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Quantum corrections to the conductivity of itinerant antiferromagnets
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We present a systematic calculation of the effects of scattering of electrons off spin waves on electron transport
properties in itinerant antiferromagnetic thin films in two and three dimensions. We study various regimes set by
the parameters related to the spin-wave gap, exchange energy, as well as the exchange splitting, in addition to the
scales set by temperature and disorder. We find an interaction-induced quantum correction to the conductivity
linear in temperature, similar to that obtained recently for ferromagnetic systems within a certain regime of
disorder, although the disorder dependence is different. In addition, we explore the phase relaxation rates and the
associated weak-localization corrections for both small and large spin-wave gaps. We obtain a wide variety of
temperature and disorder dependence for various parameter regimes. These results should provide an alternative
way to study magnetic properties of thin antiferromagnetic films, for which neutron scattering measurements

could be difficult, by direct transport measurements.
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I. INTRODUCTION

Quantum corrections to conductivity due to weak local-
ization and Coulomb interaction effects [1,2] have now been
observed in numerous disordered metallic systems [3,4]. These
corrections have a logarithmic temperature (7') dependence
in two dimensions (2D). In three dimesions (3D), the weak-
localization corrections have a T''/? dependence while the
Coulomb interaction corrections are 7%2. In the context
of spintronics, quantum corrections to transport of charge
carriers in dilute magnetic semiconductor films have been
studied extensively [5,6]. In contrast, for itinerant metallic
magnetic systems, spin-wave mediated interaction corrections
to the conductivity (labeled Altshuler-Aronov correction [2]
or “AA” correction in the following) have only started to
be explored. This work has been motivated by challenging
experimental data on the conductivity of magnetically ordered
films of typically a few nanometers thickness. In the case of
ferromagnetic Fe films, it was found that 2D weak-localization
corrections appear in both the longitudinal and the Hall con-
ductivities [7]. The variation of the prefactor of the logarithm
in temperature in the Hall conductivity has been successfully
explained by the interplay of skew scattering and side-jump
mechanisms producing an anomalous Hall effect [8]. By
contrast, in ferromagnetic Gd films, a localizing contribution
to the conductivity linear in temperature has been observed
in addition to a logarithmically varying term [9,10]. While
the latter is well accounted for by the usual weak-localization
and AA contribution for 2D systems, the linear 7 term was
shown to arise from scattering off ferromagnetic spin-wave
excitations, as presented in the following. These quantum
corrections are sizable, in the case of Gd films they are of
order 10%. In particular, the linear temperature dependence
was observed in thin 2D disordered ferromagnetic films of
Gd where the spin-wave gap is negligible. On the other hand,
since the spin-wave gap, the exchange interaction, as well as
the exchange splitting introduce additional energy scales that
compete with the usual scales set by temperature and disorder,
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quantum corrections to the conductivity from scattering of
electrons off of spin waves can be expected to have a wide
range of distinctive behavior in different regimes that are
not available in nonmagnetic systems. It is observed that
even for thin-film geometries, the system may effectively
be in the three-dimensional regime, if the phase-breaking
length is less than the film thickness, which may happen
on account of the strong scattering off spin-wave excitations
[11-13]. Indeed, recent studies of thin antiferromagnetic films
of Mn, with a spin-wave gap of about 15-20 K, have revealed
unusual temperature as well as disorder dependence [14]
that shows the importance of exploring the different regimes
in these systems. These distinct behaviors also provide an
opportunity to study certain magnetic properties of thin films
by direct transport measurements done in specific regimes,
specially when neutron scattering measurements are difficult.
For example in Ref. [14], it was possible to extract both the
spin-wave gap and the exchange energy from the detailed study
of the temperature and disorder dependence of the quantum
correction to the conductivity. In addition, it turns out that
antiferromagnetic thin Mn films can be made highly disordered
without going through the metal-insulator transition. In this
regime, a nonuniversal weak localization correction in 3D was
found. The observed corrections to the conductivity are large,
of order 50%. Thus, specifically for antiferromagnetic systems,
one expects a wide variety of temperature as well as disorder
dependence of the phase-breaking lengths at different regimes
in the large available parameter space.

