—ws,w,,w,). Due to the inversion
symmetry of its crystal structure, pristine graphene has no
second-order optical nonlinearities arising from electric dipole
transitions. However, in graphene-based photonic devices
an effective second-order susceptibility can arise from the
breaking of inversion symmetry in a number of ways:
(1) the presence of an asymmetric interface between graphene
and the substrate [17-22], not relevant for normally incident
light; (2) the contribution of forbidden transitions involving
the finite wave vector of light [4,23-26]; (3) the presence
of natural curvature fluctuations of suspended graphene [27];
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(4) the application of a dc electric field to generate an
asymmetric steady state [6,19-21,28,29]. The last is associated
with the third-order optical nonlinearity X(3)(w1,a)2,0), with
one of the electric fields independent of time. It includes
current induced second harmonic generation [30] (CSHG) or
electric field induced second harmonic generation (EFISH).
Experimental studies of many of the optical nonlinear ef-
fects mentioned above have already demonstrated in graphene.
Typically, the experimental data are analyzed by extracting an
effective optical nonlinear susceptibility, with the graphene
monolayer treated as a thin film with a thickness of 3.3 A
[31-33]. In this way, most of the experimental techniques used
to determine the nonlinear optical response of bulk materials
or thin films can be directly applied to the study of graphene.
In a gapped semiconductor, third-order susceptibilities do not
change drastically in the nonresonant regime, where all photon
energies are much lower than the energy gap [34]. Yet, they
show a strong and complicated photon-energy dependence in
pristine graphene because resonant transitions always exist for
any photon energy, due to the vanishing gap and the presence of
free carriers, leading to some similarities with a metal film [33].
These complexities have been observed in experimental stud-
ies of parametric frequency conversion [31], THG [32,33,35],
Kerr effects, and two photon absorption [3,36-38], two-color
coherent control [39—41], and SHG [17-21,27] in graphene.
Theoretically, the optical nonlinearities of graphene have
been investigated by perturbative treatments based on Fermi’s
“golden rule,” and by density matrix calculations, both of
which are standard methods in studying the optical response
of gapped semiconductors. In an earlier communication' we
sketched some of the relevant work done before early 2014;
recent contributions include a calculation by Mikhailov [42]

'Note in particular the footnote on the second page of Cheng
etal. [5], which points out a source of confusion in comparing some of
the experimental work with the theoretical study of Hendry et al. [31].
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of THG,? and a numerical solution of the equation of motion
under strong laser fields by Avetissian et al. [29,44-46].
All of these studies focused on one or a few nonlinear
effects. In our earlier work [5], we performed a perturbative
calculation based on a density matrix formalism; ignoring all
scattering effects, we obtained an analytic expression for the
general optical sheet conductivity o®(w;,ws,3), which can
be related to the effective susceptibility X(3)(a)1,a)2,a)3), in
doped graphene at zero temperature. We found that the optical
conductivities depend strongly on the chemical potential and
photon energies, and exhibit many divergences associated with
resonant transitions, which occur when photon energies or
their combinations match the chemical potential gap. Taking
w3 = 0 and including phenomenological relaxation times for
the generation of both dc and optically induced current, we
calculated the current induced second-order nonlinearities at
zero temperature and obtained an analytic expression [6]
for CSHG. The effective susceptibility shows two peaks
corresponding to two resonant transitions induced by the
fundamental and the second harmonic light, with the peak
values strongly dependent on the relaxation time. Adopting
the parameters used in calculations of bilayer graphene [28],
we obtained a prediction of a peak susceptibility in monolayer
graphene that was similar to that predicted for the bilayer; the
EFISH contribution was ignored in that calculation.

The importance of the relaxation time demonstrated in that
study, and the desire for more realistic calculations to compare
with experiment, motivates the present work. Here we consider
the inclusion of scattering effects in the semiconductor Bloch
equations (SBE) within a relaxation time approximation,
allow for finite temperature to the extent that it affects the
initial state, and explicitly consider the nonlinear response
to pulses of light. We obtain an analytic expression for the
full nonlinear optical conductivity o®(w;,w,,3) for optical
transitions around the Dirac points. We discuss the predictions
that follow from this expression for different optical effects,
and we compare with experiment where possible.

Our focus in this work is on doped graphene, where the
chemical potential u # 0. However, the chemical potential
dependence of our general expression for o™ (w,ws,ws)
allows us to study the special case of © — 0. At the very least,
we might expect that, for electrons close to the Dirac points, the
distinction between “interband” and “intraband” motion could
be lost. Although different terms that are nominally associated
with interband and intraband motion arise naturally in the
development of the perturbation series, the distinction between
those two “kinds” of motion is at best approximate [47], and we
indeed find that the way those different formal terms contribute
to the final result for small p is nontrivial. More importantly,
we generally associate the validity of a perturbative expansion
of the optical response with the assumption that the energy
induced by the presence of the optical field is much less than
the energy difference between the bands. In graphene, this
is always violated for some states around the Dirac points,
regardless of the strength of the optical field. If these states

’Despite the claim [42] that the scalar potential treatment of
THG leads to disagreement with our earlier work [5], we find [43]
agreement between the two approaches.
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are occupied by electrons, as they are in undoped graphene,
the reasonableness of a perturbative expansion is in doubt.
Indeed, even a semiclassical treatment of the response to an
applied electric field of electrons near the Dirac points exhibits
a breakdown of the perturbative analysis [23] as u© — 0. We
find evidence of the same kind of behavior in the quantum
treatment presented here. This has consequences even for
doped graphene if finite temperature is considered, for thermal
fluctuations always place some electrons near the Dirac points.

We organize our paper as follows. In Sec. II, we introduce
the SBE and our approximations for including scattering
effects; the details of the derivation of the nonlinear optical
conductivity is given in Appendix A. The last two subsections
of Sec. II address the extension of the calculation to finite
temperature, and the treatment of the response to a pulse
with finite duration. In Sec. III, we discuss the third-order
nonlinear effects, including THG, Kerr effects and two-photon
absorption, two-color coherent current injection, and paramet-
ric frequency conversion; in Sec. IV, we discuss the current-
induced second-order nonlinearities, including CSHG, EFISH,
and the nonlinear optical conductivity o®(—ws,w,,0) that
describes current-induced difference frequency generation.
Throughout the sections we compare with experimental results
when appropriate. We conclude in Sec. V.

II. MODEL
We take the Hamiltonian of graphene to be
H = HO + HeR + Hep + Hei + Hee- (1)

Here, Hj is the unperturbed electron Hamiltonian,

Ho = Z/dkeska:kask, (2)

where the ay; are annihilation operators of Bloch states |sk)
for band s and wave vector k, with eigenenergy . Here, H g
describes the interaction with radiation and in the dipole limit,
where the electric field E(¢) is approximated as uniform, we
have

Hep = —eE(t)- Yy / dkal (&, + 18, Vidask,  (3)

$182

where ¢ = —|e| and
. dr
S5k =1 ) muslk(r)VkuSZk(r) 4)
cel |

is the Berry connection between states |s1k) and |s;k),
with A the unit cell area and uy(r) the periodic part
of the Bloch function, (r|sk) = (27) 'e*"u(r,z), where
k = (k¢ ,ky) and r = (x,y); the graphene is assumed to lie in
the x-y plane. We neglect any response of the system to electric
field components in the z direction. The scattering terms are
given by H,; for the electron-impurity scattering, H,, for the
electron-phonon interaction, and H,, for the carrier-carrier
scattering.

The system is described by a density matrix that is initially
diagonal both in band index and (continuous) wave vector,
(@l i) = ik B,5,8(k1 — k), where 0 < ng, < 1
describes the initial occupation of the state. In the presence
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of an applied uniform electric field, it remains diagonal in k;
and k, but can acquire off-diagonal elements in s; and s5,
describing the correlation between state amplitudes for |s; k)
and [soka), (@] ¢ avk,), = Pusi (08(k1 — k). We can think
of p;,5,k(¢) as the elements of a 2 x 2 matrix px(¢), and their
dynamics are determined by the SBE:

0Ps 53k .
h% = _l(gslk - gszk)pslj‘zk
+ieE“(t) Z (Esalskpsszk - Ps.xkfsaszk)
s
—eE® ([) IOY] sk hapslszk (5)
ak at scat
Here, apsa%z"lscat includes the scattering terms induced by

H,; + H,p, + H,., which could in principle be obtained from
well-established treatments of many-particle systems, such
as the many-particle density-matrix framework [48,49] or
the Keldysh Green function method [50]. In an ordinary
semiconductor with parabolic band structure, the current
relaxation is mostly caused by carrier-phonon and carrier-
impurity scattering, while carrier-carrier interactions are less
significant due to the approximate equivalence of momentum
conservation and velocity conservation. However, the novel
linear band structure of graphene breaks this equivalence, and
the carrier-carrier interactions play an important role in current
relaxation [49,51]; thus the full expression for the scattering
terms is complicated and even hard to solve numerically [50].

We proceed in the standard way by assuming the validity
of a perturbation expansion

Prsk() = D ps (D), (6)

n=0

with p") (1) o E". Here, p{) (1) = p° = 8, 5,nx is the
density operator characterizing the equilibrium occupation of
single-particle states at finite temperature 7 and chemical
potential , ng = [1 4 e@*~W/*sD]=1 is the Fermi-Dirac
distribution with 8 = 1/(kgT) where kp is Boltzmann’s

constant. From Eq. (5), p(") () satisfies

51 sz

(n)
h 'OS].S'zk

(n)
ot - gé‘zk)ps]szk

. (n—1) (n—1)
+l€Ea(t) Z (S;J]skpszzk - ps?sk g:vszk)

= _i(gslk

(n—1) (n)
pvlrzk +h8pr]v2k

ky at

—eE“(1) . (N

scat

where ,o( "=0forn<0.Asa very rough approximation, a
relaxation-time approximation [51] can be adopted to give
(n)
hapsmk _ l—-(n) (n)

- S]Szkpslj‘?k’
at scat

forn > 1. ®)

Here, Fi 5k 18 @ relaxation parameter introduced to describe
(n)

S]Szk

the dynamics of p_ /., (f), and h/ F(")7k corresponds to a

phenomenological relaxation time. In a real system, FE 5,k Can
be expected to depend on the temperature, chemical potent1a1

