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Theory of multiresonant metamaterials for A, Lamb waves
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We develop an analytical wave approach to describe the physics properties of multiresonant metamaterials
for Lamb waves propagating in plates. The metamaterial that we characterize consists of a 10 by 10 uniform,
periodic array of long rods attached to the surface of the plate that forms the substrate in which antisymmetric
Ao Lamb waves are excited. We show that the Ay Lamb wave propagation through the metamaterial can be
accurately modeled using a simplified theory that replaces the two-dimensional array with a one-dimensional
beam with a linear array of 10 rods. The wave propagation problem is solved rigorously for this one-dimensional
system using the scattering matrix for a single rod. The exact eigenvalues of the system are approximated in a
long wavelength expansion to determine a simple expression for the effective wave number and dispersion of the
metamaterial. The modeled dispersion is compared with an experimental measurement of the dispersion inside
the metamaterial with excellent agreement. The multiresonant rods, restricted to longitudinal vibration consistent
with Ay Lamb waves excited in the plate, produce two wide stop bands in the frequency domain from 0 to 10 kHz
where the stop or passband boundaries align with the minima and maxima of the rod’s impedance. We show that
a negative effective density is obtained in the stop band. With the simple yet highly accurate relations given in
this paper we have a tool to develop more complex metamaterials with rods and plates of different properties.
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I. INTRODUCTION

Manmade composite materials have been the subject of
many investigations in the wave physics community over the
last decade, as they show wave field characteristics that cannot
be obtained with natural materials. Metamaterials therefore
provide an opportunity to control and manipulate waves at
different wavelength scales. In general, the wave propagation
properties of these media find their roots in two distinct
origins: first, the ordered or disordered spatial organization
of their components; second, the resonant or nonresonant
nature of their unitary element. When waves propagate in a
complex medium with structural order, they can undertake
single or multiple scattering, which leads to frequency bands
of permitted and forbidden propagation, also called band gaps.
These forbidden frequency bands are analogous to electronic
band gaps in natural crystals (Kittel) [1]. These materials have
a typical spatial scale comparable to the average wavelength of
the wave under investigation. They are termed photonic crys-
tals in electromagnetics and phononic crystals in acoustics, and
they constitute powerful tools to shape the wave field in various
manners (Yablonovitch [2], Joannopoulos [3], Deymier) [4].

Other types of composite materials are made of a collection
of unitary resonant components (subwavelength resonators)
from which they extract their dispersive properties at the
macroscopic scale (Liu [5], Pendry [6], Engheta and Zi-
olkowski) [7]. A key parameter of these so-called locally
resonant metamaterials lies in the arrangement of many
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subwavelength resonators within a wavelength (Liu [8],
Wu [9], Lemoult) [10]. Thus, the proximity of subwavelength
resonators permits the coupling between a large set of
individual resonators. In this case the metamaterial physics can
be interpreted through interferences between the incident field
and the scattered waves generated by each resonant unit. At the
macroscopic scale, local resonances lead to the hybridization
phenomenon that deeply modify the dispersion curve in the
host medium (Lemoult) [11]. Contrary to photonic or phononic
crystals, which exhibit band gaps due to the Bragg diffraction
effect, the spatial organization of locally resonant metamaterial
is no longer relevant, which means that band gaps can be
observed independently of its ordered or disordered nature
(Kaina) [12].

The width and efficiency of band gaps in locally resonant
metamaterials depend upon both the spatial density of the
resonators and the quality factor of the resonances. In the
limit of small resonators compared to the wavelength, the
smaller the resonator, the higher its quality factor. This jus-
tifies why locally resonant metamaterials classically support
band gaps limited to narrow bandwidths. To overcome this
fundamental limitation, metamaterials can be created with
resonator units that are small in two dimensions that support
wave propagation, but elongated in the third one, where each
resonator can expand. Such a uni-axial metamaterial was
created with a so-called wire medium in electromagnetism,
which has been used to control and/or focus waves below the
diffraction limit (Belov [13], Lerosey [14], Lemoult) [15].
In acoustics, a collection of narrow, but long, pipes was
recently used to form a super lens (Zhu) [16]. This approach
is also perfectly suited to 2D plate waves that interact with
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a collection of vertical rods, as will be shown in the present
paper.