However, while phase-breaking lengths and corrections
to conductivity for ferromagnets have been studied be-
fore [9,13,15], and some results for antiferromagnetic films
have been reported while explaining experimental obser-
vations [14], a systematic study of the antiferromagnetic
systems is still missing. In this work, we provide some
details of results used in Ref. [14], as well as results in
parameter regimes not yet reported elsewhere. In particular,
we obtain a linear T dependence for the quantum correction
to the conductivity for antiferromagnetic systems just like the
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corresponding ferromagnetic case obtained before. We take
the opportunity to provide some details of the results obtained
in Ref. [9] on the disorder dependence of conductivity for
a 2D ferromagnetic film at large disorder, and then show
how the disorder dependence changes for an antiferromagnetic
system. We systematically study the phase-breaking time and
associated weak-localization corrections where the inverse
phase-breaking time can be larger or smaller compared to
the spin-wave gap in 2D as well as 3D systems. We show
how the dispersion relation for antiferromagnets allows for an
interplay with disorder that is qualitatively different compared
to a ferromagnet, giving rise to weak-localization effects.
Instead of numerically evaluating the temperature or disorder
dependence accurately, we consider various limiting cases
where analytic expressions allow one to have a more detailed
understanding of the system. For example, in a numerical plot,
a crossover temperature dependence, where the temperature is
of the order of the spin-wave gap, can be hard to distinguish
from a fractional power law; we show how both can be
achieved in different parameter regimes.

The paper is organized as follows. In Sec. II, we introduce
the model Hamiltonian and obtain the formula for the “AA”
quantum correction to conductivity due to scattering of
electrons off of spin waves for magnetic systems with arbitrary
spin-wave gap, exchange energy, and exchange splitting. The
general formula obtained is then used in Sec. III to obtain
the temperature and disorder dependence of the conductivity
for both ferromagnetic and antiferromagnetic systems. In
Sec. IV, we obtain the temperature and disorder dependence
of the inelastic lifetime due to scattering off spin waves in
an antiferromagnetic system in various parameter regimes.
These results are then used to obtain the weak-localization
corrections in Sec. V. Section VI contains a brief summary
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FIG. 1. Diagrams representing spin-wave contributions to the
conductivity. Solid lines represent impurity averaged Green’s func-
tions G, while the broken lines are the “diffusons” I',,/. The wavy
lines are the effective spin-wave-mediated interactions v(g,®).
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and discussions. The Appendix contains some details of the
results used in Sec. Il regarding calculations of the conductivity
diagrams shown in Fig. 1.

II. SPIN-WAVE-INDUCED AA CORRECTION
TO THE CONDUCTIVITY

Our starting Hamiltonian for itinerant electrons scattering
from impurities as well as spin waves is [13]

1
H = Z(ek — EO’B)C;UCI(U
ko

+ 3 V- K)EEORGE ¢,

k.k/o,j
+ ) wgafaq+ ) lafef o +Hel, (21
q q.k

where the annihilation and creation operators cx, ¢; refer to
electrons and a,, a; refer to spin waves, J is the effective
spin-exchange interaction, and B is the exchange splitting.
The potential V models the impurity scattering. For the
moment, we keep the derivation valid for both ferromagnets
and antiferromagnets by choosing the spin wave to have a
dispersion relation (at not too large wave vectors)

wy = A+ Auq”®, 2.2)

where A is the spin-wave gap and A, is the spin stiffness.
Here, @ = 2 for ferromagnetic spin waves while ¢ = 1 for
antiferromagnets. There are many different regimes, owing
to the several characteristic energy scales. The energy scales
entering the Hamiltonian are (1) Fermi energy Ep (typically
several eV), (2) exchange coupling energy J = nJ (where
n is the electron density; nJ is typically of order 0.1 eV),
(3) exchange splitting B (0.001 to 0.1 eV), (4) spin-wave
gap A (of order 1 meV). Then, we have two derived energy
scales (5) the impurity scattering rate 1/t (in the range 0.05
to 0.5 EFr), and (6) the phase-breaking rate 1/7, (of order
0.1/7). These should be compared with the thermal energy 7.
We will be interested in the parameter regime where Ef is
the largest energy scale. The exchange energy J is typically
the next largest energy scale. The exchange splitting B and the
spin-wave gap A may be larger or smaller, and both may be
larger or smaller than the derived energy scales 1/t or 1/1y.
The spin stiffness is approximately related to the exchange
energy by Ay,k% = J. The spin-wave propagator is

