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Anomalous proximity effect and theoretical design for its realization
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We discuss the stability of zero-energy states appearing in a dirty normal metal attached to a superconducting
thin film with Dresselhaus [110] spin-orbit coupling under an in-plane Zeeman field. The Dresselhaus
superconductor preserves an additional chiral symmetry and traps more than one zero-energy state at its edges.
All the zero-energy states at an edge belong to the same chirality in large Zeeman fields due to the effective
p-wave pairing symmetry. The pure chiral nature of the wave function enables the zero-energy states to penetrate
the dirty normal metal while retaining their high degree of degeneracy. We prove the perfect Andreev reflection

into the dirty normal metal at zero energy.
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I. INTRODUCTION

The proximity effect has been an important issue in the
physics of superconductivity. In a normal metal attached to a
spin-singlet s-wave superconductor, penetrating Cooper pairs
form the gap structure in the quasiparticle density of states
(DOS) at the Fermi level (zero energy) and modify low-
energy properties there. In spin-triplet p-wave superconductor
junctions, however, the penetrating Cooper pairs form a zero-
energy peak in the DOS [1-3]. This induces various anomalous
electromagnetic properties in the normal metal [4-6]. This
effect is called the anomalous proximity effect. For instance, a
perfect Andreev reflection from a p,-wave superconductor into
a dirty normal metal causes anomalous low-energy transport
in the x direction such as a zero-bias conductance quantization
in normal-metal/superconductor (NS) junctions [4] and a frac-
tional current-phase relationship in superconductor/normal-
metal/superconductor (SNS) junctions [3].

Recently, these characteristic transport phenomena have
been investigated in the context of Majorana physics [7,8]
based on the topological classification of materials [9]. In fact,
as a consequence of the topologically nontrivial property of the
wave function [10], the spin-triplet p,-wave superconductor
hosts more than one Majorana fermion at its edges. The
energy dispersion of the topological edge states is flat as a
function of the wave vector in the transverse direction (say
ky), which represents the high degree of the degeneracy in the
zero-energy states (ZESs). The anomalous proximity effect
stems from the penetration of such ZESs into the dirty normal
metal while retaining their high degree of degeneracy [1,3,5].
Theoretically, it has been unclear what symmetry protects
the high degeneracy of ZESs and why the perfect Andreev
reflection persists at zero energy. It has been difficult to
fabricate spin-triplet superconducting junctions using existing
materials. However, the rapid progress in the Majorana physics
of artificial superconductors [11-21] and in spintronics for
controlling the spin-orbit interaction [22,23] has diffused the
situation.

A set of three potentials is needed to realize topologically
nontrivial superconductors artificially, namely the spin-orbit
coupling, the Zeeman field, and the pair potential. Among
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them, the spin-orbit interaction mainly affects the energy
spectra of the edge states. In InSb or GaAs, for example,
the Dresselhaus spin-orbit interactions [24] are large in
films growing along the [110] crystal direction. Theoretical
studies [25,26] have shown that such artificial superconductors
host more than one ZES similar to those of the p.-wave
superconductor. We also confirm that a proximitized spin helix
thin film [22,23] also traps the flat ZESs with appropriate
tuning of the Zeeman field. The Dresselhaus superconductors
preserve an additional chiral symmetry independently of the
particle-hole symmetry [9]. Recent theoretical studies [27-29]
have shown that the chiral symmetry is responsible for the
stability of more than one Majorana fermion. On the basis
of the above novel insight, we solve an outstanding problem
regarding the anomalous proximity effect.

In this paper, we first demonstrate the anomalous proximity
effect of the Dresselhaus superconductors in large magnetic
fields. After discussing the unitary equivalence between
the Hamiltonian of Dresselhaus and spin-triplet p,-wave
superconductors, we analyze the chiral property of ZESs both
at the edge of the superconductor and at the normal metal
attached to it. The results show that all the ZESs have the
same chirality due to the effective p,-wave pairing symmetry.
The pure chiral nature of the wave function is responsible for
the robustness of highly degenerate ZESs in the presence of
potential disorder. We will prove the perfect Andreev reflection
from a p,-wave superconductor into a dirty normal metal at
zero energy. This paper provides a microscopic understanding
of the anomalous proximity effect and a design for an artificial
Ppx-wave superconductor.

