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Luminescence and squeezing of a superconducting light-emitting diode
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We investigate a semiconductor p-n junction in contact with superconducting leads that is operated under
forward bias as a light-emitting diode. The presence of superconductivity results in a significant increase of the
electroluminescence in a sharp frequency window. We demonstrate that the tunneling of Cooper pairs induces an
additional luminescence peak on resonance. There is a transfer of superconducting to photonic coherence that
results in the emission of entangled photon pairs and squeezing of the fluctuations in the quadrature amplitudes
of the emitted light. We show that the squeezing angle can be electrically manipulated by changing the relative
phase of the order parameters in the superconductors. We finally derive the conditions for lasing in the system and
show that the laser threshold is reduced due to superconductivity. This reveals how the macroscopic coherence

of a superconductor can be used to control the properties of light.
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I. INTRODUCTION

Superconductors exhibit quantum coherence of electronic
degrees of freedom on a macroscopic scale. For s-wave pairing
they are characterized by a complex pairing amplitude A
with a well-defined phase ¢ [1]. This is a consequence of
the off-diagonal long-range order present in the two-particle
density matrix [2,3]. The electrons condense into Cooper pairs
and form entangled two-electron singlet states. The prospect of
harvesting these useful coherence and entanglement properties
for the manipulation of quantum states as required, for exam-
ple, in quantum information processing and communication
[4-6] is a motivation to integrate superconducting elements in
semiconductor solid-state nanostructures. Prominent specific
goals are the on-demand production of entangled photon pairs
due to the recombination of Cooper pairs [7-13] and the
generation of nonclassical states of light [14—16]. It further
brings about the fundamental question of how to efficiently
transfer the electronic coherence and entanglement naturally
present in a superconductor to excitonic particle-hole pairs in
a semiconductor and eventually to photons that are emitted
from the heterostructure.

While the experimental realization of superconductor-
semiconductor hybrid nanostructures has proven to be tech-
nology challenging [17], there have recently been a number
of successful experiments using semiconductor nanowires
[18,19], quantum wells [8,20], and self-organized heterosu-
perstructures in unconventional superconductors [21]. Various
desired electronic and optoelectronic properties have been
observed such as the proximity effect [8,22] and the Josephson
effect [19,23], the realization of a superconducting field-effect
transistor [18], and enhanced electro- and photoluminescence
rates [9,21,24-27].

Enhanced luminescence rates were observed in a se-
ries of experiments using superconductor-semiconductor het-
erostructures where a p-n junction was contacted with a
superconducting Niobium lead on the n side of the junction and
cooled below the superconducting transition temperature 7,
[9,20,24,25]. In addition, it was clearly shown via the Joseph-
son effect that due to the proximity effect, Cooper pairs tunnel
into the active region of the p-n junction, where they recom-
bine with normal holes [8]. More recently, enhanced photo-
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luminescence below a superconducting transition temperature
was reported in self-organized superconductor-semiconductor
heterostructures that form naturallly in the iron-based su-
perconductor K,Fe,_,Se, [21]. The exciting case where the
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FIG. 1. (Color online) Schematic setup of superconducting light
emitting diode with p-n junction coupled to superconducting (sc)
leads operated under forward bias voltage V. Basic recombination
processes at low temperature 7' < |A.|,|A,|: (i) transfer of particle
from conduction to valence band upon radiation of a photon (red) with
energy w, < eVy —|A.| —|A,], (ii) absorption of a photon (blue)
with energy w, > eV + |A.| + |A,| upon transfer of a particle from
valence to conduction band, and (iii) Cooper pair tunneling upon
emission or absorption of two photons (green) with energy w, =
eVy. The superconducting gaps are denoted A, (A.) for valence
(conduction) band.
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semiconducting region only contains a few quantum dot states
has been studied in Refs. [10,11,28-30].

Here, we investigate a superconductor-semiconductor het-
erostructure consisting of a p-n junction that is sandwiched
between two superconducting leads. The setup is shown in
Fig. 1. We focus on the properties of the light that is emitted
from such a superconducting light-emitting diode (LED) under
forward bias in the steady state. To reach a steady state, we
consider a coupling of the photons to an external photon
bath. One of our main results is a drastic enhancement of
the electroluminescence rate in a sharp spectral window in
the presence of superconductivity. This increase, which is
shown in Figs. 6 and 7, is a consequence of the van-Hove
singularities at the edges of the superconducting bands. Similar
behavior was observed in a setup with one normal and one
superconducting lead in Refs. [26,27].

We also report the formation of an additional luminescence
peak on resonance that is effectively due to transitions of
Cooper pairs from the conduction to the valence band. A
similar rich peak structure was reported for the case of
quantum dots coupled to superconducting leads in Ref. [10].
Further, we analyze the statistical properties of the emitted
photons and predict nonclassical, two-mode squeezed states
of light. Photons with momentum ¢ and —gq inherit their
squeezing correlations from the electrons forming Cooper
pairs. As shown in Fig. 10, the uncertainty of the corresponding
two-mode quadrature operators in the squeezed state falls
below the minimum uncertainty of coherent states enforced by
the Heisenberg limit. Even more importantly, the orientation
of the squeezing ellipse can be externally manipulated by
changing the relative phase between the two superconductors
that are coupled to the p-n junction [16]. This shows that
one may employ the coherence of a superconductor to tailor
the properties of a two-photon quantum state via the transfer
of Cooper pair entanglement to the photons. Two-photon
correlations in related models are theoretically discussed in
Refs. [10,12,13]. Finally, we discuss conditions for lasing in
this system and find that the lasing threshold is reduced in the
presence of superconductivity, again due to the formation of
van-Hove singularities.

The structure of the remainder of the paper is as follows.
In the next Sec. II, we introduce the superconductor-p-n-
superconductor setup and develop the many-body nonequilib-
rium field theory framework that we use to extract properties
of the photons that are emitted in such a device under forward
bias. In Sec. III, we derive the effective photonic action
by integrating over the electronic degrees of freedom. We
calculate the photonic self-energy due to the coupling to the
electrons up to one loop. We discuss in detail the structure
and the features of the self-energy both in the presence and in
the absence of superconductivity. To obtain a steady state, we
consider the leakage of photons out of the system via a coupling
to an external photon bath. This yields another contribution
to the photonic self-energy. Inverting the Dyson equation,
we sum up the complete RPA series and obtain our main
analytical result: the dressed photon Keldysh propagators. In
the following sections, we extract the physical information
they contain about the photonic system. In Sec. IV, we discuss
the luminescence and the light squeezing properties and in
Sec. V, we derive the conditions to obtain lasing in the system.
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We determine the lasing threshold also in a physically very
transparent way using rate equations. To focus on our main
results and the physical consequences in the main text, we shift
details of the calculations that yield the effective photon action,
the photonic self-energy and the dressed photon propagators
to the Appendix.

II. HAMILTONIAN AND KELDYSH ACTION OF
SUPERCONDUCTING LED

A. Hamiltonian of the heterostructure

We consider a p-n junction that is coupled on each side to a
superconducting lead. The system is set under an external
forward bias voltage V) to operate as a LED. Due to the
proximity effect Cooper pairs tunnel into the active region
of the junction, and participate in recombination processes
that lead to the emission of light. We model the active region
of the junction together with the photonic degrees of freedom
by the Hamiltonian

H = H, + Hy + Hopn + Hpn + HR™ . (1)

The Hamiltonian of the conduction and the valence electron
bands takes the form

Hy — o Ny = Z (eq (k) — Mo:)a]taaka
ko=t

+ D (Aegpaly +He), (@)
k

where Ol}:a creates for o = c(v) an electron with momentum

k and spin o in the conduction (valence) band. The band
dispersions are given by €, (k), which we will later assume to be
of the form €.(k) = k*/2m, and €,(k) = k*/2m,, with m, <
0 < mg, i.e., the conduction (valence) band is electron (hole)
like. We use h = 1 here and in the following. The proximity
induced BCS s-wave gaps are denoted by A, and the chemical
potentials by i, . We have included the chemical potentials into
Eqg. (2) to be able to work with time-independent gap functions
A, . This requires that we measure the electronic energies with
respect to the two different chemical potentials 1, in the two
respective bands. Their difference is equal to the applied bias
voltage

He — My =€V, 3)

which drives the system out-of-equilibrium. Formally, this
is achieved by the gauge transformation oy, — Qks =
e'*'qy,. This changes the dispersions from €, (k) to &, (k) =
€ (k) — g

In addition, this gauge transformation leads to a time-
dependence of the electron-photon coupling constant gy —
g(t) = goe'*™' that appears in the coupling Hamiltonian

Hapn = — D (8obk-k gk +He). (@)
k.k' .o

The operator bj, creates a photon with frequency w, = c|q|.
The electron-photon coupling is such that the transfer of each
electron from the upper conduction to the lower valence band
leads to an emission of a single (optical) photon with frequency
wg ~ eVy. We restrict ourselves to the case of spin-conserving
recombinations. The generalization to circularly polarized
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photons is straightforward and does not yield any qualitatively
new aspects to our model.
The free photon Hamiltonian is given by

Hyy = wgbjb, . )
q

Since photons are constantly produced in the LED due to the
presence of the bias voltage, we need to include an external
photon bath to deposit the energy and reach a steady state. This
is described by the bath Hamiltonian [31,32]

HYY =" veaba, — Y (hggbbay +He). (6)
q q.9'

The photon bath operator a; creates a photon with frequency

v, in the bath. The coupling constants between system and bath
photons are denoted by A,,. We will later integrate over the
bath degrees of freedom leading to the possibility to dissipate
a (system) photon to the external bath and to create a (system)
photon from the bath.

B. Action on the closed time contour

Due to the applied bias voltage, the system that we are
considering is in a nonequilibrium state. In the following, we
want to set up the required nonequilibrium Keldysh field theory
formalism that is used to determine observable properties of
the system such as the electroluminescence or the squeezing
of the emitted light. The small parameter that controls our
(infinite-order) perturbative calculation is the electron-photon
coupling constant gy. More precisely, the small dimensionless
parameter is given by |go|?pr/EF < 1 for normal conducting
leads and |go|?>pr/|A| < 1 for superconducting leads. Here,
pr denotes the electronic density of states at the leads’ Fermi
energy Er (see Fig. 1). We further assume that we are always
below the lasing threshold and derive parametric conditions
where lasing occurs later (see Sec. V).

In nonequilibrium, it is required to begin and end the time
evolution at the initial state of the system. One thus formulates
the field theory on a closed time contour C such that the action
reads [33-36]

S = /dt Y ek yidicko + vy 410 Vk0)
¢ k,o ’

+ > (bhidiby + ajiday) — H:| . (7)
q

Here, ¢k y,vr,, denote Grassmann fields and b,,a, denote
complex fields arising in a path integral formulation of
the action. One can now clearly observe how the applied
bias voltage appears by performing the gauge transformation
introduced above o, — @y = €'*'ay,. The time derivative
then produces additional terms that contain the chemical
potentials such that the energy dispersions are measured with
respect to the two different chemical potentials €,(k) —
£, (k) = €u(k) — 11, and go — g(1) = goe'*"*". We suppress
the tilde notation from now on.

