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We study the spin and thermal conductivity of spin—% ladders and chains at finite temperature, relevant for
experiments with quantum magnets. Using a state-of-the-art density matrix renormalization group algorithm, we
compute the current autocorrelation functions on the real-time axis and then carry out a Fourier integral to extract
the frequency dependence of the corresponding conductivities. The finite-time error is analyzed carefully. We first
investigate the limiting case of spin—% X X Z chains, for which our analysis suggests nonzero dc conductivities in
all interacting cases irrespective of the presence or absence of spin Drude weights. For ladders, we observe that
all models studied are normal conductors with no ballistic contribution. Nonetheless, only the high-temperature
spin conductivity of X X ladders has a simple diffusive, Drude-like form, while Heisenberg ladders exhibit a
more complicated low-frequency behavior. We compute the dc spin conductivity down to temperatures of the
order of T ~ 0.5J, where J is the exchange coupling along the legs of the ladder. We further extract mean-free
paths and discuss our results in relation to thermal conductivity measurements on quantum magnets.
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I. INTRODUCTION

Low-dimensional quantum magnetism is a field in which
an extraordinary degree of quantitative agreement between
experimental results and theory has been achieved due to
the availability of both high-quality samples and powerful
theoretical tools such as bosonization [1], the Bethe ansatz [2],
series expansion methods [3,4], or the density matrix renormal-
ization group [5,6]. This includes the thermodynamics [7,8],
inelastic neutron scattering data [9,10], as well as various other
spectroscopic methods [11]. While there are also exciting
experimental results for spin diffusion probed via NMR
[12,13] or wsr [14,15] as well as for the thermal conductivity
[16,17], the calculation of finite-temperature linear-response
transport coefficients poses a formidable problem for theorists
(see Refs. [18,19] for a review), which is further complicated
by the need to account for phonons and impurities (see
Refs. [20-26] for work in this direction).

Very recently, significant progress has been made in the
computation of linear response transport properties of the
seemingly simplest one-dimensional model, the integrable
spin-% XXZ chain with an exchange anisotropy A. Its
Hamiltonian reads

L-1
H - J [S;,’:Sx_;'_] + S':):Sj+l + AS252+1]3 (1)

n
n=1

where S, is a spin-3 operator acting on site . The spin and

thermal conductivities generally take the form
Re 0(w) = 21 D 6(w) + 0ree(w),
@)
Re k(w) = 27 Dpéd(w) + Kreg(w)a

where D and Dy, denote the Drude weights, and oy and kg
are the regular parts. The exact conservation of the energy
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current [27] of the XX Z chain renders the zero-frequency
thermal conductivity strictly divergent at all temperatures,
i.e.,, Dy > 0, kg = 0. The thermal Drude weight has been
calculated exactly [28,29]. For spin transport, the following
picture emerges: while there is a regular contribution o > 0
for all |A]| > 0 [30], the Drude weight Dg is nonzero for
|A| < 1 but vanishes for |A| > 1. Initially, these results were
largely based on numerical simulations [31-37] as well as
analytical approaches that use the Bethe ansatz [38—40].
Recently, a rigorous proof of finite-spin Drude weights for
|A| <1 has been obtained [41,42] by relating D > 0 to
the existence of a novel family of quasilocal conservation
laws via the Mazur inequality [27]. For the experimentally
most relevant case of the spin-% Heisenberg chain (A = 1),
it is still debated whether a ballistic contribution exists at
finite temperatures (see Refs. [35,37,43,44] for recent work).
The same questions of diffusive versus ballistic transport can
be addressed in nonequilibrium setups [45-48] or for open
quantum systems [49-52]. A recent quantum-gas experiment,
in which a ferromagnetic Heisenberg chain was realized with
a two-component Bose gas, studied the decay of a spin spiral,
and the results were interpreted in terms of diffusion [53].
Other nonequilibrium experiments with quantum gases have
investigated the mass transport of interacting fermions [54]
and bosons [55] in optical lattices.

Another very interesting question pertains to the func-
tional form of the regular part o..(w). A field-theoretical
study [56,57], which incorporates the leading irrelevant umk-
lapp term, suggests that o..(w) has a simple diffusive form
at low temperatures 7 < J. This is consistent with early
results [58] for the generic behavior of a Luttinger liquid in the
presence of umklapp scattering as well as with quantum Monte
Carlo simulations for A =1 [59]. At higher temperatures,
a suppression of weight at low frequencies according to
Oreg(@) X w? has been suggested [60]. Most studies of |A| > 1
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are interpreted in terms of diffusive spin dynamics, i.e., finite
dc conductivities [48-50,61-63]; however, indications of an
anomalous low-frequency response were reported in Ref. [64].
The theory by Sachdev and Damle provides a semiclassical
interpretation for the emergence of diffusive dynamics in
gapped spin models and predictions for the low-temperature
dependence of the diffusion constant [65-67].

Many transport experiments on quantum magnets probe
materials which are described by quasi-one-dimensional mod-
els more complicated than the integrable X X Z chain. Most no-
tably, very large thermal conductivities due to spin excitations
have been observed in spin-ladder compounds [17,68,69],
which more recently have also been investigated by using
real-time techniques [70-72]. Most theoretical studies of
nonintegrable models suggest the absence of ballistic contribu-
tions [31,33,73-77] (possible exceptions have been proposed
in Refs. [51,78,79]). Numerical results for the expansion of
local spin and energy excitations in real space are consistent
with diffusive dynamics [45,48]. A qualitatively similar picture
has emerged from studies of transport in open quantum sys-
tems [49,80]. Despite the relevance for experiments, however,
transport properties of generic nonintegrable systems are still
not fully understood quantitatively. Two important and largely
open problems in the realm of spin ladders are (a) the question
of whether they exhibit standard diffusive dynamics or a more
complicated low-frequency behavior, and (b) a quantitative
calculation of their dc spin and thermal conductivities. It
turns out that a Drude-like oyeq(w) rarely exists in quasi-one-
dimensional spin Hamiltonians with short-range interactions
(see, e.g., Refs. [75,81]). A notable example in which standard
diffusion is realized in the high-temperature regime is the
X X spin ladder [82], which is equivalent to hard-core bosons
and thus relevant for recent experiments on mass transport of
strongly interacting bosons in optical lattices in one and two
dimensions [55,83].

The main goal of our work is to compute the frequency
dependence of the spin and thermal conductivity of spin
ladders as well as of the spin-% XXZ chain. We use a
finite-temperature, real-time version of the density matrix
renormalization group method (DMRG) [36,84-86] based
on the purification trick [87]. This method allows one to
calculate both thermodynamics [88] but also the time de-
pendence of current autocorrelation functions. We calculate
the conductivities from Kubo formulas. For the accessible
timescales, our results are free of finite-size effects [37]
and thus effectively describe systems in the thermodynamic
limit. Exploiting several recent methodological advances and
using an optimized and parallelized implementation allows
us to access larger timescales than in earlier applications
of the method [36,37,48]. Our data agree well with exact
diagonalization approaches [75] for the thermal conductivity
of spin ladders and the spin transport in X X ladders [82]. The
latter results have been obtained from a pure state propagation
method based on the dynamical typicality approach, which
has recently been applied to the calculation of transport
coefficients [43,82,89].

Our key results are as follows: For the spin-% X XZ chain
with 0 < A < 1, we provide evidence that oyes(w) remains
finite in the dc limit, but its low-frequency behavior is not of
a simple Lorentzian form. For A = 0.5, we observe a sup-
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pression of weight for @ < J in the high-temperature regime.
In the case of spin ladders, ors(w) also generically exhibits a
complicated low-frequency dependence, and a simple Drude-
like form is recovered only in the X X case A = 0 in agreement
with the results of Ref. [82]. We extract the dc spin conductivity
for temperatures 7 > 0.5/ and discuss how it depends on
the exchange anisotropy A. We translate the high-7" spin and
thermal conductivities of the Heisenberg ladder into mean-free
paths by fitting to a simple phenomenological expression often
used in the interpretation of experimental data [69]. It turns
out that the values of the mean-free paths depend on which
type of transport is considered.

The structure of this exposition is as follows: We introduce
the model and definitions in Sec. II. Section III provides details
on our numerical method. Our results are summarized in
Sec. IV, where we discuss the real-time dependence of current
correlations and the methods to convert them into frequency-
dependent conductivities, which we then study for spin chains
and ladders. Our conclusions are presented in Sec. V.

II. MODEL AND DEFINITIONS

The prime interest of this work is in two-leg spin ladders
governed by the Hamiltonian H = Z,Ll;ll h, and local terms

hy = J Z [Srf,ASer,/\ + S:,ASEYH,A + ASfi,xS;H,x]
r=1,2

J !
+ TL Z (S 1Sma + SoiSma +ASE S5 ],

m=n,n+1
(3)
1

where §,"* are spin-5 operators acting on the rung A = 1,2.
The model is nonintegrable and gapped for all J, > 0. At
J1 = 0, one recovers two identical, decoupled X X Z chains,
which (at zero magnetization) are gapless for |[A| < 1 and
gapped otherwise [1].

Both the Drude weights and the regular parts of the spin
(s) and thermal (th) conductivities defined in Eq. (2) can be
obtained from the corresponding current correlation functions
Cs(t) and Cy, () Their long-term asymptote is related to Dy
and Dy, respectively, via

Csm(t
Dy = lim lim s.h()

t—00 L—>oo 2T %sih

L b
“

where oy = 1 and o, = 2. The regular part of the conductivity
is determined by

Re Treg () = T-e e_w/TRe/oodtei“”
Kreg (w) T *sw— ! 0

x lm [Co(t) — 2T**Dg].  (5)
L—oo

, Cs.th(t) =

Only finite times can be reached in the DMRG calculation
of Cn(t), which leads to a “finite-time” error of opeg(w) that
can be assessed following Ref. [63]. We will elaborate on this
below.

The current operators Iy = Y, js, and Iy = Y, jmn are
defined via the respective continuity equations [27]. The
local spin-current operators of the XXZ chain take the
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well-known form js, = iJS; S,),’ 41 + H.c. For the spin ladder,
one finds

Jon =T (SE S =SS ) 6)
A

(N

Note that our definition for the local energy density #,
preserves all spatial symmetries of the ladder, and our energy-
current operator Iy, is the same as the one used in Ref. [75].
The full expression for Iy, is lengthy and not given here.

jth,n = l[hn »thrl]'

III. NUMERICAL METHOD

We compute the spin- and energy-current correlation
function

(I (£) Is ) ~ Tr[e /T B I e H1 4]

®)

by using the time-dependent [90-94] density matrix renor-
malization group [5,6] in a matrix-product state [95-99]
implementation. Finite temperatures [84,87,100—103] are in-
corporated via purification of the thermal density matrix.
Purification is a concept from quantum information theory in
which the physical system is embedded into an environment.
The wave-function of the full system is then a pure state and
the mixed state describing the system is obtained by tracing out
the degrees of freedom of the environment. When using this
approach in DMRG, one typically simply chooses a copy of
the system degrees of freedom to be the environment. Details
of purification-based finite-T DMRG methods can be found
in Refs. [48,84,87,88,99]. Our actual implementation follows
Ref. [48].