II. CONDUCTANCE QUANTIZATION

First, we numerically demonstrate the anomalous proximity
effect of the Dresselhaus superconductor. Let us consider an
NS junction on a two-dimensional tight-binding model with
the lattice constant ap as shown in Fig. 1. A lattice site
is indicated by a vector r = jx + my, where x (y) is the
vector in the x (y) direction with |x| = |y| = ag. The present
junction consists of three segments: an ideal lead wire (—oo <
j <0), a normal disordered segment (1 < j < L/ay),
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FIG. 1. (Color online) Schematic image of the NS junction of
a Dresselhaus superconductor. The superconductor proximitizes the
InSb thin film, which is grown along the [110] crystal direction.

and a superconducting segment (L/ag+ 1 < j < 00). The
Hamiltonian reads

M/ay
Hy=-—1 Z Z Z{Clﬂ,acr,o + Ci,gchrx,a}
o=1,] j m=l
M/ll(]*l
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2a0
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where clya (cr.) is the creation (annihilation) operator of an
electron at the site r with spin o = (1 or |), t = > /(Zmag)
denotes the hopping integral between the nearest-neighbor
sites, m is the effective mass of an electron, u is the chemical
potential, and Ap represents the strength of the Dresselhaus
[110] spin-orbit interaction. By tuning the magnetic field B
in the x direction, it is possible to introduce the external
Zeeman potential V,,. The parameters ¢, i, Ap, and V,, are
common to the superconductor and the normal metal. In the y
direction, the number of lattice sites is M /aq and the hard-wall
boundary condition is applied. The Pauli matrices in spin space
are represented by 6; for j = 1-3 and the unit matrix in
spin space is &y. We consider the impurity potential given
randomly in the —W /2 < Viyp(r) < W/2 range in the normal
segment (1 < j < L/ap) and the s-wave pair potential Ag in
the superconducting segment (L/ap + 1 < j < 00).

We calculate the differential conductance Gns of the NS
junctions based on the formula [30]

2
Gns(eV) = % Z (8.0 — Irés, "+ ‘réwn 2]eV=E’ @)
&n

where /¢, and r?en denote the normal and Andreev reflection
coefficients at energy E, respectively. The indices ¢ and 7
label the outgoing and incoming channels, respectively. These
reflection coefficients are obtained by using the lattice Green’s
function method [31-33]. With this method, it is possible
to calculate the transport coefficients exactly even in the
presence of random impurity potentials. In Fig. 2, we show the
differential conductance of the Dresselhaus superconductors as
a function of the bias voltage for several lengths of disordered

PHYSICAL REVIEW B 91, 174511 (2015)

@) V.=7.2, No=5 ¢ [(6) V,,=0.5%, N=6
5 |
5

4
_ . [=10
S s S
S S0
2 2 12, ]
© =50 o K

! ] 1 L=50 |

0 w 0 ‘

0 0.005 0.01 0 0.005 0.01

eVIA, eVIA,

FIG. 2. (Color online) The differential conductance is plotted as
afunction of the bias voltage for several lengths of disordered segment
L in units of ay. In (a), the Zeeman potential V,, = 1.2¢ is chosen
that is larger than a critical value of V, = 0.92¢. The number of
propagating channels N, is 5. In (b), we choose V,, = 0.5t < V.
leading to N, = 6.

segments L, where we choose parameters of u© = 1.0t, Ap =
0.2tag, W = 2.0t, M = 10ag, and Ay = 0.1¢. The results are
normalized to G = 2¢*/h. In Fig. 2(a), we choose V,, =
1.2¢, which leads to the propagating channel number N, = 5.
The differential conductance decreases with increasing L for
finite bias voltages. However, the zero-bias conductance is
quantized at G g N, irrespective of L. The results suggest that
there are N, perfect transmission channels in a disordered nor-
mal segment [4]. The conductance quantization at zero bias is
an aspect of the anomalous proximity effect. We have also con-
firmed the fractional current-phase relationship in SNS junc-
tions [3,34]. Such anomalous behaviors can be seen when the
Zeeman field exceeds a critical value V,, > V. = vV + A}
with g = u — 2t [1 — cos {r /(M /ay + 1)}]. With the present
parameter choice, we obtain V, = 0.92¢. On the other hand for
Vex < V., the conductance quantization is absent as shown in
Fig. 2(b), where we choose V,, = 0.5t < V.. The zero-bias
conductance quantization at G 9 N, is a robust phenomenon in
the topologically nontrivial phase described by V,, > V, and
Ap # 0 and is independent of such parameters as M, W, and
. In the experiment [ 18], for instance, the condition V,, > V.
may be satisfied under a magnetic field of less than 1 T in InSb
nanowires owing to its large g factor and small Fermi energy.
Inversion symmetry in the z direction is broken in the junction
shown in Fig. 1. In such case, Rashba spin-orbit interaction
Ar(ky61 — k. 67) is not negligible. Unfortunately, the Rashba
term easily destroys the conductance quantization at zero bias
because it breaks chiral symmetry discussed below. To delete
the Rashba term, we need to recover inversion symmetry by
attaching an appropriate insulator or the same superconductor
on top of the InSb thin film.