PHYSICAL REVIEW B 91, 235320 (2015)

and external field [52]. Yet because the relaxation plays
an important role in optical nonlinearities around resonant
transitions, the extremely phenomenological treatment [53]
in Eq. (8) can still reveal part of the physics, and in a very
simple way. Even with the use of the six phenomenological
constants ', = ['*” for interband transitions and I'") = I'"
for intraband transitions, we are still able to obtain an
analytic result for the perturbation calculation within the linear
dispersion approximations around the Dirac points at zero
temperature. From ,o(")(t), the (areal) current density, which

in our model has only x and y components, is calculated as
JA@) =307 J™WH(t) with

Ty =Y / —v? ot (). )

S182

We give the derivation in Appendix A, where the spin degen-
eracy is included. We extract the linear optical conductivity
o e (g from

TV () = / do
2

where E%(w) = f dtE%(t)e'® . In graphene, the hexagonal
lattice has D¢, (6/mmm) symmetry [54], and there is only
one independent nonzero component o (V=¥ = (DY We first
consider the zero temperature results. In this paper, we restrict
ourselves to the neighborhood of the Dirac points (see Fig. 1),
assuming a linear dispersion relation with two relevant bands
that we label s = + (upper) and — (lower). We recover the
usual result [52,55]

(l);d“(w)E”(a))e_iwl, (]0)

(1)XX( ) = lJO|: 4|pl

m G (ho + irgw)] (11)

upper band

u

lower band \

FIG. 1. (Color online) Illustration of the linear dispersion ap-
proximation of the graphene band structure around the Dirac point.
The arrows show optical transitions induced by one photon with
energy hw (right) or three photons with energy hw; (left).
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Here, 0y = ¢?/(4h) is the universal conductivity, and G.(0)
with & = &, +i9; is

G,(®) =In ’.JiiLjZEZ‘

2l =v

0, —2 042
+i <n+ arctan J— arctan +T|M|) (12)

i i
The third-order current is given as

TOH () = / dwidwydws
2m)3

X EY(w))EP () ES(w3)e i @retodt - (13)

A (CTRORON)

Here the symmetrized third-order optical conductivity o ®):4ab¢
is
o D (w1, wp,03)
= ¢[6V 9 (01, 0,03) + T (@, w3, 01)
+ b (3 w1, w2) + 5V (W), w3,02)
+5 VN w3,0,01) + TPy, 01,03)]. (14)
where the unsymmetrized third-order optical conductivity is
given as
& (@, w3)
) Sdabc Sdabc(ﬁg,) Sdabc(ﬁ())
= 03[ L9 4+
VY3 Vg V3
SIW) | Si.9y)

Sdubcl?,ﬂ
LS (Do 3)+

v VoV3 Vo
Sdabe (9, .
000 e ﬂo,fm] ()
3

with o3 = og(hvpe)? /7, vs = haws + T\, 93 = haws + TV,

= hwg + T, 9 =hwg +iTP, v=lo+il?, 9 =
ha) +iT'®, wy = wr + w3, and ® = w; + wy. We have fol-
lowed the standard convention of nonlinear optics [34]
in symmetrizing the terms &®*/¥(w;, @) by permuting
the indices (jkl) to arrive at the nonlinear conductivity
o3 dabe () @y, w3). The light-matter interaction in Eq. (3)
can be formally separated into an interband contribution
(s1 # s2) and an intraband contribution (s; = s, ), and the
terms proportional to the different S; in 5@ can be
classified according to how many times each contribution
appears [47]. The term proportional to S; arises from only
the intraband contributions, and the term proportional to Sg
arises from only the interband contributions; all others involve
mixtures of both. The quantities S79%¢, 3 dabe and o (3:dabe
are all fourth-order tensors. Neglecting the optical response
in the z direction, there are in all eight nonzero components
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they are

o Oy 0(3);,vyxx7 o @sxyxy (3);yny’

=0
o®xyx 5 Ghyxxy (16)
and

oy _ GGryyyy — @y o 5 OGnxyxy o 5 G)eyyx (17)

In the following, we write the independent nonzero com-
ponents of fourth rank tensors as column vectors, ordering
the independent components of a fourth rank tensor T9%*¢ as

T 3)xxyy
T = [TGWW]. By employing the constant vectors

T G)xyyx
-3 1 1 1
Ar=| 1|, A=[-3], A= 1], Ag=|1],
1 1 -3 1
(18)

where note Ag = —(A; + Ay + A3), we can present the
analytic expression for the different components of & ®)dab¢
appearing in Eq. (15) at zero temperature, using the approxi-
mation of a linear dispersion relation around the Dirac points,
as

1

S| = —Ay, (19)
[
1 Ao
S (93) = G (D _—, 20
H(D3) = g,(s)l(}3 ] 9 (20)
Az 1 Az
90) = Ha(o) =2 — =22 21
S3(D9) = Hu( 0)190 S 21
V34, + 1hA
Si(90.93) = —Gu(¥93) g oo
929
(P + 12)As + 1, A3
1
M2y LA 22)
) 172 | Do’
1 Ao
Ss()=H (19) +I (MA — ——, (23)
] O
T A
Se(3,93) = — H)——
73 A 1 A
+Gu®) 55 U3do =24

2292 07)  lul ooy’

S10,90) = H, 00)( 22 = A3 4w, 4
7’0_”"1912 Dot w 19191 2

for the Dg; symmetry, among which three are independent; + Zﬂ(ﬁ) “1” l?A_z;O (25)
and |
S4(9.90,03) = gu(193)|: — e Tt 1(9; : Zii(ﬁzfﬁo £ 3]
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1 592 4+ 93(Fg + 03) — 9 (300 + 403) ] < A, A3>
+G,(| - Ay — : Az | 4+ H (0 S
O )[ PO — 03) PO — D3) ’ u(Do) Doty 920
492 — 309 — 2005 + 30 A 1 A
+H,.(9) . T A+ L) : (26)

DO — D)2

where 292 = 19() — 193, 791 = — 19(), and

1
+ 9
2ul =79 2ul+9
1
Qlpl =)

H(9) = @7

Z,(®)

= - 28
Qlpl + 0)? 9

For the details see Appendix A.
Using the nonzero independent components, the third-order
current in Eq. (13) can be written as

J(S)(t) — / dwl(g;:;fw3 o —i@itwrtws)t

x [0 (w1, 09,03) E (1) E(w2) - E(w3)
+ 0D (w1, ws,03) E(@2) E(w)) - E(w3)
+ 0 (1 wy,03) E(@3)E(w)) - E(w,)]. (29)

A. Divergences and limits

The results for &€ (@, w,,w3) show a complicated
dependence on the w;, on the Fl(;z and on w. The expressions
in Egs. (19)-(26) seem to exhibit a number of divergences,
but some of them are only apparent: for example, there
seem to be divergences when ¥ —¥; =0, but a careful
collection of terms shows that even in the absence of relaxation

%ing) G 3dabe( gy @ + §,w3) is finite. Some of the divergences
o

are of course real: there are divergences for 2|u| £ ¢ = 0 in
the functions G(¢#), H(?), and Z(1}), which lead to divergences
in 3%dabe(gy oy w5). These are associated with interband
optical transitions, and for nonvanishing relaxation they occur
at frequencies removed from the real axis; we will see
how some of them affect the structure of o ®%¢(w, w,, w3)
in Secs. III and IV. There are also divergences associated
with ¥ 4+ 93 = 0. In the absence of relaxation, these oc-
cur when w; + w; +2w3 = 0, and lead to a divergence in
G 3dabe( gy, — w3 4 8,w;,w3) as 87!, A special case of
these is when ¢ = 0 and ¢#; = 0 for j = 0,1,2, or 3. Some of
the associated conductivity terms, such as o®dabe(_gy o, w)
and o ®4ebe(—wy — w,2w) will be considered in Sec. IIL.

All of these divergences only occur at complex frequencies
in the presence of relaxation, and have their analogs in
gapped systems. Of a different nature are the divergences
that arise as || — 0. While in a semiclassical calculation
and in the absence of relaxation the intraband third-order
nonlinear response coefficient that can be extracted from
the full nonlinear response is divergent [23] as |u|™', one
might hope that in the presence of relaxation this would be
ameliorated. Yet, in general, it is not. To see this, we reorganize

9O —03)  |ul 000

(

the unsymmetrized conductivity to write

(3);dabc

Gt () wy,w3) = Gy (w1,w2,w3)

~(3);dabc
+op

+ 534 () wy,03),  (30)

(w1,w2,w3)

where G4 includes all terms involving G,, o5 includes all
terms involving H,, and Z,, and the remainder, oc, includes
all terms proportional to |.|~!. Similar separations are also
used for the symmetrized conductivity o®>44¢_ The term &
can be simplified to yield

~(3):dabc o3 (Ao Az
o¢ (w1,0,03) = — — — —

[l \vo Do
re —rd)rd -
X ( e 1 ) ( e 1 ) . (3 1)
v V3 1?3
Note that even for finite relaxation we have 6'?);‘1“1’6 (w1,02,w3)

diverging as |u| — 0, for general frequencies (wi,w;,w3),
when Fij) #* F;j) for both j =1 and 3. At least within
the simple description of relaxation we adopt here, the
perturbation theory seems to demand that either the first-
or third-order relaxation rates (or both) must not distinguish
between intraband and interband relaxation to achieve a finite
result as || — 0. This is at least consistent with the physical
intuition that the distinction between intraband and interband
motion is blurred as || — 0, in any case for electrons near
the Fermi level, and any reasonable theory should respect that;
recall that in our phenomenological description of relaxation
all carriers share the same Fij ) and Ffj ), However, clearly
a more sophisticated theory is in order to address the limit
Il — 0.

More evidence for the blurring of the distinction between
intraband and interband motions as || — 0 can be seen
from how the contributions to c~7é3);d“bﬂ(w1,w2,w3) arise. The
term in 639 (g, w,,w3) that contains only contributions
from the formal intraband (s; = s,) component of Eq. (3)
is the term proportional to Si; it varies with || as ||,
which is qualitatively different than the variation as |u| of
the corresponding Drude term in the linear conductivity. Yet
as |u| — 0 the contribution to &% (¢, w,,w3) involving
only the formal interband (s; # s,) component of Eq. (3),
that is proportional to Sg, also becomes important; while it
includes contributions from G,(63) and G, (0), there is also
a term proportional to |u|~'. The formally “mixed” terms,
S;, with j =2,3,4,5,7,8, also provide terms proportional to
|| ~!. The summation of all these terms, all formally involving
different proportions of interband and intraband contributions,
gives Eq. (31); the |u|’1 behavior in o¢(w;,w>,w;) cannot be
associated with motion that is just formally intraband.
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Now note that &¢(w;,ws,w;) vanishes as all the Ffﬁ

vanish. Yet here we physically would expect to recover the
relaxation free, semiclassical result [23] of a perturbative
response divergent as |u|”!, for hw; < ||, and the result
associated in that calculation with purely intraband motion,
and we do recover it here, but in a nontrivial way: although
EéS)(wl,wz,ag) vanishes, when the other contributions to
o ®dabe (g wy,w3) are assembled and the limit fiw; < |
taken we find

iU3A0 + O(afl), (32)

o 3rabe (@ wy,w3) = ,

6| | wywrws
in which the leading term is exactly the same as the contri-
bution proportional to the S; term, and which agrees with
the relaxation free, semiclassical calculation [23] involving
only intraband motion. While the physically appropriate result
of purely intraband, semiclassical motion is recovered in this
limit as it should be, the connection to formally intraband,
interband, and mixed responses in o349 (e @, ,w3) is less
than direct.