The real- and imaginary-time evolution operators in Eq. (8)
are factorized by a fourth-order Trotter—Suzuki decompo-
sition with a step size of dr = 0.05,...,0.2. We keep the
discarded weight during each individual “bond update” below
a threshold value €. This leads to an exponential increase
of the bond dimension x during the real-time evolution. In
order to access timescales as large as possible, we employ
the finite-temperature disentangler introduced in Ref. [36],
which uses the fact that purification is not unique to slow
down the growth of x. Moreover, we “exploit time translation
invariance” [84], rewrite (I(t)1;(0)) = (I(¢t/2)Is(—t/2)) and
(In (1) In(0)) = (In(t/2)In(—1/2)), and carry out two indepen-
dent calculations for I(#/2) and Iy (z/2) as well as I(—t/2)
and Iy, (—1/2). Our calculations are performed using a system
size of L = 100 for spin ladders and L = 200 for the XX Z
chain, respectively. By comparing with other values of L we
have ensured that L is large enough for the results to be
effectively in the thermodynamic limit [37].

IV. RESULTS

A. Current autocorrelation functions

Figure 1 shows typical results for the decay of spin-current
autocorrelations of the X X Z chain as a function of time. Some
of these data have previously been shown in Refs. [37,48,63]
and are here included for comparison. For A < 1, we clearly
observe the saturation of Cs(¢) at a nonzero value at long
times that, at T = oo, agrees well with an improved lower
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FIG. 1. (Color online) Real-time spin current correlation func-
tions of the X X Z chain [see Eq. (1)] at infinite temperature 7 = oo
(main panel) and fixed exchange anisotropy A = 0.5 (inset). The
model is integrable, and the spin Drude weight Dy is finite for
|A] < 1[35,37,41,42]. The horizontal lines show the lower bounds
for D, established in Ref. [42] as well as the Bethe-ansatz (BA) result
from Ref. [38].

bound [42] for limy_ o T D(T) and Zotos’ Bethe-ansatz
calculation [38]. At A = 0.5, the values for D, obtained
in Ref. [38] coincide with our tDMRG data also for the
finite temperatures 7 < oo considered here (see the inset
to Fig. 1; compare Ref. [37]). In the case of A > 1, the
current correlators appear to decay to zero, consistent with
predictions of a vanishing finite-temperature Drude weight in
this regime [31,33,39,48]. At the isotropic point A = 1, Cy(¢)
does not saturate to a constant on the timescale reached in the
simulations [37], and no conclusion on the presence or absence
of a ballistic contribution is possible.

We next turn to the case of spin ladders. Exemplary
DMRG data for Cg and Cy, at three different temperatures
T € {00,J,0.5J} are shown in Fig. 2. The thermal current
autocorrelation function is strictly time independent in the
chain limit J; = 0 [27] (data not shown in the figure) but
decays to zero for any J; > 0, which is consistent with earlier
studies that suggested the absence of ballistic contributions in
spin-ladder systems [33,75]. For the isotropic ladder J, /J =1
with A = 1 at high temperatures, this decay takes place on a
fairly short timescale tJ < 8 [see Fig. 2(a)]. In Figs. 2(b)
and 2(c), we compare the behavior of Cy(f) on chains
with isotropic ladders (J; = J) for two different exchange
anisotropies A = 0.5 and A = 1. In both cases, Cs(¢) decays
much faster if J, > 0, and our data suggest the absence of
ballistic contributions to spin transport, in agreement with
Refs. [33,82]. Moreover, oscillations in C(f) emerge in the
case of ladders. They become very pronounced at lower
temperatures and are related to the existence of a spin gap
for J; > 0.

B. Extraction of conductivities

We compute the spin and heat conductivities from the
corresponding real-time current correlation functions via
Eq. (5). However, only finite times ¢ < #,,x can be reached
in the DMRG calculations of Cs(¢) and Cy(¢), which gives
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= A=1.0(a)
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FIG. 2. (Color online) Current autocorrelation functions of two-
leg spin ladders governed by the Hamiltonian of Eq. (3). A and J;
denote the exchange anisotropy and the rung coupling, respectively.
(a) Energy current autocorrelation function of isotropic ladders
J1/J =1,A =1 for various T. (b), (c) Spin-current autocorrelation
functions at A =1 and A = 0.5, respectively. For J, =0, one
recovers two identical, decoupled X X Z chains.

rise to a “finite-time error” in oreg(w) and kyeg(w). We assess
this error as follows:

Our data suggest (in agreement with the results of
Refs. [33,75,82]) that, for any J;, > 0, the spin and thermal
Drude weights vanish; the current correlators decay to zero
for t — oo. We first compute the frequency integral in Eq. (5)
by using only the finite-time data. Thereafter, we extrapolate
Cs(t) and Cy,(¢) to t = oo by using linear prediction [101] and
recompute the frequency integral. Linear prediction attempts
to obtain data for correlation functions of interest at times
t > tmax as a linear combination of the available data for a
discrete set of times points f,, < fmax (see Ref. [101] for details).
We perform the linear prediction for a variety of different
fitting parameters (such as the fitting interval) and then define
the error bar as twice the largest deviation to the conductivity
computed without any extrapolation at all.

For the XX Z chain with |A| > 1, the Drude weight also
vanishes, and the finite-time error of oy¢(w) can be assessed
in a manner analogous to that for ladders. The same holds
at |Al <1 and T = oo where a lower bound for Dy is
known analytically from Prosen’s work (see the discussion
in Sec. IV A). For the values of A considered here, this
bound agrees with the Drude weight computed by using other
methods [35,37,38]; hence, we assume that it is exhaustive,
which allows us to subtract Dy in Eq. (2).

At |A] <1 and T < oo, the Drude weight needs to be
extracted from the numerical data [36,37], which is an addi-
tional source of error, or it has to be taken from other methods
such as the Bethe-ansatz calculation of Ref. [38]. We estimate
the corresponding uncertainty of the conductivity as follows:
For A =0.5 and T = oo, C(t) oscillates around the value
for T Dy known from the improved lower bound from [42]
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(see Fig. 1); for finite temperatures T € {3.3J,J,J/2}, Cy(t)
oscillates around the Bethe-ansatz result Df’A of Ref. [38]. An
upper bound D! as well as alower bound D! can be determined
from the magnitude of the oscillations. For each DEA, D¢, and
D!, we carry out the procedure used at 7 = oo and define the
uncertainty in og(w) as either twice the difference between
the curves computed with and without extrapolation or twice
the maximum difference between the curves at the different
DBA, D', and D!, whatever is larger.

For other exchange anisotropies, the accessible timescales
are either too short to fully resolve the oscillations around
Dy, or Cy(t) decays monotonically for large times. The latter
seems to be true, in particular, close to the isotropic point
A = 1. For A =0.901 (see Fig. 1) and at T = oo, the value
of C,(¢) at the largest time reached is approximately 10% larger
than the improved bound from Ref. [42]. For finite but not too
small 7/J, we assume that Cs(¢)/(2T) = r Dy at the maximal
time reached, where we typically choose r ~ 1.2. Given this
estimate for Dy, we assess the error in a manner analogous to
that for the infinite-temperature case. Note that the larger r,
the larger the error bars. We stress that this way of estimating
the error is less controlled than in those cases for which the
value of the Drude weight is known.

Exemplary error bars are shown in Figs. 3-6. The data
for opeg(w) displayed in the figures are the ones obtained by
using linear prediction; the conductivities for the X X Z chain
at A =0.5and T < oo shown in Fig. 3(c) were calculated by
using the Bethe-ansatz value of Ref. [38] for the Drude weight.
Note that the numerical error of the bare DMRG data for C4(t)
and Cy,(?) is negligible compared to the finite-time error.

C T T
(a) T=o [T 7N
S _
% 0.3 \go.vA‘?'S / A E
5 - A=0.5 A=2 'E [ ——- Emjﬁg ﬂg II:E \\\\\\:. B
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[t ol 05 1
0 b‘A 0.901 1 ™ =23, noLP
= ~ — ImJ=23, no
(b) : 2 03[\ --- tnl=12, no LP|
1= - 5 \ t=12,LP [
T=33) B [Toe e
A=0.901 ‘ ]
o !
5 o) 05
VS’ 0 ‘ ‘ ‘ 02—‘ T - — B
9 (C) A=0.5 NQ : O integral o
0.4 3 [ O sumrule 1
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E ol 5 B
L Tl .é: Q | ) ) T=co|
" T-3.3J " oA 08
I L L L — — =
0o 0.5 1
o/J

FIG. 3. (Color online) Regular part of the spin conductivity of
the XX Z chain at (a) infinite temperature and various values of A,
and (b), (c) at a fixed value of A < 1 and various 7. The finite-time
error can be estimated following the procedure outlined in Sec. IV B.
The insets to panels (a) and (b) show the conductivity obtained from
the finite-time data ¢ < f,, without extrapolation (“no LP”) as well
as from using linear prediction to extrapolate to t — oo (“LP”). The
inset to panel (c) illustrates that the optical sum rule (9) is fulfilled
accurately.
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The finite-time data used for the above procedure are the
DMRG data up to the maximum time #;,x reached in the
simulation. In the case of the XX Z chain, this time is fairly
large compared to 1/J, and it is thus instructive to recalculate
Oreg(w) using only the data for half of the maximum time (both
with and without extrapolation). Results are shown in the insets
to Fig. 3; they illustrate that linear prediction provides a fairly
reliable way to estimate the error.

As an additional test for the accuracy of the conductivities,
one can verify the optical sum rule. In the spin case it reads

7 (=T)
2L

oo
/ doReo(w) = , ©)
0
where 7' is the kinetic energy, i.e., all terms in Eq. (3) computed
at A = 0. We show exemplary data for the validity of the sum
rule in the insets of Figs. 3(c) and 5(b), which illustrate that
Eq. (9) holds with great accuracy.

C. Spin conductivity of spin-% XX Z chain

Figure 3 gives an overview over the behavior of oreg(w)
for the spin-% X X Z chain for various values of the exchange
anisotropy A (results for A > 1 have previously been shown
in Ref. [63]). At infinite temperature [see Fig. 3(a)] and
for all A > 0 considered, we find a finite dc conductivity
04c = lim,,_, ¢ 0o (@) within the error bars of our extrapolation
method. This is at odds with the predictions of Ref. [60],
where oyeg(w) w* was suggested in the low-frequency limit.
For the special value of A = 0.5, however, there clearly is
a suppression of weight around @ = 0 accompanied by a
pronounced maximum at @ = 0.25J. For other values of
A < 1, 0reg(w) seems to exhibit a global maximum at w = 0
as well as additional lower maxima at higher frequencies that
shift to larger values of w as A increases. The spin conductivity
at A =2 has also been analyzed in Ref. [64], and large,
anomalous, L-dependent fluctuations in Reo(w) have been
observed at low frequencies. Those are not present in our data.

