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This work provides a unified theoretical treatment of the single- and correlated double-electron emission
from a general electronic system. Using Feshbach projection method, the states of interest are selected by the
projection operator; the Feshbach-Schur map determines the effective Hamiltonian and the optical potential
for the emitted electrons. On the other hand, the nonequilibrium Green’s functions method is demonstrated
to be a complementary approach, and an explicit correspondence between both methods is established. For a
self-contained exposition, some results on single-electron emission are rederived using both formalisms. New
insights and results are obtained for the correlated electron-pair emission: This includes the effective two-electron
Hamiltonian, the explicit form of the Feshbach self-energy in terms of the many-body self-energies, and the
diagrammatic expansion of the two-particle current. As an illustration of the diagrammatic technique, the process

of the two-particle emission assisted by the excitation of plasmons is explicitly worked out.
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I. INTRODUCTION

Scattering experiments deliver the most detailed informa-
tion on the structure of matter. For instance, the fully resolved
spectra of an electron emitted from an electronic system upon
photon or particle impact encode the spin and momentum-
resolved spectral properties of the sample [1-5]. For direct
information on the two-particle properties, the detection of
a correlated electron pair is necessary which is usually
performed in a one-photon double-electron emission [4] or in
a swift particle-impact double-electron emission experiment
[6]. Calculations of the electron emission spectra from atomic
and molecular systems [1,4,7-9] as well as from condensed
matter [1-3] are done routinely. The underlying theories and
techniques differ, however. The issue addressed here concerns
the formulation of a unified and numerically accessible
theoretical framework of single- and double-photoelectron
emission (SPE and DPE) from finite and extended elec-
tronic systems. A method of choice for this purpose is the
nonequilibrium Green’s functions (NEGF) approach [10-13].
In full generality, the response function describing electron
emission is more involved than the optical response which is
related to time-ordered particle-hole (p-h) Green’s function
(GF) for which well-established approximations exist. Even
for a single-electron emission the response function can only
be defined on the Keldysh contour and after performing the
calculations, the times are projected on the real observable
times. The second complication is that for a fixed energy and
momentum of the detected electron, the sample may be left in
an excited state. A typical example is the plasmon satellites
in core-level photoemission [14]. There, the target is left with
one excited plasmon [15]. The conservation of energy and
momentum allows us to focus on, e.g., the no-loss current. The
response function is then determined by the product of two ver-
tex functions and three single-particle Green’s functions [16].
If an approximation is made for one of the constituents, it has
to be taken over consistently to the others. The notion of a
conserving approximation is rooted in this requirement.
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First theories of electron emission were empirical, e.g.,
for surfaces, following Berglund and Spicer [17], the pho-
toemission is regarded as a three-stage process: excitation,
transport to the surface (during this stage the particle may lose
energy), and the transformation into a scattering (detector)
state. In 1970, Mahan wrote “we have not yet been able
to derive a simple, time-ordered, correlation function which
would serve as the starting point for a closed-loop type of
calculation. That is, we have not yet found a “Kubo formula for
photoemission” [18]. Shortly thereafter, Schaich and Ashcroft
[19] and Langreth [20] employed a time-ordered formalism
for the response function, and Caroli ef al. [21] introduced
the nowadays standard NEGF formulation. The well-known
Fermi golden rule expression for the photocurrent

"
Jp =27 / ded(ep — € — w)(xl(;)lAA(E)A”XI(;))
—00

derives rigorously from the response-function formalism. In
1985, Almbladh obtained the following modifications of the
no-loss current:

B R
Jp =2m / de (ep — & — w)(xl(,_)lf\(e + w,e)A(e)

o0
x Af(e + w,e)lxl(,_)).

In these formulas, an interaction with an electromagnetic field
of the frequency w is assumed. Xl&‘) denotes the final scattering
state with the momentum p and energy &p, and A(e) is the
spectral function. A(e 4+ w,€) is the so-called vertex function
which, for noninteracting systems, reduces to the operator
of the light-matter interaction A. In interacting systems, it
describes the screening of the optical field by the sample
electrons and the accompanying polarization effects [22].
The physics beyond no-loss has many facets. There are
two prominent examples: the plasmon satellites [15,23,24]
and the Auger effect [25-28]. In both cases, the system is
left in an excited state that relaxes subsequently either due
many-body effects or results in the emission of a secondary
electron. It should be noted, however, that the borderline in
such a classification is blurred: one can consider the Auger
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effect as a two-step process, in which the decay is treated
independently from the primary ionization or as the no-loss
double photoemission [29]. The former point of view yields
a description of the Auger effect in terms of an equilibrium
two-hole Green’s function [26,30,31].

The goal here is to generalize the nonequilibrium approach
to treat single- and double-electron emission. We will mostly
discuss processes related to the absorption of one photon.
Particle impact is discussed only in the optical limit as specified
in Appendix A. In particular, this work provides a detailed
discussion of DPE, a process that was experimentally realized
for various systems [4,32]. For a self-contained presenta-
tion, we start by defining observables and introducing basic
formulas solely based on the time-dependent perturbation
theory and the assumption of adiabatic switching of the light-
matter interaction (Sec. IT A). Already on this level one can
reformulate these expressions in the Fermi golden rule form
and demonstrate how the sudden approximation can be used
to reduce the many-body to two-body description (Sec. II B).
Such reduction, however, neglects the energy loss of an emitted
electron on its way to detector. These extrinsic losses are
treated by means of the projection operator technique (Sec. I1I).
For single photoemission (SPE), this approach was established
in works of Almbladh [16], Bardyszewski and Hedin [33],
Fujikawa and Hedin [34], Hedin, Michiels, and Inglesfield
[35], and for DPE by Brand and Cederbaum [36]. The notion
of the optical potential is central to this approach. While
the case of elastic scattering was considered in a classical
work of Bell und Squires [37], the inelastic case, which is
especially relevant for photoemission, is more involved and
has a long history with a recent progress due to Cederbaum
[38,39]. In Sec. IV, we closely follow the derivation of
Almbladh and extend the theory to the two-electron case. There
are important differences as compared to the single-electron
emission. Under some assumptions, DPE is only possible
for interacting systems [40]. We corroborate our findings by
performing a diagrammatic expansion of the derived DPE
response function in terms of Green’s function on the Keldysh
contour (Sec. V). We consistently use atomic units.

II. TWO-ELECTRON CURRENT

For DPE from atomic and molecular systems [41,42] a
variety of very successful techniques, based on a full numerical
solution or using approximate correlated scattering states of the
few-body Schrodinger equation, were put forward. The wave-
function-based methods and, consecutively, the scattering
approach are less suitable for extended degenerate fermionic
systems. Such DPE experiments were first performed for
Cu(001) and Ni(001) crystals [32] and meanwhile for a variety
of other samples. Here comes the response formalism into
play: the expectation values of products of the creation and
annihilation operators are computed over the ground state
of a (many-body) system, and perturbative expansions are
evaluated with the help of Wick’s theorem. If the studied
process can be regarded as a multistep event, then the
rate equations are often a very efficient tool. They can be
derived either from the density matrix or from the NEGF
formalisms using some additional assumptions. For instance,
the generalized Kadanoff-Baym ansatz has been used to derive

PHYSICAL REVIEW B 91, 155116 (2015)

the quantum master equations starting from NEGF approach
to describe the transport in molecular systems [43].

Here, we present a self-contained derivation of the two-
particle current starting from the time-dependent perturbation
theory. The resulting formula [Eq. (12)] is, however, less
useful for practical applications because it requires (generally
unknown) many-body states. One has either a choice to
completely neglect the target-ejected particles interaction
which still might be relevant for higher energies (Sec. I B)
or, as will be demonstrated in the next section (III), to properly
reduce the formulations as to work with effective residual
interactions (i.e., optical potentials).

A. Basic definitions
1. Hamiltonian

A system of interacting fermions is considered that has the
Hamiltonian

A= / dx PR ()
1 S R
+5 / dx dx' ¥t O v, x TP (x), (1)

where the field operator U (1) with argument x = (r,0)
annihilates (creates) a fermion in position r with spin o.
Needed below is the antisymmetrized interaction

V(x1,x2,x3,x4) = v(r(,1r2)[8(x2 — x3)8(x1 — X4)
—8(x1 — x3)8(x2 — x4)]. (2)

One may wish also to change the basis for the representation
of creation and annihilation operators via

P =) xlider, 3)
1

where the sum runs over a complete set of one-particle
states and we consistently skip .7. on ¢; and cj. To study
photoemission, we need to further classify the states according
to their geometric character. A state will be called bound (¢; €
B) if for any € > 0 there is a compact set B C R? such that
for all times ¢ the state remains in B: || x €'’ a ¢ill < €, where
B¢ is the complement of B, xpc denotes the corresponding
characteristic function. Analogically for the scattering states
(¢x € C) we adopt the following definition: they are the vectors
for which limz_, o0 5= /7 llxze’™ ¢lldr = 0 for all compact
sets B C R?, i.e., they leave any bounded region. It is clear
that B L C and according to the RAGE theorem [44] all the
states from the discrete (point) spectrum are bound, whereas
the continuum states (absolutely continuous and singularly
continuous) are the scattering states. Thus, parallels between
the geometric and the spectral classification allows us to
use continuum and scattering, and point and bound terms
interchangeably, although for the purpose of this work the
geometric classification is preferred. Finally, we note that if our
theory is to be applied to solids, the use of localized Wannier
functions [45] is preferred, at least for systems where their

existence can be proved [46].
We will use the letters (abcd) for general orbitals, (i jnm)
for bound orbitals, and boldface letters for continuum states.
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In these notations

H= Ztahc cp+ = Z Vabed ) CdeCL (€Y
abcd

= Ztahc cp+ — Z VabeaCl CdeCc . (5)
ade

2. Initial-state preparation

The above Hamiltonian determines the quantum state of the
target (wave function |\W,) with corresponding energy Ej) in
the remote past (t = —00). When the system is perturbed by
the interaction with external fields, it evolves to a new state.
As a typical mechanism we consider here the light-matter
interaction

V(t) = (Ae7™ + Ale™)e” . A =" Aupcle,.  (6)

In this expression, V(¢) is adiabatically turned on allowing
us to introduce a typical interaction time ~(21)~!. The form
(6) permits generalizations: In Appendix A, we consider the
process of impact ionization caused by a charged projectile
particle (e.g., an electron) impinging on the target system. At
high energy, the projectile can be regarded as distinguishable
from electrons of the system. This allows us to average the
projectile-target interaction over the projectile’s states and
write the perturbation in essentially the same form as in Eq. (6),
i.e., as a single-particle operator.