From Egs. (30) and (31), we can also study more generally
the limits as the relaxation rates are allowed to vanish. Here
we discuss the simple case where the intraband and interband
relaxation rates are the same for all orders, but perhaps different

than each other: Ffj) =TI, and ng ) = I',. We find that

3)dabe
as I'; e — 0 we recover from af,) (w1, w,,w3) the results

derived earlier [5] in the absence of relaxation. We find that
in this limit the contributions to ag) “dabe (4, wy,w3) involving
nonresonant transitions scale as I';. For resonant transitions,
there are two cases that require further attention: (i) taking
Weomb t0 be a possible frequency combination appearing in
the expression in Egs. (19)—(26), resonant transitions (real
or virtual) occur as |Awcoms| = 2|wt|. Then the function H,
or 7, becomes H, (wcomb + i AIT,) Fe’l or I, (wcomb +
ih~1T,) o« I';2, respectively, and then 01(33);‘1“[” o [T s
limit depends on the sequence of limits of I'; — O and
', — 0, and so there seems to be no single well-defined
relaxation free limit within this phenomenological theory.
(ii) For some w¢omp = 0, there can be divergences that occur at
real frequencies in the absence of relaxation; below we discuss
the behavior of o®94%¢ near these divergences by considering
the frequencies in the neighborhood of some of them.

B. Finite temperature

In calculating the response of a system to optical radiation,
two effects of the temperature are usually considered: its role in
establishing the initial electron distribution, and how it affects
relaxation rates. In this work, the latter is implicit in our choice
of relaxation rates. In our perturbative calculation, the former
can be taken into account in the following simple way. Explic-
itly displaying the chemical potential and temperature depen-
dence, we write ng (e, T) for the electron distribution at equi-
librium, and o® (1, T') for the nonlinear conductivity. By using

o0 a
ng(p,T) = / dx Fu(x, T) 5~ (x,0) (33)

with F,(x,T) = [1 + ?*~"]7!, the conductivity at finite
temperature can be related to the zero temperature conductivity

PHYSICAL REVIEW B 91, 235320 (2015)
via

e (u,T) = /

—0Q

o]

3
dxFM(x,T)ao(S)(x,O)

=B /OO dxF,(x,T)[1 — Fu(x,T)]o®(x,0).
(34)

Here the second line is obtained by using the partial
integration and the condition 0®(x — +00,0) = 0. Because
F,(x,T)[1 — F,(x,T)] is a pulse function located at x = u
with a width of the order of the thermal energy, the
conductivity at finite temperature 7 can be obtained by
averaging the zero temperature values over the chemical
potential in an energy window with a width of the order
of magnitude of the thermal energy. In a case where the
chemical potential  and the frequencies {w; } are chosen to be
away from resonant transitions, the conductivity is a smooth
function around . Considering that the thermal energy kp T is
only about ~25.8 meV at room temperature, the conductivity
at room temperature is close to the value at zero temperature
away from resonant transitions. However, around resonant
transitions where the conductivity diverges, the effects of
finite temperature can be important. In Egs. (19) to (26), the
chemical potential appears in the functions G,,, H,, and Z, in
G4 and G, and as |u|~! in G¢. Therefore the conductivity at
finite temperature is determined by applying Eq. (34) to these
quantities. The temperature effects on the contributions due
to the functions G,,, H,,, and Z,, are discussed in Appendix B.

Note that the treatment of the o¢ term requires particular
care, because at finite temperature there are always electrons
initially near the Dirac points, and they will lead to the same
prediction for divergent response that Eq. (31) indicates for
electrons near the Dirac points at zero temperature in an
undoped sample. To show this explicitly, from Eq. (34), |u| ™!
should be replaced by

% 1
= ﬂf dxFy (e, D = Fue, DIcS. - (39)

However, this diverges due to the singularity of the integrand
at x = 0. Based on Eq. (31) where this term is nonzero only at
Ff’ ) #* I, the divergence shows that either the perturbation
theory or the assumption of unequal intraband and interband
relaxation times in undoped graphene is not adequate, and
more realistic treatments of the scattering and temperature
are required. Nonetheless, from a full numerical solution of
Egs. (5) and (8) [56], we find that contributions from the ||
term only give a small contribution to the total conductivity at
finite temperature. Thus, at least at the level of the full SBE,
whatever the final description of relaxation yields for the || ™!
term, it will not lead to significant contributions. So for our
finite temperature calculations, we somewhat arbitrarily take

1 1

—_—
lwl /2 + (kgT)?

C. Pulse response

(36)

Because most nonlinear experiments are carried out using
laser pulses, the optical response close to the divergences
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mentioned above is determined by the pulse shape. Except
for the ||~ divergences just discussed, the inclusion of the
relaxation parameters Fl( / g moves the divergent frequencies off
the real axis. Yet it is necessary to investigate the pulse effects
when the energy broadening of the pulse is larger than the
broadening characterized by those relaxation parameters. For
a field associated with pulses of a fixed polarization

E(t) =) Ey po (e (37

with the time domain envelope function p,, (¢), the Fourier
transform is

E@) =Y E,P,(0— ) (38)

with the frequency domain envelope function

P, (w) = / dtp,, (1)e™".

The third-order current in both time and frequency domain can
be written as
JUr)y = Y eritrtentens cdabe

W1, Wy, Op

()Ea Eb EC

Imn

Jd(a)) — ZCZ?ILC/" wn(a) W] — Wy — C()n)Ea o EZ),,’
Imn
with
d b
wrawcm wn( )
dé;ds,,ds, —i(814+8m+8)t
= [ 3 Pan ) P )
x o 34abe (g 4 81 Wy + Sy + 8p) (39)
and
Cort.on ()
OO (81) Py () Pay (6 — 81 — B0
(2m)? o \OL) L, \Om) L, ! "

x o3P (G 4 81w A Sy + 8 — 8 — 8,). (40)

We will be particularly interested in two special cases.
(i) For §; sufficiently small and o®¥>¢ sufficiently slowly
varying in its frequency dependence so that

0(3);dabc(wl + (Slawm + (Smawn + an) ~ U(3);dab0(wl’wm 70)}1)7
(4D

over the frequency components of the envelope functions, the
current response is given by

cdabe (1) = 0V (0,0 0n) P (1) Py ()P, (1) (42)
For a Gaussian pulse p,, (1) = e™’ */A7 , which gives P, (w) =
JTAe A4 we get

Cf)f’l;‘ MO 0(3);“1"1"'(0)1,(1),,,,a)n)e_’z/AZ, (43)

Cdabc (5) ~ U(S);dabc'(a)l’wm’wn)ﬁAgf(BA/Z)z’ (44)

W[ Wpy , O,

PHYSICAL REVIEW B 91, 235320 (2015)

with A™2 A_2 + A2+ A2 In this case, the generated
currents are also Gaussmn m their time and frequency
dependence.

(i1) For singular behavior

in® e (o, @, wy)
8 + 8w + 8 +iy
(45)

0’(3);dabc(a)l + Slswm + Snua)n + 8n) ~

where y contains contributions from the relaxation parameters,

the optical coefficient Ci“ﬁf w, (1) satisfies

0
Cdabc ¢
(3 +7 )t
= 4 O W, @) Py (1) P, () P, (1) (46)

The solution of this equation is

0
dab 3);dab
szawcm wn( ) = Tl( yda C(wlawm’wn)f dre’”
—00

X Doy (t + T) Py, (t + T)Po, (t +7T) (47)
and
in®dabe (@, o w0
S+iy

x f 16 Poy(1) P, (P, (D). (48)

Cdabc (8) —

W1, Wy Oy

For a Gaussian pulse, we get

; I(t/A,Ay)
clebe (1) = n(3),dabc(w,,wm,wn)T,
» (3);dabc
I W] s Wy, @ B
Cf):ll;f o, (8) — 77 ( ) m n)ﬁAe ((SA)2/4’

S+iy

where I(x,y) = —ye‘” 24 /4[1 + Erf(x — y/2)], and Erf(x)
is the error functlon In the absence of relaxation, we have

lin}) W = /7 A/2[1 + Exf(t/A)], which is a constant
'y%

/T A ast — oo. This means that the current is nonzero even

1

0

FIG. 2. (Color online) Time evolution of I(t/A,y A) for yA =
0.2 (red), 1 (blue), and 5 (green). The Gaussian pulse is plotted as
black curve.
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after the optical pulses have passed, indicating that current
injection has occurred. For finite y, C2%¢ (1) at 1 — oo is
zero, but the injected current can still persist for some time.
Figure 2 shows the dependence of the current response on
the pulse width. For a very long pulse, y A > 1, the current
response has a shape that is nearly Gaussian; however, for
y A < 1, when the energy broadening of the pulse is larger than
the relaxation rate, the current response obviously deviates
from the Gaussian shape, and can last long after the excitation

pulses are passed.

III. THIRD-ORDER OPTICAL NONLINEARITIES

To illustrate how relaxation affects the third-order optical
nonlinearities, in the sample calculations presented below we
assume equal relaxation rates for all orders of response, putting
' =T, and '™ = T,, and consider four sets of parameters:
@l =r,=0,b)T; =T, =33meV,(c)[; = 65meV and
', = 0.5 meV, which are parameters used by Gu et al. [3],
(d) T; =0.5 meV and I', = 65 meV. We define set (a) by
the limit I'; = T', — 0, which recovers our relaxation free
calculation [5].

s L
= L
T I
\;/ T ‘ T
S 0.9
=
3
3
3
5 0K, Re —— |
0K, Im ——--
300 K, Re ——
300 K, Im ———— L
T T
0.6 0.8 1
hw (eV)
| ‘I | I | | |
| ! P N R |
20004 | S It i
4 41 / L
1/ L
i /'\1 o J/ | L
1™ ! 1\ i LA L LA B -

0506 070809 1 -
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A. Third harmonic generation

For monochromatic incident light with frequency w, light
is nonlinearly generated to lowest order at the third harmonic
frequency 3w and at the fundamental frequency w. The first
is described by the conductivity o ®%*¢(w,w,w); the second
corresponds to Kerr effects and two photon absorption, both
described by o®¢(—¢ w,w), and can be considered as
a nonlinear correction to the linear optical response. In this
section, we consider THG.