Returning to the regime of A < 1, we cannot rule out that
the disagreement between our result for the low-frequency
behavior of the conductivity and the prediction of Ref. [60] is
attributed to finite-time effects. However, there is no obvious
indication for this in our data: At T = oo, the Drude weight
is known from [42], and limy_, [T 0q4] is simply given by
the integral of C(#) with 2T Dy subtracted. The real-time data
are shown in Fig. 1; the errors due to the finite system size
and the finite discarded weight are negligible. As illustrated
in the insets to Figs. 3(a) and 3(b), our extrapolation scheme
using linear prediction provides a stable and meaningful way
to establish finite-time error bars. As an additional test, it is
instructive to assume that the improved lower bound—which
at T = oo and for the exchange anisotropies considered here
coincides with the Bethe-ansatz result of Ref. [38]—is not
fully saturated. At A = 0.5, an upper bound D¢ to the Drude
weight can be estimated from the magnitude of the oscillations
of Cs(¢). Using D¢ instead of the lower bound from Ref. [42]
decreases o4 by 15% but does not yield ogq. = 0.

To summarize, a vanishing dc conductivity suggested by
Ref. [60] could only be caused by oscillations at large times
around the asymptote 27 D, which would need to cancel
out the large positive contribution from times ¢J < 40. Put
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differently, if opeg(w) ~ w? holds, it only holds for very small
frequencies w <« J. This is further corroborated by the fact
that the optical sum rule of Eq. (9) is fulfilled accurately [see
the inset to Fig. 3(c)].

Even though oy4. > 0 is supported by our tDMRG cal-
culation in combination with the results for Dy(T) from
Refs. [38,42], the emergence of very narrow peaks in the
data for A =0.309, 0.901 at low frequencies should be
taken with some caution. For these parameters, the timescale
tJ < tmax = 40/J reached in the simulation is too short to
resolve potential oscillations around the long-time asymptote.
A very conservative estimate of the accessible frequencies is
WOmin = 27T/ tmax ~ 0.15J. It is possible that redistributions of
weight below wp,, would occur if longer times were available.

The temperature dependence of oye(w) is shown in
Figs. 3(b) and 3(c) for two different exchange anisotropies.
At A =0.901, the global maximum is always at w = 0, oqc
increases with decreasing temperature, and the w dependence
seems to become smoother the smaller 7 is. For A = 0.5,
the suppression of weight at low frequencies survives down to
temperatures of 7 > 0.5J (at T = 0.5/, the error bars become
too large to draw any conclusions).

To guide our ensuing discussion of ladders, we summarize
the A dependence of o (w) in the chain limit J;, = 0. At A =0,
Reo(w) = 2n Ds(T)3(w), and the perturbation J; > 0 thus
breaks both the integrability of the model and the conservation
of the spin current. For A > 0, the spin current is no longer
conserved even for J; = 0, which gives rise to a nonzero
regular contribution oe(®) to the conductivity. According to
recent studies [35,37,41,42], the Drude weight is finite for
any 0 < |A| < 1, but no final conclusion on Dy(T) at A =1
has been reached yet. At T = oo, the relative contribution of
Oreg(w) to the total spectral weight increases monotonically
from zero at A = 0 to a value of the order of 90% close to
A =1 [37]. For A > 1, the commonly accepted picture is
that Dy(T > 0) = 0; hence, all weight is concentrated in the
regular part. Based on these qualitative differences of o (w)
that depend on A and the interplay of the ballistic contribution
with finite-frequency weight at small @, we expect significant
changes in the spin conductivity of ladders as a function of A.

D. Spin conductivity of ladders

We now turn to the spin conductivity o(w) of two-leg
ladders and contrast our results with the limiting case of
isolated chains (J, = 0), where the behavior of o (w) crucially
depends on A. We first discuss the infinite-temperature case;
data for J; = J are presented in Fig. 4(a). At A = 0, 0yeg(@)
has a simple Lorentzian shape [see the inset to Fig. 4(a)]:

Tog4/T?
w? + (/1)
This follows directly from the results of Ref. [82], where the
spin-autocorrelation function of the X X two-leg ladder was
studied numerically and analytically as a function of J, /J.
It turned out that C(¢) decays exponentially at small values
of J; < J and with a Gaussian for larger values of J, . The
results of Ref. [82] in conjunction with our data altogether
identify the X X spin-% ladder as a textbook realization of a
diffusive conductor with a single relaxation time T oc (J/J1)%.

Reo(w) = (10)

115130-5



C. KARRASCH, D. M. KENNES, AND F. HEIDRICH-MEISNER

i A=0.5 (a) leJ T DMR‘G

.
= O Lorentzian fit

0.4 & 1l =054 =47
g
5] - 1
L J=J

0.2 0lA=0 -

0 old 1

TGreg()/d

2

o/J
FIG. 4. (Color online) Spin conductivity of two-leg ladders at

infinite temperature 7' = oo for (a) fixed rung coupling J, = J and

(b) fixed anisotropy A = 1. At A=0and J; < J, Oreg(w) is of the
simple Lorentzian form (see inset).

Systems with A = 0 are rarely found in real materials, but the
X X model on a ladder can easily be realized with hard-core
bosons in optical lattices (see, e.g., Ref. [55] and the discussion
in Refs. [82,83]).

For the special case of A = 1, we show exemplary data for
J1 # J in Fig. 4(b). Even at T = oo, the conductivity does
not have a simple functional form but features side maxima at
finite frequencies that shift to larger w as J, /J increases.

In Figs. 5(a)-5(c), we illustrate how oreg(w) of isotropic
ladders J, = J evolves as the temperature decreases from
T = oodownto T = 0.29J.Itturns out thatitis easier to reach
low temperatures for larger values of A. In the case of A =0

1 ' (a) A=0.0 15F0 A= A=t °

Lo 405 owl=T ]

. . O

g — T=3.3J c 0 -

\ T 05k 9 ]
05F = T=05 = 4
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—~ 1.2f 6 7

. 2 /Er sum rule
S o6l = o |
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w/J

FIG. 5. (Color online) Spin conductivity of two-leg ladders with
fixed J, = J butvarious T and anisotropies ranging from A = 0(X X
ladder) to A =1 (isotropic ladder). Note that the curve at A =1,
T =029J (at A=0, T =0.5J) is plotted only for frequencies
w > J (w > 0.2J). The insets show the dc conductivity, the optical
sum rule, and the A dependence of the spin gap Ay, (calculated for
L =128 at J > 0), respectively.
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[see Fig. 5(a)], we observe a Drude-like conductivity down
to temperatures of 7 ~ 3J. At lower temperatures, however,
Re o (w) deviates from a simple Lorentzian (see Ref. [8§9] for
similar observations for a chain with a staggered field). This
is a consequence of the existence of a spin gap Ay, in the
two-leg ladder which at low temperatures manifests itself by
a suppression of weight below the optical 2Ay, (see, e.g.,
the case of dimerized chains studied in Ref. [104]) and a
sharp increase of opeg(w) at w ~ 2Ag,. As a consequence,
the dc conductivity is expected to diverge with 77¢, o > 0
as T is lowered [63,65-67]. Next, we investigate how the
Drude-like conductivity observed for A =0 evolves as A
increases. We find that (i) the current autocorrelations at
A =0.5 and A =1 do not follow a simple exponential or
Gaussian decay even at infinite temperature, and hence (ii) the
low-frequency conductivity is not well described by a simple
Lorentzian. Pragmatically, we associate the (zero-frequency)
current relaxation time T with the inverse of the half-width half
maximum of the zero-frequency peak in Re o (w) for A > 0.

The presence of these two scales, the optical gap 2Apin,
and the inverse high-temperature relaxation time 1/t, which
controls the low-frequency behavior, is more visible in the data
for A =0.5 and A = 1 [shown in Figs. 5(b) and 5(c)] even
at the highest temperatures 7 = 3.3J. Clearly, there are two
maxima in Re o (w), one at @ = 0 and one at @ 2 2Ag, [in
fact, at very low T', Re o (w) has an edge at the optical gap]. The
reason is the dependence of the optical gap on the exchange
anisotropy A. The spin gap in a two-leg ladder as a function
of A is, in the limit of J = 0, given by

J
Agpin = 7%1 +A). (11)

This monotonic dependence of Agy, on A survives at finite
values of J; ~ J. This is shown in the inset of Fig. 5(c), which
has been obtained from A, = Eo(S* = 1) — Eo(S* = 0) by
using standard DMRG [5,6], where E((S?) is the ground state
in the subspace with total magnetization S* for L = 128.

Our data are compatible with a leading temperature depen-
dence of the form o4.(T) o< 1/T. Moreover, o4, is a mono-
tonically decreasing function of A in the high-temperature
regime. The latter can be understood by the nature of the
single-particle spin-1 excitations of the two-leg ladder that
originate from the local triplet excitations of the J/J;, — 0
limit. Finite values of J render these triplets dispersive and
give rise to interactions between the quasiparticles. A nonzero
value of A introduces additional scattering terms, and it is thus
intuitive to expect smaller quasiparticle lifetimes and hence
also smaller dc conductivities.

E. Thermal conductivity of Heisenberg ladders

For experiments with quantum magnets, the thermal
conductivity is the most easily accessible transport coeffi-
cient, which has been investigated in a large number of
experiments on ladders [68,69], chains [105-108], and two-
dimensional antiferromagnets [109,110] (see Refs. [16,17]
for a review). These experiments have clearly established
that magnetic excitations can dominantly contribute to the
thermal conductivity of these insulating materials at elevated
temperatures, exceeding the phononic contribution (see, e.g.,
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FIG. 6. (Color online) Thermal conductivity of two-leg ladders
atfixed A = 1 and T = oo but various J, . We compare our data with
the exact-diagonalization (ED) result of Ref. [75].

Ref. [108]). The contribution of magnetic excitations to the
full thermal conductivity in these low-dimensional systems
manifests itself via a prominent anisotropy of the thermal
conductivity measured along different crystal axes [16,17].
Open and timely questions include a comprehensive and
quantitative theoretical explanation for the magnitude of the
thermal conductivity, a theory of relevant scattering channels
beyond pure spin systems (see, e.g., Refs. [20-26]), a full
understanding of the spin-phonon coupling including spin-
drag effects [23-25], and the understanding of a series of
experiments studying the effect of doping with nonmagnetic or
magnetic impurities and disorder onto the thermal conductivity
(see, e.g., Refs. [111,112]). Here we solely focus on pure spin
Hamiltonians. Given that most of the materials realize spin
Hamiltonians that are more complicated than just spin chains
with nearest-neighbor interactions only, one needs to resort to
numerical methods to get a quantitative picture.