The goal of the paper is to propose an analytical wave
propagation matrix approach to describe the physics properties
of multiresonant metamaterials for Lamb waves propagating
in plates with small diameter, elongated rods perpendicular to
the plates. Experimentally, we find that vibration coupling
between these rods and the plate are between the rods’
longitudinal waves and the plate’s transverse, mainly Ay,
waves. This driving point force on the plate at each location
of the rod is tantamount to a single mode coupling so
that an effective metamaterial wave number can be derived.
Homogenization schemes (see, for example Torrent [17],
Wu [9], and Yang [18] and references therein) that identify the
individual effective metamaterial parameters such as elastic
moduli and density require multimodal scattering within the
unit cell and are therefore not employed. The advantage of the
proposed methodology is the full prediction of the dispersion
curve from which metamaterial physics can be investigated
and potential applications can be designed.

The motivation of the theoretical work proposed here
was the experimental demonstration of metamaterial physics
in Rupin [19]. In this paper, the authors investigated the
propagation of elastic waves in a system formed by a set of
aluminum rods glued to a thin aluminum plate (1.5 m x 2
m x 6 mm). A collection of 100 long rods (length, 61 cm)
was attached perpendicularly to the plate inside a 20 cm x 20
cm square (Fig. 1). These thin rods (diameter, 6 mm) form a
set of quasipunctual resonators whose total size is comparable
to the average wavelength of the flexural waves in the plate
(~ 0.2 m). It was possible to arrange these rods periodically or
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FIG. 1. (Color online) (a) Experimental setup at the laboratory
scale. A shaker (1) generates Ay Lamb waves in an aluminum plate.
The wave field is measured with a Doppler velocimeter (2) and a
PC-controlled (3) motorized mirror (4) on the rectangular area (5)
on the upper side of the plate. The metamaterial (6) is attached
below the plate on one side of the recording map. (b) The typical
temporal dispersion exceeds 0.2 s, which corresponds to more than
20 round trips inside the plate. (c) The metamaterial is made of 100
vertical aluminium rods that can be arranged in a periodic or random
pattern, with an average interrod distance on the order of 2 cm (from
Rupin) [19].
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FIG. 2. (Color online) Spatial representation of the normal veloc-
ity experimentally measured in the region indicated by the rectangular
area on the plate in Fig. 1. The 10 x 10 rod region is on the left
between 0 and 0.2 m. Three frequencies are shown: the top is just
before a stop band of the metamaterial, the center is a frequency in
the stop band, and the lower plot is just above the stop band.

randomly at a subwavelength scale. The combination of these
100 rods glued to the plate provided an original metamaterial
at the mesoscopic scale. Due to the strong reverberation at the
plate boundaries [Fig. 1(b)], the experiment showed a complex
diffuse wave field within the plate that included wide band gaps
inside the metamaterial (Fig. 2).

These experimental results confirmed the hybridization
phenomenon between the dominant flexural Ay mode in the
plate and the compressional resonances inside the rods and
demonstrated the presence of subwavelength and suprawave-
length modes within the metamaterial before and after each
band gap (Fig. 2). The spatial measurements described in Fig. 1
at three different frequencies show the diversity of results that
can be obtained within the metamaterial (the region on the
left between 0 and 0.2 m). In particular, one can see clearly
that the spatial wavelength is different within and outside the
metamaterial.

The main objective of the present paper is to provide
an analytical formalism based on the 1D description of the
scattered wave field to fully interpret these results. While
Rupin et al. [19] were able to model the propagation within the
metamaterial using numerical simulation (finite elements) on
the unit cell with Bloch periodic conditions on its boundary,
the goal is here to provide an analytical formalism based on the
one-dimensional (1D) description of the scattered wave field
to go further in the interpretation of these results.