Spilg.on) = 1lion —wg +iy(@] =[Si1]", (2.3)

where the star denotes complex conjugation, w, = 2wnT isthe
bosonic Matsubara frequency, and y (¢) is a phenomenological
damping parameter that depends on ¢ as some power ¢” with
B > 2. The spin-wave-mediated effective interaction is given
by

v(g,w) = nJ?[Sy,(q.@) + S, 1(q.@)]
2n]2wq
=-——"_1 (2.4)
(1| +¥)* + @2

which is attractive. Here, n is the density of conduction
electrons.
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The conductivity diagrams are shown in Fig. 1. For finite
Zeeman splitting B, the spin-dependent Green’s functions
G, for o = 1, | have different energies, G;l(k,wn) =iw, —
€ + %sign(a),,). We choose €;4 = €, — B. The particle-
hole (ph) diffuson propagator in the presence of a finite B
is given by [13]

1 1
F+_(Cl»w .B) = = 42 ~
T : 27 Not 1 — T? + TT~(|CUI| + D*¢?)
1 1
= e 29)
27 Not T |wy| + D*q? + 6*
where we have defined
b 1, 1 1 B
= —vpf, —=-—IiB;
d’ T T
§=— -~ =—iB(1—iB1) (2.6)
T T

We only show the evaluation of Fig. 1(a) here in some detail
and leave the rest for the Appendix. Using standard rules of
diagrams [1,2] we have, for Fig. 1(a),

L'®=-T>"T ZZC c3

€n

x T3 (q.0)T'4 (g, — Qu)v(q.o0)

X G)[En(en - Qm)]®[_en(€n - wl)] (27)

Here,

k.
Cr =) (GLYGiy

k

_ . k _ ky
~ Z(GB)Z[GN + <l|wz| - ;q)(GN)2 + - ]Z

k

k2
Z(G (G < > G

= —471N0D*f*2qx,

2.8)

where the angular average is obtained from (k2), = dlk%, and

ZG G- qi

~ 2 Not*[1 — |ay|T* — D*q?7*). (2.9)

In the above we used €, > 0, so thate,, — 2, >0, €, — w; <0,

such that

T Z (@] — Qum);

€ =S8

(2.10)

w; > Qm.

On the other hand, for ¢, <0, we have ¢, — Q,, <0,
€, — w; > 0, such that

0
Ty =lol;

€En=wy|

w; < 0. (2.11)

In this case, C; and C, are given by the above expressions
with G* replaced by GT, which essentially replaces C,
and C, by their complex conjugates. We thus obtain, for
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Fig. 1(a),
L'O=-T > w,, Y ¢’Flq.o)K(q.0,)
w;>Q, q
—TY oY q*F(q.—o)K*(q.—o},). (2.12)
w;>0 q

where we have defined

Wi = w £ L, (2.13)
F(q.w) = 4w NoD*[1 — || * — D*¢*¢*]?
vg.o) (2.14)
(loy| + D*q? + 6*)?
and
B 1
K(q,0;,) = (2.15)

Figure 1(a’) has the interaction on the lower line. As shown

in the Appendix, it gives

L'@® — (L1@yx, (2.16)

Figures 1(b) and 1(1b’) are also evaluated similarly in the
Appendix. The results are

L'O=T 3" (,)Y ¢*F(g.o)K(q.0},)
>, q
+T ) (@)Y 4" F*(g.—o)K*(q,—op,),
;> q
L0 — (L'®)y, 2.17)

Adding all contributions from the four diagrams we get

Lo — TZwIZq2F (¢.~oDK*(q,~w},)
w;>0 q
+T > (wp) ) ¢°F(g.—o)K*(q.0},) +cc.
;> q

Qn [ee]
=-T|Y o+ Y Qu|Clo.Qu+ce.,

;=0 =
(2.18)

where we have defined

Clw.m) = Co Y _[1 — w7 — Dg*z]?
q
q*v(q,w)
(Jy| + Dg? + 8w}, | + Dg? + §)
(2.19)

with
Co = 4w NoD?. (2.20)

We now define G(w,,Qm) = C(w;,2,) + c.c., then we can
follow Ref. [2] to analytically continue to the complex w plane
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and obtain
o0

1
L=——
dr J_

x [Cl—i(w + Q),—iQ] — C(—iw,—iR)]. (2.21)

w
dw wcoth —
2T

The conductivity correction is the & — 0 limit after dividing
by €2, which gives

1 oo
ZE "

This agrees with the Altshuler-Aronov correction (or the “AA
correction”) in Ref. [2] when C obtained for spin-wave-
mediated interaction here is replaced by the corresponding
function for Coulomb interactions.