From the first-order time-dependent perturbation theory
we obtain the approximate eigenstate |W™) of the full
Hamiltonian H + V(t) attime r = 0:

(&Y = | W) + lim

Alwg). (D)
=0 Eg +w — H—l—zr] 0

Readers will immediately notice parallels of Eq. (7) with the
scattering theory where the Mgller operators Q) convert an
eigenstate of A (the Hamiltonian of the target system) at r =
Foo, into an eigenstate of H + V(0) (the full Hamiltonian)
[WH) = QB |W,) at time ¢ = 0 [cf. Egs. (14.66) of Joachain
[47]]. The scattering theory is required when electromagnetic
fields are quantized. For classical fields, Eq. (7) follows from
the first-order expansion (in A) of the Mgller operator Q. To
emphasize the similarity, we denote the state given by Eq. (7)
as the scattering state. In what follows, we omit the tilde which
we used to denote its approximate character.

3. Observables

Assuming we know the quantum state of the target att = 0,
some observables can be computed. Since we are interested
in the electron emission these are the expectation values of
current operators. The safe way to introduce them is to use the
continuity equation which is gauge invariant. The one-electron
current Ji is defined as the number of electrons Ny with a
given momentum k outside the target divided by the effective
interaction time (2)~!. There is a detailed discussion [16] on
why electrons in the sample give a negligible contribution to
the current. The same arguments are valid for the two-electron
case. Thus, we analogically define the two-electron current as

Jkl,kz = 71}1—1;12) zn(ﬁkl Nkz - 5k],k2 Nk1>‘ (8)
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In the expression above (and all subsequent derivations), we
do not explicitly spell out the spin quantum numbers. The
dependence on the spin can be recovered by substituting the
continuum quantum numbers like k by ko (likewise for bound
indices). The second term excludes the one-electron current
in the case when two momenta are equal. Equation (8) gives
access to the differential cross section through the following
relation:

d’o o I ©)
dkidk, 1
where I/w is the photon ﬂux dens1ty [48] For the velocity

gauge A = le p, I = the amplitude of
the vector potentlal and p 1s the momentum operator. Similar
expressions can be given for the length gauge.

The average in Eq. (8) is performed over the perturbed state
(7):

. ~ 1
Sk, = %lilg)zﬁ(‘l’om'

E0+w—I:I—i17

Tor
Ck1 Ck2 Ck, Ck,

AlWy), (10)

x Eo+w—H+in
where we used the usual anticommutation relations for the
fermionic operators. The current is quadratic in A or linear in
the number of absorbed photons. The first order in A gives the
linear conductivity current and is of no interest here [21].

To derive the Fermi golden rule for DPE we insert
a complete set of the (N — 2)-particle states and use the
scattering theory to evaluate matrix elements of the type:

= (Wo| AT -
Eo+w—H—in
We will generally use lower indices to distinguish quantum
states and upper indices to indicate the charge of the system
or the nature of the state (), i.e., incoming or outgoing wave.
For a scattering process with the following energy balance

Tor g2t
M;:Lkzqﬂ iy, |\II/3 )

E,=Ey+w— Ef'=8k1+8k2+Eé+,

the Mgller operator 2 translates a wave function in the

remote future into an incoming [they are sometimes called

inverted low-energy electron diffraction (LEED) states [35]]

scattering state at t = O:

Q(_)CLCL |\IJ§+) = lim #
=0 E;—H—1in

Following Almbladh [16], we obtain

=) Tor 2+
) = cb o |w2t).

- g
My k5= E—E, n<%|A 1wy, (an
resulting in the Fermi golden rule for DPE for an adiabatic

switching of V(t):

‘Ikl,kz = %1_133)277 ; \Mklakzﬁ}z

=2m ) S8(E: — Epl(Wy 1AM (12)
B

This is essentially an exact equation if strong field effects
are neglected, i.e., if the first-order perturbation theory in
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field strength is adequate. Now, we discuss some common
approximations. In the sudden approximation, the Mgller
operator is set to be the identity operator and it follows
I\IJ/(;)) ~ cllclzhlléﬂ leading, e.g., to Eq. (1) of Napitu and
Berakdar [49]. The sudden approximation is broadly used
to interpret the single photoemission. However, it is easy
to construct an example when it completely fails: consider
photoemission from a system surrounded by a impenetrable
potential barrier. Irrespective of the photon energy there will
be zero current in the detector. Thus, it is extrinsic losses [35]
that are missing in the sudden approximation.

B. Sudden approximation

In the sudden approximation for SPE it is possible to reduce
the many-body description to a single-particle picture which
also allows us to approximately treat the Mgller operator and
accommodate extrinsic losses. The central objects in such an
approach are the Dyson orbitals [50]. The hole Dyson orbital
is defined as an overlap of (N — 1) many-particle states with
the N-particle initial state:

Pa(x1) = Wfd(xz [ x|
X Wo(xq,...,XN)

= (W[ (x1)| ). (13)

A rather extensive review of such overlap operators as well
as the proof on the last “dressed in the fancy outfit of
the occupation number formalism” identity can be found
in Ref. [51]. Practical approaches for their computation are
overviewed in Refs. [52,53]. By introducing a similar two-hole
Dyson orbital

N(N -1
(2)(X1,X2)—\/ ( )/d(X3 xN)\I' T, ... xN)]

X \IJO(XL CouX

1 R R
= %(W,%*Iw(x])w(xz)wox (14)
and neglecting the Mgller operator, we obtain for the two-
particle current (12)

Tt =210 Y 8(E; — Ep)|(kike|A |9
B

where |kik;) is asymptotic two-particle state, i.e., antisym-
metrized product of two plane waves. The two-hole orbital
is antisymmetric with respect to the interchange of particle
coordinates and in general has a norm <1. To derive (15)
it is instructive to consider at first the corresponding matrix
element for SPE:

, 5)

1
D A lexches | Wo).

My~ —————
YT E —Ep+in &

Now, we have ckclcb|lllo) = Sk.qaCp|Wo) + clcbck|\llo) and it is
time to make another very important assumption:

cx|Wo) ~ 0. (16)

It is not valid in general, however, one can use the same
arguments as Almbladh [see discussion around his Eq. (11)] to
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demonstrate that it gives a vanishing contribution. For homo-
geneous electron gas, this is even a generally valid statement.
Aside from allowing us to compute the matrix elements, the
assumption (16) also justifies why terms resulting from the
second-order perturbation theory give vanishing contributions
to the current.

In this way (see Appendix D), My, = m(k|A|¢a>
and

Jo =271 ) 8(E; — Ep)l{k|Alg) .

For DPE, we analogically analyze the matrix element entering
Eqg. (11) and neglect terms with two holes at momenta k; and
k; (i.e., ck,ck, |Wo) &~ 0) as compared to the terms with only
one hole (Appendix D). Notice that for SPE we neglected one
hole term as compared to zero hole contribution [cf. Eq. (16)].
It is obvious that the sudden approximation is only valid for
large momenta k; » and it is indifferent to the state in which
the system is left in (the final double-ionized state can be
an excited state). Thus, it is desirable to generate improved
approximations to Eq. (12) by rewriting it in the two-particle
form, but with an improved final state [such as Eq. (4) of
Fominykh et al. [54] or Eq. (2) of Fominykh et al. [55]].

III. EXTRINSIC EFFECTS

A many-body target interacts with light such that a certain
number of electrons are emitted. Here, the fundamental
question is whether it is legitimate to describe the process
in such a way that only quantum numbers of ejected particles
are considered and remaining degrees of freedom are traced
out, i.e., put into some effective interactions. The projection
operator formalism is a general method to treat this kind of
problem. In this section, we introduce the basic concepts of this
theory and demonstrate to the reader that a deep connection
with the nonequilibrium Green’s function formalism exist. We
conclude this rather mathematical section by considering two
examples. Based on these examples, the Fermi golden rule is
derived in the subsequent section.

A. Nonequilibrium Green’s functions

In the Keldysh formalism [13], the field operators evolve
on the time-loop contour C shown in Fig. 1. Operators on the
minus branch are ordered chronologically while operators on
the plus branch are ordered antichronologically. Letting z; and
7, be two contour times, the Green’s function G(x1z;,Xx222) can
be divided into different components G (xt,x212) depend-
ing on the branch «,8 = +/— to which z; and z, belong. As
before, x; denote a composite coordinate comprising space
and spin variables. For « = 8 = —, we have the time-ordered

3>

t, +00

¢

FIG. 1. The Keldysh time-loop contour C. The forward branch is
denoted with a “—"" label while the backward branch is denoted by a
“+” label.
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Green’s function
G~ (it xaty) = —i (TP (i t) ¥ (xam)]). (17

In this expression, the average (...) is taken over a given
density matrix p and 7T is the time-ordering operator. The
subscript “H” attached to a general operator O signifies that
the operator is in the Heisenberg picture

On(t) =Uto.1) O U(1,10), (18)
where LA{(tl,tz) is the time-evolution operator and #, is an

arbitrary initial time. Reversing the time arrow the G~ is
converted into the anti-time-ordered Green’s function

Gt xah) = —i (T[Yu(an)vln)l),  (19)

where T orders the operators antichronologically. Finally,
choosing z; and z; on different branches we have

Gt (xit,xan) = i(l/};l(xzfz)l/}y(xlfl)%
Gt (xit1,x00) = —i<1ﬁH(Xltl)1/AfL(xzfz)>-

(20a)
(20b)

The last two components are equivalently written as G~ =
G~ (lesser Green’s function) and G™~ = G (greater Green’s
function), and describe the propagation of an added hole (G <)
or particle (G~) in the medium.

It is often convenient in addition to time-ordered and anti-
time-ordered functions to introduce the retarded and advanced
components

GR(x1,x251) = 0(O[G™ (x1,x231) — G~ (x1,x251)],
GA(x1,x2:1) = O(—D)[G=(x1,x251) — G” (x1,X2:1)].