The real-time energy current autocorrelations for the
Heisenberg ladder (A = 1) are shown in Fig. 2(a). At T =
00, Cp(t) decays fast, and k(w) can be obtained down to
sufficiently low frequencies. For lower temperatures, however,
the accessible timescales are at present too short to reach the
dc limit in a reliable way. We therefore focus on T = oo.

Our results for the thermal conductivity are shown in Fig. 6
for J, /J = 0.5,1,2. They are in reasonable agreement with
the exact diagonalization data of Ref. [75] that were obtained
by using a microcanonical Lanczos method for L = 14 sites.
Note that our data for x4 is typically larger than the exact
diagonalization results. The behavior at low frequencies is
anomalous—it does not follow a Drude-like Lorentzian shape
(this was already pointed out in Ref. [75]). The actual form
of the low-frequency dependence of kiez(w) (discussed in
Ref. [75]) cannot be clarified by using the existing data. The
knowledge of the infinite-temperature dc conductivity g7 still
gives access to a wide temperature regime since the leading
term is kqc(T) = ks / T2, and we can therefore address the
question of mean-free paths.

F. Mean-free paths for Heisenberg spin ladder

In the analysis of experimental data for «, one often uses a
kinetic equation to extract magnetic mean-free paths [17,69].

PHYSICAL REVIEW B 91, 115130 (2015)

An analogous equation can also be employed for o, and we
obtain the following set of kinetic equations:

1 d(exny)
Y It 12
=7 4 ko ek (12)
1 dnk
= — — — Mok, 13
o= Ek Uk< d€k> Y’ (13)

where ¢ is the dispersion of the threefold degenerate triplet
excitations, v, = 0y€x, and ny is a distribution function which
accounts for the hard-core boson nature of the triplets [69]:

3
“ 7 exp(Ber) + 3

The actual form of the dispersion is not important since
vy drops out in one dimension when the integration over
k is replaced by an integral over energy €. The mean-free
paths [, ; and [,; are taken to be independent of quasi-
momentum, /) x = lc(o)mag- In order to analyze the total
thermal conductivity measured experimentally, one assumes
Kiotal = Kph =+ Kmag, Where «pp and kg represent the phononic
and magnetic contribution, respectively. Such a separation is
an approximation and should be understood as an operational
means to extract mean-free paths—in general, spin-drag
effects can lead to additional contributions to xom [21,23,25].

In the high-temperature limit, one needs to keep only the
leading terms in a 1/ T expansion of Eqgs. (12) and (13). The
mean-free paths can then be extracted from kg = «37/ T? and
o4 = ogy /T via

(14)

Kgs = 16_7_[(613nax - emin)lK,magv (15)
Gé)co = E(Emax - Emin)la,mags (16)

where €,.x and €, are the band minimum and band maximum
of the single-triplet dispersion, respectively. For an isotropic
ladder system such as the one realized in LasCagCuyOy4
(the actual Hamiltonian is more complicated, see [9]), €min =
Agpin & J /2 and €pqx ~ 2J are reasonable estimates [113] for
J1 = J. We can thus approximate €p,x — €min = 3J/2 and

€ — €. ~ 8J3, which then leads to
J3
Kgco = Zlk,magv a7
9J
Op = gla,mag (18)

For the isotropic ladder J,/J =1, A =1, we have kJJ ~
0.66J° and 052 ~ 0.39J2 and thus [ mae ~ 4.2 and g ~
1.1. Hence, [, mag > lo,mag Such that the (averaged) mean-free
paths differ from each other. In this framework the mean-free
paths in the high-temperature regime are 7' independent, which
seems reasonable since at large T > J,J, (i.e., T larger than
the bandwidth of triplets) all states are populated equally. In
other words, the qualitative difference with phonons, the most
typical bosonic quasiparticle that contributes to the thermal
conductivity in solids, is that the number of triplet excitations
saturates at large T due to their hard-core nature, reflecting the
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fact that the spin system has a spectrum that is bounded from
above.

Our results demonstrate that the extraction of mean-free
paths as commonly employed in the analysis of the exper-
imental data, while providing very useful intuition, cannot
easily be related to single-excitation mean-free paths, due to
the different results obtained for x and ¢ and the gap in the
excitation spectrum (see also the discussion in Ref. [21]). We
stress that the observation of different mean-free paths for
different transport channels is not unusual. Even in metals
(more generally, Fermi liquids) momentum and energy can
relax differently via inelastically scattering processes [114].
Moreover, more dramatic deviations from the Wiedemann—
Franz law are well known for non-Fermi liquids (see, e.g.,
Ref. [115]), in Luttinger liquids [116,117] and mesoscopic
systems [118,119].

V. SUMMARY

In this work, we studied the spin and thermal conductivity
of spin chains and ladders using finite-temperature, real-time
density matrix renormalization group techniques. We first
computed the spin conductivity of the spin—% XXZ chain
as a function of the exchange anisotropy A > 0. Our data
suggest finite dc conductivities for all A > 0, yet a suppression
of weight at low frequencies for special values such as
A = 0.5. While the main drawback of the numerical method
is that only finite times can be reached in the simulations,
the comparison of various schemes to extract the frequency
dependence supports our conclusion.

Our results for two-leg spin ladders are consistent with
the absence of ballistic contributions in agreement with
Refs. [33,75,77,82]. At high temperatures, the X X ladder—
which is equivalent to a system of hard-core bosons—exhibits

PHYSICAL REVIEW B 91, 115130 (2015)

a simple, Drude-like spin conductivity [82]. This property
is lost as either the temperature is lowered or the exchange
anisotropy is increased. At low temperatures, the spin conduc-
tivity features a two-peak structure with a maximum at w = 0
and a large weight for frequencies above the optical spin gap.
We further computed the dc spin conductivity; it decreases as
the exchange anisotropy increases from A = 0 towards A = 1
and is a monotonically increasing function of temperature.

The thermal conductivity was obtained in the infinite-
temperature limit, and our data agree reasonably well with
earlier exact-diagonalization results [75]. We extracted esti-
mates for mean-free paths via kinetic equations that are used
in the analysis of experimental data [69]. The (momentum-
averaged) mean-free paths /., obtained from « are larger
than the ones calculated from o. Thus, [y, depends on
the type of transport considered, and it is therefore not
obvious that values for [, can directly be interpreted as a
mean-free path of single-particle excitations. Future time- and
real-space experiments could provide additional insight into
the connection between single-excitations and the mean-free
paths observed in transport measurements.

ACKNOWLEDGMENTS

We thank W. Brenig, P. Prelovsek, T. Prosen, R.
Steinigeweg, and X. Zotos for very useful discussions. We
are further indebted to X. Zotos for sending us exact-
diagonalization data from Ref. [75] and Bethe-ansatz results
for Dy(T) computed with the methods of Ref. [38] for
comparison. We acknowledge support by the Nanostructured
Thermoelectrics program of LBNL (C.K.) as well as by the
DFG through the Research Training Group 1995 (D.M.K) and
through FOR 912 via Grant No. HE-5242/2-2 (FH.-M.).

[1] T. Giamarchi, Quantum Physics in One Dimension (Clarendon
Press, Oxford, 2004), p. 2905.

[2] A. Klumper, Lect. Notes Phys. 645, 349 (2004).

[3] C. Knetter and G. Uhrig, Eur. Phys. J. B 13, 209
(2000).

[4] S. Trebst, H. Monien, C. J. Hamer, Z. Weihong, and R. R. P.
Singh, Phys. Rev. Lett. 85, 4373 (2000).

[51 S. R. White, Phys. Rev. Lett. 69, 2863 (1992).

[6] U. Schollwock, Rev. Mod. Phys. 77, 259 (2005).

[7] D. C. Johnston, R. K. Kremer, M. Troyer, X. Wang,
A. Klimper, S. L. Bud’ko, A. F. Panchula, and P. C. Canfield,
Phys. Rev. B 61, 9558 (2000).

[8] D. C. Johnston, M. Troyer, S. Miyahara, D. Lidsky, K. Ueda,
M. Azuma, Z. Hiroi, M. Takano, M. Isobe, Y. Ueda, M. A.
Korotin, V. I. Anisimov, A. V. Mahajan, and L. L. Miller,
arXiv:cond-mat/0001147.

[9] S. Notbohm, P. Ribeiro, B. Lake, D. A. Tennant, K. P.
Schmidt, G. Uhrig, C. Hess, R. Klingeler, G. Behr, B. Buchner,
M. Reehuis, R. I. Bewley, C. D. Frost, P. Manuel, and R. S.
Eccleston, Phys. Rev. Lett. 98, 027403 (2007).

[10] B. Lake, D. A. Tennant, J.-S. Caux, T. Barthel, U. Schollwock,
S. E. Nagler, and C. D. Frost, Phys. Rev. Lett. 111, 137205
(2013).

[11] M. Windt, M. Griininger, T. Nunner, C. Knetter, K. P. Schmidt,
G. S. Uhrig, T. Kopp, A. Freimuth, U. Ammerahl, B. Blichner,
and A. Revcolevschi, Phys. Rev. Lett. 87, 127002 (2001).

[12] K. R. Thurber, A. W. Hunt, T. Imai, and F. C. Chou, Phys. Rev.
Lett. 87, 247202 (2001).

[13] F. Branzoli, P. Carretta, M. Filibian, S. Klyatskaya, and
M. Ruben, Phys. Rev. B 83, 174419 (2011).

[14] H. Maeter, A. A. Zvyagin, H. Luetkens, G. Pascua,
7. Shermadini, R. Saint-Martin, A. Revcolevschi, C. Hess,
B. Biichner, and H.-H. Klauss, J. Phys.: Condens. Matter 25,
365601 (2013).

[15] E L. Pratt, S.J. Blundell, T. Lancaster, C. Baines, and S. Takagi,
Phys. Rev. Lett. 96, 247203 (2006).

[16] A. V. Sologubenko, T. Lorenz, H. R. Ott, and A. Freimuth,
J. Low Temp. Phys. 147, 387 (2007).

[17] C. Hess, Eur. Phys. J. Spec. Top. 151, 73 (2007).

[18] X. Zotos and P. Prelovsek, Strong Interactions in Low Di-
mensions (Kluwer Academic Publishers, Dordrecht, 2004),
Chap. 11.

[19] F. Heidrich-Meisner, A. Honecker, and W. Brenig, Eur. Phys.
J. Spec. Top. 151, 135 (2007).

[20] E. Shimshoni, N. Andrei, and A. Rosch, Phys. Rev. B 68,
104401 (2003).