~ 0 w
1) doC(—iw,0)— th — |. 2.22
o wC(—iw )aa) |:a)co ZT] (2.22)

III. TEMPERATURE AND DISORDER
DEPENDENCE OF CONDUCTIVITY

We will use Eq. (2.22) to evaluate the leading temperature
and disorder dependence of the conductivity. We confine our
discussion to the low-temperature 7 << B and strong disorder
Bt « 1 regimes.

A. Temperature dependence

As seen from expression (2.22), the leading temperature
dependence is generated in the frequency range 0 < w < 2T,
where we may expand cothx ~ 1/x + x/3 for x < 1 and
write

1 1 2T

T 27 3T Jy

For B > T (which is the generic regime for low temperatures
in the several Kelvin range or below), the diffusons are cut off
by the finite B term and the only w dependence to F' and K
comes from the spin-wave interaction v(q,®). In this case, we
write

o wdwC(—iw,0). (3.1)

q0 2 ;
~ . ~ q-v(q,—iw)
C(— ~ C dq)———F——=—

i)~ & | @5 s

where (dg) = dPq/(2n)P for dimensions D = 2,3. Here,
qo ~ I~ ! is a cutoff related to the inverse mean-free path [~! =
1/(vrt). Since the diffusons do not contribute in a singular
fashion, and w, = A + A, g%, the dominant contribution to the
g integral comes from gy > g > (T/A)"/%. In that case, the
w dependence of v(g,w) can be neglected. This immediately
leads to a linear T dependence:

+ c.c., 3.2)

2C o 20(g,0 =0
5o ~ 207 [P a2 =09
3t Jo (Dg* + 8

Note that the linear 7 dependence is independent of the
dimensionality, and should be valid for both ferromagnets
and antiferromagnets. It was experimentally observed in
ferromagnetic thin Gd films [9]. [We take this opportunity
to point out that there is a misprint in Ref. [9], where the
inequality after Eq. (10) should be Bt « 1 in order to obtain
the given disorder dependence.]

We note here that in their theoretical evaluations, Ref. [15]
did not obtain a linear T dependence in any regime of a
ferromagnet. The difference seems to appear from the choice of

(3.3)
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the cutoff g. = +/T /A, using o = 2 for ferromagnets. While
Ref. [15] assumes the upper cutoff for the ¢ integral to be ¢,
we take the upper limit to be given by go = 1/1, withg, <« 1/1
such that the major contribution of the g integral comes
from qo > ¢ > q.. In this case, ¢> = T/A; < 1/1? implies
T/J < 1/(kpl)?, where J = Ask% . Typically, T/J ~ 1072,
which implies that for a wide range of disorder the above
inequality is well satisfied. As pointed outin Ref. [15], the large
disorder limit considered here allows us to ignore additional
nondiffuson diagrams considered there.

B. Disorder dependence

We will basically use Eq. (3.3) to evaluate the disorder
dependence of the conductivity correction in various limiting
cases in two and three dimensions. We will ignore the spin-
wave damping, so that the spin-wave-mediated interaction is

2nJ2a)q

. 34
T (34)

v(gw) = —

We recall that the system parameters entering here are Co ~
4w NoD?, § = —iB(1 —iBt), D = 2. Note that up to
this point, the formulas are valid for both ferromagnets and
antiferromagnets, differentiated only by the g dependence in

the dispersion relation.

1. Ferromagnetic spin waves: 2D

Since Eq. (3.3) is valid for ferromagnets as well, we take this
opportunity to provide some details for obtaining the results
given in Ref. [9]. Consistent with Ref. [9], we will consider
a 2D system, in the limit where the exchange splitting B is
large compared to A but Bt « 1 (note: there is a misprint in
Ref. [9], which states the opposite limit Bt >> 1). Then,

2C,
So ~ 20T (—2nJH——1,
37'[ 2 3
90 q3
I = d , 3.5
: /o Tb+ a2+ ) G-2)
where
5 A
b=—, co=—. 3.6)
D Ay

While the integral can be done exactly, we will be interested in
the limit of strong disorder b, c; < (go)*, when we may take
qo — o0 and D < A,, giving the leading term as

1
L = 2 90 0% b > c;. 3.7
In this limit, the conductivity becomes
8 S Nons2 LR D (3.8)
o~ ——=NognJ"—Re| = |, .
370 4, T\ B2

where we have used the definitions of Cy and b. Considering
furthermore the limit Bt < 1, when

R b lim = b 3.9)
¢ 52 B%I<I<11__B2’ ’
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we finally obtain

so~ OngteE T o Br<l  (3.10)

o~ — — €FT T .
37" B B A, k2 d

where D = %v%t and kpvp = 2¢r (h = 1) have been used.