The contour C starts (and ends) at the initial time ¢ = 0,
where we assume that go = 0 and the system is in thermal equi-
librium at potentially different temperatures for the electronic
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and photonic subsystems. At r > 0, we consider a nonzero
electron-photon coupling go and a nonzero bias voltage V, > 0
leading to photon production. In the following, we focus on
steady-state properties of the system at times ¢, > t; where
t; is a characteristic time-scale over which transient effects
associated with the switch-on decay. We will always check
self-consistently that our assumption of a steady state holds.
It is convenient to introduce fermionic and bosonic spinors

¢
Vgt

¢ ¢
X o r ( bg )

g = ; ®)
(vt—lw)Jr (bg—q)T
(c im)T
where ¢ = 4 denotes that the time variable is located on the
forward (+) or the backward (—) branch of the contour C.
The A superscript denotes the fermionic combined Nambu-
conduction/valence space and the o superscript describes the
photon particle-hole space, in which the complex bosons can
be described with real spinors, see Eq. (20). It is convenient
to make a transformation from the contour (4,—) basis to
the RAK (retarded-advanced-Keldysh) basis. For bosons, this
transformation to the classical and quantum fields is given by

o = (&) +d,)/V2, ©)

A
VS

! = (b — d,)/V2. (10)

For fermions, we follow Larkin and Ovchinnikov [37] and
perform the transformation to (1,2) fields as

Wl — (\fzﬁ \f/;)/ﬁ, (11)
B = (- U/V2. (12)

A
The conjugate Grassmann variable fields (\.IJ,i)Jr are not related

A
to the W; fields and one may thus choose a different
transformation for them:

(B =@ - phvz. (13)

A A A
(“I’lzc)T = (O +@HH/V2. (14)
Combining the two fields as usual we introduce the Keldysh

R o 1o N A A
vectors ®, = (D, dy) and W = (W, W;). We denote these
vectors by A superscripts. We can then write the Keldysh action

as
o0
S:/ dtdt’
—0oQ

1 5T AN—1 N A
+3 ; &y (10D, (1.1)D 4 (1))

Y UGy ()
k

+ Y UV OB )8 — 1) | + SR (15)
kK

The factor of 1/2 in front of the bosonic propagator arises
from our choice of “real” bosonic spinors. The unperturbed
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fermionic Green’s functions are given by

A A
Gox(tt) Gt

Goxt.t) = =i (BB ()0 = N
0 Gt
(16)

The retarded and advanced blocks, which only depend on the
time difference T = ¢t — ¢/, explicitly read

AR/A
Gole —1)

= —ifp ol e o)),

Gt ol o
B T /)
Tl o e o |

o 0

T

The average ( - )¢ is with respect to the free action S(gy = 0).
The particle and hole propagators are denoted by G and
G™. The anomalous electronic propagators which arise due
to the presence of superconductivity are denoted by P and P.
After Fourier transformation G(w) = f_oooo dtG(7)e'", they
take the explicit form

R/A
Go  Poa\
- h -
Pow  Goo) s

with dispersions &,(k) = €,(k) — o for « = c,v and Pauli
matrices oy, ;, where oy = %(ax £ ioy). Since the electrons
are assumed to be in thermal equilibrium, one can express
the Keldysh Green’s function via the fluctuation-dissipation
theorem as

014 E (k) - 0.—Ay -0, —A% -0
(@ £ 102 £, (kP | A,

(18)

GE (@) = F@) GEy@)— Gl @), (19)

with fermionic distribution function F(w) =1 —2np(w) =
tanh(w/2TF) at temperature 7.

The free Green’s function for the photons in the system
described by b, can be written as

Do q(1.1") = —i(®, ()T (1),
DY .ty DE (1.1 00,
Dy, (.1 0 '

Note that the expectation value contains the transpose spinor
CDZq(t/) (and not the hermitian conjugate). The retarded and
advanced blocks take the form

Dyt = 1) = =i(@F 0[5 «]"),

0 die —v
=\ ,a/r g 1) . 2D
dy.q @ —1) 0

where [d(f ‘/IA(a))]‘l = w — wy £ i0. Since the photonic sub-
system is initially in equilibrium, we may write the Keldysh
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component via the fluctuation-dissipation theorem as
D§ (@) = Bo(@)[ D§ (@) — D§,()]. (22)

Here, By denotes an initial bosonic distribution function of the
uncoupled (go = 0) system. As shown below the distribution
function By will not be important in our calculation of
the photon distribution in the steady state. This is rather
determined by the interplay between the photon distribution
function in the external photon bath and the photon production
rate in the LED.

The electron-photon coupling part in the action contains
the vertex expression

Ve =Y Y9 s 0 @3

a=cl,q i=1,2

with matrices < = 1 and $¢ = 6, in Keldysh space. Using
Eq. (8), the components of the photon field vector read
explicitly q)Z—k/,l(t) = by_,(t) and q’i—k’,z(t) = (b"_‘k+k,(t))1f.
The coupling matrices take the form

0O 0 0 0
A 1 gty 0 O 0
81(t) = — 24
=710 0 0 _ew 24)
0O 0 0 0
and
0 g5) 0 0
=12 % 00 (25)
1= —
? S2lo o 0 0
0 0 —g1) 0

with g(¢) = goe'’" and g(t) = (g(¢))* denoting the complex
conjugate. Finally, the part of the action that describes the
coupling of the photons to the photon bath reads

st — /c dt| Y ahid, — vp)ag + Y (ggblag +c.c.)
9q q.9'

(26)

We will later in Sec. III B integrate over the external photon
modes {a,} under the standard assumptions of an Ohmic bath
in the white noise limit of frequency-independent couplings
Aqq and bath density of states [32].

III. EFFECTIVE PHOTON ACTION

In this section, we want to derive an effective action for
the photonic degrees of freedom in the system S;f;f, which
takes the coupling to the superconducting leads as well as
to the photon bath into account. Formally, we integrate over
the fermion fields W; and the external bath photon fields ag.
This integration yields an electronic contribution to the photon
self-energy ﬁfll(t,t’) and a bath contribution to the self-energy
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fl';a‘h(t,t/). The effective photon action takes the form

1 o
sel = 3 > f drdt &1 (1)
q —00

x [Dg .t — T (1.1') — T (1.,1) ], (1), (27)

While we treat the bath self-energy exactly, we take the
electronic self-energy up to one loop into account. Importantly,
due to the presence of superconductivity there exist nonzero
anomalous fermionic Green’s functions P,P. This leads to
anomalous terms in the bosonic self-energy ﬁ;l(t,t’), which
induce similarly anomalous photon expectation values such as
(by(bL (1))

In the following, we first derive the photon self-energies
and then solve the resulting Dyson equation in the steady state.
This corresponds to treating the electron-photon coupling in
the random-phase approximation (RPA). It provides us with
explicit expressions for the photon propagators—both for
normal conducting and for superconducting leads. Details of
the calculation are shifted to Appendices A, B, and C.

A. Electronic feedback

Let us first focus on the electronic contribution to the
effective action in Eq. (27). It is described by the self-
energy f[fll(t,t/) and contains the information about the photon
absorption and emission processes that involve the transition
of electrons between conduction and valence bands.

The electronic part of the photon self-energy has the
following structure in the particle-hole basis of ®,:

N Caaaa 1 HC)) Mg (1)
M, @.r) = el —ig(t+1") Frel » (28)
n21,q(f) e 1'[22"1(7:)

where T = — ¢’ denotes the time difference. This structure
is identical for the retarded, advanced and the Keldysh
components of the self-energy. The anomalous components
on the diagonal, which are associated with b;b_, and b:; bT_q,
depend on the absolute time 7 + ¢’ via the phase

Pt +1)=eVo(t +1) — pe + ¢y + 20, . (29)

Here, ¢/, = arg(A./,) denote the (constant) phases of the
superconducting gaps Ay = |Ay|e?, which depend on mi-
croscopic details at the initial time t = 0, and ¢, is the phase
of the coupling constant gy = |go|e'?s. The remaining parts

1§}, and 1§, ,, as well as the normal components on the

off-diagonals 15, ,, 15} . only depend on the time difference
7 =t —t'. They are also independent of the phases ¢, -

We treat these self-energies in the one-loop approximation.
As shown in detail in Appendix A 1 the self-energies are given
by

% / . AQ A A INA A /
(M) () = —i Y ulp 8i(0)Gox(t.t)” 8t
k

x Gogrq' D] (30)

The corresponding Feynman diagrams are shown in Fig. 2. The
remaining task is to insert the expression for the fermionic
Green’s functions, perform the traces over the Keldysh and
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ck+q cktq
q -q q q
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-q q -q q
15y o )
\\}{ "I \»}14:
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FIG. 2. Feynman graphs of the one-loop bosonic self-energy
l'[,e} 4 due to the coupling to conduction (c) and valence (v) electrons,
see Eq. (30). External photon propagators (wiggly lines) are not part
of the self-energy. Each vertex is associated with a coupling constant
|gol. Wiggly lines denote photons, solid (dashed) lines denote con-
duction (valence) electron propagators. The anomalous contributions
I1¢), 115}, appear only for superconducting leads A., A, # 0.

Nambu indices and to carry out the summation over electronic
momenta k.

1. Energy scales in the system

Before we describe the explicit result for the self-energies in
the next sections, we want to discuss the different energy scales
that are present in the problem. To give a numerical estimate
of the different scales, we use realistic values of GaAs.

There are five important energy scales in the problem: (i)
the applied bias voltage eVp, which is of the order of the
semiconducting band gap D. This is the largest energy scale
in the problem. It sets the photon energy hw, ~ eV, and the
photon momentum |q| = eVy/hic, where c denotes the speed of
light. For GaAs this energy scale is given by hw, = 1.424 eV;
(i) the semiconductor Fermi energy €. It is determined by the
effective masses m.,m,, and the carrier density n.,n, as €g o =
Br2)*3r2nZ? /(2my). In GaAs, one finds m, = 0.067m, and
two hole bands with m, ; = 0.45m, and m,, = 0.082m,,
where m, is the bare electron mass. Typical values for the
carrier density are n = 10'%cm™ — 10'’cm™3. For this range
of doping and approximately using m, = —m, = 0.067m,,
we find € = 2.5 x 1073-2.5 x 10~! eV. The Fermi velocity
follows to vy = /2€p/m =4 x 107*c—4 x 10 3¢; (iii) the
(proximity induced) superconducting gap |A| for which we
estimate |A| & 1 meV; (iv) the strength of the electron-photon
coupling |go|?p with conduction band density of states p. For
the range of carrier densities above one finds the estimate
lgol?p = 8.3 x 1070 eV-8.3 x 107 eV [16]. This is the
smallest energy scale in the system, which justifies our pertur-
bative approach; (v) the coupling to an external photon bath in-
duces a photon decay rate 1 (for each photon mode ¢). Our as-
sumption of a steady state with a finite photon number requires
that  must be larger than the LED photon production rate.

A result of this estimate is that one cannot neglect the
photon momentum ¢. Although it is much smaller than typi-
cal electronic momenta |q|/|kr| = eVoc/(vpm.c?) ~ 0.01 —
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0.1, its associated energy scale is of the same order as the
superconducting gap

vrlql ~ |A]. (31

In the following, we discuss the explicit result for the electronic
part of the photon self-energy lglfll(t,t/). We first describe
the case of normal conducting leads and then the case of
superconducting leads. Taking a finite photon momentum into
account serves as a physical cutoff for divergences that would
otherwise occur in the imaginary part for the superconducting
case.