115130-8


http://dx.doi.org/10.1007/BFb0119598
http://dx.doi.org/10.1007/BFb0119598
http://dx.doi.org/10.1007/BFb0119598
http://dx.doi.org/10.1007/BFb0119598
http://dx.doi.org/10.1007/s100510050026
http://dx.doi.org/10.1007/s100510050026
http://dx.doi.org/10.1007/s100510050026
http://dx.doi.org/10.1007/s100510050026
http://dx.doi.org/10.1103/PhysRevLett.85.4373
http://dx.doi.org/10.1103/PhysRevLett.85.4373
http://dx.doi.org/10.1103/PhysRevLett.85.4373
http://dx.doi.org/10.1103/PhysRevLett.85.4373
http://dx.doi.org/10.1103/PhysRevLett.69.2863
http://dx.doi.org/10.1103/PhysRevLett.69.2863
http://dx.doi.org/10.1103/PhysRevLett.69.2863
http://dx.doi.org/10.1103/PhysRevLett.69.2863
http://dx.doi.org/10.1103/RevModPhys.77.259
http://dx.doi.org/10.1103/RevModPhys.77.259
http://dx.doi.org/10.1103/RevModPhys.77.259
http://dx.doi.org/10.1103/RevModPhys.77.259
http://dx.doi.org/10.1103/PhysRevB.61.9558
http://dx.doi.org/10.1103/PhysRevB.61.9558
http://dx.doi.org/10.1103/PhysRevB.61.9558
http://dx.doi.org/10.1103/PhysRevB.61.9558
http://arxiv.org/abs/arXiv:cond-mat/0001147
http://dx.doi.org/10.1103/PhysRevLett.98.027403
http://dx.doi.org/10.1103/PhysRevLett.98.027403
http://dx.doi.org/10.1103/PhysRevLett.98.027403
http://dx.doi.org/10.1103/PhysRevLett.98.027403
http://dx.doi.org/10.1103/PhysRevLett.111.137205
http://dx.doi.org/10.1103/PhysRevLett.111.137205
http://dx.doi.org/10.1103/PhysRevLett.111.137205
http://dx.doi.org/10.1103/PhysRevLett.111.137205
http://dx.doi.org/10.1103/PhysRevLett.87.127002
http://dx.doi.org/10.1103/PhysRevLett.87.127002
http://dx.doi.org/10.1103/PhysRevLett.87.127002
http://dx.doi.org/10.1103/PhysRevLett.87.127002
http://dx.doi.org/10.1103/PhysRevLett.87.247202
http://dx.doi.org/10.1103/PhysRevLett.87.247202
http://dx.doi.org/10.1103/PhysRevLett.87.247202
http://dx.doi.org/10.1103/PhysRevLett.87.247202
http://dx.doi.org/10.1103/PhysRevB.83.174419
http://dx.doi.org/10.1103/PhysRevB.83.174419
http://dx.doi.org/10.1103/PhysRevB.83.174419
http://dx.doi.org/10.1103/PhysRevB.83.174419
http://dx.doi.org/10.1088/0953-8984/25/36/365601
http://dx.doi.org/10.1088/0953-8984/25/36/365601
http://dx.doi.org/10.1088/0953-8984/25/36/365601
http://dx.doi.org/10.1088/0953-8984/25/36/365601
http://dx.doi.org/10.1103/PhysRevLett.96.247203
http://dx.doi.org/10.1103/PhysRevLett.96.247203
http://dx.doi.org/10.1103/PhysRevLett.96.247203
http://dx.doi.org/10.1103/PhysRevLett.96.247203
http://dx.doi.org/10.1007/s10909-007-9317-x
http://dx.doi.org/10.1007/s10909-007-9317-x
http://dx.doi.org/10.1007/s10909-007-9317-x
http://dx.doi.org/10.1007/s10909-007-9317-x
http://dx.doi.org/10.1140/epjst/e2007-00363-8
http://dx.doi.org/10.1140/epjst/e2007-00363-8
http://dx.doi.org/10.1140/epjst/e2007-00363-8
http://dx.doi.org/10.1140/epjst/e2007-00363-8
http://dx.doi.org/10.1140/epjst/e2007-00369-2
http://dx.doi.org/10.1140/epjst/e2007-00369-2
http://dx.doi.org/10.1140/epjst/e2007-00369-2
http://dx.doi.org/10.1140/epjst/e2007-00369-2
http://dx.doi.org/10.1103/PhysRevB.68.104401
http://dx.doi.org/10.1103/PhysRevB.68.104401
http://dx.doi.org/10.1103/PhysRevB.68.104401
http://dx.doi.org/10.1103/PhysRevB.68.104401

SPIN AND THERMAL CONDUCTIVITY OF QUANTUM SPIN ...

[21] A. L. Chernyshev and A. V. Rozhkov, Phys. Rev. B 72, 104423
(2005).

[22] A. V. Rozhkov and A. L. Chernyshev, Phys. Rev. Lett. 94,
087201 (2005).

[23] E. Boulat, P. Mehta, N. Andrei, E. Shimshoni, and A. Rosch,
Phys. Rev. B 76, 214411 (2007).

[24] S. Gangadharaiah, A. L. Chernyshev, and W. Brenig, Phys.
Rev. B 82, 134421 (2010).

[25] C. Bartsch and W. Brenig, Phys. Rev. B 88, 214412 (2013).

[26] H. Rezania, A. Langari, P. H. M. van Loosdrecht, and X. Zotos,
arXiv:1310.5943.

[27] X. Zotos, F. Naef, and P. Prelovsek, Phys. Rev. B 55, 11029
(1997).

[28] A. Klimper and K. Sakai, J. Phys. A: Math. Gen. 35, 2173
(2002).

[29] K. Sakai and A. Klumper, J. Phys. A: Math. Gen. 36, 11617
(2003).

[30] F. Naef and X. Zotos, J. Phys. Condensed. Mat. 10, L183
(1998).

[31] X. Zotos and P. Prelovsek, Phys. Rev. B 53, 983 (1996).

[32] B. N. Narozhny, A. J. Millis, and N. Andrei, Phys. Rev. B 58,
R2921 (1998).

[33] F. Heidrich-Meisner, A. Honecker, D. C. Cabra, and W. Brenig,
Phys. Rev. B 68, 134436 (2003).

[34] D. Heidarian and S. Sorella, Phys. Rev. B 75, 241104(R)
(2007).

[35] J. Herbrych, P. Prelovsek, and X. Zotos, Phys. Rev. B 84,
155125 (2011).

[36] C. Karrasch, J. H. Bardarson, and J. E. Moore, Phys. Rev. Lett.
108, 227206 (2012).

[37] C. Karrasch, J. Hauschild, S. Langer, and F. Heidrich-Meisner,
Phys. Rev. B 87, 245128 (2013).

[38] X. Zotos, Phys. Rev. Lett. 82, 1764 (1999).

[39] N. M. R. Peres, P. D. Sacramento, D. K. Campbell, and J. M.
P. Carmelo, Phys. Rev. B 59, 7382 (1999).

[40] J. Benz, T. Fukui, A. Klumper, and C. Scheeren, J. Phys. Soc.
Jpn. 74, 181 (2005).

[41] T. Prosen, Phys. Rev. Lett. 106, 217206 (2011).

[42] T. Prosen and E. Ilievski, Phys. Rev. Lett. 111, 057203
(2013).

[43] R. Steinigeweg, J. Gemmer, and W. Brenig, Phys. Rev. Lett.
112, 120601 (2014).

[44]]J. M. P. Carmelo, T. Prosen, and D. K. Campbell,
arXiv:1407.0732.

[45] S. Langer, F. Heidrich-Meisner, J. Gemmer, 1. P. McCulloch,
and U. Schollwock, Phys. Rev. B 79, 214409 (2009).

[46] S. Jesenko and M. Znidari&, Phys. Rev. B 84, 174438 (2011).

[47] S. Langer, M. Heyl, I. P. McCulloch, and F. Heidrich-Meisner,
Phys. Rev. B 84, 205115 (2011).

[48] C. Karrasch, J. E. Moore, and F. Heidrich-Meisner, Phys. Rev.
B 89, 075139 (2014).

[49] T. Prosen and M. Znidari¢, J. Stat. Mech.: Theory Exp. (2009)
P02035.

[50] M. Znidarig, Phys. Rev. Lett. 106, 220601 (2011).

[51] M. Znidarig, Phys. Rev. B 88, 205135 (2013).

[52] J.J. Mendoza-Arenas, S. Al-Assam, S. R. Clark, and D. Jaksch,
J. Stat. Mech. (2013) P0O7007.

[53] S. Hild, T. Fukuhara, P. Schauf}, J. Zeiher, M. Knap,
E. Demler, I. Bloch, and C. Gross, Phys. Rev. Lett. 113, 147205
(2014).

PHYSICAL REVIEW B 91, 115130 (2015)

[54] U. Schneider, L. Hackermiller, J. P. Ronzheimer, S. Will,
S. Braun, T. Best, I. Bloch, E. Demler, S. Mandt, D. Rasch,
and A. Rosch, Nat. Phys. 8, 213 (2012).

[55] J. P. Ronzheimer, M. Schreiber, S. Braun, S. S. Hodgman,
S. Langer, I. P. McCulloch, F. Heidrich-Meisner, 1. Bloch, and
U. Schneider, Phys. Rev. Lett. 110, 205301 (2013).

[56] J. Sirker, R. G. Pereira, and I. Affleck, Phys. Rev. Lett. 103,
216602 (2009).

[57] J. Sirker, R. G. Pereira, and I. Affleck, Phys. Rev. B 83, 035115
(2011).

[58] T. Giamarchi, Phys. Rev. B 44, 2905 (1991).

[59] S. Grossjohann and W. Brenig, Phys. Rev. B 81,012404 (2010).

[60] J. Herbrych, R. Steinigeweg, and P. Prelovsek, Phys. Rev. B
86, 115106 (2012).

[61] R. Steinigeweg and J. Gemmer, Phys. Rev. B 80, 184402
(2009).

[62] R. Steinigeweg and W. Brenig, Phys. Rev. Lett. 107, 250602
(2011).

[63] C. Karrasch, D. M. Kennes, and J. E. Moore, Phys. Rev. B 90,
155104 (2014).

[64] P. Prelovsek, S. El Shawish, X. Zotos, and M. Long, Phys. Rev.
B 70, 205129 (2004).

[65] S. Sachdev and K. Damle, Phys. Rev. Lett. 78, 943 (1997).

[66] K. Damle and S. Sachdev, Phys. Rev. B 57, 8307 (1998).

[67] K. Damle and S. Sachdev, Phys. Rev. Lett. 95, 187201 (2005).

[68] A. V. Sologubenko, K. Gianno, H. R. Ott, U. Ammerahl, and
A. Revcolevschi, Phys. Rev. Lett. 84, 2714 (2000).