The conductivity tensor for THG only has one independent
component:

0'(3);)””(0),0),60) - 6(3);’“”)’(50,(1),0)) = 0'(3);””(60,6(),61))
= oI () w,w)/3. (49)
The induced current responsible for the THG is
THa®) = e 3D o W)E,E, - E, +cc. (50)

In Fig. 3, we give the result for ¢ ®****(w,w,w) at || = 0.3
eV for zero and room temperature. We first look at the results
for zero temperature. The relaxation-free results are given

——

. | ? L
q \\\ I: L
e Ik :I L
& o L
= N
= 1 \\\ I Fr
L 10004 \\"‘ il
\>_</ 1 \\‘I L T ‘ T ‘ T ‘ T ‘ T |
5 NV 05 06 07 08 09 [
= i
S B |
3N i
3 , |
& —1000 i =33 meV -
| . =33 meV i
I T I T I I
0.2 0.4 0.6 0.8 1
hw (eV)

):J::.),.zhz:(w’ w, w)/o.[) ( %1 0419”12\,'4'2)

FIG. 3. (Color online) Spectra of o ®****(w,w,w) at zero (thick red curves) and room (thin blue curves) temperatures for different relaxation
parameters: (a) I, =T, =0, (b) I =T, =33 meV, (c) I'; =65 meV and I', = 0.5 meV, (d) I'; = 0.5 meV and I', = 65 meV. The real
(imaginary) parts of the conductivity are given by the solid (dashed) curves; we have taken || = 0.3 eV. The insets focus on results in the
region [0.5,1] eV. In (c) the fine structure in region [0.198,0.202] eV is also displayed.
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as the thick (red) curves in Fig. 3(a). This figure shows the
step function of the real parts and the logarithmic divergence
of the imaginary parts at three resonant photon energies
hw = 0.2, 0.3, and 0.6 eV, which correspond to the resonant
transitions for which the chemical potential gap 2|ut| matches
the energies of three photons, two photons, and one photon,
respectively [5]. With relaxation included, the conductivity is
a smooth function of @ and plotted in Figs. 3(b)-3(d). Some
common effects induced by the relaxations are shown: (i) the
divergent peaks of the imaginary parts of the conductivity in
Fig. 3(a) become finite and broadened, (ii) the step functions
of the real parts become continuous, (iii) the real parts become
finite as fiw < 2|u|/3 = 0.2 eV, and increase rapidly with
decreasing frequency. They receive contributions not only
from intraband transitions, describing Drude-like effects, but
also from the interband transitions due to the linear dispersion
relation of graphene [for example, see the prefactor (Aw)™ in
Eq. (52)].

To illustrate the dominant features in these fine structures,
we can analytically expand the coefficients of the functions
Gu» Hy, Z,,, and the |u|~! term in the conductivity, for small
relaxation parameters I'; . /(w) < 1, to write

0(3);“”(60,60,50) _UA)xxw( )+U(3)xw( )+U(3)xr>y( ),
(51
with

XXYyy o
o () & m[17gu(hw+ i)

- 64gﬂ(2hw +il,) +45G,Bhw +il.)],

vy I;
01(93), (w) ~ E36(h )4[ 8H, 2hw +il,)

+ 17H,(3hw + iT,) + 30T, (3hw + iT,)],
2i0’3

o @) =~ = T o S

(52)

In the relaxation-free limit as T,; — 0, ag);xxy 4

(3)sxxyy
04

— 0 and

recovers the results of our previous work [5]. How-
ever, the relaxation-free limit of 65" strongly depends on
the details of the chemical potential and relaxation parameters;
this is the contribution to ag);“y ” from the general term
discussed earlier in Eq. (31), which is problematic unless
I'; = I',. For doped graphene where s is finite, oi. ™" goes to
zero with decreasing relaxation parameters; for graphene that
is undoped or at low doping, a more sophisticated treatment is
in order, as discussed in Sec. I A. For the limit I'; ., || < I,

the THG coefficient is approximated as

o Gxayy (w) ~

L 2
16(I'i —T') } 53)

—103

T
72(hw)* 3how|u|
The term proportional to |x|~! did not arise in our previous
calculation, where we assumed that I'; , — O faster than u© —
0. Deferring the treatment of small doping to later studies, we
focus here on graphene with large enough chemical potential
that 0(3) " (w) does not make a significant contribution to the
full th1rd harmonic conductivity.

PHYSICAL REVIEW B 91, 235320 (2015)

At room temperature, the conductivities for different
relaxation parameters look very similar to each other, and the
fine structures caused by the resonant transitions are smeared
out. This can be understood by the results in Appendix B:
temperature affects the conductivity by smearing and lowering
the peaks caused by functions G, H, and Z, which has an effect
similar to increasing the value of I',. If we increase each I', by
the thermal energy of room temperature, the values of these
new I, in the four cases presented in Fig. 3 are close, and it is
not surprising that we get similar room temperature results.

B. Kerr effects and two photon absorption

We now turn to the light nonlinearity generated at the same
frequency w of the incident light. Taking E,, = £E* + JE,,

X
)) and consider

®

_ cos ¢ _ pxf COS@
Ea) - Ea) (sin¢ei9>’ E—w - Ew<51n¢ 19)' (54’)

The nonlinear response at frequency w is then given by

J(w) = 3Ew|Ew|2[U(3);xxxx(w’w’ _w)( cos ¢ >

sin ge’?

. E
we write E, = (E

L if
+ I (0,0, — w)i sin(2¢) sin O (s_m e )]

cos ¢
(55)

For linearly polarized light (6 = 0), the second term vanishes;
the current from the first term has the same polarization as the
incident field, and gives an intensity dependent correction of
the linear conductivity o (w) = oW () + 0,(w), with

(@) = 36V (0.0, — w)|E,|%. (56)

An effective nonlinear susceptibility can be introduced [31-33]
Xni(w) = oy(w)/(—iweody), where the effective thickness of
graphene single layer d,, is taken to be 3.3 A [31]; from this
an effective nonlinear refractive index n, and nonlinear loss
Brpa can be extracted. In general, o(V** has both real part
and imaginary parts, and the calculation of n, and Brpa should
follow the results of del Corso and Soles [57].

In the limit of no relaxation, we showed earlier [5] that
o ®dabe( gy o w) has many divergences, and its behavior in
the neighborhood of equal frequencies can be written as

o3 dabe(_oy o+ 81,0 + 8)

_ /]‘ldabc(w) 7‘2dabc(w;82) N t]‘;]ubc(w;al)
R 51 8
+ T (:81,8), (57)

where 7,99%¢, T44%¢ and T,%9%¢ are all smooth functions of
8 and 8,. The strength of the singularities is determined
by 7%%%¢ and T,%*"°, which are real functions and are only
nonzero when the photon energy is greater than that for
the onset of one-photon absorption (fiw > 2|u|). For fixed
photon energy hw, the appearance of the divergence as u
decreases from 2|u| > hw to 2|u| < hw indicates that it is
associated with the existence of electrons (holes) at the k where
one-photon absorption is possible. Physically, at these k the
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third-order correction to one-photon absorption would lead to
the perturbative description of the saturation, but in the absence
of relaxation that correction diverges, as it would for an
inhomogeneously broadened collection of two-level systems.
At zero temperature, the sharp Fermi surface can strictly
exclude such electrons (holes) for 2|u| > hw. However, at
finite temperature, thermal fluctuations will always place some
electrons (holes) at k where one-photon absorption can occur,
and so the divergence in the third-order response will exist for
any photon energy.

Including relaxation parameters I'") = T'; and IY) = T,
o®dabe(_ gy o)+ §;,w + 8,) includes terms that are propor-
tionaltot; = (8; + i) h = (S +il) Lty = (8 + 6 +
2iT,)~!, 1it,, and t-t,. As any of these three quantities §; + iT;,
8, +ily, or 8, + 8, 4+ 2iT, goes to zero, o P4 (—w, w,w)
diverges. However, for nonzero I'; and T, o®dabe(_yy o) +
81,w + 8,) is a smooth function of real w, §;, and §,. For a
pulse response when the energy broadening of the pulse is less
than the relaxation energies, it is reasonable to set §; = §, = 0,
and then the conductivity can be written as

o3dabe( oy w,w) = L{P(w) LS (0;Te)
W,y F[Fe Fi
I,
+ L4 (; T;,Te), (58)
with
L49b () = iy —0 12@0)2 [9.(00) + G, ()], (59)
dabc G3A0 5192 — 319_
;) =
L5 (w;T,) = 20 )2{ Gu(¥-) + 219-% ———G,.(%)
2Viw 4F2
+= [ha)m(m) + } } (60)
vy
Ld“bc(a)'F r,) = 03—Fl i(Ag — A)NGL(UT,)
3 stiste) — 6(}}“1))2])+ 0 ! ” ¢

FiFe A+ A +2U+A
i@+ T2\ T T
(61)

The full expression of £4%%*(w; T';,T,) is complicated; we can
achieve a good approximation by setting I'; = 0, for which

L4 (;0,T,)

" |

= ]2l(hz))4 {Z(Al - A())gu(l r'.)+43A; + AO)Q;L(19+)

—(4A1 +5A0)G,(9) — 8(A1 + Ag)G,(2he + iT,)
4p(hw)?

(A +4A0)0 s +A Sl (62)
(ﬂer e 1 0)V+tAo— .
In these expressions, we used ¥y = thw + il and vy =
+hw +iT;.

In Fig. 4, the
o®rdabe(_ gy ., w) s

photon-energy  dependence  of
plotted for different relaxation
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parameters, with chemical potential || = 0.3 eV at zero
and room temperatures. Figure 4(a) gives the relaxation-free
calculation, which is done as lim o®9%¢(—p v w).