2. Normal conducting leads

Let us first discuss the electronic contribution to the
photon self-energy f[fll(t,t’) in the case of normal conducting
leads. In this case, the diagonal elements in Eq. (28), which
are proportional to the product A A,, vanish: 1§} ,(1,1) =
1:13127q(t,t/) =0.

To be able to perform the summation over momenta in the
off-diagonal elements analytically, we make the symmetric
choice of assuming parabolic conduction and valence bands
with effective masses m. = —m,, and equal superconducting
gap amplitudes |A.| = |A,| = |A|. As a result, the electronic
dispersions fulfill £.(k) = —&,(k). The fermionic density of
states (DOS) p.(w) = py(w) = p(w) is only weakly energy
dependent around the Fermi energy, where p(0) = pg corre-
sponds to the DOS at . ,. This situation is schematically
depicted in Fig. 3. For general dispersions the summation
can easily be performed numerically. As shown in detail
in Appendix B, one finds for the retarded and advanced
self-energies at Tp = 0:

. o\ |5 for|o_| <vr|q]
M) = —in |go|2,0<—> o !
2 sign(w_) for|w_| > vr|q|

5% () = M5 (—o). (32)

lq| < kp
—
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Here, the frequencies w+ = w =+ eV}, are measured relative to
the applied voltage. The retarded function is shown in Fig. 4.
Finite fermionic temperatures 7r > 0 will smear the zero
temperature results, but do not yield qualitatively different
results. As the fermions are assumed to be in equilibrium at
temperature Tr, the corresponding Keldysh self-energies are
given by

151 @) = com( 50 ) [ME @) — M35 @),
(33)
n?z’;(w)_coth( )[nig’fl( ) — M54 ()],

As can be seen easily, the Keldysh self-energies obey the sym-
metry 1'[?12[; (w) = ;11 f;(—w). In Eq. (32), we have neglected
the real part, which depends only weakly on frequency. It
gives an unimportant renormalization of the photon resonance
frequency w,. The imaginary part of the self-energy 1%, q(@
describes the production and decay of photons due to the
coupling to the electrons. From Fig. 3, we see that for 7 = 0
there are two possible transitions: (i) photons with energy
wg < eV, are emitted due to transitions of an electron in the
conduction band to the valence band, or (ii) photons with
energy w, > eVy are absorbed by raising an electron from
the valence band to the conduction band. The absorption
is associated with a negative imaginary part of the retarded
self-energy in Eq. (32), while the emission is associated with a
positive imaginary part. The linear dependence of H;ll’fl(a))
around w = eV, arises due to the restricted phase space
of decay and absorption processes for photons with energy
|a)q — eV0| < vr|q|. For larger energies |a)q — eV0| > vrlql,
on the other hand, the self-energies reach a constant value
because we linearize around the Fermi energies.

We have seen that the production of photons is described by
a retarded self-energy H§1, 4(@) with a positive imaginary part
for frequencies 0 < w < eVj. It changes sign at the applied
bias voltage eVj. If there was no further contribution to the

Wq < €V0 —2A

A~

FIG. 3. (Color online) Schematic of the symmetric electronic band dispersion model for normal conducting (left) and superconducting

leads (right). Normal state conduction and valence band dispersions are assumed to obey &.(k) =

—&,(k), vr denotes the Fermi velocity, kr

the Fermi momentum, B the filling factor of the bands and eV} is the applied bias voltage. Electronic transitions involving photon emission
(absorption) are possible at photon energies w, < eV; (w, > eV}). Photon momentum ¢ is properly taken into account and results in electronic
transitions that are not vertical. In the presence of superconductivity the electrons at the Fermi energies are gapped out, resulting in allowed
transitions for |w, — eVy| > 2|A|, where A denotes the superconducting gap.
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(arbitrary units)

vrlq|
TELA00)] PR .=
eVo 6V0+2‘A|
0 L .
------- 6. Vo—QLAL_.--__. ‘______..w
LA ‘. +°

FIG. 4. (Color online) Normal retarded photon self-energy
l'[;ll’f; (w) at fixed momentum ¢ as a function of frequency w.
For normal conducting leads, the imaginary part is shown in
dashed green. The self-energy changes sign at w = eVj; positive
(negative) sign corresponds to photon production (absorption). For
superconducting leads the imaginary part (blue solid) exhibits jumps
atw = eVy £ 2|A] (here |A.| = |A,| = |Al), remains constant over
an interval of width (vg|q|?>/2)?/|A| and then falls off towards the
normal state solution. For superconducting leads, the real part (red
dashed) exhibits logarithmic divergences at the position of the jumps
in the imaginary part.

total photon self-energy this would be nonphysical, since it
does not correspond to the analytic structure required by a
retarded bosonic self-energy, which must have a negative
imaginary part for o > 0. Physically, this corresponds to
the fact that the assumption of a steady state breaks down
if photons are produced at a constant rate but there is no
photon decay mechanism considered. The photon number
would simply grow without bound. Therefore, in Sec. III B,
we take a coupling of the photons to an external photon bath
into account. The associated bath induced photon self-energy
H}?]fft;‘(w) will be added to the electronic contribution to the
self-energy. The total self-energy will then have a negative
imaginary part at positive frequencies @ > 0 as required.

3. Superconducting leads

In the superconducting state, the anomalous diagonal
elements of the photon self-energy in Eq. (28) are nonzero.
They depend on the total time T = (+ +¢")/2 and it is thus
convenient to perform a Wigner transformation f(w,T) =
[%2, dtf(x,T)e'™", which yields

o MO MG @)
MR (w,T) = ( el ha %(m"fem ) (34)
M55 e DG ()
with phase ¢Q2T) =2eVoT + ¢y — ¢ +2¢,. The seli-

energy elements obey the relation f[fll’z(a)) =
535 () = T3} (o).

As shown in Appendix B2, the one-loop self-energies at
Tr = 0 take the form

@ =216 5]

lzlglz’fl (w) and

Uk, vVk,vUk+q,cVk+q.c

— Eyk)— E.(k+q)=£i0
_ Uk vVkvUk+q,cVk+q,c |, 35)
w+ Eyk)+ E.(k+q)+£i0
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rrel, R
Hll,q(w)
A
Im (arbitrary units)
2|A|
; —2[A| o
s“ l'f \“
A} ’ A}
1 ' 1
o 1
w1 Re ’
n L

(vrlql/2)?/|A]

FIG. 5. (Color online) Anomalous retarded photon self-energy
l'[?llfl(w) as a function of frequency w. Real part (red dashed) and
imaginary part (blue solid) are nonzero only for superconducting
leads and exhibit features similar to the normal self-energy (see

Fig. 4). Note that features occur around w = 0 here.

02 2
el R/A kv k+q,c
=2
M5 (@) = 2 g Z[ — Ey(k) — E.(k +q) £ i0
B ”k,v”/%+q,c (36)
w_ + E,(k)+ Ec(k+q) £i0 |

where ug o = %(1 + E?{;C)) and vy = %(1 o 5:(76)) are

the superconducting coherence factors for the conduction
and valence band. They contain the Bogoliubov quasiparticle
dispersion relation Eq (k) = /£,(k)? + | Ag|.

The normal component is shown in Fig. 4 and the anoma-
lous component in Fig. 5. From the retarded self-energies

ze/l 5 (w), we easily get the Keldysh self-energies as

M) = M50 = com (2 ) 1550 - M ],

H;ll,z(w) = 1'[?12’[;( w) = coth <2T )[n;‘l»fl(w)—nglffl(w)].
(37)

Let us discuss the retarded self-energies in some detail.
The combination uy o Vk.o = |Ay|/(2E,(k)) and the diagonal
elements T1%/* are therefore proportional to the product
[AL A, ie., they are nonzero only if both leads exhibit su-
perconductivity. In the following, we assume for convenience
a momentum independent gap function, which is identical for
the two bands |A.| = |A,| = |A|. Note that the phases of the
superconducting order parameters ¢. and ¢, are factored out
explicitly in Eq. (34).

Both diagonal and off-diagonal elements of the self-energy
show similar behavior. Their imaginary part vanishes in a
region of width 4|A|. While the normal components are
zero for |w_| < 2|A| the anomalous components vanish for
|w| < 2|Al. Atthe border of these regions the functions exhibit
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a jump in the imaginary part, then they remain constant over
a frequency window of the order of vZ%|g|>/|A| and finally
decay towards the result for normal conducting leads [see Eq.
(32)] further away from the gapped region.

Explicitly, the real (imaginary) part of the normal self-
energy l'[;ll’fl(a)) is (anti)symmetric around the region w =
eVy. The imaginary part is zero for |w — eVy| < 2|A|. At the
border it exhibits a jump of size

lim [Im I15;% (Vo + 2| A] + 8))| =”—2|g0|2pF AL (38)
5—0+ 4 2 vrlq]

Here and in the following, we consider vgp|q|/2 < |A[, which
holds for our realistic choice of parameters (see Sec. III A 1).
A jump in the imaginary part yields via the Kramers-Kronig
relations a logarithmic divergence in the real part at w = eVj.
If we define the functions

T 2
R(w,X)=—E|go|2pX—Fln[ [ S — ]

12 —lwll V12— [wl|

T . [ min[x,/|w| =2
1.0 = =5 [0l '(;—F9(|w| ~2) arcsm[ﬁ},
39)

the self-energy for frequencies w =~ eVy & 2|A| can be ex-
pressed as

- Iq| o w- Vrlq]
Hel,R(w):R<w_’vF_ +isign(w )| —,—— ).
Mg TNRETN |A]" 2|A]

(40)

Since |go|2 pr < |A] (see Sec. IIT A 1), the real part is only
important around its logarithmic divergence. It quickly decays
towards the normal conducting result away from the resonance.
The imaginary part of 1S, is given by Eq. (40) close to the
jump and also approaches the constant result that we found for
normal conducting leads [see Eq. (32)].

The vanishing of the imaginary part for |w_| < 2|A| can
easily be understood if we look at Fig. 1. For zero temperature,
there is no possibility for one photon to be either absorbed
or emitted within this energy range {eVy — 2|A[,eVy + 2|Al}
due to the superconducting gaps in the conduction and the
valence bands. On the other hand, in a superconductor, the
DOS diverges at energies £| A | relative to the Fermi energy and
there are thus many electronic states leading to an enhanced
emission and absorption of photons coupling to those states.
The imaginary part of the self-energy is therefore enhanced in
this region compared to the normal conductor.

We note that it is absolutely essential that we take the finite
photon momentum ¢ into account. Otherwise, the imaginary
part would exhibit a square-root divergence at |w_| = 2|A].
This divergence is cut off by finite ¢ at ||w_| — 2|A|| =
% leading to a finite jump instead. Since the imaginary
part corresponds to the photon production rate in the super-
conducting LED, this rate would diverge if one neglects the
photon momentum.

The anomalous diagonal components of the self-energy ﬁj’lj
are shown in Fig. 5. Close to |w| = 2|A| they can also be
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expressed by the functions defined in Eqs.(39) as

. ® vrlq| . o vrlql
% (w) = R —, I —, :
1ig (@) <|A| 2|A|>+’Slg“(”) (|A| 24|

(41)

Away from |w| A~ 2|A| the imaginary part decays like 1/w? to
zero. This is a faster decay than predicted by Eq. (41).