III. MORE THAN ONE MAJORANA FERMION

Second, we analyze the chiral property of the ZESs. In what
follows, we consider a Dresselhaus superconductor in contin-
uous space for simplicity. The Hamiltonian is represented by

. h iAo6r
Hy, = ~n
0 |:—le6'2 —h* i| ’ (3)
h = £60 — Ver61 +irpd,63 + Vimp(r)60, )
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with &, = ;—;‘;Vz — . In the superconductor, we consider the
uniform pair potential A and ignore the impurity potential
Vimp = 0. In the normal metal, on the other hand, we introduce
the impurity potential and do not consider the pair potential.
We assume a sufficiently large Zeeman potential so that «p =
Apkp/ V. < 1is satisfied with kp = /2mu/h.

By applying the unitary transformations as shown in
Appendix B, Hj is transformed into Pvll =H P+ VA within
the first order of op, where

<~ A o] 45 _ 0 iAo6
e[ g e [ide ) o

4 |:";:r + 85 Vex + Vimp —Ss )Le/jo 0y

H, = ApA ' . (6)
V”Oax _%-r — S Vex - Vimp:|

Ss

and s, =1 (—1) for ¢ = 1 ({). A Hamiltonian H, with
Vimp = 0 is equivalent to that of a spin-triplet p.-wave
superconductor and V, mixes the two spin sectors. In the
topologically nontrivial phase V,, > V., all the spin-1 states
pinch off from the Fermi level and only the spin-| states
remain at the Fermi level. Therefore the spin-mixing term
Va does not affect the remaining spin-| states at all. In
this way, we can shrink the 4 x 4 Hamiltonian I-VIl of the
Dresselhaus superconductor to the 2 x 2 Hamiltonian H of
the p,-wave superconductor. We assumed the two conditions
Apkp < V., and V,, > V, independently. To realize the p,-
wave superconductor, they can be unified into one condition
Apkr < V., which is accessible in the experiment [18]. The
Hamiltonian H , preserves a chiral symmetry

P SN . 0 1
T Hl T =_H~L’ T = |:1 0], (7)

where £; for j = 1-3 are the Pauli matrices in Nambu space.
Here we summarize two important features of the eigenstates
of A , proved in Ref. [10]. (See also Appendix A for details.)

(i) The eigenstates of H , at zero energy are simultaneously
the eigenstates of 7,. Namely, the eigenvectors at zero energy
@y, (1) satisfy

ﬁl, (pl)o,)\,(r) = O’

where A = %1 represents the eigenvalue of 7; and vy is the
index of the ZESs. We have omitted the spin index from the
subscripts of ¢,, 1 because spin is always |.

(ii) In contrast to the zero-energy states, the nonzero-energy
states are not the eigenstates of ;. They are described by the
linear combination of two states: one has A = 1 and the other
has A = —1. Below we prove the robustness of the highly
degenerate ZESs in a dirty normal segment and the perfect
Andreev reflection by taking these features into account.