=T
Three regimes are apparent: (1) iw < |u|, in which both one-
and two-photon absorption are absent, and the real part of the
conductivity is zero. The imaginary part at low photon-energy
scales as (hw)™3. At hw = |u|, the real part shows a step
function, while the imaginary part shows a logarithmic
divergence. (2) |u| < hw < 2|u|, in which two-photon
absorption is present but one-photon absorption is still absent.
The real part of the conductivity here scales as (hw)~*.
Around Aw = 2|u|, the imaginary part shows a divergence
(hew — 2|w])~2. For frequencies satisfying how < 2|u|, if the
graphene is subject to a Gaussian pulse sufficiently narrow
in frequency, the nonlinear current induced will still have a
shape that is approximately Gaussian, and characterizing the
nonlinear response to a pulse by Eq. (56) makes sense. (3)
hw > 2|u|, where both two- and one-photon absorption are
present. The imaginary part of the conductivity diverges as
(hew — 2|p])~2 around hw = 2|u|, and the real part diverges
for the entire region hw > 2|u|. At finite temperature and
in the absence of relaxation, the real part diverges for any
photon energy hw. As we discussed after Eq. (57), the
divergence of the real part of o ®%*“(—w,w,w) is induced by
the existence of electrons (holes) at the k where one-photon
absorption occurs; at zero temperature, these electrons (holes)
only exist when the chemical potential || < hw/2, while at
finite temperature, they exist at any chemical potential due to
thermal fluctuations.

In Figs. 4(b)-4(d), we present the results for the same
relaxation parameters as those adopted in the THG calculation.
Relaxation affects the conductivity in a complex way, but there
are some qualitative features that can be identified. (i) In the
neighborhood of the divergences that arise in the relaxation-
free calculation, including the divergent regime hw > 2|u| and
the special frequency hw = ||, both the real and imaginary
parts of the conductivity are lowered and are everywhere finite.
In Figs. 4(b)—4(d), we find that a larger I', gives lower and
broader peaks at iw = || and 2|u|. (ii) For the relaxation
parameters used here, the real part of the conductivity is
negative for hw > 2|u|. Because of the presence in this
frequency range of one-photon absorption, which is always
positive, the two-photon absorption processes indicated by
the real part of o®dabe(_gy . w) can be understood as a
correction to the simple linear prediction of the absorption.
In fact, we can find a range of electric fields large enough so
that 0% (w) is negative; for a field anywhere near or above this
strength the perturbative result is naturally suspect. (iii) Even
for frequencies in the range |u| < hw < 2|u|, where only
two-photon absorption is present in the absence of relaxation,
the real part of the nonlinear conductivity o ®9%¢(—w, w,w)
can be negative. Yet in the presence of relaxation the linear
conductivity o W** (w) acquires a real part in this frequency
range, and the real part of oJf(w), for example, is always
positive for small enough electrlc field amplitudes, indicating
absorption. However, these results indicate the sensitivity to
the relaxation parameters of both the third-order conductivity,
and its interplay with the first-order conductivity, and a more
sophisticated description of the scattering is clearly in order.
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FIG. 4. (Color online) Spectra of o®****(—w,w,w) at zero (thick red curves) and room (thin blue curves) temperatures with different
relaxation parameters: (a) [, =T, =0, (b) I'; =, =33 meV, (¢c) ['; =65 meV and I', = 0.5 meV, (d) I'; = 0.5 meV and I', = 65 meV.
The chemical potential is |#| = 0.3 eV. The real (imaginary) part of the conductivity is given by the solid (dashed) curves. The result in region
[0.1,0.55] eV of (c) is highlighted in the inset. In (a), the real part (solid curve) of o®****(—w,w,w) diverges for all hw > 2|u|.

At room temperature, the peaks or divergences are further
broadened. For a given frequency w, the regime hw > 2|u|
always contributes to a finite temperature calculation due to
the average over the chemical potential. The absolute values
of the real part of the conductivity in the regime hw < 2|u|
also significantly increase.

C. Two-color coherent current injection

Now we turn to two-color coherent current injection, with
frequencies w; = wp = —w and w3 = 2w. In the relaxation-
free calculation, the conductivity o9 (—w, — w,2w) di-
verges, and it is the divergence that describes the current
injection. In fact, in the neighborhood of these frequencies,
the conductivity can be written as

: dabc
1 w
N (w) n

(3);dabc
o w),
38w R (@)

0(3);‘1‘”’“(—0), — w20+ dw) =

(63)

where the injected current is determined by a well-behaved

function 79(w), and o&““*“(w) is a smooth function
of Sw. With the inclusion of relaxation, the conductivity

o®dabe( gy — @ 2w) itself is well behaved. The divergence
term in the relaxation-free limit becomes a term similar to
the right-hand side of Eq. (45). To check whether I'; and
I', have the same importance for the injection, we give the
pulse calculations of C* ™, (7) [see Eq. (39)] in Fig. 5
for different relaxation parameters. After the laser pulse, the
current response persists for times associated with I';, showing
that the contribution from I'; dominates the relaxation of the
injected current, as might be expected. To highlight this, we
write

o®dabe(_gy 1 81, — w4 8,20 + 83)
3 indabC(w)
3(8, 482 + 83 + ik 'Ty)

+ o (@), (64)

From Eq. (15), only terms Sffff including (8; + &> +
83 +il;)~! contribute to n?“(w). By writing ai‘ffj’.bc(w) =
I () /1 eV, the first term in Eq. (64) becomes

leV . dabC( )
10 . w
3(hé; + héy + hd3 +ily) ™

(65)
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FIG. 5. (Color online) Time evolution of Im[C*3*  , (¢)] for
Gaussian pulses with A_,, = A,, = 100 fs for different relaxation
parameters (I';,I",) = (0.2,10) meV (blue chain curve), (1.0,10) meV
(green dotted curve), and (10,10) meV (red dashed curve), (10,1)
meV, and (10,0.2) meV. The last three cases overlap with the red
dashed curve. The pulse width corresponds to an energy broadening
hA_, = 6.6 meV. Our calculations show Re[C***  , (¢)] is negli-
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gible on this scale.

with
o (@) ~ ll:;{ 2;‘(35;?0 m{G, (e +iT")]
+ A;;)f Im[G,,(2hw + iT,)]
%Re[gu(fw) +il)]
_ (4o ;hf;J“ Lido el 2heo +iT)]
- %HH(—%@ +ily)
Ti(45 +240)

1) H,, (ho + iFe)} , (66)

where terms proportional to |u|~! are neglected. As I';,I", —
0, only terms involving Im[gﬂ(a))] x O(Jw| — 2|u|) remain;

l‘fsbf(a)) is a pure imaginary quantity, and is consistent
with our previous work [5]. With relaxation included, terms
involving Re[G,,] and H,, appear.

In Figs. 6(a) and 6(b), we plot the photon-energy depen-
dence of o7,;"*(w) for different relaxation parameters at zero
and room temperature. The real part is much smaller than the
imaginary part. At zero temperature, we see in Fig. 6(b) that
for I', = 0.5 meV there are fine structures in the spectrum
of Im[alfj}”(a))] around hw = || and hw = 2|u|; it is due
to the H, terms. As can be seen in the inset of Fig. 6(b),
finite temperature and finite I, lead to similar broadening and
lowering of the peaks.

We also plot 05" () in Figs. 6(c) and 6(d). The amplitude
of o™ is of the same order of magnitude as that of o;,\*".
However due to the prefactor 1eV/(3I';), which relates al’”;”
to its contribution to % ¢(—w, — w,2w) in Eq. (65), o:3**

inj
dominates for small I';, usually taken to be a few tens of meV.
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D. Parametric frequency conversion

Third-order nonlinearities can lead to the appearance of
new frequencies via parametric frequency conversion, which is
described by 0(3);d“b”(—a)s,w,,,w,,). Here, w,, is the frequency
of a strong pump field, and wj is the signal frequency converted
by interaction with the pump to an idler frequency w; = 2w, —
wy. Possible resonant transitions occur as any of the frequen-
cies |wpl, lws, lwp — wsl, [2w,], or |20, — w,| equal 2|u|/A.
In Fig. 7, we plot the dependence of o(gf"x“(—a)s,a)p,wp) on
w; for different relaxation parameters at hw, = 0.8 eV and
[nl =0.5eV.

At zero temperature, the calculations show peaks/step
functions for resonant transitions at hws = 2hw, —2|u| =
0.6 eV, hwp =2|u|=1.0 eV, or hwg =2|u| + o, =
1.8 eV, both with and without the inclusion of relaxation.
Around these resonant transitions, the behavior of the conduc-
tivity can be analyzed as following.

(1) Around w; = w;) + Sw, the idler photon energy hw; =
2|u| — hdw is close to the onset of the one-photon ab-
sorption. By taking ¢ = hw; + i, = 2|u| — héw + iT,, the
conductivity as w — 0 is determined by functions G, () ~
In(hdw — iTe), Hu(®) ~ (hw —iT)'Ty, and Z,(9) ~
(hdw — iT,)2T;. In the relaxation-free limit, only G.(0)
contributes a logarithmic divergence to the imaginary part,
and a step change in the real part [in Fig. 7(a)] for nonzero
dw. With the inclusion of relaxation, we can distinguish three
different types of qualitative behavior, shown in Figs. 7(b)—
7(d), based on the relative magnitude of I'; and I',: (b) I'; = T,
all functions contribute; (¢) I'e < I';, Z,,(¥) dominates; (d)
', > T';, where for the values chosen the relaxation is large
enough to smear out these resonances.

(2) Around w; = wy» + dw, the signal frequency is close
to the onset of the one-photon absorption. For nonreso-
nant transitions in a usual semiconductor, w,, and w;, are
interchangeable frequencies to give the same conductivity
of parametric frequency conversion [34]; here in graphene,
they yield asymmetric peaks because the resonant transitions
dominate. In the limit of no relaxation, the conductivity shows
a logarithmic divergence that is easily smeared out by the
inclusion of small relaxation parameters.

(3) Around w; = w,3 + dw. By taking ¥+ = —hw, + hw, +
il', = =2|u| — hdw + iT,, the conductivity as w — 0 is de-
termined by functions G,,(¢) ~ In(hdw — iT',) and H,(¥) ~
(héw — iT,)~'T;. In the limit of no relaxation, G, gives a
small peak. For I', <« I';, the peak from 7, is stronger but
VEery narrow.

(4) At finite temperature there is a further smearing of the
peaks around the resonances, as described in Appendix B.