At finite but small temperatures Tr < |A], these results ac-
quire small corrections such as as an exponentially suppressed
imaginary part in the gapped regions. At higher temperatures,
the described features are suppressed, but this also leads to
the breakdown of superconductivity and one approaches the
results for normal conducting leads.

B. Influence of the photon bath

To achieve a steady state in the system, it is required that the
photons, which are produced by electrons making a transition
from conduction to valence band, may also be absorbed. We
thus consider the coupling to an external photon bath as a
decay mechanism [31,32]. As shown in Appendix A2, the
coupling to the bath [see Eq. (6)] gives rise to an additional
contribution to the photon self-energy, which corresponds to a
finite photon lifetime r&ll = 7. If we neglect the unimportant
real part, which has no divergent features, the bath induced
photon self-energy reads

O _Hbath,R(_w)
o bath, R, N _ 1
I'Iqal (w) = (Hbath,R(w) 0 “2)
q
with
Hgath'R(a}) = —im |)M(CU)|2 Poath (@) . 43)

We assumed that the coupling A, ,» = A(w,) depends only on
the photon frequency and introduced the DOS of the external
photon bath pp,m(w). The imaginary part is determined by the
spectral function of the external bath, which we assume to be
of the Ohmic form

w?

7 @I pran(@) = n6(@) ———
with A < eVjy. The spectral function is constant n > 0 for
® > A and a vanishing function for @ — 0. The fact that it
decays to zero at small frequency is important since otherwise

the Keldysh self-energy
l—[bath, K (_ 0))
! (45)

Hgalh, K ((,()) 0

(44)

erbath, K _
;" (o, T) = (
with component

H';ath”( (w) = coth < @

m) [Hzath.R(w) _ Hza[h,A(w)] (46)

would diverge as 1/w for small w. Here, we have assumed
that the external photon bath is in thermal equilibrium with
photon temperature 7. One can easily incorporate a different
external photon distribution by replacing coth(w/2Tg) with
an arbitrary bath distribution function B(w) = 1 + 2n"%"(w),
where n°"(w) denotes the number of bath photons in a state
of energy w.
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C. Dressed photon propagators

To calculate observable quantities such as the luminescence
or the statistical properties of the light emitted from the
superconducting LED, we need to find the dressed photon
propagator Dq. The photon self-energies I1¢' and ITb2h
determine the dressed photon propagator f)q via the Dyson
equation, which reads in Keldysh space [36]

(13(;; ~1,) o D, =1, 47

where 11, = fIfI' + flg‘“h. Here, o denotes a convolution in
time. Explicitly, this corresponds to three coupled integral
equations for the retarded, advanced and Keldysh components
of the dressed propagator

(105"

AT AR e BEA =T )
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One can omit the infinitesimal component [Doof ;]K ~ i0,
which acts as a regularization in the noninteracting system,
since the coupling to the electrons and the bath induces a
finite Keldysh self-energy. Since the anomalous components
of the self-energy I1°(z, T') depend on the absolute time 7', we
perform a Wigner transformation with the ansatz for the full
propagator (see Appendix C for details)

- HR.AK RAK

DRAK (4 T = e ¢(2T)D11,q (w) DEAK ()
q ) Dﬁ”’;"(a)) ei"’(ZT)ﬁfz’_‘;"‘(w)
(50)

with the phase factor given in Eq. (29). The dependence on the
absolute time is similar but of opposite sign to the one found in
the self-energy matrices. The explicit forms of the full retarded

([D{f q]71 - 1215 )o Df = 12[;< o D;. (49)  and advanced photon propagators read
|
- - ﬁfl (w)
Df (@) = D} (») = - N P — =, (5D
[0+ eVo —wg — T (@ + eVo)][@ — eVo + o + T (0 — eVy)] + [T, ()]
o —2eVy + wg + 1IE (0 — 2eV))
Df, (@) = D3\ ,(—w) = 4 . (52)
[w—wq 21q(a))][a) ZeVo—l—wq—i—l'Ilzq(a)—ZeVo)] [ llq(a) V)]
The Keldysh components are given by
11q(0)) [Dszq(w)] = D{e]q(w)[ 11 q(w)D]1q(w)+H1zq(w V)D21q(w_ V)]
Df (@ + V)[T5, (@ + V)D{| () + 115, (@)D} ,(0 — V)], (53)
Df, (@) = —[Df, (o) = Df (0 —V)[Tf (@ —V)D{, (@) + TIf; (0 — 2V)D3 (& — V)]
Df, (@)[115; q(a))Dlz (@ + 15 (0 — V)Dzz’q(w -V (54)

By inverting the Dyson equation, we have summed up the
complete RPA series of bubble diagrams with the electronic
contribution to the photon self-energy given in Fig. 2 and
the bath contribution given by Eq. (43). In fact, the ex-
pressions for the dressed propagators are formally exact
if the self-energy was known exactly. This follows from
the fact that the structure of the self-energy in Eq. (34)
holds to all orders in perturbation theory. By inverting
the Dyson equation, we have only employed this general
structure.

From Eq. (52), we find that the photon particle propagator
Dﬁyq(a)) shows features at w ~ w, and w ~ eVy £ 2|A|. In
the case that the photon is off-resonant with the applied
voltage, which is determined by the semiconductor band gap,
wq % eVy £ 2|A| the photon can just propagate through the
system and is only weakly interacting with the electrons.
In contrast, if the photon is resonant w, ~ eVy & 2|A|, the
enhanced spectral weights around w = eV, &= 2| A| correspond
to photon-exciton bound states or polaritons. Here, a photon
can excite a quasiparticle from the superconducting edges
of the valence band to the conduction band, which again
recombines under emission of a photon. This process may
repeat itself an arbitrary number of times thus forming an

(

electron-photon bound state, a polariton. Since the DOS of the
two superconducting bands diverge at +|A| (measured from
the Fermi energy), only scattering processes with a photon
matching the energy difference w, ~ eVy £ 2|A| give rise to
a large effective coupling between photons and electrons and
to the formation of polaritons.

IV. LUMINESCENCE AND SQUEEZING PROPERTIES OF
THE SUPERCONDUCTING LED

In this section, we investigate the photon luminescence

L(wg) = (b; by, ) of the superconducting LED, i.e., the number
of photons present in the system in the steady state. We
consider both the case of normal conducting leads and the one
of superconducting leads. Superconductivity leads to a strong
enhancement of the luminescence in a frequency window close
tow, = eVy — 2| A|. We demonstrate that the superconducting
LED emits entangled photon pairs and produces squeezed
light of frequency w, = eVj. The squeezing occurs in certain
two-mode quadrature operators of the light field defined below
and implies that the fluctuations in one of the quadrature
components falls below the minimal uncertainty of coherent
states.
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L(wq) oc max (1, (vr[q])?/|Al)
1.4% =
1.2} superconducting leads
1'0; normal conducting leads
0.8} " vp|q| -0.03
0.6¢ N\ 0015
0.4f o max (7, (U""Aq“) )
i , -0
0.2} eVo
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I 1
Vo 2Al ey eVp+2A]  Wa

FIG. 6. (Color online) Luminescence L(w,) = (b;bq) as a func-
tion of photon frequency w, = c|q|. We show the luminescence of the
LED with normal conducting leads (blue) and superconducting leads
(red). Temperature of the external photon bath is kept at 7 = 0.
Enhanced luminescence around w, = eV, — 2|A| in presence of
superconductivity is due to quasiparticles tunneling from conduction
to valence band and larger density of states at the edges of the
superconducting gap (see Fig. 1). Inset enlarges region around
resonance w, = eV, showing luminescence peak due to Cooper pair
tunneling.

A. Photon luminescence

The photon luminescence is defined as the expectation value

(bjl bg), which can be expressed via the lesser photon Green’s
function D, ,(t,1') = —i(b,‘;(t)bq_(t/)) as

© g
L(wg) = (blbg) =i / ﬁngq(w). (55)

The lesser propagator D, , = 5(Dfs , — D} + D, ) isa
linear combination of the retarded, advanced and Keldysh
propagators given in Egs. (51)—(53).

In Fig. 6, we present the luminescence in the normal and
in the superconducting state for an external photon bath at
Ty = 0. In Fig. 7, we show the luminescence in the presence
of bath photons for a bath kept at temperature Tp = eV;/2.
Those photons can be absorbed in the semiconductor junction
and transfer electrons from valence to conduction bands.

Let us first focus the case of T = 0. For normal conducting
leads, we then observe that only photons with frequency
wg < eVy are present in the system. This follows from the
fact that electronic transitions are only available with energy
difference w, < eV (see Fig. 3). The frequency scale on which
the luminescence increases from zero to its constant value is
given by the photon momentum vg|q| with |g| = eV,/c. In
the case of superconducting leads, we clearly observe a strong
enhancement of the number of photons with frequency close
to wy = eVy — 2|A|. This derives from the large number of
electronic states that are pushed out of the gapped region
in the superconductor to the border. Photons are produced
via a recombination of (Bogoliubov) quasiparticles from the
conduction band to the valence band as depicted in Fig. 1. The
behavior of the luminescence can be traced back to the photon
self-energy shown in Fig. 4, if one notices that the imaginary

PHYSICAL REVIEW B 91, 205303 (2015)

TB = €V0/2
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FIG. 7. (Color online) Luminescence L(w,) = (b; b,) as a func-
tion of photon frequency @, = c|q|. External photon bath is kept at
temperature 75 = eVj/2. Thermal bath photons (green dashed) with
frequency w, > eV, + 2|A| can be absorbed by the p-n junction
both for normal conducting (blue) and for superconducting leads
(red). Inset enlarges frequency region where the Cooper pair peak
and the absorption can be seen.

parts of the self-energies correspond to photon production
rate (for positive imaginary part) and decay rate (for negative
imaginary part).

In addition to the enhanced photon production at the band
edges, the luminescence also exhibits a Cooper pair peak at
wg = eVp in the presence of superconductivity. This stems
from Cooper pairs that are transferred from the conduction
to the valence band. This process is of the order |go|* and
arises from the diagram shown in Fig. 8 that contains two
anomalous self-energy bubbles. This contributions is taken
into account in the RPA summation. The luminescence peaks
are characterized by a width §w = max[n,(”;‘—f")zlAH, which
is also the width of the plateau of the imaginary part of the
retarded photon self-energies in Eq. (36).

To obtain the numerical result in Fig. 6, we have used
parameters that are consistent with our general discussion of
energy scales in Sec. IIT A 1. Specifically, we have expressed
all energies in units of the superconducting gap |A| (a
realistic value is |A| = 1 meV). We have set |gol® pr =
|A|/50, vp/c = 0.001, and eV = 1000|A| = 1 eV. We fur-
ther assume a simple quadratic conduction band with a band
edge that lies at a distance B = V;/10 below the chemical

\‘~ xl \‘~ xl
“~<—' “~.(-'
L 11B)) ) | Iy ;
... 1 A4

FIG. 8. Feynman graphs for photon emission processes of order
O(gg ) that contribute to the luminescence £(w,). Part (b) contains two
anomalous self-energy loops I1;;,I1,; and gives rise to the Cooper
pair peak seen at w, = eV.
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potential 1. The electronic density of states thus reads p(€) =
pr+/1 + €/B. For anonlasing steady state to exist, the photon
decay rate due to the bath n must be larger than [see Eq. (38)]

2 (02
i = 180 PFIAL (56)
2(vr/c)wg
We choose n = 1.5nmin as even larger decay rates (in
particular n > |A|) result in a photon linewidth that is larger
than the superconducting gap, which smears the features
observed in Fig. 6. As soon as 7 < npip the system exhibits
lasing and the photon number diverges at a particular
frequency. We discuss this possibility in detail in Sec. V.