In anisolating Dresselhaus superconductor (i.e., —L < x <
L and 0 < y < M), we can describe the wave function of the
zero-energy state for each transport channel. From the second
equation in Eq. (8), it is given by

T @) = A @), (8)

P11 (1) =X (0) Vo) m , ©)

where Y,(y) = +/2/M sin(nwry/M) is the wave function in
the y direction with the hard-wall boundary condition and
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n indicates the transport channel. In the x direction, we
also apply the hard-wall boundary condition at its edges,
Xn.(—L) = xu.2(L) = 0. By substituting Eq. (9) into the first
equation in Eq. (8), we obtain

A
[af —2—03 + k?,] Xna(x) =0, (10)
ép
where ép = &o/ap, & = hvp /Ao, ky, =

2m(uw + Ve —€y)/h, and €, = (hnm/M)?/(2m) is the
kinetic energy in the y direction. The superconductor must be
long enough to satisfy L/&p > 1. We find the following two
solutions for each propagating channel:

cf

G (r) = ﬁ[_l] sin[g,(x + L)le™/ ¥, (y). (1)

on(r) = % m sin[g, (x — L)le/* Y, (y),  (12)

with g2 = k> — &,,%, where C, and Cy are the normalization
coefficients. We choose the gauge so that the wave functions in
Egs. (11) and (12) are real values. All the ZESs at the left (right)
edge have . = —1 (A = 1), which is shown schematically in
Fig. 3.

In the Bogoliubov transformation, the field operator of an
electron with spin-| is generally described as

Y(r e
[WT((r))] = Z[%(")J/v + ‘:‘(pv(r)yj]’ (13)
&=k, EAE =, (14)

where )/VT (yy) is the creation (annihilation) operator of the
Bogoliubov quasiparticle belonging to E, and & is the charge
conjugation operator with /C indicating a complex conjugation.
Equation (14) represents the particle-hole symmetry of the
Hamiltonian. From Eq. (13), we can extract the electron field
operator of the ZES at the nth propagating channel as

W, (r) = iyt ) + i), (15)
yEr) = —igr _Olya — v, (16)
vE@) = oF L Yns + 704 (17)

The operator y,%(r) is purely imaginary while y,%(r) is real in
the present gauge choice. They satisfy the Majorana relation
[yF® ()] = y 2B (r). Therefore, the number of Majorana
fermions at each edge is equal to the number of propagating

Thin film with Dresselhaus [110] SO coupling
A=-1

A=1

Superconductor
Right edge

Left edge

FIG. 3. (Color online) Schematic image of ZESs at two edges of
an isolating Dresselhaus superconductor for V,, > V.. The number
of the ZESs at either edge is equal to N.. All of the ZESs at the left
(right) edge have A = —1 (A = 1).
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channels at the spin-| sector N,. Since there are no spin-1
channels for V,, > V., N is equal to N.. They are degenerate
at zero energy at the same place. Such highly degenerate states
may be fragile in the presence of a random impurity potential
near the edges. However, at the left edge for example, all of
the ZESs have A = —1 as shown in Eq. (11). According to
property (ii), such highly degenerate ZESs are robust against
potential disorder because the random potentials preserve the
chiral symmetry and the ZESs with A = 1 are absent.

IV. PERFECT ANDREEV REFLECTION
AND CHIRAL NATURE

Finally and most importantly, we prove the stability of the
highly degenerate ZESs in a normal metal. To analyze the
conductance of the NS junction, we attach a normal metal to
the left side of the superconductor as shown in Fig. 1. The
Hamiltonian of the normal metal is given by H| in Eq. (6)
with Ag = 0. In the absence of impurity potentials, the wave
function in the normal segment at E = 0 is described by

on(r) =) ([V}} eft [ro} e—”‘""> Y.(y), (18)

n

where ¢ (r,’,”’) is the normal (Andreev) reflection coefficient at
channeln and k,, = /2m(u — €,)/h. The current conservation
law implies |r¢¢|? + |r¢|> =1 at E = 0 for each channel.
From the boundary conditions at the NS interface, the
reflection coefficients are calculated to be

ee he
r=0, r=-1,

19)

for all n. The wave function in Eq. (18) is the eigenstate of 7,
belongingto X = —1(i.e., oy ox [1, — 11T), as well as the ZESs
at the left edge of the superconductor. According to property
(ii), they cannot form nonzero-energy states. Therefore, the
ZESs can penetrate into the normal segment while retaining
a high degree of degeneracy. The conclusion is also valid
even in the presence of potential disorder because the impurity
potential Viy, preserves the chiral symmetry and does not
damage the pure chiral feature of the ZESs. This fact is unique
to the p,-wave pairing symmetry. In the ballistic limit, perfect
conductance quantization at zero bias is a common property
of unconventional superconductors that have the edge ZESs
with a flat dispersion. For instance, in a spin-singlet d-wave
superconductor with Ay oc kck, [35], |r,ﬁ'f| = 1 holds for all
transverse momentum values k. The Hamiltonian of d-wave
superconductors also preserves the chiral symmetry. However,
the highly degenerate ZESs are fragile under the potential
disorder because the ZESs with two different chiralities coexist
at the same edge [10]. Namely, the sign of r,ff depends on k.
Therefore the presence of the chiral symmetry is not a sufficient
condition for the anomalous proximity effect but a necessary
one.