The paper is structured as follows. We provide the devel-
opment of the 1D theory in Secs. II and II A, developing the
scattering matrix for the rod using the boundary conditions
at the rod-beam interface in Sec. IIB. The transmission
matrix through the rod forest is developed in Sec. IIC. An
eigenanalysis is presented in Sec. II D, and the eigenvalues are
determined and approximated using a kL expansion, detailed
in the Appendix. From this the effective wave number of the 1D
array is developed along with the attenuation in the stop band.
Section III details the comparison to the experiment with a
uniform rectangular array of resonators on a large point driven
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plate. In Sec. IV we turn to address the observation given in
Rupin [19] that in their plate experiment with a 10 x 10 array
of rods, the passband and stop bands developed independent
of the arrangement of the rod forest, a random spaced grid
behaved the same as one with uniform spacing. We corroborate
this observation with a brief mathematical analysis. Finally
conclusions are presented.

II. MATHEMATICAL ANALYSIS

Powerful mathematical approaches that deal with a two-
dimensional (2D) array of cylinders imbedded in a substrate
are readily found in the literature. Torrent [17] provides a
general solution to the problem using 2D expansions of the
fields in terms of Bessel functions. Gracia-Salgado [20] studied
an air substrate imbedded with fluid cylindrical shells using
three-dimensional (3D) expansions of the fields in terms of
Bessel functions and waveguide modes. Similar 2D expansions
with Bessel functions are used by Lagarrigue [21] to study the
transmission through a forest of bamboo rods in air. With
much more mathematical complexity, Liu [8] and Wu [9]
study an elastic substrate with embedded cylinders and spheres
(respectively) solving the problem rigorously using expansions
in terms of the 2D eigenfunctions for the geometry.

Instead of proceeding along the rather complicated mathe-
matical lines of the above references, we have investigated the
success of the prediction of the behavior of our metamaterial
[10 x 10 array of rods shown in Fig. 1(c)] using a simplified
mathematical method based on a 1D model. In Fig. 3 the
10 x 10 rod forest is replaced with a 1D infinite beam (top)
with 10 rods, which is again subdivided into a unit cell (bottom)
for the purpose of our study. The width of the beam is equal
to the spacing between the rods, and the beam is of the same
material and thickness as the plate. We include only the Ay
flexural Lamb waves of the beam, since the excitation used
in the experiment is an out-of-plane force generator. In-plane
extensional vibration (S, Lamb wave) is not excited and is
omitted in the following analysis.
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FIG. 3. (Color online) A unit cell consisting of a rod (vertical
rectangle) attached to a beam (horizontal rectangle). The waves
traveling in the beam on either side of a rod are shown. These waves
are the out-of-plane flexural (Ay mode) vibration. The arrows indicate
direction of wave propagation. The superscript is the segment number.
The segment is of length L with ends at x = +L /2, and the rod is
attached at x = 0.
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FIG. 4. (Color online) Driving point impedance at the base of an
attached rod. Normalized mode shapes of Eq. (1) of the displacement
for a unit force are shown by the colored long rectangles located at
the frequencies corresponding to the mode. The color bar for these
displays is shown on the right. As can be seen, the first, third, and
fifth modes have no displacement at the attachment point.

The physical parameters of the aluminium beam and rods
are, for the beam, p = 2700, thickness 4 = 0.006, width b =
0.02, area A = hb, Young’s modulus E = 69 x 10°, moment
of area [ = h3b/ 12; and for the circular rod also made of
aluminium, length L, = 0.61, diameter d = 0.00635. The
distance (L) between adjacent rods was L = 0.02.