If the bath contains real photons they can be absorbed by the
heterostructure. This case is shown in Fig. 7 where we assume
a thermal photon bath at temperature T = eV /2. Photons
of frequency w, > eV + 2|A| may be absorbed promoting
electrons from the valence to the conduction band. This occurs
both for normal conducting as well as for superconducting
leads. Here, we neglect the effect on the fermionic distribution
and assume that the fermionic distribution functions remains
at Tr = 0. This can be realized in practice by a fermionic
bath of this temperature. In addition to the photon emission
peaks, which are unaffected by the presence of bath photons,
we now clearly observe an additional absorption dip at w, =
eVp + 2| A| in the presence of superconductivity.

B. Light squeezing

In this section, we investigate the statistical properties
of the light that is emitted from the superconducting LED.
We find that the photons inherit the anomalous correlations
that are present between electrons in a superconductor. In
particular, the photon expectation value (b,TIbT_q) is nonzero,
which reduces the quantum fluctuations of certain two-mode
quadrature operators of the light field to a value below
that found for a coherent state [15]. The fluctuations of
the conjugate operator are of course increased such that the
Heisenberg uncertainty limit is obeyed. The superconducting
LED therefore emits two-mode squeezed light, which can
act as a resource for quantum information processing and
metrology [5,38—40].

The light squeezing in this setup was studied in Ref. [16]
within lowest order perturbation theory in the electron-photon
coupling gop. To this order, the luminescence (b;bq) vanishes
on resonance w, = eVy (at Tp = 0) where the lowest order
terms are O(gé). The amount of squeezing is then solely
determined by the anomalous expectation value (bgb_g).
Here, we consider the effect of the diagonal (photon number)
expectation values (bj,bq) on the squeezing by summing the
complete RPA series. We make a quantitative prediction for the
maximal reduction of quantum fluctuations that is achievable
in this setup.

Squeezing occurs in the two-mode quadrature operators

A¥ = Nelb} + b, £ Hel, (57)

where N =273/ and N = —i27/>. The photon operators
are defined in the rotating frame b, = b,e'“s’. The fluctuations
of these two-mode quadrature operators are given by [16]

(AAT)Y) = §[142(blbg) £ 2Re (byh_g)1.  (58)
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FIG. 9. (Color online) Anomalous photon expectation value
La(wg) = (by(t = 0)b_g(t = 0)) as a function of photon frequency
wg = c|q|. We show the real part (red), imaginary part (blue), and
absolute value (green). External bath temperature is set to 7 = 0.

where (AA)? = (A — (A))?. The state is truly squeezed if the
fluctuations in one of the quadrature operators fall below the
Heisenberg uncertainty limit: ((AA;)Z) < i for either i = +
ori = —. If the number of photons (bj, bg) in amode g is zero,
a finite anomalous expectation value of Re (b,h_,) always
results in squeezing. On the other hand, in the presence of
photons, one must compare the expectation values (Ejl 15,1) and

(l;:; I;T_q) to each other. Since the number of photons is smaller
at low temperature, the resulting squeezing amplitudes are
larger. We thus focus on the case of T = 0 in the following. A
crucial observation is that close to resonance w, = eV itholds

that the luminescence (15215,1) = O(gg) while the anomalous
expectation values are already of order (b,b_,) = O(g3). We
obtain the anomalous photon expectation value

(bg(1)b_y(1)) = ¥ d—wiD< (w,T =1)
q q o 11,9

A do . -
_ giloyi-40) f b5 @ (59

2
by an integral over the lesser anomalous propagator Dy , =
5D, — Df , + Dfy ). We define the anomalous lumines-

cence by La(wg) = e (by()b_y(1)) = [ §2i D5 ,(w) =
e'l1| L 4(wq)| to arrive at

(AATY) = 1{1 + 2L(w,) 2 cos[2(wy — eVo)t + ¢4]
X |La(wg)l}. (60)

Here, the initial phase of the last terms reads ¢ =
arg[A, AXg* L a(wg)] = ¢y — Pe + 2 + I, and the time de-
pendence vanishes for photons on resonance w, = eVj. The
anomalous luminescence L4(w,) is shown in Fig. 9. At
Tp = 0, it exhibits two main peaks: one at w; = eV — 2|A|
corresponding to the transition of a Bogoliubov quasiparticle
from the conduction to the valence band and one at w; = eV
corresponding to the transition of a Cooper pair. It is important
to note that the peak at w, = eV — 2| A| implies that breaking
up (two) different Cooper pairs still leads to the emission of
correlated and phase coherent photons due to the presence
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FIG. 10. (Color online) Fluctuations ((AA;)?) of the two-mode
quadrature operators A; for |q| = eVy/c (on resonance) as a function
of superconducting phase difference ¢. — ¢, + 2¢,. The phase ¢,
denotes the constant phase of the electron-photon coupling constant
go- For a range of phase differences one of the fluctuation amplitudes
falls below the Heisenberg uncertainty minimum for the symmetric
case ((AA;)z) = 1/4. This shows that a superconducting LED emits
squeezed light. Inset shows mean and uncertainty of two-mode
quadrature operators Aj. The orientation of the squeezing ellipse
is controlled by ¢. — ¢,.

of macroscopic electronic BCS condensates. Both processes
are depicted in Fig. 1. Due to the finite number of photons
at wy; = eVy + 2|A| which are produced in the system (see
luminescence in Fig. 6), we observe a small peak of L4 (wy)
at wg = eVp + 2|A|. This peak corresponds to an absorption
process of a Bogoliubov quasiparticle from the valence to the
conduction band.

In order to obtain squeezing for the mode with photon
momentum ¢, it is required that |L4(wg)| > |L(w,)]. Com-
paring the normal luminescence L(w,) in Fig. 6 with the
anomalous luminescence Lj(w,) in Fig. 9, we find that
squeezing is maximal for photons on resonance w,; = eVj,
which corresponds to the transitions involving Cooper pairs.

In Fig. 10, we show the amount of squeezing on resonance
at Tp = 0. It shows that squeezing can be controlled by the
relative phase between the two superconductors ¢, — ¢,. The
fluctuations of either AA; or AA, fall below the Heisenberg
uncertainty limit for a broad range of relative phases. The
maximal amount of squeezing for our realistic choice of
parameters is about 10%.

In the experimental setup of the p-n junction the relative
phase A¢ = ¢. — ¢, depends on microscopic details such as
the initial switch-on time. In an experiment, it will be random
from experiment to experiment but fixed within one run. If
one places two superconducting p-n junctions in parallel in
a SQUID geometry one can control the relative phase A¢! —
A¢? between the two junctions. Since this will essentially
change the individual relative phases A¢!, A¢p? as well, this
provides a way to change ¢, — ¢, with a magnetic field.

V. STEADY STATE AND LASING THRESHOLD

In our calculation, so far, we have assumed that the system
reaches a steady state with a finite number of photons in the
system. This requires that the bath absorbs the photons that
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are produced in the LED sufficiently fast. In this section,
we derive the exact requirements that have to be fulfilled for
this to be the case. Otherwise, the luminescence diverges at
certain frequencies and the system exhibits lasing. We discuss
the lasing conditions and give the frequency window where
lasing occurs. Finally, we calculate the steady-state photon
distribution using rate equations.

A. Lasing condition

To derive the conditions that are required for a steady state
with a finite photon number to exist, we follow a discussion
given in Ref. [41]. The key idea is to determine when and
for which frequencies the luminescence exhibits a divergence.
This corresponds to a transition into a lasing regime. We first
consider the case of normal conducting leads and then the one
of superconducting leads.

The luminescence L(w,) = (b by) can be obtained via
the lesser Green’s function Dy, , = 5(Df , — Dfy , + Dy )
[see Eq. (55)]. We can parameterize the inverse retarded,
advanced, and Keldysh Green’s functions as

(DY @]

[ 12 q(w)]

Using the matrix structure in Keldysh space [see Eq. (20)] one
obtains immediately

= Ay(w) £ iBy(w), (61)

= iCy(w). (62)

DA () = [Aqg() £ i By(w)] ™! (63)

[Dﬁqw)]‘l
[ qu( )] [ 124(“’)]

The zeros of A,(w) describe the excitations of the system
and B, (w) their linewidth. Let us assume that there exists
a resonance at the renormalized photon frequency w = wj
such that Ag(wy) = 0. It is then required that the imaginary
part fulfills Bg(wy) > 0 to obtain a proper retarded Green’s
function with the poles lying in the lower complex frequency
plane.

In Egs. (51)—(54), we have given the propagators within the
RPA approximation. For normal conducting leads, the retarded
function reduces to [Df q(a))]‘1 =w—w, — 1§ ,(@) and
thus

Df; (@) = (64)

(65)

Ag(w) = — w;,

By(®) = —Im I15; % (@) — Im T3} ¥ (). (66)
Here, o} = w, + Re I15 4 denotes the renormalized photon
frequency, where the real part of the self-energy is only
weakly frequency dependent. The imaginary part Im H;ll’fl(w)

is given in Eq. (32) and Im IT3}'»* () in Eq. (43). The bath

contribution to the self-energy fulfills Im Hbath Rwy~ —n <

0 for all frequencies w. In contrast, the electromc contribution
Im Hgll”]; (w) changes sign at w = eV, and is positive for
frequencies below resonance w < eV, (see Fig. 4). This
follows from the electronic population inversion and describes
photon production via transitions of conduction electrons to
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the valence band (see Fig. 3). Depending on the size of the
bath decay rate 7 the total imaginary part B,(w) may now
be negative for frequencies w < eVj. Photon excitations with
a resonance energy w, for which this is the case violate the
analytical requirements of a retarded propagator. This indicates
the breakdown of our assumption of a steady state with a finite
photon number. At this point, the system exhibits lasing [41].

This breakdown can also be observed as a divergence of the

luminescence L(wy) = (bjlbq) = # f_oooo da)sz,q(a)), where

i Cy(w) —2By(w)

D) = =3 @R T Bywr

(67)

If the bath decay rate n < max |Im H;ll’f](wﬂ ~ 1 |gol* pr,

the imaginary part vanishes B,(u,) = 0 for some frequency
g =eVo—nurlql/(x |g0|2 pr). Around p, one can lin-

. ~ . 2
carize By(w) ~ (0 — jug) with B =7 |80 pr/(vrlql). If
the excitation energy wy = Iq is close to this critical energy,
we can approximate the luminescence as

o1 [ do Cy(w) = 2B,(w)
Lleg) =5 /,Oo 270 Ag(@) + By(w)?
~ l/-oo d_w Cq(//Lq) - ZBq(Mq)

2 ) 21 (@ — W) + B0 — py)?
_ Cq(llvq)

4Blwy; — pql

(68)

We have used that the dominant part of the integral comes
from the region around w ~ uq,a);. We note that the renor-
malization of the photon frequency is a small effect for normal
conducting leads w, ~ w].