(21a)
21b)

In order to find their representation in frequency space, we
multiply the retarded GF by ¢ with n — 0+ in order to
enforce the convergence and compute the Fourier integral

GR(x1,x0; ) = <xﬁ<x1) W(x2>>

o 1 N
+(dT(x ~ x1)) . (22
<W(2)Eo—w—H—inw( 1)> (22)
Let us further introduce (for general z € C) the particle-type
and hole-type GF by

GP(x1,x2;2) = <¢7<x1) gl <x2>>, (23a)

z—H

Wy ey — (G L 5
G (XI,.XQ, Z) - <I/f (x2) I:Iw(-xl)> . (23b)

From Egs. (23) follows

GYA(x1,x2; 0) = GP(x1,x2; Eg + w % in)

~G"(x1,x2; Eg — 0 F in).
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Finally, let us present the equation of motion (EOM) for the
retarded GF in the form

(@ + i) GR(x1,x2; )

=8(x; —x2) + <m<x1>,m g <x2)>

Eo+w—H +in

— <¢7T (x2) [V (x2), m> : 24)

Eo+w—H +in

The two-particle Green’s functions are much more diverse.
However, we will only need those containing creation op-
erators with the same time argument and the same holds
for annihilation operators. To specify the relative order of
creation (or annihilation) operators infinitesimally small times
are added. Because such Green’s functions depend on two
times only, the same nomenclature as in the single-particle
case can be used. Thus, we define

1

7z —

GPP(xy, x5 %1, %23 2) = <&(x1>&(xz) = aAre Al (x1)>,

1
:—H

G™(xy,x0; %1, %25 7) = <1/AfT(f2)1/AfT(fl) 1/7(x1)1/7(x2)>.

They are the constituents of the retarded and advanced two-
particle Green’s functions
iGN (X125 X1, %03 ) = GPP(xy,x03 %1, %23 Ep + o & i)
—G™(xy,x2: %1,%2; Eg — @ F in).

For the retarded function, the following equation of motion
can be derived:
(@ 4 in)GR(x1,x2; X1, %25 0)
= 8(x1 — X1)G~(x2,%2,0) — 8(x1 — %2)G ™ (x2,%1,0)
+38(x2 — %2)G7 (x1,%1,0) — 8(x2 — ¥1)G ™ (x1,%2,0)

W(xz>x@*(x1>>

—1i <[¢(X1)¢(X2),H] Fote_B 1

N N 1 N A A
—i <¢ﬁ A o [w<x1>w(xz),H]>.
(25)
B. Two projection operators

In the previous section, we have seen that relevant types
of Green’s functions can be written in the form of a resolvent
((z — H)™"), z € C. To be more specific about the state over
which the averaging is performed, we select from all possible
states of the target and emitted particles the relevant ones for
the effect of interest by employing projection operators. In
the following, we consistently skip .”. when writing these
operators and use 1 to denote the identity operator. Hence,
P + Q = 1 are two complementary projection operators with
the idempotence (P> = P, Q% = Q) as their defining property
and the basis formula for computing resolvents

1 P

P ~ = = =
z—H z—Hp—2p@2)

1
1 ~— |, 26
x|: +PHQZ—HQi| (26)
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where Hp = PHP, FIQ = QH Q, and the self-energy opera-
tor is defined as

- A 1 N

Yp(E) PHQE—I:IQ QHP. 27
The map F,: H — H,+ $p(E) is called the Feshbach-
Schur map, it relates the eigenvalue problem on the full Hilbert
space to that on its subspace. We summarize relevant matrix
identities in Appendix C. Due to the presence of the bath
Hamiltonian ﬁQ in Eq. (27), this definition cannot be used
for practical computation of the self-energy. Fortunately, a
connection with the many-body perturbation theory (MBPT)
exists [56,57]. If, for example, starting from the N-particle
Schrodinger equation H|W,) = Eo|W,) we use a projector

P =y —— (Wl J),

fig (1)

where 7i(r) is the hole density of ionized state «, i.e.,
i(r) = (v GV (r)| "), the eigenvalue problem on the P
subspace (C3) {(¥} |y (r)[Hp + Sp(E) — EIp]P|¥) = 0}
is the Lippmann-Schwinger equation for the hole Dyson
orbital (13). Notice that Hp contains the electrostatic and
exchange part of self-energy, whereas 3 p(E) — 0 for E —
Fo00. Similarly, in 1959 Bell and Squires [37] considered a
one-body potential for the scattering of a particle incident
on a complex (many-body) target. They demonstrated that this
optical potential is exactly given by the sum of all proper linked
diagrams, i.e., many-body self-energy in the time-ordered
formulation. In fact, their Eq. (7) directly corresponds to
Eq. (C3) when P is a projection yielding a particle Dyson
orbital.

In order to study single and double photoemission, we
introduce two special projection operators. The main goal
of this section is to establish an equivalence between the
abstractly defined self-energy [Eq. (27)] and the self-energy
of the many-body perturbation theory. We consider the
expression appearing in the first line of Eq. (26), i.e., resolvents
of the type

1 1
P ~P=P = - P
z—H z— Hp — 2p(2)
We will demonstrate that the formalism of nonequilibrium
Green’s functions is directly paralleled with the Feshbach
projection algebra (FPA). The basic relation for the subsequent
derivations are the operator identities

A-B) '=A"1"+A'BA-B)! (28a)
A-B)'=A"+A-B)'BAT". (28b)

We will show following that with
A=z—PAP=z—- Hp, (29a)
B=QHAP+PHQ+ QHO, (29b)

the operator identities (28) have a structure of the Dyson
equation for certain Green’s functions.
For SPE, we consider the projection operator

Py =) W) (W] ek, (30)
k
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where the sum runs over scattering states. It is common to
select these single-particle states |@k) to be eigenfunctions of
some reference Hamiltonian with proper boundary conditions.
We request that |\W1) is a completely bound remainder of the
ionization event and does not emit a second electron at a later
stage (Auger electrons is a typical example). There are many
equivalent ways to impose this restriction, for instance, we will
assume

W) =0, 3D

i.e., implying |W)) is a vacuum state for photoelectrons.
From the assumption follows the idempotency (P2 = P,,
see Appendix D for proof) and, thus, P, represents a true
projection operator. The application of P, restricts the possible
processes which might occur upon excitation to the definite
emission of one photoelectron, whereas the ionized system
is left in a (possibly excited) bound state |W}). From the
assumption Eq. (31) follows another restriction

lim (.0l = lim Y (xli)ei (0]
+ lim Y (x[K)e)W) =0, (32)
k

where the first term is equal to zero because each bound state (i)
is necessarily given by a square integrable function (converse
is not true). In the following, we will use another consequence
of the assumptions (31) and (32):

G (@ =0, Go(w =0, 33)

lim G= (x1t1,x20) = 11m G~ (x2t2,x1t1) = 0. (34)

r1—00

The projection operator for DPE we define as
Z ¢

Here, |\IJ§+) is the doubly ionized reference state, to which two
photoelectrons with continuum quantum numbers p and p’ are
added. We can easily show the idempotency of the projection
operator (35) if we require, similar to Eq. (31),

cp| W) =0. (36)

}\p” (95| cprcp. (35)

C. Example of SPE
1. Equation of motion (EOM)

As a starting point, let us use the following operator identity
which can be derived from Eq. (28a) or verified by direct
computation:

(z—

o

1 W
[:] a=Pa+Pa(H_

With the definition of the SPE projection operator P, in
Eq. (30), we find
1 1
Py——=Py =) W (Wl ~cl W (wic
— Z| N e — W) (¥ e

= Zc W HGE(2) (W ey,
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SINGLE- OR DOUBLE-ELECTRON EMISSION WITHIN ...

where we applied the definition of the particle-type GF (23a).
Note that the GF is defined for a particular subspace spanned
by the operator P, and should therefore always be understood
as the GF associated with |\If; ). For brevity, however, we omit
labeling GF by «.

Using these notations, the operator identity reads as

@—ED Y ch¥HGR ) (e
Pq

= chmﬁ (W lew + ) W (W cp(H — EF)
Pq

X

_1 ﬁc;;mf;)(w;kq.
With the help of our assumption (31) we can now remove
the sum by applying (¥, |cy from the left and c;;,pp; )
from the right as Eq. (31) implies (¥, |cprc£|\P; ) = Opp'-
Furthermore, we note that (\Iljlcp(lfl —EDH = (\Iloﬂ[cp,ﬁ]
because of H|W;}) = E}|W}). Hence, we obtain

(z = ENGW(2) = 8pq + (V] |[cp. H c;w;). (37
As stated above, we can think of |\Ifl;" ) as a vacuum state for
free particles [cf. Eq. (31)]. The hole-type GF is identically
zero. Therefore,

(g 2k Y — R
Gp‘a(Ea + o +in) = Gy (o).
Substituting z = E} + w+in in Eq. (37) we realize its
equivalence to Eq. (24). In other words, by applying
the FPA we can derive EOM for the retarded Green’s
function.

2. Effective Hamiltonian

In Eq. (28a), A~! plays the role of the reference Green’s
function. Correspondingly, P H P is the effective Hamiltonian.
Using the standard anticommutation algebra and the assump-
tion (31), we find

(WS |cpHel W)
= E}8pq + (¥ |[cp. Hlc |‘1’+)
= E8pq + tpq + Z(Upnmq — Unpmg) (W el e W)

= E;r‘qu + qu, (38)

i.e., it consists of the total energy of the ionized system
and the Hartree-Fock Hamiltonian for continuum states.
The latter is computed with the density matrix of the
target:

foq = toq + O, Vonam (Chcm)- (39)

nm

Let 4 be an operator acting on the subspace of contin-
uum states with matrix elements given by Eq. (38). Its
resolvent

1.
8m(D) = (W lp— ey 1) (40)
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relates to the reference retarded GF as g (@) = S(ESF +
w +1in).

3. Self-energy and the Dyson equation

The second correlator in EOM (37) amounts to

(W, [lep. 1

1
—cal V)

1 )
ﬁcww

= tpal ¥, Ica
a =
1
D Vpnan (W leficacs
.
n  ab

With Eq. (29) inserted into the identity (28a) we apply P,
from left and right, use the same trick to multiply with suitable
states from left and right, and find

~chlwh).