Besides these resonant transitions, two singularities are ap-
parent: (i) the singularity around w; = 2w, which corresponds
to two-color coherent current injection. The singularity is not
determined by the behavior of the functions G, H, Z, but by the
coefficients that premultiply them in Egs. (19) to (26). Around
ws = 2w,, we put wg = 2w, + dw and find

(7(3);’”””‘(—2a)‘,7 +dw,w,,wp)

eV . o o)
= ml inj XXXX( p)+0 xxxx(wp)’

an equation similar to Eq. (64) discussed in Sec. IIIC.
Two-color coherent current injection requires both one-photon
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FIG. 6. (Color online) Spectra of ¢;"**(w) [(a) and (b)] and oz (w) [(c) and (d)] for different relaxation parameters I'; and I',

inj

at temperature 7 = 0: Black solid curves: I'; = I, = 0; Red dotted curves: I'; =I', = 33 meV; green chain curves: I'; = 65 meV,
', = 0.5 meV; Blue dashed curves: I'; = 0.5 meV, I', = 65 meV. The chemical potential is || = 0.3 eV. The result of Im[c*** (w)] at

300 K is shown in the inset of (b).

absorption (for w;) and two photon absorption (for w,), i.e.,
hw, > |u|. The parameters we have adopted in Fig. 7 fulfill
this criterion, and thus the singularity appears. Finite temper-
atures do not qualitatively affect this singularity because it is
not related to the chemical potential. (ii) The strong response
around w; = w, is related to the third-order correction to
one-photon absorption, and only appears at finite temperature.
Since |u| < hw, < 2|ul, at zero temperature only two-photon
absorption is present and there is no one-photon absorption.
However, at finite temperature thermal fluctuations will place
electrons where one-photon absorption can occur, and the
third-order correction to that will lead, in the absence of
relaxation, to a divergent result as discussed in Sec. III B; in the
presence of relaxation the result will not be divergent but very
large, describing the saturation of the one-photon absorption
at the level of the third-order response.

E. Comparison between calculations and experiments

Experiments have already extracted values of the effective
third-order susceptibilities of THG [32,33,35], two-photon

inj

absorption [35,37], Kerr effects [3,36,38], and parameter
frequency conversion [31] at some photon energies. The
nonlinear conductivities we have calculated here are related
to the effective susceptibility by [5,31]

3)dabe
(3):dabe o dabe (), w3)

Xeit (01,02,w3) =

- . 67)
—i(w1 + W + w3)€0dy
We first look at the THG, for which the experimental technique
is perhaps the most mature, and the extracted values can likely
be considered more reliable than those from other effects. For
a reasonable chemical potential estimated from the sample
preparation, the calculations without relaxation parameters [5]
yield theoretical results for the nonlinear conductivity about
two orders of magnitude smaller than the value extracted from
experiments. Here, we have found that calculations at finite
temperature for different sets of relaxation parameters (see the
insets of Fig. 3) are almost the same as calculations at zero
temperature and neglecting relaxation.

For Kerr effects, because of the existence of divergent
terms in the expressions and the probably very low chemical
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FIG. 7. (Color online) Spectra of o ®***(—g @ »»,) for different relaxation parameters at zero (thick red curves) and room temperature
(thin blue curves). Solid (dashed) curves give their real (imaginary) parts separately. In the calculation, the chemical potential is || = 0.5 eV

and the pump photon energy is hw, = 0.8 eV.

potential in experiments, it is not surprising that we could fit
the nonlinear susceptibility at one photon energy by tuning the
relaxation parameters. The complicated dependence is shown
inFig. 4. As hw > 2|u|, the nonlinear conductivity at both zero
and room temperatures can vary many orders of magnitude,
depending on the relaxation parameters adopted.

For parametric frequency conversion observed in the exper-
iment by Hendry et al. [31], with parameters hw, = 1.31 eV,
hwg; = 1.05 eV, and assuming a low chemical potential x| =
0.1 eV, we checked the dependence of the conductivity on the
relaxation parameters I'; and I', in the range of [0,60] meV.
We find the dependence is weak and the calculated values
are still smaller than their claimed values by two orders of
magnitude [31].

Admittedly, the measured effective susceptibilities for
parametric frequency conversion, Kerr effects and two-photon
absorption, and THG show a strong dependence on the
measurement method, light frequency, pulse duration, and
perhaps sample preparation. Yet even taking this into account,
the conclusion that the theoretical results are about two
orders of magnitude smaller than the measured results is
inescapable. These discrepancies could arise for a number

of reasons, including: (1) The samples in many experiments
are not suspended graphene, but graphene on a substrate or in
solution. Thus there may have been contributions to the optical
nonlinearity from the interaction between the graphene sheet
and its environment, which may be crucial considering that
graphene is a one-atom thick material. (2) Thermal effects [34]
caused by a high repetition rate of laser pulses, as used
in Z-scan experiments, may play an important role [58,59].
(3) Because of the zero gap of graphene and the intense laser
beams used in experiments, saturation [60] induced by one
and/or two photon absorption can make necessary a treatment
more sophisticated than that of perturbation theory. Zhang
et al. [61] used the density matrix method to study four wave
mixing in undoped graphene in the saturation regime, and
found an effective x'3 about 10717 m2/V2, and decreasing
with increasing light intensity. Additional calculations for
different third-order nonlinear effects in graphene in the
saturation regime are needed to assess the impact of saturation
on the theoretical nonlinearities. (4) The calculation at the
independent particle level, which works well as a starting point
for most gapped semiconductors, may fail in graphene, and it
may be necessary to do a more realistic calculation, including
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TABLE I. Relaxation parameters used in the different processes associated with the dc current induced second-order nonlinearity.

Unsymmetrized & Relaxation parameters

Unsymmetrized & Relaxation parameters

3) _ pde

r® = re

& Ordabe (g, ,0) r® = ré

g(3);dhac(w2’w] ’0) 1—*51.2) — F?P
1,2) —

(2 = rop

5O (0,,0,05)
&I (@),0,0,)
G 0,01,02)

G dba(0,w,, )

Fi(j) — F?P
Y = roe
e e

the full band structure, and the detailed effects of scattering
and the electron-electron interactions.

IV. DC CURRENT INDUCED SECOND-ORDER
NONLINEARITY

We now turn to the limiting case where one of the
electric fields is a dc field, taking w3 = 0. The calculation of
& ®dabe (4 @,,0) from Eq. (15) includes a term proportional
to

1 1
— .
hoy +ir? ir?

(68)

Therefore a nonzero relaxation I‘ia) for the dc field is
necessary to set up a steady state with a dc charge current in
graphene. For other transitions included in 5@ (4 ,0,w,)
and 54?0, w;,w,), it is not necessary to include relaxation
associated with the dc field, because the dc field acts on the
optical excitation with frequency w, and w; + w,, respec-
tively; these only survive during the optical pulse. We list

J

the relaxation parameters used in calculating the unsym-
metrized conductivities in Table I. The third-order conductivity
of interest here, which we can refer to as the dc-induced
second-order optical conductivity, can be written as

leV

(3);dabc _
o (C{)] ,(1)2, 0) -
3rde

dab dab
Uja C(wlaG)Z) + UEa C(a)17a)2)'

(69)
The first term includes all contributions that diverge as 1/ Fl‘-ic,
which are only involved in calculating &% (w;,w,,0) and
3rdbac(gy, w1,0); they both occur with the dc charge current.
Thus we can associate it with the dc current-induced second
order conductivity, in that it is second order in the optical fields
at w; and w,. The second term includes all other contributions,
and we can associate it with a dc field-induced second order
conductivity, which exists even for a gapped semiconductor
without doping. Examining Eq. (15), we see that 0¢**(w;, ;)
is independent of ch and I‘S", and it can be written as

dabc i03 dabc
o7 (w1,w) = —= 87" (w1, w2)
4 lev™’
with

1 1

S99 (wy,w2) = [

Al A3 .
* — — ) |Hu(hor +ilP
(heoa)? ﬁw1+il"§"<hw1+hw2+irfp hwz)} (e +iL)

1 1

" As n Aj (
(hw1)?  han +iTeF \ hoy + hwy +iT;F
A+ A+ Aj

- h—m)}Hu(hwz + iF:p)

|:_ A Ay
(han)?  (hw)?

+ A ( L,
hwy + hay + iTe" \ hao,

heoy

1 1 1
i A (—
[(hw2+irf"’ hwz) ! <hwl+irfp

1 1
+
hiw, +hw2+irfjp<hw1 +il}P hw2+irfp>

>:|Hlt (han + hw, + iFjp)

1 .
- h—g)])Az]Iﬂ (h(!)] + h(x)z + lFSp)

1
+ 5
(ha)l + hw,y + il"ep

1 1
+A +
3<hw1+iF2p hawy +iTeP

As we show below, the values of o; and o are typically
of the same order of magnitude; hence it is the value of ch
that determines whether the dc-current induced second-order
conductivity or the dc-field induced second-order conductivity
makes the larger contribution to the dc-induced second-order
conductivity o 3¢ (@, w,,0). We can get a rough estimation

1 1 1
- 0] —A 0 + 0]
ha)1+hw2+ir‘ip>|: O(Ewl—l—ir‘i" hw2+iri1’)

(70)

)i

(

of ch from the graphene mobility w,,. The dc limit of the
optical conductivity can be obtained from Eq. (11) as

doolp
JTF?C ’

oW (0) ~ (71)
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The connection between the mobility and conductivity can
be written as o (V¥¥(0) = N,|e|u,, with the carrier density

N, = n(‘h"—lzz obtained from the linear dispersion. Hence we
VF)
get
hvzle
do — _F | '. (72)
| el pm

For a sample with mobility 1,, = 10* cm?/(V s) and chemical
potential © = 0.5eV, I" ,.dc is about 10 meV. We will see below
that for samples with such mobilities the dc-current induced
effects will typically dominate the dc induced second-order
conductivity.

A. Direct-current-induced SHG

We first consider dc-induced second harmonic generation,
governed by o®9%¢(¢) »,0). For monochromatic light at
frequency w, the second-order optically induced current is
given by

J56(@) = 20416(@)EwEy - Ege + 08,6(@)E4E, - E,,.

(73)
The two nonzero components  are USAHG(a)) =
30 ¥ (w,w,0) and chBHG(a)) = 30" (, w,0).

Correspondingly, each of them includes two parts: the
dc-current induced second harmonic generation (CSHG)
053) and the dc-field induced second harmonic generation
(EFISH) 0.