As shown in Fig. 11, the photon number diverges like
L(w;) ~ (a);; — uq)" from above, where the luminescence
is finite. This behavior is reminiscent of Bose-Einstein con-
densation in an ideal gas. The divergence occurs for photons
with momentum g. where the zeros of the real part A,(w) and
of the imaginary part By (w) occur at the same frequency w; .
Neglecting any frequency renormalization w, = wy, we find

e VQ

gel = —<0 (69)
¢+ 20 Por

Due to its population inversion the electronic system induces
an effective chemical potential py, = c|q.| for the photons.
Within our approach, we cannot calculate the luminescence for
frequencies w,; < wy, since our assumption of a steady state
with a finite photon number breaks down. The LED produces
more photons in these modes as the external bath can absorb.
For these frequencies, one needs to perform perturbation
theory around a lasing state instead.

To summarize, the system exhibits lasing if the imaginary
part of the retarded self-energy becomes positive for positive
frequencies. The luminescence diverges for that photon mode
q. for which both real and imaginary part of the retarded
photon propagator exhibits zeros A, (w) = By (w) = 0 for at
least one w.

Turning to the case of superconducting leads, we observe
that the electronic contribution to the self-energy is strongly
increased around w = eVy — 2|A| (see Fig. 4). The laser
threshold thus corresponds to a larger value of the bath
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(arbitrary units) eVo By~
....... ava. (W) Ageq, ()
Ag=q. (W)
n Ag>q. (W)
.................. /// QUF‘q‘
L(wg)
251
201
154 lasing
10- regime
5' e‘/o
0 ' *
Wq, = Haq. wq = clq|

FIG. 11. (Color online) Lasing condition for normal conducting
leads. Upper panel shows nearly momentum independent imaginary
part B,(w) ~ B, (w) (green dashed) of inverse retarded propagator
[sz,q(w)]_]. Lasing occurs for momenta larger than |q.| ~ eVj/c.
Corresponding real part A,(w) is shown for different momenta g
around ¢,. The photon bath decay rate is chosen 7 < 7 |go| pr to
fulfill the laser threshold relation for frequencies w, < eVj. Lasing
occurs for mode with momentum ¢ = ¢, where both real part A, (@)
(red) and imaginary part B, (w) have simultaneous zeros. Lower
panel shows the luminescence L(w,) = (b; b, ) as afunction of photon
energy w, = clq|. At w; < w,,, the luminescence diverges, which
denotes a violation of our assumption of a (nonlasing) steady state
with finite photon number. In the lasing regime w, < w,, (light
blue region), the system produces photons at a faster rate than the
absorption 7 due to the bath occurs.

absorption rate
normal conducting leads

| . (70)

superconducting leads

7 1gol? P,
Ne = A
T |g0|2;0F zzL‘qla

where |A|/(2uglgq|) > 1 for our realistic choice of param-
eters (see Sec. IIIA1). In Fig. 12, we show A, (w),By(w)
and the luminescence L(wy) for superconducting leads for

2 2
7 lgol? pr < n < %‘Zﬁw such that there is no lasing in the

absence of superconductivity. As the simultaneous zeros in the
upper panel of the figure indicate, superconductivity leads to
lasing in the frequency range wg, < w, < wy, ~ eVy — 2|A|.
The luminescence clearly diverges as 1/(w; — @y, ,) at the
border of this region. Within this region, one needs to perform
perturbation theory around a lasing state, which is beyond the
scope of this work.

To conclude, superconductivity leads to a sharp increase of
the photon production rate of the LED around the frequency
wg ~ eVy — 2| Al. This induces a sharp increase of the elec-
troluminescence £(w,) and a smaller laser threshold 7.
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€V0 - 2|A‘
2 K 57775
0.15+ @ %2 By(w)
0.1+
] - ———a
—0.05F S KJ_C{—’, w
—0.14+
~0.15- Aq (w)
E(Wq) 30
lasing
20 regime
10
0 eVp — 2|A|
:uql IU“QQ Wq = C|q|

FIG. 12. (Color online) Lasing condition for superconducting
leads. Upper panel shows nearly momentum independent B,(w)
(red dashed) and real part A,(w) of inverse retarded propagator
[D{g,q(a))]*1 for different momenta ¢ with energy close to w, ~
eVyo — 2|A|. The photon decay rate n is chosen to fulfill the laser
threshold relation in Eq. (70) in the superconducting state. The
lasing regime is bounded by momenta ¢, and g, which correspond
to the photon modes where A,(w) and By(w) have simultaneous
zeros (for some frequency w). Note the strong renormalization of the
photon frequency close to w = eV, — 2|A| which increases the lasing
frequency window shown in the lower panel (in light blue). Lower
panel shows divergence of luminescence for photon modes ¢, and q,
and lasing regime (light blue) in between.

B. Lasing conditions from analyzing rate equations

The lasing condition in Eq. (70) can also be derived
using rate equations. This approach is appealing due to its
simplicity and physical transparency. It begins with calculating
the change of the number of bosons 71, = ), bgbq, which is
given by

d A
P =~ () = =i{lay0). A D). 7D

where the time-dependent operators ﬁb(t),I:I (t) are defined
in the Heisenberg picture. The expectation value (O) of an
operator O is defined with respect to the full Hamiltonian H
in Eq. (1). The commutator can be evaluated to

s HD] = Y 180V, (Db (1)ewo (1)
k.k',o
—8(1)Vko (Dbr_i(D)ch o (1)]

+ 3 hpgbl)ag(t) — Rg pal(0)by (1)].
p.q
(72)
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/7 /3 i (\:_.‘:...

4 1 1
\ \
N ~ * & ‘."-:‘,"\
9o A
FIG. 13. Feynman graphs contributing to the rate equation of the

photon number [see Eq. (72)]. Solid (dashed) lines denote conduction
(valence) electron propagators, solid double wiggly lines denote
dressed photon propagators given in Eqs. (51)-(54) and dashed
wiggly lines denote bath photon propagators. The first three diagrams
represent the contribution to the rate from emission and absorption of
photons involving electronic transitions in the superconducting LED.

The fourth graph describes the photon exchange with the external
bath.

The expectation value of this commutator can be conveniently
evaluated within perturbation theory in gy using the Keldysh
formalism [42]. The total photon productionrate I' = I's; gp +
Iban 1S composed of two contributions: first, I'sggp Which
describes the emission and absorption of photons due to
electronic transitions in the LED and second, ['pap, which
characterizes the photon exchange with the external bath. An
explicit calculation, which takes the diagrams shown in Fig. 13
into account, yields

dw .
Poan = —2) / —Im "% (w)Im D{, (@)
q
x [0 (@) = ng(@)], (73)
dw el,R A
Pstep =2 — I I3 (@)Im D 4 (@)
q

X A{[1 4+ ng(w)]0(eVy — w) + ny(w)d(w — eVy)}
1 d .
_ Z / ;Re [115}% (@)D} ,()]. (74)

Here, ng(w) denotes the photon distribution function in the
(superconducting) LED system and n®®(w) denotes the
photon distribution in the external bath. For a thermal bath,
n®(w) is given by the Bose-Einstein distribution function.
The coupling to the bath drives the photon distribution
in the system n, towards the external bath distribution
ng(w) — n®™M (). In contrast, the LED produces photons via
spontaneous as well as stimulated emission for w < eVy and
absorbs them for w > eVj.

We evaluate the integrals in Eq. (73) and (74) to leading
order in the electron-photon coupling go. To this order, we
only get an on-shell contribution Im DlAz’ q(w) =nd(w — wy),

because higher-order terms in Im Dﬁ, (@) ~ g(z) are neglected

as the self-energies are already of order O(g2). As a result, the
frequency integration enforces n4(w) = n(w,) and the total
photon production rate simplifies to

r=2 Z [ — Im IIE"™ R (0 ) (0™ (@) — n(wy)]

q
+1Im IS % (g){[1 + n(wy)]0(e Vo — @)
+n(wy)0(wy — eVO)}]. (75)
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In a steady state, the photon emission and absorption are balanced and the total rate ' = > 4 I'q 1s zero for all photon modes g.

el,R

Employing that Im Hgath’R(wq) < 0 and sign[Im IT5; " (wg)] ~ sign(e Vo —

state as

|Im 15} % (9]0 Vo — @) + [Im TI§*™ R (09) | " (a0, )

wy), we can infer the photon distribution in the steady

”(wq) =

For wg > eVj, the distribution function is positive and finite.

For wg; < eV), however, the imaginary part of the total self-

energy Im I, (0g) = Im TT5"* () + Im T15; (@,) in the

denominator of Eq. (76) may become zero. At this point, the
production rate of the LED is exactly equal in magnitude to
the decay rate into the bath. This results in the divergence
of the photon distribution for energies w, for which
Im l'I21 (wg) = 0. It follows that the laser threshold in the (su-
perconductlng) LED is given by our previous result in Eq. (70).

VI. CONCLUSIONS

We have investigated the electroluminescence and photonic
properties of a forward biased p-n junction in proximity to
superconducting leads. We have shown that superconductivity
leads to a significant enhancement of the luminescence of
the light-emitting diode in a frequency window of the order
of (vrpeVy)?/(c*|A]) &~ 1073eV. This effect stems from the
increased density of states at the edges of the supercon-
ducting gap in the electronic bandstructure of the valence
and conduction bands. The increased photon production rate
also reduces the lasing threshold in the system. By summing
the complete infinite order RPA perturbation series in the
photon-electron coupling, we were able to show that an
additional luminescence peak occurs on resonance due to
the tunneling of Cooper pairs from the conduction to the
valence band. In addition, such a superconducting light-
emitting diode emits two-mode squeezed light. The squeezing
angle is controlled by the superconducting phase difference
between conduction and valence band. This proves that one
may transfer the macroscopic coherence of an electronic
superconducting condensate to photon pairs and manipulate
the photonic coherence electronically.
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APPENDIX A: EFFECTIVE PHOTON ACTION

The unperturbed fermionic and bosonic part of the action
in Eq. (7) can be written in the basis of the R,A K fields as

oo
Se+S=Y. / drdt Ui Gy (.Y 0t (A1)
k —00

1 00 A
Sph = 3 Z[m drdt’ CDIf(t)DO,,}(t,t YP_, (1),  (A2)

where we defined the fermionic and bosonic spinors and matrix
Green’s functions in Sec. II. The electron-photon interaction
and photon-bath interaction can also be written in terms of
these spinors.

1. Integrating out the electrons

Let us consider first the electron-photon coupling

S =3 /C (g )br_i (1)t (1Y0p (1) + Huc.)