A. The resonant element: A longitudinally vibrating rod

We define the unit cell for our problem as a beam segment
of length L with a single homogeneous rod (shown in Fig. 3 as
the vertical segment along the y axis) attached to the middle of
the segment. We restrict the vibration of the rod to extensional,
in-plane motion and ignore the out-of-plane flexural motion of
the rod. Given the thickness of the beam this has proven to be
a good assumption. The boundary conditions for the rod are
free at one end (y = Lj) and at the other end (y = 0) driven
by a longitudinal force F in the positive y direction, the force
exerted due to the attachment to the beam. The solution for
the longitudinal displacement u,(y) along a rod of length L,
and area A, is, with time convention e¢~'“' and wave number
k, = w/cp,

cos(kyLy)

up(y) = sin(kyLp)

[sin(kby) +
wppApCp

COS(kby)} - (D

The nondispersive wave velocity in the rod with Young’s mod-
ulus E;, and density pj is given by ¢, = +/E}/pp (5055 m/s).

The driving force obeys F = —EbAb% where A, is the
cross-sectional area and — 2 is the compression. The driving

dy
point impedance Z;, = F/[—iwu,(0)] is

Zp = —ippApcy tan(ky L), (2)

which is plotted versus frequency in Fig. 4. We also show
in this figure a group of vertical slices corresponding to the
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displacement along the rod color coded as shown by the color
bar on the right.

We define a resonance to correspond to the case where
the admittance 1/Z, = v/F — oo (v is velocity), that is, the
velocity at either end of the rod is a maximum per unit applied
force. Reference to the figure shows that this occurs for the
second and fourth displacement shapes. We define an antires-
onance as Z, — oo corresponding to the case when the drive
point becomes motionless, corresponding to the first, third, and
fifth displacement shapes. We expect the motionless case to
be important as our goal is the cancellation of the motion at
the base of the rod forest. It is the antiresonance of the rods in
the forest that tends to clamp the motion of the plate beneath,
with the multitude of rods amplifying this effect. We find in
the analysis below that indeed the antiresonance frequency
forms the beginning of the stop bands that arise. The first
antiresonance frequency of the rod (Z;, — oo and u;(0) — 0)
iswLy/cp, = /2, thatis, wy = mwcp/(2Lp). The first three an-
tiresonances occur at 2.063, 6.190, and 10.320 kHz (see Fig. 4).

Finally, the impedance of the rod indicates, given the time
dependence, that it is masslike in the regions where J(Z;) <
0 and springlike when 3(Z;) > 0 (J is the imaginary part),
which we will find correspond to the passbands and stop bands,
respectively.

B. Scattering matrix derivation: Transversally vibrating beam
with resonant rods

We now consider the plate substrate modeled as a transver-
sally vibrating beam. The classic equation of motion for the
out-of-plane displacement u(x) of a beam with an external
force f}, (positive upwards) and a moment m;, applied at x = xg
at the point of attachment of the rod is

*u(x)

El——
ax?

— pA@*u(x) = fyd(x — x0) — mps'(x — xo).
3)

The out-of-plane velocity is given by v(x) = —iwu(x). The
experimental results have shown that we can assume that
rotational coupling via m; is small in comparison to f, and
we can set my;, = 0.

The bending moment and shear force internal to the beam

satisfy M(x) = —FEI P4 and F x) = —%f‘). The dispersive

dx2 ]
wave number that results from the homogeneous solution of
Eq. (3) is given by
1/4
pAw?
k= . 4
( i ) )

If we write k = w/c,, then flexural waves travel at a speed

given by
EI\ 4
= — . 5
cp = o ( oA ) )
At the attachment point x( of the rod the force balance is f;, =
—F = —Z,v(xp) where v(xp) is the out-of-plane velocity of
the beam at the drive point and Zj is given in Eq. (2).
As shown in Fig. 3 we approach the solution by studying the
transmission properties of a single cell using a wave approach
that models the physics. According to thin plate-beam theory
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the beam supports two wave types, flexural and evanescent.
These are solutions of the homogeneous form of Eq. (3), the
right- and left-going plane (flexural) waves e*'** and the right-
and left-going evanescent (decaying) waves e¥**. The wave
decomposition for the nth segment is shown in the figure. This
wave approach allows the consideration of just a single beam or
rod segment, which we call a unit cell, leading to the generation
of a matrix expression that can be used to fully describe the
physics at play in the segment. The incident and reflected
waves inside this unit cell embody the multiple reflection or
transmission events of the rod forest. This approach leads to the
scattering matrix (or 7 matrix) for the cell and is completely
analogous to those found in the literature (Lagarrigue [21],
Wu [9], Liu) [8], etc.).