In Fig. 8, we plot the photon-energy dependence of
o5 (@,w) for || = 0.5 eV and different values of optical re-

laxation parameters I';* and Ffp at zero and room temperature.
Two resonant peaks appear for both 09> and of*>, one at
hw = || and one at 2|u|. The first corresponds to the second
harmonic resonant with the onset of one-photon absorption,
and the second to the fundamental resonant with the onset
of one-photon absorption; the first peak leads to a higher

response coefficient than the second. In general, o7*** and

og™** are of the same order of magnitude. Therefore, in a high
mobility graphene sample with a small I"{, the contribution
of 09%“(w,w) dominates o®4%(w,w,0) because of the
prefactor 1eV/T'% [see Eq. (69)].

From Eq. (70), we see that the first resonance in Ujl‘lb"(a))
is determined by M, (2hw + iT¢") and Z,(2hw + iT,"); the
other resonance is determined only by H,, (hw + iT"). Ob-
viously, for both transitions smaller values of P result in
a larger value and a sharper peak. At room temperature,
these peaks are broadened and lowered. The vertical line at
hw = || in Fig. 8(al) comes from Im[H,,(2hw + iT¢")] as
I';’ — 0, which is proportional to §(hw — |u|); the peak in
Fig. 8(c1) shows the fine structure of Im[Z,,(2hw + iCoM)] for
I';” = 0.5 meV (see Appendix B). However, it is interesting to
note that these two fine structures undergo important changes
at room temperature: in Fig. 8(al), we see that the first fine
structure leads to a peak with broadened width; in Fig. 8(c1),
we see that the second fine structure leads to a sign change
around fiw = || when the temperature increases from zero to
room temperature.
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FIG. 8. (Color online) Spectra of o7 (w,w) (left column) and
o™ (w,w) (right column) for different optical relaxation parameters
at zero temperature (thick red curves) and at room temperatures (thin
blue curves); |u| = 0.5 eV. Solid (dashed) curves give their real
(imaginary) part. In calculating o3 (w,®), ['% = I'"? and ' = 0.

B. Direct-current-induced difference frequency

A counterpart of the third-order parametric frequency
conversion discussed in Sec. IIID is difference frequency
generation which is, like second harmonic generation, a
second-order nonlinear effect that can be induced in graphene
when applying a dc field. With a strong pump at frequency w,,,
difference frequency generation converts a signal frequency
w; to anew frequency w, — w;; the response is determined by
o®dabe(_g @,,0). Similar to dc-induced second harmonic
generation, there are current and electric field contributions
to dc-induced difference frequency generation. As we found
in Sec. IVA for dc-induced second harmonic generation,
the current contribution should dominate the dc-induced
difference frequency generation in a high mobility sample.
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(dashed) curves. The arrow in (a) indicates the vertical line there corresponding to the derivative of a § function.

As an example, we plot the chemical potential dependence of
653);dabc(—ws ,w,) for different optical relaxation parameters in
Fig. 9 for hw, = 1 eV (with a wavelength of about 1.24 ;tm)
and hwy = 0.58 eV (with a wavelength of about 2.1 pm).
For vanishing optical relaxation parameters (I';* = I';* = 0),
it is clear from Fig. 9(a) that there are three resonant transi-
tions in the plotted chemical potential range: [p| = (hw, —
hwg)/2 =0.21 eV, |uz| = hwy,/2 =0.29 eV, and |u3| =
hw,/2 = 0.5 eV. Without relaxation, the imaginary part of
the conductivity is always zero except at these three resonant
transitions (shown as vertical lines): the first is given by

lim Im[Z, (heo, — o, +i8)] o AL-8(hw,, — oo, — |ul). the

other two are given by ;HI(I) Im[H ,(—hws+i8)] o< 8(hws —|1])
and }irr(l) Im[H, (hw, +i8)] o< §(hw, — |]). With finite re-

laxation rates or at finite temperature, the vertical lines are
broadened to structures of finite strength and width.

C. Comparison between calculations and experiments

Bykov et al. [19] observed that SHG radiation from a
graphene/Si0,/Si(001) substrate strongly depends on the ap-
plied current density in the graphene layer, which is attributed
to the CSHG effect of graphene. A similar structure was also
studied by An et al. [20,21], who could measure the radiation

from different locations on the graphene sheet; they interpreted
the result as EFISH, where the electric field is induced
by current-associated trapped charge at the graphene/SiO,
interface. Because of the interface contribution to the SHG
radiation [17-21], the contribution of the current related SHG
from the graphene is hard to extract.

The best way of measuring the dc-induced second-order
nonlinearity of graphene, without any background contribution
from interface effects, would be to mount graphene in a
symmetric structure; this can be difficult. However, within
the framework of the experiments of the type that have already
been done, we can suggest a strategy that might help identify
the in-plane graphene CSHG(EFISH) by the azimuthal angle
dependence of the generated signal. For linearly polarized light

with E,, = E, (5 ) and Ege = Eac(5y)). Eq. (73) becomes

3) I cos(2¢ — dn))
Tsal) = Ei Pa [‘” (“’)(sinaas )

+ [01(w) + 02(w)] (COS ¢J)} .

sin ¢y 74

We see that the Cartesian components of the induced current
vary as cosinusoidal functions of O¢ (that is, independent of
¢) and 2¢. In a short-hand notation, we will characterize these
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as 0¢ and 2¢ dependencies. In most experiments [17-21], the
graphene sample is mounted on a SiO,/Si substrate, where
the interface between SiO, and Si gives an interface-induced
SHG and the bulk Si gives an electric quadrupole/magnetic
dipole induced SHG. But for different crystal orientations of
the Si substrate, the dependence of the combined interface and
bulk contributions on azimuthal angle will be different [22].
For the (111) face, the second harmonic radiation depends on
the angle as 0¢ and 3¢; for the (001) face, the dependence is
0¢ and 4¢; while for the (110) face, the dependence becomes
0¢, 2¢p, and 4¢. Therefore, from the azimuthal dependence
of the SHG signal, it might be possible to distinguish the
graphene CSHG (EFISH) from the interface contributions,
for example by putting graphene on top of different SiO,/Si
structures, one with the (111) face of Si normal to the
interface and one with the (001) face normal. Because of the
same origin of CSHG and EFISH in graphene, they would
have the same angle dependence, so such experiments would
not help to distinguish between these different contributions
from graphene; but for a heavily doped and high mobility
graphene sample, our calculations show that the CSHG should
dominate.

V. CONCLUSION AND DISCUSSION

Perturbative analyses play a central role in nonlinear optics.
Even when the electrons in a material are treated as indepen-
dent, and relaxation is only described phenomenologically, the
calculated response tensors that relate the induced polarization
or current to powers of the applied fields indicate the nonlinear
optical effects that are allowed, and point to where resonances
can lead to an interesting dependence on time and frequency.
Often, more sophisticated models of the electron dynamics are
required, and sometimes the perturbative framework itself is
insufficient to address the physics of interest. However, even
then these kinds of perturbative treatments provide a starting
point for more realistic calculations.

In this paper, we have provided such a treatment of the
nonlinear third-order optical response of doped graphene, with
the main goal of investigating the effects of phenomeno-
logical relaxation parameters, finite temperature, and laser
pulse width on the induced currents. We focused on the
contributions of optical transitions around the Dirac points,
where the widely used linear dispersion relation is a good
approximation. By solving semiconductor Bloch equations
perturbatively, an analytic expression for general third-order
conductivities was obtained at zero temperature, taking differ-
ent relaxation parameters for interband and intraband optical
transitions. The nonlinear conductivities at finite temperature
were obtained by an appropriate integration over the chemical
potential. The conductivities show a complicated dependence
on photon energy, chemical potential, and the relaxation
parameters.

Even with the inclusion of relaxation, we found that
the perturbative approach itself is problematic at vanishing
chemical potential, as might be expected from a similar result
in the semiclassical limit [23], except in the special case that
either first- or third-order interband and intraband relaxation
rates are set equal. The perturbative approach adopted is
unproblematic for doped graphene at zero temperature, but
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is a concern at finite temperature, since thermal fluctuations
always place some electrons or holes near the Dirac points.
Yet, numerical calculations of the full semiconductor Bloch
equations indicate that the contribution of such electrons to
the full optical response is small, so this effect does not afflict
our results.

We discussed in detail different nonlinear effects, includ-
ing third harmonic generation, Kerr effects and two-photon
absorption, two-color coherent current injection, parametric
frequency conversion, and dc-current and -field induced
second harmonic generation and difference frequency genera-
tion. The interband relaxation generally broadens and lowers
the resonant peaks, while the intraband relaxation plays an
important role in some of the effects, including two-color
coherent current injection and the dc-current induced second-
order nonlinearities. At room temperature, most of the resonant
structures are smeared out.

We also considered the response of graphene to laser pulses.
The optical response depends in detail on the frequency width
of the incident pulse and the frequency structure of the response
tensors. The two natural limits are (1) when the frequency
structure of the response coefficients is rather flat on the scale
of the frequency width of the incident pulse, and the induced
current follows the injecting pulses, and (2) when there are
divergences in the response coefficients at frequencies close to
the real axis, as for two-color coherent control, the dynamics
associated directly with the relaxation processes.

Comparison of our results with experiments is difficult,
since in many of the reported experiments the graphene
samples have not been characterized in the linear regime,
and neither the relaxation parameters nor even the chemical
potential have been identified. Results for some nonlinear
response coefficients, such as that describing the Kerr effect,
are predicted by our calculations to be so sensitive to these
parameters that we cannot hazard a comparison of theory
to experiment. Yet, our results for third harmonic generation
and parametric frequency conversion are insensitive enough
to these parameters that we can conclude our results are
about two orders of magnitude smaller than those extracted
from experiments [5], even with the adoption of reasonable
relaxation parameters. We speculated on the causes of this
disagreement; it is of course early days for both detailed
experimental and theoretical studies of such nonlinear effects
in graphene. However, these disagreements may persist, and
a long and difficult journey may be necessary to understand
the details of the full nonlinear optical response of graphene.
Even so we can expect that, as in the study of the nonlinear
optical response of other materials, the kind of perturbative
calculation we have presented here will provide a useful port
of embarkation, paving the way to a better physical insight in
the complex nonlinear optical response of graphene.
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APPENDIX A: PERTURBATION SOLUTION
OF SEMICONDUCTOR BLOCH EQUATION

We describe the electronic states in graphene by the
tight-binding model employing carbon 2 p, orbitals with only
nearest neighbor coupling. Neglecting the overlap between
different p, orbitals, the band structure that results is electron-
hole symmetric with energies £,y = —&_g, where +(—) is the
band index for 7 *(;r) bands, and the Berry connections satisfy
Esk = &5 = ry and &g = &5, where s = £ is the band
index and § is the index of the band that is not the s band [5].
Up to the dipole approximation of light-matter interaction, the
SBE in Eq. (7) can be expanded as

(n)

ap. (1) ) _ _
W= = ieE@) - re(pli = o)
—eE@®)- Viply " = T{"plh,
LB . _ _
BEEC — —iseuplip() +ieE@) - ri(oli = ")

—eE@)- Vkpi';lzl) _ Fén)p(")

5k (AD)
with € = ¢4 — e_¢. In Eq. (Al), the terms involving ry
give the interband contribution, and the terms involving Vy
give the intraband contribution. Treating the electric field term

perturbatively, the first three terms are expanded as
dw : .
(eY] 3 - - (1);¢
pSlszk(t) = / 27.[ (_e)Eli)se lw}tpﬁszk(w3)’

da)zdw3
(2m)?