= Z/dt W) [Z V2%, )Pk (t)} Wi (1),

kK i=1,2
(A3)

where &; = (by1,Dp2)" = (br,b_x)” and we define the
matrices in the extended Nambu space as

The Keldysh contour can now be expressed by two integrations on the real axis for the + and — fields

mt—Z/ dt Zax \yk(t)

k,k'

= Z/ dt \Ilk(t) Z e g,(t)(bk wi @ | T @),

k. k' a=q,cl
i=1,2

0 0 0 0
a1 ]gy 0 0 0
gl(t)_ﬁ 0 0 0 —gn]
0 0 0 0
0 &) 0 0
s _ 1o o0 0 0 s
gZ()_ﬁ 0 0 0 0 (Ad)
0 0 —3&) O
[Z V28008, ,(r)} W)
i=1,2
(A5)

View (D)
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and finally, we have rewritten the action in the R,A,K basis using p¢! = i and 9 = 6, in Keldysh space. Here, we use the
convention that we always first evaluate the Keldysh matrix structure and after that the structure of the fermionic Nambu-space
A or bosonic particle hole space o. Now, we can integrate out the fermions easily as we have a quadratic action

/D[\y’\D]eisphei[S,»JrSmLSim] — i f D[V, ¥]ef Zew J7Z drdt BG4V 8= DI _ S In[14GoV] _ piSth e (A6)

Expanding the trace log we find in leading order in g that

. o (_l)n-H
winfl+ G V]= )"

n=1

1 / A / 'y A INYY /
—E/dtdl ;;tr[GO,k(t DV OGr(t,t) Vi 1 ()]

. | A
tr[(GoV)'] = —Etr[(GoV)z] +...

&

1 / A A0 a o A / ~ A
=-3 f drdr’ Y tr | Gou(t'.0) | Y 9 8i)®% (1) | Gosg(t.t) | D 9P 8;(HF (1))
k.q

a=g,cl B=q.cl
i=12 j=1.2

1 N N
=—3 / dedt’ Y~ N L (1) (Ztr[Go,k(zﬁrW“ 810G ok_q 17" §,-(r/)]) of ()
q k

ij=12
a.p=q.cl

=L, ()
=5 [ Y @700 00 )
q
where we still have to evaluate the trace over the Keldysh and Nambu structure. We get
SS o = %Z /: drdt’ &7 ()| Dy (t.t") — T (1.1)]d_y (1)) (A8)
q

with

(O3, ey [Ty, ()

0 lglfI"A(t,t’) 11,q

ﬁel(t t/) — ( ) ﬁel,R(t t/) —
q’ vel,R el K ’ q ’
HZ (,t) Heq (t,t) [Hel]g’lc’lq(l,l/) [Hel]gfq(l‘,l/)
1, 1, s
. [ ey (50 (2. . [y ey [TI55E (2,1")
g4y = ! ! FSA(r,t') = ! ! (A9)
q ’ - elycl.q / elrcl.q / ’ 9q ’ - Hel cl,cl / He] cl,cl ’ ’
(I 5 (1) [T ] (2,17) (T9]57 4 (2,1 [T 4 (2,17)
A ~ A A
(12 () = =i Y ulp® &i()Gox(t.t)7” 81(t)Goksqg(t )]
k

2. Integrating out the photon bath

Following the same lines as the previous calculation, we want to integrate out the bath photons in (6) to find the corresponding
self-energy for the SLED photons, see also Ref. [31,32]. It is straightforward to show that the corresponding self-energy is then
given by

0 ﬁbath,A t1 A/R/K (/s
Abath, N g (1) ~bath, R/A/K (4 4\ _ 2 0 dbathvl’ (1)
M7 = Sbath, Ry ybathK oy oy | My .r) = Zl)““" R/AJK () ’
an Lt an Bt » dbath,p (t,t) 0

(A10)

1
R/A
g @ = T g e @) = B[ (@) — @)

The assumed (SLED photon) momentum-independent coupling A, ,» = A(wp ) then leads to the simple relation (we omit the
unimportant since featureless real part)

R 0 +in(—w)
fibath R/A )y — All
bath.R/A (¢p) (m » . ) : (Al1)
ﬁgath,l((w) _ Bo(a))[ﬁgath,R(w) _ ﬁl‘;am,A(w)} (A12)
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with
n(w) = Im [Z |x(wp>|2dg“am,,,<w>} =7 M8 —w,) =7 / de Noan(€) [1(€)]* (e — €)
p p

= 7 [M®)]* Noparn(@), (A13)

where Noah = Y » 8(w — vp) is the DOS of the photon bath. We choose an Markovian (or Ohmic) bath, where the DOS and the

coupling are constant in frequency for all ® 2 A (where A < eV;) and thus give rise to a constant absorption rate of the bath
for the photons produced by the SLED (with characteristic energy w, ~ eVj). We use the parametrization
w?
nw)=n- m 0(w) (Al4)
with 1(0) = 0 (which is important as explained in the main text). The derivation from the constant behavior for small w < eV
does not change the results and features of the SLED presented in this paper as we are interested at photons with w, ~ eVj.
The total effective action then reads

1 = /& N— e ~yba A l
Sphetr = 5 > / didt’ O (1) Dy, (1.t") — T (1,6') — T (1.1) | Dy (1). (A15)
q —00

APPENDIX B: CALCULATION OF THE SELF-ENERGY ¢

We already derived the expressions for the bosonic self-energy caused by the superconducting electrons in the system in (A9).
Let us now first derive the causal structure of this self-energy by performing the trace over the Keldysh indices

A A /\.AC A Va /
(%t = S5y = =i > tlp9 8i(0)Gor(t.t)9 8;(t)Gisq(t'.1)]
k

AR / AI( / AR ’ AI( ’
(19) Z 0 1)2 Goxt.t)  Gor@t)) (1 0\ 2 , [GokigsD)  Gopygt'st)
—1 tratra 1 0 gj([)
k

- gi(t) A 1 A
0 Go(t1) 0 Glargt'sD)
A A A A A A A A
= —i Y tral8i(1) G (t.) 8;(t) G ry (' D+ 8i(1) G (1.8) 8;(1) Gt gy (' 1, (B1)
k
A A A A A A A A
(M3 (1)) = =i Y tral8i(6) Gi(t.)) 8;(t) G gy g (' 1)+ 8i(1) G (1.8) 8;(1) Gy (' 1)1, (B2)

k

A A A A A A A A
(M3 () = =i Y tral 8i(1) G (0.1) 8;(1) Glgy (0 )= (O] G (t.t)— Gili(t.1)] &)
k
A A
X [ Goksg @)= Goayg 1]} (B3)

which are just the usual forms of the retarded, advanced and Keldysh self-energies as known from standard text books. The next
step will be the evaluation of the Nambu trace. Let us first write define the absolute anomalous propagator (¢« = R,A,K)

Pokwset:1) = et |P1G k,use & — 1),

P(%k,u/c(tft/) — oiPure |P|g,k,v/c (t — l/), (B4)
|Acyl
|Plose @) = = =

(@ £ 02 — Eype(k)2 — [Acsul?’

where we separated the phase of the superconducting gaps A,/ = e'?/c| Ay .|. Defining also the phase of the electron-photon
coupling gy = /% |go|, the absolute time T = (¢ + ¢')/2 and relative time T =t — ' we can evaluate

A LA A A g(ng) NB 5
ra[81() GE (11 81G) G g1 0] = =5 [Pia (VP (00 + Pl 0.0V P (0]

= =" g0 P [IP18 4y O IPlh prgc T + 1P ke O IPI) gy (-D)].
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tra [gl(t) Go k(1) gz(t ) Go gt D] = g(t)f(t )[GEJPIZi(t’t,)Gf){)Iifq,c(t/’t) + GE)},?Q,Z(I’t,)Gg)}fl)c’fq,v(t/’t)]
= N g P [GUUDGIE, (—0)+ GG (—o)],

200 Gia(0) 810 Gl 0] = EE LG 0.NGUL, 0 + GG, 0]
= N7 |go | [GY YA (TIG KL, (D) + Gt (DGTL, (=D,

trA[§2(l) ég,k(t,t’) §2(t/) ég,lqu(l’,f)] = %g(ﬂ)[f’ok (1,1 )P(;sk-&-q D)+ Poy (st )P(;Sk+q W 1.0)]

= —e D g2 [IP1§ 4y (O P14y D+ Pk D IPIG 4y (D], (BS)
with the rotating phase

dQT) =2eVoT +[A,AXg*] = 2eVoT — ¢ + ¢y + 26, (B6)

From (A9) and (B5), we see that we indeed find the structure presented in Eq. (28) in the photon particle-hole space o. Performing
the Wigner transformation f(w,T) = W{f(z,T)}:.0 = ffooo dtf(r,T)e'”", which is just a Fourier transformation in relative time
7, we have the identity

o]

W{eiaTeibfA(T)B(_T)}nw — eiaT / dz%A(a)l)B(a)] —w—Db). (B7)

In total, we can write down the photon self-energy part from the coupling to the electrons as

. e,’¢(2T)1:Iel,R/A(w) el R/A( )
R4 (w,T) = ( LA _lmﬁ 4 o (B8)
IT;; .q (w) e sz,q ()
with
da)1
A5 w) = i |l Z/ [1PIE @D [P g e @1 — @)+ [PIE, @) PGS, o (01 — o), (B9)
. dwy
MR/ ) = —i [g]] Z f (It )G, (@1 — )+ GO N DG @ - w0)].  (B10)
da)1
I5; 5/ () = —i | g Z/ [GU B onGLE, (@1 —0o) + Gl )Gt R (@) — wo)], (B11)
da)l
A5 ) = i g3 Z/ (P15 @) 1P e @1 — @) + | PIE,, (@) [P (01 — )], (B12)
where we defined wy = w % eV} and used several symmetry properties
Goeni M) = =Gy (o), (B13)
IPlokuje (@) = IPlgiyc (—@) (B14)

of the fermionic propagators. The corresponding Feynman graphs are presented in Fig. 2. Using the symmetries (B12), it is easy
to show that

11535 () = 1155 (), (B15)
N5 () = 15,7 * (—w). (B16)
The Keldysh self-energies can be easily shown to be given by the thermal equilibrium expressions (37).

1. Normal conductor

In the normal conductor, the propagators simplify to | P[,,, = 0 and

1 .
Giv i) = o e L0’ Gy (@) = =2mi[1 = 2np(@)18[w — £uye ()], (B17)
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Fermi surface

vr(o1, 91 !