In the analysis to follow we will assume that kL is of the
order unity or less, so that many rods are contained within a
flexural wavelength, A, = 2m/k, a critical condition for the
creation of a metamaterial.

Considering one segment, let u(x) represent the displace-
ment of the beam on the left side of the rod (—L/2 < z < 0),
and w(x) the displacement of the right side (0 < z < L/2) of
the rod (which is assumed to have no width). We decompose
these displacement functions into the waves that form the
homogeneous solution of Eq. (3):

M(x) — u(")(x) — l/lf,n)eikx + uéﬂ)e—ikx 4 Mﬁ'é)e_kx + Ltgé)ekx,
(6)
U)(X) — w(n)(x) — wi")e"kx—}—wé”)e_"kx—}—wﬁ’;)e_kx + wg)ekx7

@)

indicated in Fig. 3. We treat the amplitudes of the waves
incident towards the rod as independent variables, that is,

wfz") , wx) ™ u, the reflected waves as dependent variables,

viz, w™, w® u ul". The subscript r refers to right-going
and ¢ to left-going, as the arrows indicate in the figure. The
extra subscript e refers to an evanescent wave type, and the
superscript refers to the segment number.

Solution of the problem of the wave transmission through
the forest of rods requires setting up two conditions. The first
is the local boundary condition at the rod, which embodies the
interaction physics of the rod to beam attachment. For this we
derive the scattering matrix S relating outgoing to incoming
waves, and reorder it to form a wave coupling matrix C that
we describe later. The second is the requirement that the wave
propagation must be continuous at the boundary between any
two adjacent cells. That is, for example, on the left end of the
nth segment 4" (—L/2) is equal to w1V (L /2) the displace-
ment at the right end of the abutting segment [see Egs. (6)
and (7)]. The waves coming from, or reflected to, the n — 1th
segment are continuous with those of the adjacent nth segment.

We first consider the derivation of the scattering matrix S
of Eq. (8) below. The physics dictates that when the incident
field of amplitude u, encounters the left end of the rod it
produces four events: a transmitted flexural wave of amplitude
w, = tu, (where t is the transmission coefficient), a trans-
mitted evanescent wave w,, = ts.u, (flexural to evanescent
transmission coefficient y.), a reflected flexural wave u, =
ru,, and a reflected evanescent wave uy, = rr.u,. Further-
more, the incident evanescent field u,, also produces the same
four junction events, but possibly with different reflection and
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transmission coefficients. We impose a symmetric system: the
wave entering from the right encounters the same reflection and
transmission coefficients as the wave entering from the left.
Thus we write the matrix system relating outgoing (scattered)
to incoming waves at the rod (the scattering matrix 5):

ug’) r Tef t tef ui")
MZ? _ rfe Fe tfe t, M%)
w" toty om0
w%) tfe t, rfe Te wéz)
u™
(n)
ure
|| ®)
Wy
(n)
Wy,

We determine the matrix S in Eq. (8) by setting up the boundary
conditions on either side of the rod. For coupling of the rod to
the beam, ignoring transverse motion of the rod as discussed
above, the boundary conditions on either side of the rod are
equality of displacement, slope, and curvature, and a jump
condition in the third derivative given by the shear force
reaction of the rod:

u(07) = w(0™),
u'(07) = w'(0"),
1 y— 1 (Vv (9)
u (07) = w(07),
meayEy — " (0~ — iwzb _
w”(0") —u"(07) = EIM(O).