GR(2) = gP(2) — Zg@(z)tkk/G“” )

+ ZZ g (D GE)(2)
1

+222g (Z)Uknab \IJ |C cacbZ HC(E'\IIJ>

(41)

With z = E + @ + in, Eq. (41) has a structure of a Dyson
equation for the retarded Green’s function in the subspace of
continuum states:

R@) =R @)+ R @GR . (4
ka

The second sum runs over the full set of orbitals (bound
and continuum). This is the most general form and without
additional analysis it cannot be reduced to the Dyson equation
with the self-energy from the projection formalism [cf.
Eq. (27)]. Let us compare Egs. (41) and (42). At first we notice
that Eq. (39) defines the reference Hamiltonian only on the
subspace of scattering states. We might extend the definition
and request, for instance, that all the basis functions (bound and
scattering) are the eigenstates of the reference Hamiltonian.
This implies 7pq = €pdpq and 7,q = 0. Thus, mean-field terms
of the Hartree-Fock Hamiltonian are then canceled by the
frequency-independent part of the last correlator in Eq. (41).
In the case when the reference Hamiltonian is not diagonal in
the chosen basis the embedding self-energy terms additionally
appear. In the simplest case (no interaction), they can be written
as 2;}’;(1) =y Tpn gfl’,’,,) (2)t,q. Let us now assume that the
single-particle basis is such that no embedding self-energy
appears. What would be the diagrammatic structure of the self-
energy (27)? From the Dyson equation in the bound-continuum
sector

Gh(@) =) i (@) IR (@GR (@)

mk

+ Zg,m(w)ER (@)G (@), (43)
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we determine the Green’s function in this sector (Gj.) and
substitute in Eq. (42):

Gpy(@) = gh (@) + ) gh(®)
Kk’

8b

1 — gp %
where for brevity the subscripts b and ¢ denote the bound
and the continuum sectors. Expressions in square brackets
[Eq. (44)] can now be compared with the self-energy from
the projection formalism (27). Notice that the reference
Green’s function was assumed to be diagonal, i.e., g, = gpp
and gp. = 0.

X |:ECC+ b Zbci| GEq, 44)
Kk

4. Dominant scattering mechanisms

Let us recapitulate what led us to Eq. (44). We have chosen
a projection operator in the form (30). This specifies the
state of a system after the photoionization as containing one
photoelectron in the scattering state plus the bound ionized
target. Next, we obtained an effective Hamiltonian (38) acting
on the P subspace and used it to define the reference Green’s
function (40). We want to understand what is the diagrammatic
content of the Feshbach self-energy (27). It is not possible
to use this equation directly because it involves the effective
Hamiltonian on the complementary Q subspace. However, it is
possible to use another matrix identity (28a) and to formulate
the Dyson equation for the full Green’s function in the P
subspace (41) avoiding the use of the Q H Q resolvent. This
equation can be put in a direct correspondence with the Dyson
equation for the retarded GF from the many-body perturbation
theory. The difference between them is the domain where the
self-energies are defined: the Feshbach self-energy operates on
the continuum sector only, whereas many-body perturbation
theory does not impose such a restriction. By writing another
Dyson equation (43) in the bound-continuum sector, we can
finally obtain the Dyson equation with an effective self-energy
in the continuum-continuum sector. This self-energy is an
exact counterpart of the Feshbach self-energy (27). Critical
for our derivation was the choice of the single-particle basis.
We have demonstrated that it is the projection operator that
determines the effective Hamiltonian, and if the basis is such
that the Hamiltonian is diagonal the embedding self-energy
vanishes and one arrives at Eq. (44). No further assumptions
have been made and Eq. (44) is so far exact.

Let us analyze the meaning of different terms of the
photoelectron self-energy (Fig. 2). As discussed in details
by Bardyszewski and Hedin [33], Almbladh [16], and
Fujikawa and Hedin [34], scattering states that vanish in the
sample (damped) represent the real photoelectron states more
precisely. One can derive explicitly the residual interaction
which they experience. The reasoning is easier to perform
in real space where the Coulomb interaction depends on two
coordinates only [cf. Eq. (2)] as opposite to the Coulomb
matrix elements which are four index quantities. Since the
scattering states are damped in the sample, there are only
two nonvanishing Green’s functions G, and Gyy operating
exclusively in the inner (v) and outer (V') spaces, respectively.
The Green’s function starting in the sample and ending outside
of it (Gy,) and the reverse (G,y) vanish. We can rewrite
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(a) (b) ',/—-\\‘
\“\— ’)I
2'l’ac =
C C
(C) Il’ ______________ Premmmmmmemmm ~\I
E\ 9w ;
oy =t +

gVV

FIG. 2. (a) Example of self-energy diagram that mixes bound
and continuum states and is the building block of the second term
in brackets in Eq. (44); (b) mean-field Hartree contribution to the
effective Hamiltonian (38); (c) a typical contribution to the electron
self-energy in continuum-continuum sector in the case when the
photoelectron is completely screened in the sample.

Eq. (44) in these new notations, however, it is not even
necessary as it amounts to the mere replacement b — v
and ¢ — V. What has changed is the interaction lines in
the diagrammatic expansion of the self-energy. They can
connect v and V domains and generate therefore nonzero
contributions. It is easy to see, however, that the second
self-energy term vanishes: a diagrammatic expansion of X,y
necessarily contains at least one g,y line which is zero
according to our assumption. Thus, only Xyy needs to be
analyzed. By explicitly forbidding the particle exchange with
the sample, we arrived exactly at the case of elastic electron
scattering considered in the seminal paper of Bell and Squires
[37]. We will see below that the structure of Xyy is quite
general and appears in the diagrammatic consideration of other
processes, remarkably, in the parquet diagram treatment of
the Fermi edge singularities [58]. There, however, a similar
diagrammatic expansion arises due to the specific choice of
the interaction between the deep hole (labeled by m) and the
conduction electrons: H; = D ka/clck/cmcjn. In contrast
to their work, what induces a special structure of diagrams for
Yyy is not a specific form of the interaction matrix elements,
but rather the absence of the off-diagonal blocks in g. It
is easy to construct the electron self-energy fulfilling these
restrictions: it consists of one open photoelectron line (depicted
as solid line on Fig. 2) and a number of closed bound electron
loops (depicted as dashed lines). Because of the restriction
(33) there are no photoelectron loops.

The topic of the present section is quite extensive, and
such an aspect as the Lehmann representation of the Green’s
functions mentioned here was completely left out of our
discussion. This is, however, very relevant for the treatment of
finite systems, with important recent progress, e.g., [59].
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D. Example of DPE
1. Equation of motion

The derivation for the two-particle case goes along the
same lines. We insert the definition of the projection operator
[Eq. (35)] in the identity

1 N 1
2+ 2+
z—E;)P ~Pg = Pg+ Pg(H— E ~ Pg,
( ﬁ)ﬂZ_Hﬂ s + Ps( ﬁ)Z_Hﬁ
replace (W3  |cycp(H — E5Y) = (W3 |[cpcp. H], and as for
SPE compute the matrix elements of the whole expression.
The final results read as

2 (pp)
( —E +)Gp}:£)qq (z) = SpgSpq — Spq'Spg

1 4
(W5 epew Hl— ey |95

(45)

The prefactor % originating from the product of two projection
operators is canceled because of the symmetries of the particle-
particle GF and of the second term on the right-hand side of
Eq. (45):

_GP ()=

G(PP) (Z) g

G(PP) (Z) o

(pp)
PPa’q —Gppqq2)- (40)

Inserting z = E;* + w + in shows the equivalence of Eq. (45)
to the equation of motion (25).

2. Effective two-particle Hamiltonian

Analogically to the SPE case we consider the Feshbach-
projected Hamiltonian in the subspace defined by Pg and
describing two electrons including their interaction and their
mean-field interaction with the ionized system:

i)

— SpgOpq) + (\I/é*\[cp,cp,H] cf]c

<\Ilz+|cprcpHc

2 T w2
= Eﬂ+(5pq3p’q’ q ‘I’ﬁJr)v

(47)

where the last term can be expressed as follows:
(W2t lepep. Hlchel [W3T)

IpqSp'q — Ip'qdpq + Vppraq’ — Vppiqq
i 2+
Cy }\I/ﬂ )

= IpqSpq + Ip'qSpq —

+ 222 [vonan{¥

n  ab

—vp/,wb( +‘c cpcacbcT ! \112+)] (48)

24| .F T
5 |cn Cp'CaChCy

The first correlator in the square brackets evaluates in terms
of the density matrix with respect to |\Il§+) with bound state
indices to

Z[Vpnqmap’q’ - pnq’map/q] (Clc}’ﬂ>'

nm

Here, we have written it in terms of the matrix elements
of the antisymmetrized Coulomb interaction (2) Vipeq =
Vabed — Vabde- Similarly, the second correlator is obtained
from this expression by the index exchange p <> p’. The
effective two-particle Hamiltonian (47) is so expressible as a
Hartree-Fock Hamiltonian (39) for two independent electrons

PHYSICAL REVIEW B 91, 155116 (2015)

s
p
~ -
e s\ /,r S
1 1
+ 11/ .
AY ’ A ’
D S
q

FIG. 3. Interaction between the photoelectrons incorporated in
the effective Hamiltonian (49). Dashed lines denote bare bound-state
propagators. Dots denote the antisymmetrized Coulomb interaction

).

Q—"—»'B

plus the interaction (Fig. 3):

2 ~ -~
hypqq = Eﬁ+(5pq5p’q’ — 8pq'Sp'q) T (Tpqdpq + IpqSpqg)

- (fP‘I'ap’q + fP"lSPq/) + VP'P‘I"I' (49)

3. Kernel and Dyson equation
We return to the matrix identity (28a) and insert the splitting
(29) with P = Pg [Eq. (35)]:

1 1 1 A~ 1
Py =

and define the reference two-particle GF

®p) (2) = <\y

2+ T 2+
Sppaq’ B |CpCp’Z —7Cq le|‘1’ﬂ ). (50)

Invoking again the symmetries (46), which also holds true for
the reference GF, and applying the same states from left and
right, we obtain

(Pp) _ PP (pp)
Gppaq () = 8ppaq (D) + Z 8ppiae (2)
KK

X I:(\P/%Jr | [ckckr,lfl]—A

z—H
1

nn’

ey 4| V5")

\I—’§+ ’ [ekew, I-AI]CITI, cl ‘ \IJ§+>G2:521(1 (z)i| .

61V

It is instructive to divide the kernel entering the equation of
motion [second line of Eq. (45)] or the Dyson equation [second
line of Eq. (51)] into the terms containing higher correlation
functions and those expressible in terms of two-particle GFs:

(\Ilé+ | [ekew, H _1 cle

= Tiawaq (@) + Y (ten Gy (2) — G 1 (2)
b

+ Z VkK'ab ngpq)q, (2).
ab

The latter gives rise to the particle-particle embedding
self-energy. We can now formally introduce the correlated
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frequency-dependent and the static kernels:

1
Tkk’qq’(Z) = Z [Kﬁk’nn’(z) + EIC]ti’nn’:|G£1plf/Lq’(Z)

nn’

1 1 4
= Z Z Uknub(\ll§+ |ClerCaCb Z_—ﬁCL/CJl|\I}§+>

n  ab

- Z Z vk'nab(‘lf§+ |C,7:CkCaCh

n  ab

1 .