In a p,-wave junction, all the ZESs in a normal metal have
the same chirality of A = —1 in the same way as the ZESs
at the left edge of the superconductor. The pure chiral feature
of the ZESs enables us to explain the perfect Andreev reflection
into the dirty normal segment. According to property (i), the
ZESs must be the eigenstate of ;. We emphasize that the wave
function in Eq. (18) can be the eigenstate of 7; with A = —1
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only when Eq. (19) is satisfied. Although the channel index 7 is
no longer a good quantum number under the potential disorder,
all the wave functions in the normal segment have the same
vector structure reflecting their pure chiral nature. This is a
mathematical requirement arising from the chiral symmetry.
The physical consequence of the vector structure is the perfect
Andreeyv reflection into the dirty normal metal at E = 0. This
explains the perfect quantization of the zero-bias conductance
at 2¢*N./ h.

V. CONCLUSION

In conclusion, we have discussed the stability of highly
degenerate zero-energy states (ZESs) appearing in disordered
junctions consisting of a superconducting thin film with
Dresselhaus [110] spin-orbit coupling. The Dresselhaus su-
perconductor hosts more than one ZES at its edges. When
we make a normal-metal/superconductor junction of the
Dresselhaus superconductor, such highly degenerate ZESs can
penetrate into the dirty normal segment and form resonant
transmission channels there. An analysis of the wave function
in the normal segment shows that all the ZESs have the same
chirality due to the effective p,-wave pairing symmetry. The
perfect Andreev reflection into the dirty normal metal is a
direct consequence of the pure chiral feature of the ZESs. Our
paper provides a microscopic understanding the anomalous
proximity effect of the spin-triplet p,-wave superconductor.
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APPENDIX A: ZERO-ENERGY STATES UNDER
A CHIRAL SYMMETRY

Here, we briefly summarize the argument in Ref. [10] which
shows the important properties of zero-energy states under a
chiral symmetry. We consider the BAG Hamiltonian H which
preserves the chiral symmetry

FHI'=—H, I’=1. (A1)
The relation is equivalent to
[H>.T]=0. (A2)
The BdG equation is given by
Hop(r) = Egp(r). (A3)
When we consider the eigenequation of H?2,
Hxp2(r) = E xpa(r), (A4)

Equation (A2) suggests that the eigenstate yg2(r) is also
the eigenstate of I' at the same time. Since I'> =1, we
find that the eigenvalue of I is +1 or —1. Namely the
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eigenequation

U xp2.(r) = Axgpa(r) (AS)

holds for . = +1. By multiplying H to Eq. (AS) from the left
side and by using Eq. (A1), we obtain the equation

CH yp2(r) = —AH xg2,(r). (A6)

We find that H x g2, (r) is the eigenstate of I" belonging to —A.
Thus we can connect xg2(r) and xg2_(r) as

H x g2y (r) = cpap x g2 (r), (AT)

where cg2; is a constant.

A one-to-one correspondence exists between ¢g(r) and
xe2(r). At first, we consider zero-energy states xo, () which
satisfy

H*x0,.(r) = 0, (A8)

in Eq. (A4). The integration of r after multiplying X(L\(") from
the left results in
/ dr |H xo,(r)* = 0. (A9)

This means that the norm of H xo; (r) is zero. Therefore we
conclude that

H x0,.(r) = 0. (A10)
As a result, we find the relation
®oi.(r) = xo1.(r). (A1D)

When a zero-energy state is described by o (r) = xo+(r),
the relations in Eqs. (A7) and (A10) suggest that xo_(r) = 0.
Therefore the zero-energy states are always the eigenstates

of I.
For E # 0, it is possible to represent g (r) by xg2.(r). By
calculating the norm of H yx g2, (r), we obtain
E* = |cpy)?. (A12)