This agrees with [9] for negligible damping (y = 0) (apart
from the misprint about the Bt limit mentioned before), where
it was shown to agree well with the experimental data.

2. Antiferromagnetic spin waves

The antiferromagnetic spin wave is characterized by w, =
A + A1g. We will consider both the 3D and 2D cases, but
only in the limits of large spin-wave gap A and large disorder
Bt « 1.

Case I: 3D, Bt < 1: In this limit we start with

2Co

b0~ ST (= 21) ~12,

q0 q4
L=| dg—2%1 | (3.11)
’ ./0 T+ +q)

where b and ¢; are defined in (3.6). Since g > (¢1,v/b) we
may take go — oo and also b >> ¢, when

1

~ 2
IZ“’E! qo — OO, b>> cl' (312)
Then, the contribution to the conductivity is
8 , T 1
do ~ —=NognJ-—Re=. (3.13)
3 Ay 8
Using the 3D values Ny = ”]‘rk{, n= Fz this gives
TJ 1 .
o ~ —8—Re=, J=nJ (3.14)
VFr )

where we defined the spin-exchange energy scale J =nJ and
used A; = vp. Inthe limit Bt « 1 using Re(1/6) — —1, we
finally get

J T
So ~ 4——(epr)kp (3.15)

€F €F
Comparing this result in the case of Mn films with the con-
tribution from the weak-localization mechanism considered
in the next section, it is found to be smaller by two orders
of magnitude and therefore has not been observed in the
experiments reported in [14].
Case II: 2D, Bt < 1. In 2D, we have
2Co

so ~ —2T(— 21)

~I,
i Wi

q0 q3
I; = dg——m———. (3.16)
’ /0 T+ +9)

In the regime under consideration, the integral is simply

T 1

~ 2
SNEW’ go — 00, b > ci. (3.17)
The corresponding conductivity is
S0~ — L NonJ®—Re D (3.18)
370 4\ '
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In the limit Bt < 1, we finally get
/4 J_ J_ €r T
o ——— [ — JVEFT.
3 €r B B A]kp F

Thus, the disorder dependence in 2D for antiferromagnets
(\/€r7) is different from that for ferromagnets (e 7).

(3.19)

IV. INELASTIC LIFETIME FOR
ANTIFERROMAGNETIC SYSTEMS

In order to consider the conductivity corrections due to
weak localization, we will need the inelastic lifetime caused
by scattering off spin waves. Some ferromagnetic cases
have been considered in Ref. [13]. Here, we consider the
antiferromagnetic case. The inelastic lifetime due to scattering
off spin waves is given by [13]

h 4 /qo q%'dq Dq* +1/74
L _ ", ’
Ty 7h o sinhBaw, (Dg*+ 1/74)* + @

where we substitute the dispersion law for antiferromagnetic
spin waves hw, = A + Aq. We will consider both the limits
h/ty < Aand h/tg > A. Considering that the sinh function
acts as an exponential cutoff of the g integral at g ~ g,
where w,, ~ 2T, we distinguish in the following the two cases
q1 < qo and g1 > qo.

Note that for the ferromagnetic case, w, in the spin-
wave interaction term has the same ¢ dependence as Dg>
in the diffusion term, while it has a lower power for the
antiferromagnetic case. If dominant contributions come from
large ¢, then the antiferromagnetic systems will be much more
dominated by disorder, eventually leading to more interesting
weak-localization effects.

“.1

A. Large spin-wave gap

We consider the case h/ty < A first. Depending on the
temperature, this may have different possibilities, as shown in
the following.

Casel:3D,hjty < A, T > A, q < qo.Consider 3D
systems. In the limit /74 < A we can neglect the 1/7, terms
inside the integral. Then, the inelastic lifetime is given by

h 4 w0 g2d Dq? 4j
_:_n_lz/ .q q 22q > :—Kl, (42)
7y, Twh o sinhBw, (Dg*)* + w b4
where we defined the dimensionless quantity K:
T (™ 4 Dg?
K =— / 9499 g L 43)
hn Jo  sinh 24214 (Dg?)> + (A + A1q)?