T 2+
X — ﬁcq,cg,mﬁ )- (52)
The static part is exactly canceled by the density-dependent
part of the effective Hamiltonian:

’C]ﬁ/qq/ = Z(Clcmnvknqmak’q’ + Vk’nq’makq

- anq’mfsk/q - Vk’nqm‘skq/]- (53)

The embedding self-energy originates from the kernel as well
as from the effective Hamiltonian (49):

(pp)
Z ICE?’nn’ Gnn’qq’ (Z)

nn’

= (fem Gy (2) = TGy (2))
m

(pp) (pp)
+ ) vearG g (D) = ) Viaepy G g (2)- - (54)
ab pp’

With the results (49), (52), (53), and (54) we can cast the
Dyson equation (51) in the final form

R R R
Gopgq (@) = Eppgq (@) + Z Z Sppki (@)

kk’ nn’

X K + Kt (@)] G pqq (@) (55)
Equation (55) has a form of the Dyson equation for the two-
particle Green’s function, however, the reference GF ggp,qq/(a))
is not given as a product of fully interacting single-particle
GFs, but rather is the full two-particle GF: the resolvent of the
effective Hamiltonian (47) which includes the full electron-
electron repulsion and the mean-field contribution from the
ionized system.

IV. FERMI GOLDEN RULE

A. Single photoemission

SPE was treated by several authors. We recapitulate the

main points. The total observed current is proportional to the

expectation value of the electron number operator Ny = clck.

Out of all possible final states of the target we discard
all unbound states, i.e., ck|\11j ) = 0 and choose only those
relevant for a specific experiment. Let A, be a corresponding
distribution function. For instance, when the target is left in the
ground state we can set Ao = 1 and 1, = 0O for all excited states.
Modified particle-number operator for this process reads as

Ni= Y el W ok = Y ho Pacfr P
o o
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The same expression can be obtained from the Langreth
approach starting from the Wigner distribution function [20].
Let now the SPE current be the expectation value of this
operator:

. 1
Ji = lim 2 Ao (Wo|AT _ Pycley P
k =0 77; a< 0| E0+w—H—i7] aCkCkla

x _ AlWp). 56
Eoy+w—H+in o) (56)

We only consider the case
1 N Py
bk~ 7 — g
E;—H+in  E —Hp—£0(E)

(57)

where we neglect the off-diagonal term in Eq. (26) and define
flfgi)(a)) =3 p(w £ in). We omit the subscript o« where it
does not cause a confusion. A simple calculation leads to the
modified matrix element

1
3 & (+
Ei — Hp — £57(E)
Using the same assumption for the computation of the matrix

element of A, (W7 |c, A|Wp) = (p|A|¢,) and the definition of
the Green’s function on the P, subspace

My o = (W] ek P, AIW).  (58)

1 i
E;— Hp — 253:)(131‘)

G(P)

) @+ e £in) = (Ul

we obtain for the current

T At (p) _
Ke=1im2n Y e Y (Gl ATIPIG o (@ + 20 = i)
o Pq

X G (@ + e+ im gl Algy), (59)

where &, = Eg — E}. As shown in Appendix B, we can
express the particle Green’s functions in terms of Mgller
operators

—(plxa). (602)

W+ E —E —IN
1
w+e,—e+in

Gg;()’a(w +eq —in) =

G (@ + &g +in) = (xeJla). (60b)

This finally leads to the current

Je=21 )" haldig |AIGa)0@ + 80 — £ (Bl AT i),

A standard definition of the spectral function entails to

A= 16a)8(2 = £a)(ghul.

Therefore, we can recast the expression for the current in a
more familiar response form

I3 2 n _
Jx=2m / dg 8w+ ¢ — &) (o | AAOAT 30,

[ee]

where the tilde denotes a spectral function with restrictions
imposed by the weighting factors A, and w is the chemical
potential, or in the Fermi golden rule form

Be=2m Y k(@ + £ — 80|ty 1 Al) .
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The major distinction from other approaches is that both initial
and final states are dependent on the final state of the target «.
Formally, | Xli;)) is the incoming scattering state of an electron
in the optical potential of the ionized target in the state |W.}).

B. Double photoemission

The total observed current is given in terms of the
expectation value of the electron-number operators Ny, =
]\A/k1 Nkz — Ok, K, Nkl ,viz., Eq. (8). Out of all possible final states
of the target we discard all unbound states, i.e., ck|lI/§+) =0
and introduce weights Ag selecting the relevant ones. The
modified observable reads as

v AR
Nk]kz = Z )“ﬂcklckz |\Ijﬁ+>(\pﬂ+ |Ckzck1
B
= Z Pﬂclzlcltzckzckl P,B' (6])
B
This allows us to improve upon Eq. (15):
1

Jqukz = %%27} ZA,B(QJ()'AT
B

Ey+w—H —ln

X Pgcy. ch CkyChy P AlWy). (62)
n

Ey+ow— H+i
Using assumption (57), Eq. (62) can be written in the Fermi
golden rule form with a modified matrix element
1

- 5 A|Wy).
E; — Hp —

Myky.p = (V5T e ek -
1k2. B ( B } 20k EE:,_)(E[)

Using the matrix elements of A, (\IJ§+|cqcpA|lIJO) =

(pq|A|¢(2)) [cf. Eq. (D8)], and the properties of the two-
particle Green’s functions (Appendix B)

2 .
G(ppm12 ﬁ(a) + 8;,) +in)

1
= (W2t|cpc — — el el w2t
( ﬂ |pqu—Hp—E£)+)(Ei) kz k1| ﬂ >
1
= 9)) ; (PQIWklkz /3) (63)

w+eg — ek — Ek, +in
we finally obtain for Eq. (10)

I‘L(Z)
Jr ky = 27‘[/ d¢S(w+¢ — &k, — Skz)
—00

X Wi s BAPOA Y o) (64)

where p® = maxg(Ey — Eﬂ+) is the negative of second

ionization potential, h”l((;lzz, p) is the incoming damped two-
electron scattering state in the optical potential of doubly
jonized target and A?(¢) is the two-particle spectral function,
which can be written in terms of two-hole Dyson orbitals

with e = Eq — E§+.
Notice that the current has been obtained using the ap-
proximation (57). Exact calculation leads to the appearance of

PHYSICAL REVIEW B 91, 155116 (2015)

the vertex functions resulting from Qg A|Wp) and describing a
screening of the optical field by the electrons of the target [16].

In valence shell DPE electron correlations in the valence
band are important, viz., the correlated two-particle spectral
function entering (64). In contrast, when core electrons are
involved, a dominant mechanism for DPE is due to the final-
state relaxation (so-called shake-off). Multiple stages are then
described by introducing corresponding projection operators
for each intermediate stage. In the following, we focus on the
diagrammatic approach because it allows us to treat all these
effects on equal footing.

V. DIAGRAMMATIC APPROACH

Treatment of the off-diagonal part of the Hamiltonian
resolvent is the main difficulty of the Feshbach projection
algebra. It is even more aggravated in the two-particle case.
The diagrammatic technique provides a natural and practical
solution to this problem.

A. Derivation

Equation (10) when transformed to the time domain gives
rise to the following ground-state correlator:

Z(1.t') = (Wole(t)ea(t)cf, (0)cf (0)ck, (0)ck, (0)
x cl(t")ea(t)| Wo), (66)

where the field operators are in the Heisenberg representation
and ¢, t’ € (—00,0] are physical times. For clarity, we omitted
the indices in the notation of the correlator. It can be evaluated
diagrammatically by adiabatically switching on the interaction
in the remote past, i.e., Hy = Hy + e~°"l H;. Now, the average
is performed over the noninteracting ground state |®() and
the times 7, < t;" lie on forward and backward branches of
Keldysh contour y (Fig. 1), respectively:

Z(t 1) = (Do| THe WO (1 ooty
x cf. (0)ef (0)ciy (0)ci, ()l (1 )ea(t )} | Do) (67)

T here is the usual contour ordering operator [13] with the
order relation <. Hy is such that it is equal to the Hamiltonian
of noninteracting system Hy in the remote past and is identical
to H at r =0. Notice that it is different from adiabatic
switching on of the electromagnetic field in Eq. (7). |®y) is the
ground state of 1-70. Using Wick’s theorem, we can contract the
product of field operators in order to express the correlator in
terms of products of single-particle Green’s functions. Zeroth
order obviously yields four fermionic lines. However, if we
use the same assumption as in Sec. IV B, any zeroth-order
diagram vanishes. This is easy to understand by comparing
with SPE case. There, no-zero contributions are coming from
the following contraction:

T | ] ’ | /
(eh(t)ea(t)eh0)cp(0)el(t et ).
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This is the only combination that results in greater GFs when
one of the arguments is a scattering state [and is compatible
with (33)]. In particular, the above contraction equals to

Eap(D85, (" = Dgp(—1).

In DPE, two creation operators with continuum state indices
need to be contracted with two annihilation operators on
the positive track. However, there is only one such operator.
Hence, zeroth order in interaction is zero. The argument that
excludes the first-order diagram is slightly different and is
based on the fact that bare interaction is instantaneous, i.e.,
corresponding time arguments necessarily lie on the same,
positive or negative, track.

Second-order nonvanishing contributions contain products
of two Coulomb interaction operators (e.g., at contour times
7, and 7_) and already a familiar product of six operators
as in Eq. (67). From all possible contractions (they yield
eight fermionic lines), we have to exclude many terms.
Some of them immediately vanish because of the assumption
(33) for noninteracting GF. Others represent the Hartree-
Fock renormalization of two fermionic lines and likewise
vanish because of the same assumption for the full fermionic
propagators [Fig. 4 (a)]. Then, there are diagrams [Fig. 4 (b)]
containing isolated islands of pluses and minuses which also
vanish because otherwise the two-particle current cannot be
written in the Fermi golden rule form [60,61]. Finally, there

_A (a) _A (b)
+ "‘
3 ’
+AT +AT
A () A (d)
A

k2 k1 k1
+ +
-i—AT +A,r

FIG. 4. Second-order diagrams (in bare Coulomb interaction)
representing the DPE process. The dots labeled k; and k; correspond
to the scattering state of two electrons observed in a coincidence
measurement by the detector. Notice that not all combinations of
pluses and minuses are possible because Coulomb interaction can
only connect vertices on the same branch of the Keldysh contour.
(a) Diagram vanishes according to the assumption (33) for dressed
GFs. (b) Diagram vanishes because it contains an isolated island
of minuses. (¢) and (d) are the lowest-order nonzero diagrams. The
remaining two are obtained by permuting k; and k,.
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_A (a) _A (b)
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FIG. 5. (a) Diagram for the two-particle current involving dressed
two-particle propagators. (b) Simplest diagram where the optical
field is screened. (c) Example of a diagram describing external
losses. Thick wavy line denotes the screened Coulomb interaction.
(d) Generic diagram for the two-particle current.

are only four (times two for exchange) nonzero diagrams. Two
of them are depicted at Figs. 4(c) and 4(d).