(—e)’E? EZJBe”’“"”P(Z);I,’f(wz,ws),

5152

(2)
Oy, 52k (t) =

dwidwdw :
3) 1 2 3 3 ra b c —lwi
px]szk(t) :/ (271,)3 (—e) Eleszme '

3);ab.
xPoic (@1,02,3), (A2)

with wy = wy + w3 and ®w = w; + wy. By substituting the
above expansion into Eq. (A1), we get the following equations
for PO,

(1) The linear-order terms are determined by

» an
(1);c . Olbsk
vy () = i
(93 — sep) P (w3) = —sr{ Ang. (A3)

Here we have put Any = nyy — n_g. The solutions are

. i Ongg 1: —sri Ang
fp(l),f - ; 'P(,)’C — k—’ Ad
ssk (w3) s ok, 55k (w3) 95 — sex (A4)
which leads to the linear conductivity
da dk a
oV () = —¢> Y / iV Poi@). (AS)

5152

Here, vy, are the matrix elements of the velocity operator,
which satisfy vy = —v__g and v;_ = —v_4 in the tight-
binding model we have adopted.

(2) The second-order terms are determined by

2);b
VO,PS(s;( “(w2,03)

5C 3C . 8 3¢
= ri[Poi’ (@) = P @] + i 5P @),
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2):b
(D3 — Sék)lps(gi “(w2,03)

= [P (@) = Pt (@n)] + i Pl@3). - (A0)
b
The solutions are
Pﬁf}j"” (w2,w3)
& AT Lo
= —|———— +srriAn ,
vo Lvs dkpoke K ETT s t e | 05 — e
be —is d ([ riAn rbaAn
T LN
190—S6k akb 293—S6k V3 8kc

Because the graphene crystal structure is centrosymmetric, its
second-order conductivity is zero.
(3) The third-order terms are determined by

3);ab. 2):b 2);b
V,Ps(s;ca ‘= r/? [Pi(sl)c C(wz’w3) - Ps(fl)c C(wz’w3)]

D e
+i3777§3{b (w2, w3),
b

3);abc
0 — sek)’PY(ﬂ)(a ‘=

b 2);b 2):b
AP )~ P (]

D orbe
i — P2 (w,03). (A7)

,P(3);dabc

The frequency dependence of P "/

The solutions can be written as

(w1,w,w3) is implicit.

,P(3);abc _ 1

. 1 )
ssk - Pla,?lcc + v_PZu,l:lcc(ﬁS)

AV %] Vo

+ ! P (90) + lP“bC(z‘} 3)
V3 3:5k\V0 v 4:5k\Y0,V3),

. 1 , I
PR = —— Pabe(9) + — PEbe(,03)
VoV3 Vo

I .
+ — Pii(0,90) + PGi(9,00,03). (A8)
3

Here, terms Pl.‘,‘f,g withi = 1,...,4 are related to the popula-
tions at band s and are given by

. 83nsk
Pl'.vk =l a7
’ ok, 0k, 0k,

PabC(ﬁ ) 0 b CA 1 4 1
' = —s rireAn ,
2k g LT st e s — e
1 1 dAny
+ 9
Po + €k Ty — €k ok,

abc

Pﬁf,i(z?o) = —sr,‘jr,f(

abe a 1 0 reAng
P4;Sk(190a793) = —S8rg -
Vo + € 0kp \ D3 + €

n 1 d reAng
190—6]c 3kb l93—€k ’
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while the terms Pi‘ff,f with i =5, ...
interband polarization and are given by
ré  9%Ang

Pébe(9y = s —* — ,
k() = 575 — seg Ok dk,

r,‘:r,l(’r,“Ank 1 n 1
0 — sex V3 + € U3 — € ’
i [ ,0An
_ rk R
Y — sex 0k, ok,
19 1 [ 9 [ riAm
19—S6k 8]{,1 ﬁQ—SGk 3]{}, 173—S€k )

The unsymmetrized third-order conductivity that follows from
these terms is

GO () ) ) = e 2/4712 o

S182

,8 are related to the

PER(0,93) = —

Psbe(9,90) =

PEhe(9,90,03) =

,P(S) sabc

sk (@1L,02,03).  (A9)

Then we find that the terms S; in Eq. (15) are given by

dabc __ . abc
Slabe = —(io3)™! /_U++k itk T

fori =1,2,3,4 and
. . — dk ave e
S;iabc — (103) 164/ mvi,k(Pi;ik - I;'i;fk)

fori =5,6,7,8.

In this work, we only consider optical transitions around
the Dirac points K = (by + 2b,)/3 or K’ = (b, + 2b,)/3 with
b, and b, the primitive reciprocal lattice vectors. These two
Dirac cones are connected by the inversion symmetry, and
they lead to the same contribution to the conductivities we
consider, whether linear or third order. In the following, we
calculate the conductivity around K explicitly and get the
total results by considering both valley degeneracy g, = 2
and spin degeneracy g; = 2. Around the Dirac point K, we
approximate each quantity up to its lowest order of k — K: the
electronic dispersion is &;x+x = shvpk, the velocity matrix
elements are vgg ) = SUpk/k and vk 4+1) X isvrk x 2/k,
and the interband Berry connection is r g x ~ k x 2/2k?. The
linear conductivity that results is given by Eq. (11).

Pabc )
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In calculating the integrals over k necessary to evaluate the
third-order conductivities, we use the relation

g%: =2 e (A10)

z_z - z;l( (v a0+ 2 kvhia): (A11)
alz;(;:k = _2%2)“7 (A12)
8;?]:;" - —2Ui+’;:i—k, (A13)

to expand the derivatives in S;, and find that all the required
integrations over k can be related to

4
e dk 1
8s8v—= / v vl vl v ke — Q) = ZUSAI,

Q | Qnptk
e dk o b 1
gfgv§ (2 )2 VS VG gV VG Sk — ) = 4_103A0

Using partial fractions and taking the integral over 2, we
obtain all the S; given in Egs. (19)—(26).

APPENDIX B: TEMPERATURE EFFECTS

In this appendix, we discuss how the temperature affects the
contributions to the conductivities from G, (e 4 iT",), H, (€ +
il'y),and Z,,(e +il",).

(1) G, (e +iT,): at finite temperature, this is replaced by
Gur(e +iT,) with

?M;T(e—l—il‘e):ﬂ/ dxF,(x,T)[1 — F,(x,T)]G.(e+iT,).

B
As T, — 0, G,(e +il',) diverges logarithmically at € =
+2|w|, while GM;T(E +1iI',) is smooth. Both functions are
smooth as € +iI', — 0. In Fig. 10(a), both G, (¢ +iI",) and
EM;T(G +il,) are plotted for I', =0 and I', = 0.03 eV at
[u] =0.3 eV and T = 300 K. Moving from zero to finite
temperature, a finite 7 has an effect similar to the inclusion of
relaxation: both remove the singularity and broaden the peak
and step function.

6 L —

1 (@) 7
= =
= =
T ] A | =
N o &
s g s
T <
= RS
0 f f f —

!
= 3
e =
3 =
> +
= X
= b

Im[Z(e +iT.)] (eV™2) Re[Z(e +il,)] (eV~2)

€ (eV)

FIG. 10. (Color online) € dependence of (a) G, (¢ + iT") and EM;T(E +iI"), (b) H,(e +iT') and ﬁu;r(e +ilM), (¢c) Z,(e +il") and fu;r(e +
iT"). Solid (dashed) curves are for ' = 0 (I' = 0.03 eV), and thick red (thin blue) curves are for the function without (with) a temperature

average. Other parameters are |u| = 0.3 eV and T = 300 K.
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(2) Hyu(e +il',): at finite temperature, this is replaced by
H,.r(e +iT,) with
. o0
HM;T(e+iF6):/3/ dxF,(x, T)[1—=F,(x,T)IH(e+il.).
—00
(B2)
At |u| = zo with 2zp =€ +il', for € > 0, H,(e +il.)
diverges as (|u| — zo)~'. Inthe relaxation free limit for nonzero

€, We can write

1 r.—0

+ind(jul —e€),  (B3)

———— = P.
lul —€ — il lul —€
where P. means the integration takes the principal part; thus
the imaginary part of ,, tends to a § function. However, both
the real and imaginary parts of ﬂM;T are smooth for € > 0 or
e =0and T, # 0. For small T, H,,.7(iT",) oc InT,..

In Fig. 10(b), both H, (e +iT,) and H,r(e +iT,) are
plotted for I', = 1073 eV and T, = 0.03 eV at u=03eV

PHYSICAL REVIEW B 91, 235320 (2015)

and T = 300 K. The inclusion of finite temperature leads to a
broadening of the §-function-like imaginary part.

(3) Z,(e +il',): at finite temperature, this is replaced by
Z,.r(e +iT,) with

TlL;T(e—i—iFe):,B/ dx F,(x,T)[1—F,(x,T)1Z,(€ +iT,).

(B4)

At |pu| — zo with 2zg =€ +il, for € >0, I,(e +il,)
diverges as (Ju| — 20)"2. Around € = 2|u/, Re[Z,(e +iT,)]
has two minima ~ —TI';2/2 around € ~ 2|u| + +/3T, and a
maximum ~T; 2 at € = 2|u|, while Im[Z,,(€ + iT",)] has two
extrema at € ~ 2|u| + T, /+/3 with values ~+3+/3/(8T2).
These indicate that this function varies very fast around
€ = 2|u| for very small I',. In a manner similar to the H
function, at room temperature, TM;T is a smooth function with
respect to € > 0 for any I', > 0, and TM;T(iFe) x Fe_l. In
Fig. 10(c), both Z,(e +iI',) and T,L;T(e +il,) are plotted
for I, = 1073 eV and I, = 0.03 eV at || =0.3 eV and
T =300 K.
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