The sinh function will cut off the integral at (A + A;q)/T < 2
or g < 2T — A)/Ay, if 2T > A and if QT — A)/A1 < qo.
We will first consider this limit. (Note that in the opposite
limit 27 <« A, the T dependence is exponential.) We may
then replace the upper limit of the integral as

= 2T—-A

J / 7 q'dq
K, ~
hnD Jo sinh [ 7+ (Q+A1)]

X > . 4.4
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In addition, if & < 2L=2
1 1

the integral into two pieces: K| =

orequivalently A < T, then we split
K11 + Ky with

A
J n gdg 1
Ky = /

hnD sinh £ g% + &5
I S 4.5)
~ hnD sinh 2 o '

where

£ 4
A q'dgq
Ko = [ A (4.6)
0 9"+,
(Note: so far we have used A =1)
Putting 7 back and defining A = A /h, we change variables
tou = Dqg?/A, giving

Koo= "2 L, 1) /X”m " @)
X x) = , .
0T 2 AT o 1+u?
where
hDA
x= . (4.8)
A3

While the exact result for this integral is available, if lengthy,
the limits can be obtained simply:

* 2
I(x) ~ f w3 du = §x5/2’ r<K<1
0

I(x) ~f uPdu =2x"2, x> 1. (4.9)
0

The second part of the integral is typically small. We can

estimate it as

2T—-A 2

A dq q
hnD Ja sinh%qurg_z

K, ~

= ZT—A
J T (7 d 2

- _yy—z (4.10)
hnDA1 smhyy + 3 A

where we changed the integration variable to y = qA 1/ T.For
x > 1, we have A%/DT =A/Tx < A/T and in this limit
we have

2T—-A

P T/T
lz_hnDA] %

_ T tanh[l - A/@T)] @1
DA, tanh[A/(2T)]

dy
sinh y

In the opposite limit x < 1, A%/DT =A/Tx > A/T, the
integrals may only be done numerically to get the leading T
dependence.

Assuming the first part dominates, we can estimate the
inelastic length L as follows. Rewrite

RDA  hDk:A Fo Ak
X = — = 5 = IRF
A? J?
k3 J ,  3n%A?
=L, J== nJt= 4.12
32 n kr “-12)
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Then,

ho o 6m A% 1

ENW 7 3/21( X). 4.13)
The inelastic length is given by
Ly = /D1,. (4.14)
Writing D in terms of x as D = hka X, we rewrite
FN3/2 ik AN 1/2 1/2
kpLy = (%) / (SH:;T) / <%> / . (4.15)

In the two limits x large and small we get

T2 sinh 2 /2
kpLy ~ | — , 1
Fhe (A) ( 127 ) x>

3215 smh

“\a 127

Since x decreases with increasing disorder, L4 decreases with

increasing disorder and then saturates at a disorder independent

value for x < 1 given by the ratios J /A and A/T. This is the
regime studied in Ref. [14].

Case 1I: 3D, h/ty < A,

1/2
) , x< 1. (4.16)

T > A, g1 > qo. In this case

in 3D
h 4 1
—~—nJ*—K , 4.17
w wh sand o1 (4.17)
where
w=1/l Dq?
Ko E/o q dQW, AJAL L qo. (4.13)
This leads to
27 A? hDg? hv?
K ———-3/21 f= —2 = £ 4.19
0= (*), x A 9AD (4.19)
giving
1 8lr  A?J?
— =" _C L PPE). (4.20)
Ty 4hsinh 3 €
The corresponding inelastic length is given by
4/ & 172 /ginh &2\ /2 1 12
krLy = - =5 L . 421
e 9<A312) ( n ) <x3/21(x>> @20
In the two limits, the disorder dependence is given by
1 ;
kFL¢’Vj"-'D, > 1
X
1 o
~Z~D° iK1 (4.22)
X

Case IlI: 2D, h/ty < A, T < A. As mentioned above,
the temperature dependence is exponential in this limit.
We will consider this limit in two dimensions, where the
corresponding weak-localization effect can be important. The
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quantity K in Eq. (4.3) is now approximated as

0 N Dq3
(Dg*?* + (A + Ag)?

_ie—ﬁf‘”dy D(5)'ye
0 D2 (Al) Y+ (A +Ty)?

(4.23)

For A > T we can ignore the term 7'y compared to A in the
denominator since the exponential term limits y < 1. Also, we
will consider the regime where D(7/A)?y? can be neglected
compared to A, as is true for 7'/ J < 1. In this limit,

s T \'JDK?
Ki~e 7| — £ 4.24
| e (AkF> A2 (4.24)
leading to
Lot T e (4.25)
_% = A 6 ‘C 6 . .
5 AT

The corresponding result in 3D will have a different 7'-
dependent prefactor to the exponential. Similarly, the ferro-
magnetic case in 2D will have a logarithmic T dependence as
a prefactor to the exponential.