It is clear now how more general diagrams for the two-
electron current can be constructed: (i) One replaces all bare
fermionic propagators and interaction lines with the dressed
ones. (ii) Each pair of parallel fermionic lines are replaced
by the corresponding two-particle propagator [Fig. 5(a)]. In
doing so, one obtains, in principle, diagrams given by Fig. 1(b)
of Fominykh et al. [54] with a small correction that zeroth-
and the first-order two-particle GF should be excluded from
the vertical track. (iii) Next class of the diagrams are those
that describe the screening of the optical field [Fig. 5(b)]. (iv)
Processes involving intrinsic or extrinsic losses are given by the
diagrams with interaction lines connecting points on different
tracks, i.e., “+—," “+0,” “—0.” They cannot be obtained
by the renormalization of fermionic or bosonic propagators;
one such example shown in Fig. 5(c) reveals a process with
extrinsic losses.

Finally, we give a description of a general diagram for the
photoemission process. Examining SPE and DPE diagrams
we see that all of them are constructed from the common
ancestor: the density-density response function x <= y
having a form of two islands with time arguments belonging to
either forward or backward tracks of the Keldysh contour. Now,
we introduce detectors [shown as black squares at Fig. 5(d)]
measuring Ji, k,. As explained before, (i) the lesser GF with
one of the indices being a continuum state vanishes because of
the assumptions (31) and (32); and (ii) observation is made at
the rightmost point of the contour (i.e., at z_ = ¢, = 0 in our
notations), thus, each detector measuring particle numbers Ny,
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is connected to two greater GF. In view of this, the detectors
“lie” on the fermionic lines flowing from the “—” (forward
track) to “+” (backward track) islands. Each response function
constructed in this way has an important property that it can be
represented in the Fermi golden rule form, such construction
obviously generalizes to an arbitrary number (n) of emitted
particles. Simple counting shows that these processes are of at
least 2(n — 1) order in the Coulomb interaction.

The diagram in Fig. 5(d) is a generic one describing all the
DPE processes including the ones with losses such as shown
in Fig. 5(c). One can go a step further and give a prescription
for classes of lossless diagrams. A detailed analysis of this
particular situation is possible and will be done elsewhere.
Here, we mention without a derivation that such diagrams can
be split into the scattering part [the two-particle propagators
can be written in terms of the scattering states Wk,kz ﬁ) cf.
Eq. (63)] and the spectral part [containing the two-particle
spectral function, Eq. (65)].

B. Example of plasmon-assisted DPE

As an example, we consider the processes depicted in Fig. 6.
The diagrams show a very common situation where a primary
electron excited by the laser pulse is losing its energy on the
way to the detector by exciting a secondary electron. There
could be either bare or screened Coulomb interaction between
the two electrons. In the latter case, some resonant phenomena
related to the excitation of, e.g., plasmon are expected. The
SPE case [Figs. 6(a) and 6(b)] is identical to the process of
secondary electron excitation considered by Caroli et al. [21].
All DPE processes covered by the diagram in Fig. 6(c) form
a subset of the SPE process. The only difference between the
two scenarios is whether primary, secondary, or both electrons
are observed in the detector.

Since we do not take into account the interaction between
the two emitted electrons [as given, for, instance by two
I' blocks in Fig. 5(a)], one can express the final result for
the current as a matrix element over the direct product of
two single-particle scattering states. This is typically a good
approximation for the case when two electrons have different
energies (momenta), or for approximately equal k; and k; in
the case of larger energies [48].

+ + +
AT AT AT

FIG. 6. Diagrams for the plasmon-assisted photoemission. SPE
setup: only the primary (a), secondary electron (b) is observed, the
fate of another electron is not specified. (c) DPE setup: both primary
and secondary electrons are observed in coincidence.
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To work this out, consider a part of the DPE diagram
that contains a product of two GFs involving the external
momentum k. Introducing the Fourier representations for
each of the GFs G, (t) = [*°, Le TG (v), Giy(—T') =

oo 2w
/2 OOOO Z;’r e G, (v"), expressing the interacting GF as a
product of the Mgller operator and the free-particle Green’s
function (see Appendix B), we obtain expressions similar
to Eqgs. (60). Thus, in the time domain the product of two
interacting single-particle GFs reduces to a simple propagator
computed on the scattering states with incoming boundary

conditions:
Go(DGE(=T) = (xy 1b)e N a|x )
x 0(—1)0(—1")e? T+, (68)

As an exercise, let us evaluate the diagram in Fig. 7(a)
describing the SPE process with extrinsic plasmon losses. The
currentis given by the following expression in the time domain:

Jx = hm 2n hmZ/d(xx )/ d(tt )e”(’+’)/ d(zt))

abed
x &N GG (1 DG (T YW (T,T)
x Gy (0,7)G 5 (1,00G (1, 1) (A" (69)
Representing the lesser Green’s function on the vertical track
in terms of the electron spectral function [normalized as

Zb o 2n A;,;,(g“ ) = N, N is the number of electrons in the
system]

mod o
Gt 1) =i f S A a0

and the greater component of the screened interaction in terms
of the plasmon spectral function

Wo(t,7)) = —i / ) SB“@) SEET (70
0 2

representing time-ordered G, (t',t') and anti-time-ordered
Gj’x*'(t,r) as Fourier integrals and using expression (68), we

<
G(/h(e’ﬂ_(‘ﬁ-‘:)‘

@A,

ab

FIG. 7. Energy flows in (a) SPE diagram with external plasmonic
losses, (b) DPE diagram describing a related plasmon-assisted
process. Analytical expressions corresponding to these diagrams are
first written in the time domain, then the integrations are performed by
Fourier transforming all the propagators, and lastly the limits n — 0
and § — O are taken.
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obtain
“dg o [ds
J = rl}l_r)n%l_r)nZ/d(x o[ [ e
fd( )2 !
X w1
172 nw—i—{—wl —inw+¢—w +in
1 1
x —G oo ()G (@)

w —&—ex—idwr—&—¢ex+1id
X 1) Aca Aap(©)(Dap) (X1t

Now, the limits can be taken making use of an identity
discovered by Almbladh [16] (see Appendix E). It transforms
the product of four fractions in the equation above into the
product of three é functions Q) 8w —w — 8wy — w —
£)8(€ + ex — w + ¢), and after the frequency integration we

obtain
w )
Jo = 2m / ‘”/ ﬁ5(s+sk—w—c)

. /d(xX’)<xf)|x’>Bxx/(é)(xle)>

(72)

x [GT (0 + OAAQ)ATGT (w+ Ol (73)

The two-particle current is obtained along the same lines
using the energy flow as shown on Fig. 7(b):

“d “d
Jk]kz—Zﬂ/ 4/ 4/ —8(%‘4—8]('—(1) Z)

x / d(xx'z2) (1KY Wog W@ xx, )

x (012 Ar O elx ) Sew, — & — O
X [G7 (@ + OAAQAT G (@ + Oler.

Similarly to the previous case, the limits  — 0, § — 0 yield
a product (of five) § function which were subsequently used
to perform three frequency integrations here (see Appendix
E). All the quantities in Egs. (73) and (74) can be expressed in
terms of the spectral functions. We can, for instance, start with a
general expression for the time-ordered and anti-time-ordered
functions in terms of the functions on the Keldysh contour:

@ =8 +0(0) f7 (1) +6(=1)f (),

FH@ = =280+ 0(—0) f~ (1) + 0(0) f (1),
where in the first equation T =7_ — ¢’ is equal to the time
difference on the forward branch of the contour, and 7 = 7, —

t, is equal to the time difference on the backward branch of
the contour in the second equation. After the Fourier transform

(74)

(75a)
(75b)

fl) = o dreT f(1), we have
N do' lf>((1)/) lf<((1),)
=, +f2n [w—w/+i8_w—w/_i5}'
(76)

The fluctuation-dissipation theorem at zero temperature allows
us to express the lesser and greater propagators in terms of
the corresponding spectral functions [Kubo-Martin-Schwinger
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(KMS) conditions [10]]:

G (@) =ib(u — A, G () =i - wA©w).
The screened interaction obeys KMS conditions for bosonic
propagators
W) = i6(-0)B@). W (0) = ~if(@)B),

with the symmetry property for the spectral function B(—w) =
—B(w) [follows, e.g., from the fact that WR(z,t') is a real
function or, more precisely, a Hermitian matrix]. We have
already used these equations [cf. Egs. (70) and (71)] to express
SPE current in terms of spectral functions. Using Eq. (76),
we can write the spectral representation of the fermionic

propagator

A * dw 0 10}
G () = / (“ L
oo 2T —w —1ié
where p is the Fermi energy. The anti-time-ordered GF
is obtained similarly G™*(w) = —[G~~(w)]!. The screened

interaction is expressed as an integral over the positive
frequencies:

A . ®do 20
W (w) = v+/ —B(0)———
0

2 w? — (0 —i8)?’

O(w' — )
w—o +is |

while W (0) = —[W (o)1

Let us consider plasmon-mediated DPE. This process is
of relevance for metallic and large molecular systems. Since
plasmon is a long-wavelength or small-momentum electronic
excitation, it is useful to go from the abstract basis to
momentum representation and write W~ (k,w) in a short form
as

C()2
Wik) = vk[l % } (77)

w? — a)g(k)

where w,(k) is the plasmon dispersion wp = wp(0) is the
classical plasmon frequency, and v; = k2 is the matrix element
of Coulomb interaction. It is clear that in this form the plasmon
peak completely exhausts the f-sum rule. Such plasmon
pole approximation for the screened interaction is broadly
used in the electronic-structure calculation when full-fledged
calculations are not feasible. Similarly, it can be used to
simplify Eq. (74).