Multiplying H to Eq. (A7) from the left alternatively gives a
relation

CE2)\CE2_) = 1 (A13)
Therefore, we find the relation
H yp2;,(r) = E€™'% ypa_ (r). (Al4)

Although we cannot fix the phase factor 6., it is possible to
express the states gg(r) for E #£ 0 as
1 —i6,2 i
ve(n) =5[e 2Py (1) + spe P Py ()], (A1)

{1
Sg = _1

The nonzero-energy states are constructed by a pair of eigen-
states of I': one belongs to A = 1 and the other belongs A =
—1. Therefore, the states with E # O are not the eigenstates
of I.

for £ > 0,

for E < O. (Al6)
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APPENDIX B: UNITARY TRANSFORMATION

The BAG Hamiltonian of the Dresselhaus nanowire repre-

sented by
« [ & iAo&s
Ho = [—iAoéz —h* } ’ (B)
h =60 — Vex61 +irp0.63, (B2)

is transformed as follows. By using the unitary matrix

. 7 0 . 1 e—irr/4 _e—irr/4
R = [0 f*i| . = NG |:em/4 g [o (BI)
the BdG Hamiltonian I:Io is first transformed to
H' = RHyR'
% N
= A B4
h' = £.60 + V63 + ihpdy6o. (B3)

The Hamiltonian in this basis is represented only by real
numbers. Next we apply a transformation which is similar
to the Foldy-Wouthysen transformation [36] to the BdG
Hamiltonian in Eq. (B4). Using a unitary matrix

- i 0
=15 3] (B6)
7 i8], 8 = 22 p6 (B7)
u =expltd], S = op,
p 20V, Px01
with p, = —ihd,, we transform H’ into
. iSp ,—i8 iSci A A Yo—iS
UHU =| ¢ e o (143032)‘?5 . (BY)
—e'? (i Agbr)e™ —e'Phe™

The diagonal term of Eq. (B4) can be expanded as
PN LA N NN ’2 N A A
eish/els =h/+l[Svh]+%[S’[Ssh/]]+ ) (B9)

with using the Baker-Housdorff formula. We assume large
enough Zeeman potential so that ap = Apkp/ Ve < 1 1is
satisfied where kr = /2mu/h denotes Fermi wave number.

From this assumption, we obtain
¢3he’s = £69+ Voo + 0(a3), (B10)

within the first order of « . The off-diagonal term correspond-
ing to the pair potential is transformed to

¢S(i Aoda)e™ S = i Agby +i[S,i Agba] + - - -

Ag

= iNGy — i p 6y + O(a?), (BIN)

ex
where we assume the uniform pair potential (i.e., [p.,Ag] =
0). As a result, the BdAG Hamiltonian can be written as

gr + Vex 0 —i AﬁDViU Px A
UHU = 0 & — Vex —Ay i);iDVAlo Px
B iAhDVAO Px —Ay _Er = Vex 0
AO —i );—LDViO Px 0 _é:r + Vv
+0(3). (B12)
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By interchanging the second column and the third one, and
by interchanging the second row and the third one, the
Hamiltonian can be deformed as

H, =Hp + V,, (B13)
< H 0
Hp =[ U } (B14)
0 H
~ é,.:r + S Vex _ssi )\FLDAO Px
H(T = Vex . Bl
[ssi)ﬁbvio Pr —& — 55 Vex B13)
. 0 iAy6r
Va= [—mo&z 0 } ’ (B16)
1 foro =1,
ss_{—l foro = . (BI7)

These are the starting Hamiltonian in the analytic calculation.
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We find that H, preserves chiral symmetry

. . 50
TET =—H,, r:[ol } (B18)

0 &
Finally, we discuss the symmetry property of Ho in Eq. (B1)
in its original basis. It is easy to show that Hj satisfies the

relations
P 0 —id
°=lis;, 0o |

which represents the chiral symmetry. The Hamiltonian H,
also satisfies

ToHoI'y"' = —Hy, (B19)

)<

v . - 0 Kéo
oHoEy' = —Hy, Eo= |:IC60 0 i| , (B20)
where Zg represents the charge conjugation with C meaning
the complex conjugation. The first equation in Eq. (B20)

represents the particle-hole symmetry.
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