B. Small spin-wave gap

We now consider the case i/, > A. In this limit, we use
hwy ~ A1q and sinh(Bw,) ~ A1q/T, and there will be self-
consistent equations because the integrals will have a lower
cutoff at 1/L.

Case I: 3D, h/t4 > A. For 3D, we have

h 4 T 9 d
Ry GO ¢! E/ 1M 4.26)
7, wh AD ]/L¢q2+(%)

The interesting limit is when 2D /Al > 1. In this case,
h 4 2 T L¢ hD 2 €r
— N — —1 , — = -—— 1. @4.27
Ty h ( l > Al 3J > ( )

To leading order, we replace Ly /! = 14/t in the argument of
the logarithm by the prefactor, giving

T JT €
— ~97r—1In — . (4.28)
Ty €x OnJT
Case Il: 2D, h/ty > A. In contrast, in 2D,
h 4 LT hD hD
—~ —nJ — | arctan —- — arctan . (4.29)
‘C¢ wh A Al AL¢
Again, the interesting limit is
h J L, kD
~3T——, — 1. 4.30
Tp €r l Al > ( )
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Replacing Ly = /Dty and solving for 74 gives

1/3 7\ 2/3
ho(l AN T2/
Ty 2T €r ’

V. WEAK LOCALIZATION

(4.31)

The observation of weak-localization (WL) contributions to
the conductivity of magnetically ordered films is somewhat
surprising since one may expect a strong internal magnetic
field cutting off the WL contribution. Nonetheless, WL effects
have been observed in ferromagnetic nickel films [16], thin
Fe films [7], and ferromagnetic GaMnAs nanostructures [17].
There are at least two reasons for that. For once, the inelastic
scattering rate 1/7, is unusually large on account of the
strong scattering off spin waves (see above), such that in
the temperature regime considered in these experiments the
relevant cutoff is 1/7,4 and not the magnetic induction. Second,
the demagnetization field of the film geometry compensates
the internal magnetic induction almost completely.

Given the inelastic lifetime, the weak-localization correc-
tion to the conductivity is found as

T
56 ~ |~ 3D
Ty
~InX, 2D,
Ty

5.1
We will consider two limiting cases.

A. Large spin-wave gap

When the spin-wave gap is large compared to the inverse
inelastic lifetime, i.e., % & A, there are three interesting
possibilities.

Case I: 3D, T > A, q1 < qo, strong disorder. Using the
corresponding results for the inelastic lifetimes,

T T 6w A? 1

— = 3/21()6)

5.2
T4 hsmhA g (5:2)

Inserting the limiting behavior of /(x) for small and large x,
we get

T (A - v
'L'¢ 15 h%
3AJ 67
-, x> 1. 5.3
4 e sinh% ©-3)
Then, the weak-localization correction is
5 \/Z<A)3/2<k Y B
o~ - = N X
5\J r sinh%
9 /AJ\'?
~ _(_2> T x> (5.4)
2\ er sinh 7
Note that
_ hDkpA 2 ACF D 5.5
IV O Cl '
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The T dependence in the crossover regime 7 ~ A might
look like a fractional power law. This was observed recently
experimentally in Ref. [14].

Case II: 3D, T > A, q1 > qo, moderate disorder. In this
limit,

8lmt  A*J?
e L 1)
Ty 4hsinh 3 €
KD 1 h
T=—— = ——. 5.6
YT AR T 3Ar 60

In the two limits of large and small ¥, the localization
corrections are given by

5 \/Z J 1 P <l
ox,=|-)— | ——=,
5\ A J (kpl)*?y/ sinh & *
JN\ 1
~3ﬁ<_>_ L ST (5.7)
€r ) krl s1nh7

Caselll: 2D, T < A.Here, we have the thermally activated
behavior of #, which when substituted into the logarithm

leads to

A

~ —

T

a distinctive behavior, which should be observable in experi-
ment.

AJT

6o ~Ine” (5.8)

B. Small spin-wave gap

In the regime where the spin-wave gap is smaller than
the inverse inelastic lifetime % > A, one arrives at a self-

consistent equation and we will only consider the limit Z—? > 1
in 3D. Then, from Eq. (4.28) the conductivity correction is

JT €r
So ~ 971—21n — ).
€ OnJT

This is another unusual 7 dependence in 3D that should be
observable.