C. Numerical results

Let us make some simplifications. Usually, it is a good
approximation to start with the mean-field Green’s functions

(xla)nafaly)
Z w—¢&;, — I8 + Z

aeocc aeunocc

(xla)na(aly)

, (78
w—¢g,+1i8 (78)

Gy (@) =

where n, is the occupation number of the state a and
n, =1 —n,. After straightforward, but tedious, calculation
the frequency integrations in Eq. (74) can be performed [for
technical reasons it is better to start from the time rather
than frequency expression, and it can be obtained by directly
transcribing the diagram in Fig. 7(b) using standard rules]
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yielding the following expression for the two-particle current:

A Z npg Acp Dpad(@ + €p + €4 — €k, — Ek,)

Jak, =
e (€c + €4 — €k, — €1,)(Ey + €k, — €4 — Ea)

abcd
« Z|: fklc(szd) Vg, @ }
e L(ea —e,) — wg(éh)
« |: aky (fdkz) Vg @) ] (79)
(a — &k,)* — wf,(th)
with the following matrix elements:
aqk = /d3r (a|r)e_iq'r(r|xl£7)). (80)

Notice that it is not necessary to separately treat the bare
Coulomb interaction; it can be recovered as w, — oo limit as
explained in [62].

Let us compare Eq. (79) with the general result obtained
using the Feshbach projection formalism (64). For the mean-
field approximation (78), the two-particle spectral function is
diagonal and is given by the convolution of two single-particle
spectral densities:

ADN) = / dt App(¢ — 0)Aaa(?)

= f d¢ npng (¢ — ¢ — ep)8(¢ — &)
= nphqd(ep +&q — ¢). (81)

The energy conservation for the whole process, which is given
by the § function in the numerator of (79), is expressed in
terms of the two-particle spectral function A® (gy, + &k, — w)
[cf. Eq. (65)]. The denominator of the first line reflects the
resonant character of the considered two-step process. From
the resonance conditions (zeros of the denominator) we see
that the double photoemission is enhanced when a and ¢ are
continuum states and therefore we denote them as k, and
k.. We replace the scattering states | X;?) and | Xg)) entering
the matrix elements (80) by the plane waves and perform
the integration yielding f]g,k = é(k — k, — q). Combining all
together we obtain the following concise expression for the
plasmon-assisted DPE process:

Jk]kz =47 Z Z AknbAbka Afd)(&‘kl + Ek, — a))

Kok, bd
(k1 + ky — k,|d){(d|ky + ka — k)
(ex, + &q4 — &K, — €x,)(Ek, + €k, — €k, — €4)
xW(ky — ke,eq — e, )W(ky — Ky,€0 — &x,). (82)

We have seen that the plane-wave approximation for the
scattering states (i.e., the Mgller operator is given by
the identity operator) results in a great simplification for
the two-particle current: it is given by a sum over two
bound states (they correspond to two lesser propagators in the
diagrammatic representation of this process) and by the two
momentum integrals corresponding to the propagators of the
secondary electron. In contrast, in the full-fledged calculations
based on Eq. (79), the momenta of the secondary electron
and the emitted electrons are not rigidly related. Therefore, in
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general, two additional momentum integrations are required.
This will be the subject of a forthcoming publication where
this formalism is applied to a large molecular system.

The DPE process described by Eq. (82) is suited to probe
the plasmon dispersion and damping. First, let us look at
the classical plasmon that carries vanishing momentum and
otherwise is strongly damped. This leads us to consider
the case k, ~ k. ~ ki, and &4 — &, = w, is the condition
for the plasmon resonance. In this case, the second line
reduces to |(k2|d}|2/wg, and is clearly off resonance. The
situation greatly changes if we allow for the plasmon to
carry finite momentum q. and consider a large momentum of
the secondary electron k, ~ k. ~ k; > /@,. For simplicity,
take a symmetric situation when both screened interaction
lines carry approximately the same energy and momentum
and denote K ~ —(k + k)~ (kc +ky)andqr k, — k| =
k. — K. In this case, one achleves the resonant enhancement
when

£k —gkl %gk( —gkl :2(qK) :a)p.

a

Thus, for collinear k,, k., and k; the probability for the
plasmon-assisted emission of the secondary electron is en-
hanced when K reaches the value of w,/qc.

In order to illustrate the features arising due to the
plasmon-assisted process in an experiment, we computed
the current for a simple model system. To be concrete,
we consider the basic jellium model for the Cgy molecule
(treated as spherically symmetric) [63,64], which is known for
its pronounced (dipolar) plasmon resonance at w, ~ 22 eV.
Inserting a smoothed boxlike potential as approximation to
the Kohn-Sham potential, we solved the Schrodinger equation
for the 120 orbitals required (240 electrons in total). This
procedure yields the single-particle energies ¢, associated to
the orbitals ¢4(r), from which we can compute all quantities
in Eq. (82). Because of the spherical symmetry, we can
separate the radial and the angular dependence, that is,
¢q(r) = ”"r(’) Yy, m,(#) [Yen (7) are the spherical harmonics] and
only solve the radial Schrodinger equation. For the optical
matrix elements, we choose the length gauge and assume a
linear polarization along the z axis (A = z). Since we are not
interested in the absolute scale, a prefactor proportional to the
field strength will not be included. The matrix elements Ay,
attain the form

A, =47 Y Comtymy 5600 Yo (R).

tm

spo(k) = / dr rruy(r) je(kr),
0

where j, denotes the spherical Bessel function. The coef-
ficients Cppe,m, are obtained from the standard Clebsch-
Gordan algebra [65,66]. Similarly, the Fourier-transformed
orbitals (Kk|d) = ¢d(k) can be expressed in terms of
the Bessel transformation: qbd(k) _471ud(k)Ygdmd(k) with
la(k) = [o° dr rug(r)jo,(kr).

Next, we transform the summation over k, and k. into
integrations and substitute them by the integration over the
momentum transfer vectors q, . = ki — K, .. At this stage,
no further simplification can be made, such that the six-
dimensional integral has to be evaluated. However, it is
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reasonable to consider q, . as small since the plasmon branch
enters the particle-hole continuum for growing momentum,
where it is strongly damped. Hence, we introduce the momen-
tum cutoff gm.x and assume ky,kr > Gmax- Thus, we approx-
imate Ak, .p = Ak,—q,.» ~ Ak and a(ky + Ky — Ko ) =
¢a(ka + qa.c) = ¢pa(ky). Furthermore, we integrate over the
spherical angles of k; and k;, keeping only the dependence on
their magnitude. Thus, the two-electron current can be written
as

Tiiks 0O |Comeymy soe (k) [ia (k)|

bd tm

2
[0)]
x<l+Re P

T)2 2
(Sd—8k2 —lF) —wp

2
) Fu(ki.k2), (83)

where

Gmax 1 2
Fy(ky,ky) = d .
athr ko) ('/0 qq2+2qu _k%+2<9d)

Note that we inserted the imaginary shift iI" in the energy
argument accounting for a finite width (lifetime in the
time domain) of the plasmon resonance (which is assumed
dispersionless for simplicity).

In an experiment, the distinction between primary (k)
and secondary electron (k;) is, of course, not possible. For
this reason, the photocurrent needs to be symmetrized (let
us denote it by J™). Representing the J¥™ as a function
of ek, and ey, yields the typical energy-sharing diagrams
(Fig. 8). Spectral properties of the system [dominated by
AP ()] display themselves along the main diagonal, as only
the sum gy, + &, enters. Dominant scattering events mediated
by the (screened) interaction on the other hand are visible along
lines ek, = const (or gk, = const). As Eq. (83) indicates, the
two-particle current contains contributions from (i) the bare
Coulomb [two interacting lines in Fig. 7(b) are not screened],
(ii) plasmonic scattering (both lines are screened), and the
interference terms. (i), (ii), and the total contribution are
shown at Figs. 8(a), 8(b), and 8(c), respectively. For vanishing
I', the current is dominated by sharp plasmonic resonances.
For finite damping parameter such as used for the present
simulations (I" = 0.1, we use a realistic value as in Ref. [67]),
the interference terms are important: we still have a large
plasmonic contribution [viz., Fig. 7(b)], however, the bare
Coulomb contributes with the opposite sign. Therefore, in total
current the large peak at e, &~ 0.15 becomes less pronounced
and additional peaks at higher energies (e.g., at gk, =~ 0.5)
appear. The whole spectral width of the signal is limited by the
two-particle spectral function shown in Fig. 7(d) as a shaded
curve.

VI. CONCLUSIONS

There are a large number of theoretical works devoted to
the interaction of light and matter which involve the emission
of one or more electrons. This contribution is meant to
expose parallels between the single- and the double-electron
photoemission in a formal way. We started by defining corre-
sponding observables and deriving expressions for one- and
two-particle currents based on the first-order time-dependent
perturbation theory. These expressions are suitable if exact
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FIG. 8. (Color online) The symmetrized two-electron current as
a function of the photoelectron energies (energy-sharing diagram)
for typical parameters: @ = 2.0 and w, = 0.8. The color scale is the
same for all three panels and runs from dark blue to red, indicating
increasing values. (a) The process is mediated by the pure Coulomb
interaction. (b) Pure plasmonic contribution. (c) Total (bare Coulomb
and plasmonic contributions) signal including the interference terms.
(d) Equal energy sharing (s, = &x,) for the current and trace of the
two-particle spectral density (shaded curve).

formulas in terms of many-body states are required. In
order to obtain computationally useful expressions, many-
body effects should also be accounted for in a perturbative
fashion. Thus, in the first part of the paper we applied
the projection operator formalism. Starting from the explicit
form of the projection operators dividing the whole Hilbert
space of the system into that of the emitted electron(s) and
the target, we derived the effective one- and two-particle
Hamiltonian, discussed integral equations for the Green’s
functions describing emitted particles, and demonstrated a
close connection of this formalism to the nonequilibrium
Green’s function theory. For the latter, one can easily derive the
diagrammatic expansions for one- and two-particle currents
starting from the time-dependent perturbation theory and using
the adiabatic switching of the electron-electron interaction.
Hence, we have electromagnetic field switched on at the
remote past (as ¢") and independently adiabatically switched
on the interaction such that the total Hamiltonian takes a form
Hs = Hy + ¢~ H,. We analyzed in details the diagrammatic
structure of one- and two-particle currents. It is surprisingly
simple: one starts with the density-density response function
x = which necessarily contains two blocks associated with
the forward (“—) and backward (“+”) parts of the Keldysh
contour. Requesting that one or two lines flowing from “—”
to “+” blocks are associated with scattering states (with
momenta k;), one obtains exactly the diagrams for SPE and
DPE currents showing the close connection between these
types of light-matter interaction. It is not difficult to generalize
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this approach to an arbitrary number of particles. Finally, we
presented a detailed analysis of the plasmon-assisted DPE
and showed that if one of the emitted particles is unobserved,
its diagrammatic representation reduces to the one describing
external losses in the SPE process considered by Caroli et al.
[21]. Plasmon pole approximation was employed to derive
computationally manageable expressions. We illustrated the
distinct features to be expected in an experiment by analyzing
the simple and yet realistic jellium model for the Cgg molecule.
This will be used in the forthcoming paper devoted to the ab
initio treatment of this large molecular system.
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APPENDIX A: PARTICLE-IMPACT IONIZATION

Under some circumstances, the formalism developed in the
main text can be extended to other mechanisms of ionization,
e.g., particle-impact ionization. The basic requirement we
impose is the distinguishability of the projectile from the target
electrons. This applies also for a projectile electron if the
impact energy is high and the small-momentum transfer is
small (optical limit).