[69] C. Hess, C. Baumann, U. Ammerahl, B. Buichner, F. Heidrich-
Meisner, W. Brenig, and A. Revcolevschi, Phys. Rev. B 64,
184305 (2001).

[70] M. Otter, V. Krasnikov, D. Fishman, M. Pshenichnikov,
R. Saint-Martin, A. Revcolevschi, and P. van Loodsrecht, J.
Magn. Magn. Mater. 321, 796 (2009).

[71] M. Montagnese, M. Otter, X. Zotos, D. A. Fishman,
N. Hlubek, O. Mityashkin, C. Hess, R. Saint-Martin, S. Singh,
A. Revcolevschi, and P. H. M. van Loosdrecht, Phys. Rev. Lett.
110, 147206 (2013).

[72] G. T. Hohensee, R. B. Wilson, J. P. Feser, and D. G. Cahill,
Phys. Rev. B 89, 024422 (2014).

[73] A. Rosch and N. Andrei, Phys. Rev. Lett. 85, 1092 (2000).

[74] F. Heidrich-Meisner, A. Honecker, D. C. Cabra, and W. Brenig,
Phys. Rev. Lett. 92, 069703 (2004).

[75] X. Zotos, Phys. Rev. Lett. 92, 067202 (2004).

[76] J. Karadamoglou and X. Zotos, Phys. Rev. Lett. 93, 177203
(2004).

[77] P. Jung, R. W. Helmes, and A. Rosch, Phys. Rev. Lett. 96,
067202 (2006).

[78] C. Karrasch, R. Ilan, and J. E. Moore, Phys. Rev. B 88, 195129
(2013).

[79] M. Znidarig, Phys. Rev. Lett. 110, 070602 (2013).

[80] J. J. Mendoza-Arenas, S. R. Clark, and D. Jaksch,
arXiv:1410.5838.

[81] F. Heidrich-Meisner, A. Honecker, D. C. Cabra, and W. Brenig,
Physica B (Amsterdam, Neth.) 359-361, 1394 (2005).

[82] R. Steinigeweg, F. Heidrich-Meisner, J. Gemmer, K.
Michielsen, and H. De Raedt, Phys. Rev. B 90, 094417 (2014).

[83] L. Vidmar, S. Langer, I. P. McCulloch, U. Schneider, U.
Schollwock, and F. Heidrich-Meisner, Phys. Rev. B 88,235117
(2013).

[84] T. Barthel, New J. Phys. 15, 073010 (2013).

115130-9


http://dx.doi.org/10.1103/PhysRevB.72.104423
http://dx.doi.org/10.1103/PhysRevB.72.104423
http://dx.doi.org/10.1103/PhysRevB.72.104423
http://dx.doi.org/10.1103/PhysRevB.72.104423
http://dx.doi.org/10.1103/PhysRevLett.94.087201
http://dx.doi.org/10.1103/PhysRevLett.94.087201
http://dx.doi.org/10.1103/PhysRevLett.94.087201
http://dx.doi.org/10.1103/PhysRevLett.94.087201
http://dx.doi.org/10.1103/PhysRevB.76.214411
http://dx.doi.org/10.1103/PhysRevB.76.214411
http://dx.doi.org/10.1103/PhysRevB.76.214411
http://dx.doi.org/10.1103/PhysRevB.76.214411
http://dx.doi.org/10.1103/PhysRevB.82.134421
http://dx.doi.org/10.1103/PhysRevB.82.134421
http://dx.doi.org/10.1103/PhysRevB.82.134421
http://dx.doi.org/10.1103/PhysRevB.82.134421
http://dx.doi.org/10.1103/PhysRevB.88.214412
http://dx.doi.org/10.1103/PhysRevB.88.214412
http://dx.doi.org/10.1103/PhysRevB.88.214412
http://dx.doi.org/10.1103/PhysRevB.88.214412
http://arxiv.org/abs/arXiv:1310.5943
http://dx.doi.org/10.1103/PhysRevB.55.11029
http://dx.doi.org/10.1103/PhysRevB.55.11029
http://dx.doi.org/10.1103/PhysRevB.55.11029
http://dx.doi.org/10.1103/PhysRevB.55.11029
http://dx.doi.org/10.1088/0305-4470/35/9/307
http://dx.doi.org/10.1088/0305-4470/35/9/307
http://dx.doi.org/10.1088/0305-4470/35/9/307
http://dx.doi.org/10.1088/0305-4470/35/9/307
http://dx.doi.org/10.1088/0305-4470/36/46/006
http://dx.doi.org/10.1088/0305-4470/36/46/006
http://dx.doi.org/10.1088/0305-4470/36/46/006
http://dx.doi.org/10.1088/0305-4470/36/46/006
http://dx.doi.org/10.1088/0953-8984/10/12/001
http://dx.doi.org/10.1088/0953-8984/10/12/001
http://dx.doi.org/10.1088/0953-8984/10/12/001
http://dx.doi.org/10.1088/0953-8984/10/12/001
http://dx.doi.org/10.1103/PhysRevB.53.983
http://dx.doi.org/10.1103/PhysRevB.53.983
http://dx.doi.org/10.1103/PhysRevB.53.983
http://dx.doi.org/10.1103/PhysRevB.53.983
http://dx.doi.org/10.1103/PhysRevB.58.R2921
http://dx.doi.org/10.1103/PhysRevB.58.R2921
http://dx.doi.org/10.1103/PhysRevB.58.R2921
http://dx.doi.org/10.1103/PhysRevB.58.R2921
http://dx.doi.org/10.1103/PhysRevB.68.134436
http://dx.doi.org/10.1103/PhysRevB.68.134436
http://dx.doi.org/10.1103/PhysRevB.68.134436
http://dx.doi.org/10.1103/PhysRevB.68.134436
http://dx.doi.org/10.1103/PhysRevB.75.241104
http://dx.doi.org/10.1103/PhysRevB.75.241104
http://dx.doi.org/10.1103/PhysRevB.75.241104
http://dx.doi.org/10.1103/PhysRevB.75.241104
http://dx.doi.org/10.1103/PhysRevB.84.155125
http://dx.doi.org/10.1103/PhysRevB.84.155125
http://dx.doi.org/10.1103/PhysRevB.84.155125
http://dx.doi.org/10.1103/PhysRevB.84.155125
http://dx.doi.org/10.1103/PhysRevLett.108.227206
http://dx.doi.org/10.1103/PhysRevLett.108.227206
http://dx.doi.org/10.1103/PhysRevLett.108.227206
http://dx.doi.org/10.1103/PhysRevLett.108.227206
http://dx.doi.org/10.1103/PhysRevB.87.245128
http://dx.doi.org/10.1103/PhysRevB.87.245128
http://dx.doi.org/10.1103/PhysRevB.87.245128
http://dx.doi.org/10.1103/PhysRevB.87.245128
http://dx.doi.org/10.1103/PhysRevLett.82.1764
http://dx.doi.org/10.1103/PhysRevLett.82.1764
http://dx.doi.org/10.1103/PhysRevLett.82.1764
http://dx.doi.org/10.1103/PhysRevLett.82.1764
http://dx.doi.org/10.1103/PhysRevB.59.7382
http://dx.doi.org/10.1103/PhysRevB.59.7382
http://dx.doi.org/10.1103/PhysRevB.59.7382
http://dx.doi.org/10.1103/PhysRevB.59.7382
http://dx.doi.org/10.1143/JPSJS.74S.181
http://dx.doi.org/10.1143/JPSJS.74S.181
http://dx.doi.org/10.1143/JPSJS.74S.181
http://dx.doi.org/10.1143/JPSJS.74S.181
http://dx.doi.org/10.1103/PhysRevLett.106.217206
http://dx.doi.org/10.1103/PhysRevLett.106.217206
http://dx.doi.org/10.1103/PhysRevLett.106.217206
http://dx.doi.org/10.1103/PhysRevLett.106.217206
http://dx.doi.org/10.1103/PhysRevLett.111.057203
http://dx.doi.org/10.1103/PhysRevLett.111.057203
http://dx.doi.org/10.1103/PhysRevLett.111.057203
http://dx.doi.org/10.1103/PhysRevLett.111.057203
http://dx.doi.org/10.1103/PhysRevLett.112.120601
http://dx.doi.org/10.1103/PhysRevLett.112.120601
http://dx.doi.org/10.1103/PhysRevLett.112.120601
http://dx.doi.org/10.1103/PhysRevLett.112.120601
http://arxiv.org/abs/arXiv:1407.0732
http://dx.doi.org/10.1103/PhysRevB.79.214409
http://dx.doi.org/10.1103/PhysRevB.79.214409
http://dx.doi.org/10.1103/PhysRevB.79.214409
http://dx.doi.org/10.1103/PhysRevB.79.214409
http://dx.doi.org/10.1103/PhysRevB.84.174438
http://dx.doi.org/10.1103/PhysRevB.84.174438
http://dx.doi.org/10.1103/PhysRevB.84.174438
http://dx.doi.org/10.1103/PhysRevB.84.174438
http://dx.doi.org/10.1103/PhysRevB.84.205115
http://dx.doi.org/10.1103/PhysRevB.84.205115
http://dx.doi.org/10.1103/PhysRevB.84.205115
http://dx.doi.org/10.1103/PhysRevB.84.205115
http://dx.doi.org/10.1103/PhysRevB.89.075139
http://dx.doi.org/10.1103/PhysRevB.89.075139
http://dx.doi.org/10.1103/PhysRevB.89.075139
http://dx.doi.org/10.1103/PhysRevB.89.075139
http://dx.doi.org/10.1088/1742-5468/2009/02/P02035
http://dx.doi.org/10.1088/1742-5468/2009/02/P02035
http://dx.doi.org/10.1088/1742-5468/2009/02/P02035
http://dx.doi.org/10.1103/PhysRevLett.106.220601
http://dx.doi.org/10.1103/PhysRevLett.106.220601
http://dx.doi.org/10.1103/PhysRevLett.106.220601
http://dx.doi.org/10.1103/PhysRevLett.106.220601
http://dx.doi.org/10.1103/PhysRevB.88.205135
http://dx.doi.org/10.1103/PhysRevB.88.205135
http://dx.doi.org/10.1103/PhysRevB.88.205135
http://dx.doi.org/10.1103/PhysRevB.88.205135
http://dx.doi.org/10.1088/1742-5468/2013/07/P07007
http://dx.doi.org/10.1088/1742-5468/2013/07/P07007
http://dx.doi.org/10.1088/1742-5468/2013/07/P07007
http://dx.doi.org/10.1103/PhysRevLett.113.147205
http://dx.doi.org/10.1103/PhysRevLett.113.147205
http://dx.doi.org/10.1103/PhysRevLett.113.147205
http://dx.doi.org/10.1103/PhysRevLett.113.147205
http://dx.doi.org/10.1038/nphys2205
http://dx.doi.org/10.1038/nphys2205
http://dx.doi.org/10.1038/nphys2205
http://dx.doi.org/10.1038/nphys2205
http://dx.doi.org/10.1103/PhysRevLett.110.205301
http://dx.doi.org/10.1103/PhysRevLett.110.205301
http://dx.doi.org/10.1103/PhysRevLett.110.205301
http://dx.doi.org/10.1103/PhysRevLett.110.205301
http://dx.doi.org/10.1103/PhysRevLett.103.216602
http://dx.doi.org/10.1103/PhysRevLett.103.216602
http://dx.doi.org/10.1103/PhysRevLett.103.216602
http://dx.doi.org/10.1103/PhysRevLett.103.216602
http://dx.doi.org/10.1103/PhysRevB.83.035115
http://dx.doi.org/10.1103/PhysRevB.83.035115
http://dx.doi.org/10.1103/PhysRevB.83.035115
http://dx.doi.org/10.1103/PhysRevB.83.035115
http://dx.doi.org/10.1103/PhysRevB.44.2905
http://dx.doi.org/10.1103/PhysRevB.44.2905
http://dx.doi.org/10.1103/PhysRevB.44.2905
http://dx.doi.org/10.1103/PhysRevB.44.2905
http://dx.doi.org/10.1103/PhysRevB.81.012404
http://dx.doi.org/10.1103/PhysRevB.81.012404
http://dx.doi.org/10.1103/PhysRevB.81.012404
http://dx.doi.org/10.1103/PhysRevB.81.012404
http://dx.doi.org/10.1103/PhysRevB.86.115106
http://dx.doi.org/10.1103/PhysRevB.86.115106
http://dx.doi.org/10.1103/PhysRevB.86.115106
http://dx.doi.org/10.1103/PhysRevB.86.115106
http://dx.doi.org/10.1103/PhysRevB.80.184402
http://dx.doi.org/10.1103/PhysRevB.80.184402
http://dx.doi.org/10.1103/PhysRevB.80.184402
http://dx.doi.org/10.1103/PhysRevB.80.184402
http://dx.doi.org/10.1103/PhysRevLett.107.250602
http://dx.doi.org/10.1103/PhysRevLett.107.250602
http://dx.doi.org/10.1103/PhysRevLett.107.250602
http://dx.doi.org/10.1103/PhysRevLett.107.250602
http://dx.doi.org/10.1103/PhysRevB.90.155104
http://dx.doi.org/10.1103/PhysRevB.90.155104
http://dx.doi.org/10.1103/PhysRevB.90.155104
http://dx.doi.org/10.1103/PhysRevB.90.155104
http://dx.doi.org/10.1103/PhysRevB.70.205129
http://dx.doi.org/10.1103/PhysRevB.70.205129
http://dx.doi.org/10.1103/PhysRevB.70.205129
http://dx.doi.org/10.1103/PhysRevB.70.205129
http://dx.doi.org/10.1103/PhysRevLett.78.943
http://dx.doi.org/10.1103/PhysRevLett.78.943
http://dx.doi.org/10.1103/PhysRevLett.78.943
http://dx.doi.org/10.1103/PhysRevLett.78.943
http://dx.doi.org/10.1103/PhysRevB.57.8307
http://dx.doi.org/10.1103/PhysRevB.57.8307
http://dx.doi.org/10.1103/PhysRevB.57.8307
http://dx.doi.org/10.1103/PhysRevB.57.8307
http://dx.doi.org/10.1103/PhysRevLett.95.187201
http://dx.doi.org/10.1103/PhysRevLett.95.187201
http://dx.doi.org/10.1103/PhysRevLett.95.187201
http://dx.doi.org/10.1103/PhysRevLett.95.187201
http://dx.doi.org/10.1103/PhysRevLett.84.2714
http://dx.doi.org/10.1103/PhysRevLett.84.2714
http://dx.doi.org/10.1103/PhysRevLett.84.2714
http://dx.doi.org/10.1103/PhysRevLett.84.2714
http://dx.doi.org/10.1103/PhysRevB.64.184305
http://dx.doi.org/10.1103/PhysRevB.64.184305
http://dx.doi.org/10.1103/PhysRevB.64.184305
http://dx.doi.org/10.1103/PhysRevB.64.184305
http://dx.doi.org/10.1016/j.jmmm.2008.11.075
http://dx.doi.org/10.1016/j.jmmm.2008.11.075
http://dx.doi.org/10.1016/j.jmmm.2008.11.075
http://dx.doi.org/10.1016/j.jmmm.2008.11.075
http://dx.doi.org/10.1103/PhysRevLett.110.147206
http://dx.doi.org/10.1103/PhysRevLett.110.147206
http://dx.doi.org/10.1103/PhysRevLett.110.147206
http://dx.doi.org/10.1103/PhysRevLett.110.147206
http://dx.doi.org/10.1103/PhysRevB.89.024422
http://dx.doi.org/10.1103/PhysRevB.89.024422
http://dx.doi.org/10.1103/PhysRevB.89.024422
http://dx.doi.org/10.1103/PhysRevB.89.024422
http://dx.doi.org/10.1103/PhysRevLett.85.1092
http://dx.doi.org/10.1103/PhysRevLett.85.1092
http://dx.doi.org/10.1103/PhysRevLett.85.1092
http://dx.doi.org/10.1103/PhysRevLett.85.1092
http://dx.doi.org/10.1103/PhysRevLett.92.069703
http://dx.doi.org/10.1103/PhysRevLett.92.069703
http://dx.doi.org/10.1103/PhysRevLett.92.069703
http://dx.doi.org/10.1103/PhysRevLett.92.069703
http://dx.doi.org/10.1103/PhysRevLett.92.067202
http://dx.doi.org/10.1103/PhysRevLett.92.067202
http://dx.doi.org/10.1103/PhysRevLett.92.067202
http://dx.doi.org/10.1103/PhysRevLett.92.067202
http://dx.doi.org/10.1103/PhysRevLett.93.177203
http://dx.doi.org/10.1103/PhysRevLett.93.177203
http://dx.doi.org/10.1103/PhysRevLett.93.177203
http://dx.doi.org/10.1103/PhysRevLett.93.177203
http://dx.doi.org/10.1103/PhysRevLett.96.067202
http://dx.doi.org/10.1103/PhysRevLett.96.067202
http://dx.doi.org/10.1103/PhysRevLett.96.067202
http://dx.doi.org/10.1103/PhysRevLett.96.067202
http://dx.doi.org/10.1103/PhysRevB.88.195129
http://dx.doi.org/10.1103/PhysRevB.88.195129
http://dx.doi.org/10.1103/PhysRevB.88.195129
http://dx.doi.org/10.1103/PhysRevB.88.195129
http://dx.doi.org/10.1103/PhysRevLett.110.070602
http://dx.doi.org/10.1103/PhysRevLett.110.070602
http://dx.doi.org/10.1103/PhysRevLett.110.070602
http://dx.doi.org/10.1103/PhysRevLett.110.070602
http://arxiv.org/abs/arXiv:1410.5838
http://dx.doi.org/10.1016/j.physb.2005.01.432
http://dx.doi.org/10.1016/j.physb.2005.01.432
http://dx.doi.org/10.1016/j.physb.2005.01.432
http://dx.doi.org/10.1016/j.physb.2005.01.432
http://dx.doi.org/10.1103/PhysRevB.90.094417
http://dx.doi.org/10.1103/PhysRevB.90.094417
http://dx.doi.org/10.1103/PhysRevB.90.094417
http://dx.doi.org/10.1103/PhysRevB.90.094417
http://dx.doi.org/10.1103/PhysRevB.88.235117
http://dx.doi.org/10.1103/PhysRevB.88.235117
http://dx.doi.org/10.1103/PhysRevB.88.235117
http://dx.doi.org/10.1103/PhysRevB.88.235117
http://dx.doi.org/10.1088/1367-2630/15/7/073010
http://dx.doi.org/10.1088/1367-2630/15/7/073010
http://dx.doi.org/10.1088/1367-2630/15/7/073010
http://dx.doi.org/10.1088/1367-2630/15/7/073010