(5.9)

C. Very strong disorder

Finally, we like to mention a renormalization of the
prefactor of the standard weak-localization expression in the
case of a metallic 3D system close to the metal-insulator
transition, when the conductivity o already strongly deviates
from the Drude result 0. As discussed in Ref. [14], the WL
correction to the conductivity gets renormalized as

Som _ ot (5.10)
Lo() (o)) L¢
Here, §og = téo, with ¢ denoting the film thickness, and
Loy = €?/mh is the conductance quantum. The ratio o /oy is
accessible through the sheet resistance Ry at 7 = 0,

(e

2
o 1+ 1+ (Ro/R)?

with R, a characteristic sheet resistance of the order of 2/ h.
The above is based on a self-consistent theory of Anderson

(5.11)
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localization, which is known to give a good description of the
3D conductivity near the Anderson transition, but still outside
of the critical regime [18].

VI. SUMMARY

In this work, we have systematically evaluated the tem-
perature and disorder dependence of the quantum corrections
to the conductivity due to scattering of electrons off of
spin waves in itinerant antiferromagnetic systems. First, we
considered the interaction-induced AA correction. We showed
how a linear T correction arises naturally in some specific
parameter range in both ferromagnetic and antiferromagnetic
systems. However, the disorder dependence is different in
antiferromagnetic systems compared to ferromagnets. We
provide details of the derivation of the crossover temperature
behavior reported in Ref. [14], which allowed the extraction of
the spin-wave gap and the exchange-energy parameters from
the temperature and disorder dependence of the conductivity of
thin Mn films. Second, we reconsider the inelastic scattering,
or phase-breaking rate, induced by scattering of electrons off
spin waves. This quantity determines the weak-localization
correction to the conductivity. We show how the temperature
and disorder dependence in the various parameter regimes
can be very different, and provides an opportunity to study
magnetic properties of thin films in 2D or 3D by direct transport
measurements.
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APPENDIX: EVALUATION OF THE
CONDUCTIVITY DIAGRAMS

Here, we show the details of evaluating Figs. 1(a’), 1(b),
and 1(b").
Diagram 1(a’) has the interaction on the lower line. It gives

L' =-TY"TY 3" CIC3T} (q.0)T1(q.01)
€n wq
Q)]

w1

Fore, > 0, Cy and C; are given by Eqgs. (2.8) and (2.9), but for
€, — R, >0ande¢, — Q,, — w; < 0, the sum over €, becomes

X v(qaa)l)(a[en(en -

X ®[_€n(€n - (Al)

1+
(A2)

T =w;, w; > 0.
€=

For ¢, < 0, we have ¢, — 2,, <0, €, — 2,, —w; > 0, such

that

(A3)

(1)1<0

0
T Y =—(or+ Q)

€n=w;+2
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and C; and C, replaced by complex conjugates as before.
Thus, we have for diagram 1(a’)

L'® = _T Z w Zqu(q,wl)K(q,lerrn)
;>0 q
7Y Y P F @ —onK (g —op).
w[>Qm q

(A4)

Since F and K depend on the frequency only as the
absolute value, i.e., F(q,w;) = F(g,—w;) and K(q,a)ltn) =
K(q,—o},), we see that

l(a) (Ll(a)) (AS)

We now consider Fig. 1(b). It is given by
L'®=-_r1 Z Zchcgc2 (@) (q.0),)

m)]®[_€n(€n - 6!)[)]

- a)[+m)]7

X U(qvw/)@[én(én -

X O[(€p — wy)(e, (A6)

where for ¢, > 0,

Z(G (G, ¢)2

kq - 2k,
Z(G )[Gki + (l|wl| - —)(le> } -

PHYSICAL REVIEW B 91, 144410 (2015)

—2k?
—Z<G )(Gk¢)3< X>qx
0

= +471N0D*f*2qx

such that C; =
€ — 2, >0, ¢,

(A7)

—C;. In the above we used ¢, > 0, so that
—w; < 0,and ¢, — 2,, — w; < 0 such that

T Z = (0 — Q) @ > D (A8)
€=
On the other hand, for ¢, < 0, we have ¢, — 2,, <0, €, —
w; > 0, and €, — 2,, — w; > 0 such that
0
T Y =—@+Q). o <-Q. (A9
€ =(w1+2m)
We thus obtain, for Fig. 1(b),
L'®=T %" w, > ¢*Flq.oNK(q,w,,)
;> q
+T ) o, Zq F*(q,—o)K*(q,—o},).
>y
(A10)

Figure 1(b’) can be evaluated just as Fig. 1(a””), and the result
is that

L) — (1 0)yx (A11)
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