The target we describe by the Hamiltonian (4). The
Coulomb interaction between the projectile (with charge Z)
and the sample reads as

V= % Z Z Vavbucldidcy.

ab v

(AD)

d, (dI ) is the annihilation (creation) operator of the projectile
states |v). These states can be chosen as the eigenstates of the
projectile Hamiltonian ﬁp with energy ¢,.

Assuming that the projectile initially possesses the mo-
mentum kK;, we can construct the asymptotic state prior to the
interaction (that is, at t = —o0) as the product state

Wox) = ki) ® [Wo).

V is switched on reaching its full strength at 7 = 0. Assuming
that its average value is much smaller than the kinetic energy
of the projectile, we can apply the first-order perturbation
theory (i.e., the first Born approximation in the projectile-target
interaction [47]). Denoting the full Hamiltonian by A+ fzp,
one may write

1

TP = Wy ) + lim — VIWox,).
W) = [Wo,k,) " Eot e — B —hy +im [Wo,k, )

(A2)
The projectile has a well defined final momentum Kk;. In
analogy to Sec. IV A, we introduce the particle-number

operator

Nk — PkaPf

with Py = |kr)(k | projecting only onto the projectile space.
Ny acts on the system’s states only (including the ejected
electrons upon particle impact). Evaluating then the current as
in Sec. I A and approximating the projectile states by plane
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waves (r|k) = ¢’*T yields
Jk = lim 2)7<‘-I’0 k |‘7T 1,\ =~ PfCl];Cka
n—0 o EO+8k,-_H_hp_in
1 .
X ~ ~ - V|‘Il0,k,-)
E(]—I-Sk‘.—H—hp—}—lT}
N 1
= lim 2n(Wo| V" (q)f _ e
i n{WolV= (@) Eoten —on — A —in kCk
1 .
x V(@) Wo), (A3)

E0+£ki—8kf—ﬁ+ir}

where q = k; — k is the momentum transfer, and V*(q) is
the effective single-particle operator acting on the target wave
function, explicitly

N oo N VA
Vet —ke) = (ki V1K) = = D vakcher. (A4)
ab

In this optical limit,

dnZ

Veff(q) — q2 eiq.r (AS)

acts similar to the light-matter interaction A: the transferred
energy (or energy loss) ek, — &k, resembles the photon energy.

APPENDIX B: GREEN’S FUNCTIONS

Let us recast the following many-body correlators from
Sec. IVA,

T|\y

G () = (VU |ep———F—c
a pZ_ Hp _ ZP(Z) q

+
pPq.@ >’

o

in the form of one-particle averages. We define the particle
propagator of one-particle system in the presence of optical
potential W(z):

1

Opq(2) = (P|m

lq)-

Consider G;ﬂ,),a(a) + Ey £ in). The matrix element of the ef-
fective Hamiltonian operator in its definition can be simplified
to

(Wl eplHp + Ep()Ic W) = ES + (pIHf + Wa(2)la),

where we decompose the total N-particle Hamiltonian H as a
sum of three terms:

A=A+ 0%+ 7.
Here, A r is the free-particle Hamiltonian, H™ is the Hamilto-
nian of ionized system

AW = EF 1)),

and V is the frequency-independent part of the self-energy. If
the optical potential is identified with the self-energy, then we
can relate two propagators

GE (@ + Eg+in) =G (0 + &),

where we introduced the Green’s functions g{i;)(w) =
gl(,i(;)(a) +in) and ¢, = Eg — EJ. From the formal scattering
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theory (see Sec. 20 of Joachain [47]) and independent of the
concrete choice of the representation, we can express them
in terms of the Mgller operator and the free-particle Green’s
function

GE(w) = QPG (). (B1)

Two-particle case. For DPE, the two-particle Green’s
function over the excited state \IféJr is required:

1 bt

G(pp _ _ i 2+’
ok ) = (¥ z—H, = 2p(2) 5]

Wit
B [ €k ey |V
where the projection operator is defined by Eq. (35). This
propagator can be related to the scattering Green’s function of
the two-particle system in the presence of the optical potential

of doubly ionized target
G(ppklkz ﬂ(w +Eoxin) = qu kikz, ﬁ(w + 8/(32))

with 8/3 = EO
the form (B1).

24 o) - -
— E5". Gpq kK, p Can be likewise expressed in

APPENDIX C: MATRIX IDENTITIES

The formalism presented here works in finite- as well
as in infinite-dimensional Hilbert spaces. For illustration we
formulate it in the matrix form. Given M is square block

matrix
A B
M = |: c D] , (ChH

where D is square invertible matrix, the Schur complement
[68] (also known in physics as the Feshbach map [57,69,70])
is defined as

A=A-BD7'C.

We might think of M as a Hamiltonian operator acting in
some larger Hilbert space, whereas A is the same operator, but
acting in a physically relevant subspace. P is the projection
operator onto this subspace (PMP = A)and Q =1 — P is
its complement (Q M Q = D). For definiteness we may take
M to be a compact self-adjoint operator on the Hilbert space
describing an N-fermion system H¥) and A its projection
upon the Hilbert space of two particles H®. Because of
the couplings between subspaces (for physical Hamiltonians
obviously holds B = C), M and A have different spectral
properties. Nonetheless, one can show the following equiva-
lence:

MV =0 < APV =0 (C2)

for a vector V.e H™).If M = H — EI, the first part implies
that V' is an eigenvector of H with the energy E. The second
part implies that PV is a corresponding eigenvector of A(E)
with the same energy:

[Hp + Sp(E) — EIp]PV = 0. (C3)

Expression for the self-energy (27) is derived for instance
in Sec. 20.2.3 of Joachain [47]. A mathematically rigorous
proof of the theorem (C2) as well as other properties of the
Feshbach-Schur map can be found in Chap. 11 of Gustafson
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and Sigal [71]. It is further possible to write the inverse of the
matrix M explicitly:'

_ A1 —A-'Bp!
M= [ d
-D

IcA' D '4+D'CA'BD-

This identity is natural to apply to compute resolvents. For
instance, Eq. (26) is given the first line of Eq. (C4). This
formula can also be found in Almbladh as Eq. (19) [16].

1] . (4

APPENDIX D: PROPERTIES OF PROJECTION
OPERATORS

Our basic assumptions for operators with continuum indices
cpl¥r) =0 and cp|\11§+) = 0 imply that final states of the
target are the vacuum states for these operators. Thus, standard
Wick’s theorem can be used for the calculation of various
correlators. It follows

cpcfm:*) = 8pq| W), (D1)

Ck, Ck, €, P T|\I/2+> (5k1p5kzq — 8k1q3k2p)|\1’§+). (D2)

These equations lead to the idempotency relations Py, Py, = P,
and PgPg = Pg and to the properties

WY (W o = PaclerPa, (D3)

i 2 2 PN
o o, |WENWE e, = Ppef, el ciaci, Ps. (D4

The matrix element of a one-particle operator O = O(x;) +
O(x;) over the determinant two-particle states (xjx,|ab) =

5 16a(cD)$p(x2) — @p(x1)¢a(x2)] can be verified by direct
evaluation:

(ab|O|cd) = (alO|c)dpa + (b|O|d)8,c

—(alO|d)8pe — (b|O|c)8ua. (D)

If one of the states is a two-hole Dyson orbital, the matrix
element is computed similarly:

1 A
(ab|O]py’) = EZ(ab|O|cd)<\Il§+|cccd|\If0>

cd
=Y ((al0lc)8ps — (b1 O1e)daa) (W} |cccal o).
cd
(Do)
Using this result and the vacuum assumption for the initial

states, we can compute a matrix element entering the Fermi
golden rule formula for SPE,

(W ek W) =D Aup (W |crehes| Wo)

ab

~ Y (KIA[B) (W ey | Wo) =
b

(k|Alpy), (D7)

1According to Zhang [68], it was a Polish astronomer Banachiewicz
who obtained this formula for the first time. However, it was
reinvented many times (see a short historical review at the top of
p- 699 of Ref. [72] where the authors suggest to use the name
Schur-Livsic-Feshbach-Grushin for the equation).
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and DPE,

(\p§+|CkICkZA|\I"O) = Z Aab(‘l’§+|cklckz€lcb|‘lfo
ab

PHYSICAL REVIEW B 91, 155116 (2015)

)~ Y [kl AID)Si,e — (kal Alb)Sk, J(W5 [ence| Wo)

bc

= (kikz2|A|g}). (D8)
We used an assumption ck|Wo) ~ 0 to derive (D7) and ck, ck, | Wo) =~ O to derive (D8).
APPENDIX E: SOKHOTSKI-PLEMELJ-TYPE IDENTITIES
The following identities were used to perform frequency integrations leading to Eqs. (73) and (74):
o 1 1 1 1 ]
lim lim 27 : . : — = ]_[ 278(zi — w;) (E1)
1—>08—-0 Wy —z1—inwy—22+inz3—w3—idz3+20—21 —w3+1i6 i
for w; = w», and
— 1 1 1 1
lim lim 27 - - - - -
1—08—-0 Wy —Z1—Iinwy—20+inz3—2a+twr—w3s —i624— 21+ W — w4 + 08wy + w5 — 24 — 25+ 16
| 5
— = 2m8(zi — wi E2
w3 +ws —23— 25 —id E ( ) (E2)

for w; = wy, w3 = w4. The first equation appears in [16]. To the best of our knowledge the second equation has not been addressed
in the literature. These identities can be verified by the Fourier transformation with respect to z; variables.
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