Vi (P2, 02)

FIG. 14. Linearization of dispersion at the Fermi surface and finite momentum transfer by photon.
where np(w) is the Fermi function of the system, such that we find the standard results for the occurring particle-hole bubbles
(the anomalous self-energies Iy, ; = I1»; 4 vanish in the normal conductor):

- s nrE ] — nplEdk + )]
Mg (@) =2| °|Z o+ k) — £k + @) £ 10 (18

As depicted in Fig. 3, let us now consider an isotropic electron band &.(k) = &.(]k|) and a symmetric hole band &,(k) = —&.(k)
and linearize around the Fermi surface:

§c(k) ~ vp(9,0) - [k — kp(9,0)] = vr(k — kp), (B19)

where ¢,6 parameterize the orbital direction of k in spherical coordinates and we can define the DOS as usual p(§) = > 5[ —
&.(k)]. Let us now consider a finite momentum transfer with ¢ = |q| < k = |k| = |kF|. Due to the rotational invariance of the
Fermi surface we can choose ¢ to lie along the z axis, see Fig. 14, such that

Elk+q)~vp(9.0)-k+q—kp(#.0)] =vr(k —kp)+vp(9,0)-q = vr(k —kp) +vrg cos(0) = §c(k) + vrq cos(8),
(B20)

which allows us to write the above sum of momenta as

1 2w 1 [e9)
Z S (k) Ec(k + q)] = @y / d¢/ dcos9/0 dk k> f1—E.(k).Ec(k) + vrg cos(6)]
-1

dcos [ Vrd do o
- / / A& p(E) fI—E. + vyq cos(8)] = / f dE p(&) fI-E.5 +al, (B21)
-1 2 -B —vpq 2vrq J -3

where B is the energy distance from the lower band edge to the Fermi energy in the conduction band. We will now explicitly
calculate the imaginary part of (B18) for the symmetric particle and hole bands in the normal conducting state and omit the
real part since it is featureless and gives just a small unimportant correction to the dispersion of the photons. We find for zero
fermionic temperature 7 = O the imaginary part

Im Hel R/A( do
©) = F27 |gj| —2 o dé‘ PEINF(—E) — np(E + @b — 26 — )
ora
}go’ w_ — o —w_+uo w_ + o
p(—z e (Z2575) e ()]
—
~p(w-/2)

}g ’p(a) 2 [ dalb — o) — 6(—0- — )]

—Vrq
= ¥ |g;| p(w_/2) sign(w_) min [1 u} (B22)
Vrq

The real part will be neglected in the normal state as it is only weakly energy and momentum dependent and gives no important
renormalization of the photon excitation energies w; ~ wg.
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2. Superconductor

In the superconducting state, we can use the standard parametrization of the normal and anomalous Greens functions (7 = 0)

R/A QA kv/c ﬂA,k,v/c K - R A
Aok v/c(w) T Eue(k) £i0 | w— Ey(k) £ 0’ Apsepje(@) =1 — 2nF(w)](A(),k,v/c(w) - AO,k,v/c(w))
= _Zﬂi(aA,k,v/cg(a) - Ev/c(k)) + ﬁA,k,v/cS[a) + Eu/c(k)])a (B23)

where we defined the superconducting dispersion E,;.(k) = \/ & /C(k)2 + |Av /CIZ and the coherence factors for the different
Green’s functions are given by

A G@® G™ |P|
2 2 — l gr/u(k)
QA kv/c uk,c/v vk,c/v —Uk,c/vVk,c/v Uk,c/p = V 2(1 + E(./v(k))’ (B24)
2 2 1 Eep(k)
Bakve Vi cw  Ukemnw Uk,c/vVk,c/v Vv = E(l — Er//v(k))'

An explicit calculation of the normal and anomalous self-energy show that

el R/A Uk,vVk,vUk+q,cVk+q,c Uk,vVk,vUk+q,cVk+q,c
= 2 - k]
Hiig (@)= |g°|z[ — E,(k) — E.(k + q) £ i0 w+Eu<k>+Ec<k+q>ii0]
(B25)

v2 u2 u2 v2
el R/A(a)) -2 |g | Z kv"k+q,c . k,v“k+q,c
Maig 0 _—E,k)—E.(k+¢q)+£i0 w_+ E,(k)+ E.(k+¢q)+i0]

and the other two self-energies are related via the symmetries (B16).

a. Anomalous self-energy

Let us now consider first the anomalous self-energy l'[el R/ A(a)) that can only occur in the presence of superconducting

quasiparticles. We can use the linearization (B21) for the symmetrlc bands to write the retarded self-energy as
~p(0)=pF

da [ —— |A?
elR

(w) =28y —/ ds  p(§)

llq | | —VFq 2qu —B

4/E + A2/(E + ) + A2

1 1
X[ —\/$2+A2—\/(E+a)2+A2+i0_w+\/$2+A2+\/($+ot)2+A2+iO}

A [Vrd/A o0 1 1
‘5’3&/ da/ dx— [ , —] (B26)
VEq  Jvpg/A _B/A X +1\/(x+a)2+1 & —/x2+1 —\/(x—i—ot)z—i—l—i—lO

where we assumed |A.| = |A,| = A, defined ® = w/A and approximated the DOS to lie near the Fermi surface since the
dominant part of the integral will come from there. The real part of the integral is obviously symmetric and the imaginary part
antisymmetric in frequency

Re [1{{% (@) = Re [15}% (~w), ImTI{}% (@) = —Im 1§} (—w), (B27)

such that we will continue to focus on positive frequencies @ > 0. Let us first calculate the real part

A VEq/A (o] 1 1
Re H?III;( ) = MP da/ dx [ +{w — —a)}]
4vrq  Jovpga Join V1t a? + 1L - Va2 H T (x ) + 1
(B28)
for w > 0. We see that the integrand will have a singularity if

= Va2 + 1+ +a)? + 1221+ (@/2)? = @4, for xpmin = —a/2, (B29)

and we therefore expect that at @ = 2 some important feature can occur. Let us now consider this case w ~ 2A, where it is
convenient to separate the singular region xpi, & —o//2 of the integrand

vrq/A —a/2438x 1 1
ReflF (0~ 28) = gole)+ 20212 lsilora da/ dx
dorg " S Japese VA L+ 02 4 1o Va R taP ]
x~—af2 |g3| PEA /qu/A /a/2+8x%oo 4 1
~ + B0lPr2p d ax
gq(a)) 4qu —vpq/A * —a/2—8x——00 ‘xwg o — Dy — S(JCJ(;—‘Z/Z)Z

o
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7 |ggl oA [rralt (@, — @)
= gw)——F7—— do———F———
V2vrg Jo NN
7 o2l or A vrg )2 vrq
~ gq(w)—Mln 1o Gd) 28|, (B30)

— + =
VFq 2—-a ]2 - o]

The contribution g,(w) will just give a small unimportant term as ]g%‘ pr < A is small and therefore our dispersion is just
changed slightly. The important contributions will come from the divergences at w = +2A, which are captured well by the
expression (B30), such that we approximate

2
=R, .. 7|gd|or (U”) 2Fd
Renn_q(w)w_mln[ L i+ e | (B31)

The imaginary part can be calculated using the same methods as just explained for the real part and is given by

_lg3lmora

Im %% (w0 > 0) =
4vpq

11.q

vrq/A 1 \/ . \/ i
do | d 8l —Vx2+1—y(x+a)P+1]. (B32
/—qu/A a/ x\/xz + 1V +a2+1 & * x+a) I (B32)

Obviously, there is a gap of 2A for the imaginary part of the particle-hole bubble Im lzl‘fll’fl(w) ~ O(w — 2A). Let us again focus

on the region w 2 2A, where the dominant contributions come again from x ~ —a//2 such that

- 2l mor A [UFA/A 4 8 2)2
ImH?ll’Iz(wZZA)%—M/ dafdx~—28|:d>—d)a—(x+~—;x/)]
' 4vrq —vrq/A Wy Wy

2 vEq/A

|80| TPFA / rq f 1 . )

- do | dy——=06[® — &, — y°]
Zﬁqu —vrg/A A Wy ¢

_lss|mora / Pl o B 1 arcsin<min[v2F_Aq’ (D_Z]> (B33)
2\/51)1?6] —Vrq/A \/a)a\/d) - a)a 2(%) 0 ’

—2

where in the end, we approximated the integral for small « due to the integrand restrictions. Far away from the gap region
w > 2A, it is easy to show that the imaginary part Im l:[?ll’fl(w > 2A) ~ 1/w? falls down rapidly and is therefore not important,

such that we can approximate Im I:I?Iff; (w) for all w with (B33) as stated in the main text.

b. Normal self-energy
The normal self-energy H;ll’f/ 4(w) around w_ = w — eVy = £2A can easily be shown to behave exactly like the anomalous

self-energy l:I‘I’ll’fI/ 4(w) around w = +2A. Far away from this region, |w_| > 2A, it just behaves like in the normal conductor
(B22). In between, we interpolate between these two by replacing the self-energy as the maximum of the two limits:

2 VEq 2 VFqg
8 |,0F (—) SA
He],R/A(w) ~ | 0 In 14+ 28 + 2A
2l 2(%2) 2—lall  VI2—lall
Fi max|:’ ol arcsm(min[v{Aq’ <) _2]) 7 g0l (e /2)}sign(w (@] — 2) (B34)
= ) 0 — — — .
(%) Jiar=2
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APPENDIX C: DERIVATION OF THE DRESSED PROPAGATORS

Let us first consider the Wigner transformation of a convolution of two bosonic matrices ¢ = A o B with time dependence:

Ay = (ew(zT)Au(r) Aqa(7) >’ Ao.T) = (ei¢(2T)A“(w) Ap(@) )

Az (7) e™9CD Ay (1) An (@) e9CD A (w),
. ' (ChH
. e 9CD By (1) Bia(7) o e CD By (w) B (w)
B(1,1) = i6T) B(w,T) = i6T)
By(7) e B (1), By1(w) e By(w),
where as usual we set (2T) = 2eVoT — ¢ + ¢, + 2¢p,, defined T = "4 andt =1 — . The Wigner-transform of a convolution
¢ =AoBcanbe expressed conveniently by the Wigner transforms of A and B as
Cl@.T) = Alw. T)es 777 o= 75711 B T). (C2)
Using the identities
e%aﬂy-e:tiqb(ZT) — e$a~evoei¢(2T), gzl:aé),,) f(a)) — f(x + a)’ (C3)
we get
. €A (w) Ap(w) o = e = (€7D B (w) Bia(w)
Clw,T) = ' e3ldwdr=07190l '
Az(w) e Ay (w) By1(w) €'9@1) By (w)
A (@)e 5 T 7o Ap(@) ¢5 70T 1m0 B (1) Bix(@)
An(©) e Ay (w)e ™2 0 T Bi(®) e2 001140 Byo(w)
PP A (w)eV0 ¥ Ap(w) eV 90e= 0D By (o) B2 (w)
Az(w) €7i¢(2T)A22(w)676V°3)“’ Bs1(w) e% <2)_“’6"‘15(2“322(60)
Aj(w 4 eVy)Bii(w + eVp) + Ap(w) By (w) DA (w)Bia(w + eVp) + Arp(w — eVo) By (w)]
e D[ Ay (w + eVo) B11(®) + Ap(w)Bai(w — V)] Az(@)B1a(w) + Apn(w — eVy) Ban(w — e Vo) '
(C4)
The Dyson equation in Keldysh space is formally given by the convolution
Al - N_—
(Do’q — ) oDy =1, (C5)

where flq = f[eql + Hgath is the full self-energy of the system. The three coupled equations for the full retarded, advanced and
Keldysh propagators of the photon

([D"{j{;‘]‘1 — MRy o DRA = 1, ([5(154]‘1 —1%) o D = 11K o D2 (C6)

can now be solved with the ansatz that

—ip(2T) PR, A K R,AK
PRAK (o T) = e’ Dy (@) D" (@) )
q ’ - dR,A,K( [¢(2T)DR,A,K
21.q w) € 22.q (w)
has the structure of B. Since both
[dg, (~o)™!
; - —_——
o g 11 - —e””(zr)l'[fI (w) —w —wy — 10 —I'Ifzyq(a))
([Doy] (@.T) = Tg(.7)) = i$QT) FI R
w—wy +i0— H21 q(a)) —e i )szﬁq(w)
[dg, (@)
(C8)
. ei‘f’(ZT)l:[ﬁ’q(w) Hﬁ’q(a))
) (w,T) = U
Hfl,q(w) e“¢(2T)1'I§2’q(a))

have exactly the structure of fi, we can use (C4) to calculate the Wigner transform of the convolutions in (C6) exactly, which
leads to the propagators defined in (54).
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