C. KARRASCH, D. M. KENNES, AND F. HEIDRICH-MEISNER

[85] C. Karrasch, J. H. Bardarson, and J. E. Moore, New J. Phys.
15, 083031 (2013).
[86] D. M. Kennes and C. Karrasch, arXiv:1404.3704.
[87] F. Verstraete, J. J. Garcia-Ripoll, and J. I. Cirac, Phys. Rev.
Lett. 93, 207204 (2004).
[88] A. E. Feiguin and S. R. White, Phys. Rev. B 72, 220401
(2005).
[89] R. Steinigewg, J. Gemmer, and W. Brenig, arXiv:1408.6837.
[90] G. Vidal, Phys. Rev. Lett. 93, 040502 (2004).
[91] S. R. White and A. E. Feiguin, Phys. Rev. Lett. 93, 076401
(2004).
[92] A. Daley, C. Kollath, U. Schollwock, and G. Vidal, J. Stat.
Mech.: Theory Exp. (2004) P04005.
[93] P. Schmitteckert, Phys. Rev. B 70, 121302(R) (2004).
[94] G. Vidal, Phys. Rev. Lett. 98, 070201 (2007).
[95] M. Fannes, B. Nachtergaele, and R. F. Werner, J. Phys. A:
Math. Gen. 24, 185 (1991).
[96] S. Ostlund and S. Rommer, Phys. Rev. Lett. 75, 3537
(1995).
[97] F. Verstraete and J. I. Cirac, Phys. Rev. B 73, 094423 (2006).
[98] F. Verstraete, J. I. Cirac, and V. Murg, Adv. Phys. 57, 143
(2008).
[99] U. Schollwock, Ann. Phys. (NY) 326, 96 (2011).
[100] S. White, Phys. Rev. Lett. 102, 190601 (2009).
[101] T. Barthel, U. Schollwock, and S. R. White, Phys. Rev. B 79,
245101 (2009).
[102] M. Zwolak and G. Vidal, Phys. Rev. Lett. 93, 207205
(2004).
[103] J. Sirker and A. Kliimper, Phys. Rev. B 71, 241101(R) (2005).
[104] S. Langer, R. Darradi, F. Heidrich-Meisner, and W. Brenig,
Phys. Rev. B 82, 104424 (2010).
[105] A. V. Sologubenko, E. Felder, K. Gianno, H. R. Ott, A.
Vietkine, and A. Revcolevschi, Phys. Rev. B 62, R6108
(2000).

PHYSICAL REVIEW B 91, 115130 (2015)

[106] A. V. Sologubenko, K. Berggold, T. Lorenz, A. Rosch, E.
Shimshoni, M. D. Phillips, and M. M. Turnbull, Phys. Rev.
Lett. 98, 107201 (2007).

[107] C. Hess, H. El Haes, A. Waske, B. Biichner, C. Sekar,
G. Krabbes, F. Heidrich-Meisner, and W. Brenig, Phys. Rev.
Lett. 98, 027201 (2007).

[108] N. Hlubek, P. Ribeiro, R. Saint-Martin, A. Revcolevschi,
G. Roth, G. Behr, B. Biichner, and C. Hess, Phys. Rev. B
81, 020405 (2010).

[109] C. Hess, B. Biichner, U. Ammerahl, L. Colonescu, F. Heidrich-
Meisner, W. Brenig, and A. Revcolevschi, Phys. Rev. Lett. 90,
197002 (2003).

[110] B. C. Sales, M. D. Lumsden, S. E. Nagler, D. Mandrus, and
R. Jin, Phys. Rev. Lett. 88, 095901 (2002).

[111] C. Hess, H. El Haes, B. Biichner, U. Ammerahl, M. Hiicker,
and A. Revcolevschi, Phys. Rev. Lett. 93, 027005 (2004).

[112] C. Hess, P. Ribeiro, B. Biichner, H. El Haes, G. Roth, U.
Ammerahl, and A. Revcolevschi, Phys. Rev. B 73, 104407
(2006).

[113] C. Knetter, K. P. Schmidt, M. Gruninger, and G. S. Uhrig,
Phys. Rev. Lett. 87, 167204 (2001).

[114] N. W. Ashcroft and N. D. Mermin, Solid State Physics
(Saunders College Publishing, Philadelphia, 1976).

[115] R. W.Hill, C. Proust, L. Taillefer, P. Fournier, and R. L. Greene,
Nature (London) 414, 711 (2001).

[116] C. L. Kane and M. P. A. Fisher, Phys. Rev. Lett. 76, 3192
(1996).

[117] N. Wakeham, A. F. Bangura, X. Xu, J.-F. Mercure, M.
Greenblatt, and N. E. Hussey, Nat. Commun. 2, 396
(2011).

[118] M. G. Vavilov and A. D. Stone, Phys. Rev. B 72, 205107
(2005).

[119] B. Kubala,J. Konig, and J. Pekola, Phys. Rev. Lett. 100, 066801
(2008).

115130-10


http://dx.doi.org/10.1088/1367-2630/15/8/083031
http://dx.doi.org/10.1088/1367-2630/15/8/083031
http://dx.doi.org/10.1088/1367-2630/15/8/083031
http://dx.doi.org/10.1088/1367-2630/15/8/083031
http://arxiv.org/abs/arXiv:1404.3704
http://dx.doi.org/10.1103/PhysRevLett.93.207204
http://dx.doi.org/10.1103/PhysRevLett.93.207204
http://dx.doi.org/10.1103/PhysRevLett.93.207204
http://dx.doi.org/10.1103/PhysRevLett.93.207204
http://dx.doi.org/10.1103/PhysRevB.72.220401
http://dx.doi.org/10.1103/PhysRevB.72.220401
http://dx.doi.org/10.1103/PhysRevB.72.220401
http://dx.doi.org/10.1103/PhysRevB.72.220401
http://arxiv.org/abs/arXiv:1408.6837
http://dx.doi.org/10.1103/PhysRevLett.93.040502
http://dx.doi.org/10.1103/PhysRevLett.93.040502
http://dx.doi.org/10.1103/PhysRevLett.93.040502
http://dx.doi.org/10.1103/PhysRevLett.93.040502
http://dx.doi.org/10.1103/PhysRevLett.93.076401
http://dx.doi.org/10.1103/PhysRevLett.93.076401
http://dx.doi.org/10.1103/PhysRevLett.93.076401
http://dx.doi.org/10.1103/PhysRevLett.93.076401
http://dx.doi.org/10.1088/1742-5468/2004/04/P04005
http://dx.doi.org/10.1088/1742-5468/2004/04/P04005
http://dx.doi.org/10.1088/1742-5468/2004/04/P04005
http://dx.doi.org/10.1103/PhysRevB.70.121302
http://dx.doi.org/10.1103/PhysRevB.70.121302
http://dx.doi.org/10.1103/PhysRevB.70.121302
http://dx.doi.org/10.1103/PhysRevB.70.121302
http://dx.doi.org/10.1103/PhysRevLett.98.070201
http://dx.doi.org/10.1103/PhysRevLett.98.070201
http://dx.doi.org/10.1103/PhysRevLett.98.070201
http://dx.doi.org/10.1103/PhysRevLett.98.070201
http://dx.doi.org/10.1088/0305-4470/24/4/005
http://dx.doi.org/10.1088/0305-4470/24/4/005
http://dx.doi.org/10.1088/0305-4470/24/4/005
http://dx.doi.org/10.1088/0305-4470/24/4/005
http://dx.doi.org/10.1103/PhysRevLett.75.3537
http://dx.doi.org/10.1103/PhysRevLett.75.3537
http://dx.doi.org/10.1103/PhysRevLett.75.3537
http://dx.doi.org/10.1103/PhysRevLett.75.3537
http://dx.doi.org/10.1103/PhysRevB.73.094423
http://dx.doi.org/10.1103/PhysRevB.73.094423
http://dx.doi.org/10.1103/PhysRevB.73.094423
http://dx.doi.org/10.1103/PhysRevB.73.094423
http://dx.doi.org/10.1080/14789940801912366
http://dx.doi.org/10.1080/14789940801912366
http://dx.doi.org/10.1080/14789940801912366
http://dx.doi.org/10.1080/14789940801912366
http://dx.doi.org/10.1016/j.aop.2010.09.012
http://dx.doi.org/10.1016/j.aop.2010.09.012
http://dx.doi.org/10.1016/j.aop.2010.09.012
http://dx.doi.org/10.1016/j.aop.2010.09.012
http://dx.doi.org/10.1103/PhysRevLett.102.190601
http://dx.doi.org/10.1103/PhysRevLett.102.190601
http://dx.doi.org/10.1103/PhysRevLett.102.190601
http://dx.doi.org/10.1103/PhysRevLett.102.190601
http://dx.doi.org/10.1103/PhysRevB.79.245101
http://dx.doi.org/10.1103/PhysRevB.79.245101
http://dx.doi.org/10.1103/PhysRevB.79.245101
http://dx.doi.org/10.1103/PhysRevB.79.245101
http://dx.doi.org/10.1103/PhysRevLett.93.207205
http://dx.doi.org/10.1103/PhysRevLett.93.207205
http://dx.doi.org/10.1103/PhysRevLett.93.207205
http://dx.doi.org/10.1103/PhysRevLett.93.207205
http://dx.doi.org/10.1103/PhysRevB.71.241101
http://dx.doi.org/10.1103/PhysRevB.71.241101
http://dx.doi.org/10.1103/PhysRevB.71.241101
http://dx.doi.org/10.1103/PhysRevB.71.241101
http://dx.doi.org/10.1103/PhysRevB.82.104424
http://dx.doi.org/10.1103/PhysRevB.82.104424
http://dx.doi.org/10.1103/PhysRevB.82.104424
http://dx.doi.org/10.1103/PhysRevB.82.104424
http://dx.doi.org/10.1103/PhysRevB.62.R6108
http://dx.doi.org/10.1103/PhysRevB.62.R6108
http://dx.doi.org/10.1103/PhysRevB.62.R6108
http://dx.doi.org/10.1103/PhysRevB.62.R6108
http://dx.doi.org/10.1103/PhysRevLett.98.107201
http://dx.doi.org/10.1103/PhysRevLett.98.107201
http://dx.doi.org/10.1103/PhysRevLett.98.107201
http://dx.doi.org/10.1103/PhysRevLett.98.107201
http://dx.doi.org/10.1103/PhysRevLett.98.027201
http://dx.doi.org/10.1103/PhysRevLett.98.027201
http://dx.doi.org/10.1103/PhysRevLett.98.027201
http://dx.doi.org/10.1103/PhysRevLett.98.027201
http://dx.doi.org/10.1103/PhysRevB.81.020405
http://dx.doi.org/10.1103/PhysRevB.81.020405
http://dx.doi.org/10.1103/PhysRevB.81.020405
http://dx.doi.org/10.1103/PhysRevB.81.020405
http://dx.doi.org/10.1103/PhysRevLett.90.197002
http://dx.doi.org/10.1103/PhysRevLett.90.197002
http://dx.doi.org/10.1103/PhysRevLett.90.197002
http://dx.doi.org/10.1103/PhysRevLett.90.197002
http://dx.doi.org/10.1103/PhysRevLett.88.095901
http://dx.doi.org/10.1103/PhysRevLett.88.095901
http://dx.doi.org/10.1103/PhysRevLett.88.095901
http://dx.doi.org/10.1103/PhysRevLett.88.095901
http://dx.doi.org/10.1103/PhysRevLett.93.027005
http://dx.doi.org/10.1103/PhysRevLett.93.027005
http://dx.doi.org/10.1103/PhysRevLett.93.027005
http://dx.doi.org/10.1103/PhysRevLett.93.027005
http://dx.doi.org/10.1103/PhysRevB.73.104407
http://dx.doi.org/10.1103/PhysRevB.73.104407
http://dx.doi.org/10.1103/PhysRevB.73.104407
http://dx.doi.org/10.1103/PhysRevB.73.104407
http://dx.doi.org/10.1103/PhysRevLett.87.167204
http://dx.doi.org/10.1103/PhysRevLett.87.167204
http://dx.doi.org/10.1103/PhysRevLett.87.167204
http://dx.doi.org/10.1103/PhysRevLett.87.167204
http://dx.doi.org/10.1038/414711a
http://dx.doi.org/10.1038/414711a
http://dx.doi.org/10.1038/414711a
http://dx.doi.org/10.1038/414711a
http://dx.doi.org/10.1103/PhysRevLett.76.3192
http://dx.doi.org/10.1103/PhysRevLett.76.3192
http://dx.doi.org/10.1103/PhysRevLett.76.3192
http://dx.doi.org/10.1103/PhysRevLett.76.3192
http://dx.doi.org/10.1038/ncomms1406
http://dx.doi.org/10.1038/ncomms1406
http://dx.doi.org/10.1038/ncomms1406
http://dx.doi.org/10.1038/ncomms1406
http://dx.doi.org/10.1103/PhysRevB.72.205107
http://dx.doi.org/10.1103/PhysRevB.72.205107
http://dx.doi.org/10.1103/PhysRevB.72.205107
http://dx.doi.org/10.1103/PhysRevB.72.205107
http://dx.doi.org/10.1103/PhysRevLett.100.066801
http://dx.doi.org/10.1103/PhysRevLett.100.066801
http://dx.doi.org/10.1103/PhysRevLett.100.066801
http://dx.doi.org/10.1103/PhysRevLett.100.066801