Applying these boundary conditions to Egs. (6) and (7) and
solving for the left-hand side of Eq. (8) using MATHEMATICA,
we obtain

] 1
r=—2 -0
o= fy=—— (D)

1+(1-0)O 1+(1 -0\

-0 xS
o=\ Fy=———— (12)
' 1+ -\ ' 1+ -0)O

O -0

: NGE)

tof = ————, tpfp= ————
T ira—ne T Iira—ine

where © is unitless and purely real defined by ©® =
iwZ,/(4EI1K?). Another useful definition that eliminates E1,
using Egs. (4) and (2), is

1 p,A
= ~ PO Gk Ly). (14)
4 pAc,
From Eq. (10) we see that t =1+4r and t, =1+7,.
J
ekl —i@) —iet Dk
. Gk (1 + ©)
a i® PSR!
_e-3i DL e

We proceed by carrying out an eigensystem analysis of 7.
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At resonance ® — 0, where the condition is equivalent to
no rod attached, the above expressions show that r =r, =
rre=re¢f =0andt =1, = 1 and t,y = t7, = 0 as we expect.
There are no reflections, no coupling between evanescent and
plane (flexural), and unit transmissions.

Although the scattering matrix S is fundamental to 2D
mathematical approaches discussed above, our 1D approach
is better served by defining a new matrix C that we call
the coupling matrix that treats the left-side wave amplitudes
as the independent variables instead of the incoming wave
amplitudes, viz.,

W =cu™, (15)
with the right-side vector of amplitudes W® =
(wﬁn),wg),wﬁ”),wﬁﬁ))’ and left-side vector U® =

(ué"),uz),uﬁ”),uf’;))’ (¢ is transpose). Note that these vectors

just correspond to a reordering of the column vectors of
Eq. (8). The resulting remarkably simple coupling matrix C is

|—i® —i® —i® —i®

| e e+1 e )

=1 o i® ie+1 ie |- U9
0 -6 -6 1-e

C. Formulation for the transmission matrix

Having satisfied the boundary conditions at the rod, we
now consider the requirement of continuity of displacement
between two adjacent cells. Using Eqgs. (6) and (7) we can
define a displacement vector at the right end of the nth beam
segment WJ(r") and U™ at the left end, at distance L /2 from
the rod:

w" = pw®, (17)
v =Dp"'u", (18)
with
e—ikL/Z 0 0 0
p=| 0 47 L, 0 (19)
0 0 0 ek

The continuity condition between the two adjacent segments is
then given by U = Wfr" . the wave amplitudes being equal
at the junction. Using this condition in Egs. (17) and (18) along

with Eq. (15) yields the final coupling relationship:
w = pcpw{ V. (20)

We define DC D in this equation as a transfer matrix 7, T =
DC D, and find that

—i® —ie"1m M@
e(%+%)kL® ®
, i ey
(L 4i0)  ieitDiLE
_e(féw‘%)kL@ eka(l )
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D. Eigenanalysis

The eigendecomposition of T is T = VAV~ where A is
the diagonal matrix of eigenvalues, A;. Consider the total wave
propagation through a rod forest of N segments. Although
it is not necessary for our analysis we can insert the driving
condition of the system in the left end, an incident nonevanes-
cent wave of unity amplitude, by letting the input vector be
Wio) = (wZ(O), waO), 1,0)". Atthe right end the output vector is
WJ(FN) = (0,0,w,;" ™ w M) assuming no incident waves from
the right. We will not need these conditions, however, in what
follows.

The general relationship between the input and output
vectors is

W =1VWO = vaANvwO = BWY, (22

where N is the number of sections and B = TV = VANV L,
An eigenanalysis of Eq. (21) can yield the eigenvalues A

directly. We obtain from a MATHEMATICA evaluation that the

eigenvalues A; are solutions of the following equation:

=23+ A =2 4+1=0, (23)
with

¢y = O[sinh(kL) — sin(kL)] 4 cos(kL) 4 cosh(kL), (24)

dy = 40[cos(kL) sinh(kL) — sin(kL) cosh(kL)]
+ 4 cosh(kL)cos(kL) + 2. (25)

As a sanity check, when ® = 0, ¢; = d; = 0, and we obtain
Ai = {efh ekl 7KL o=KL} “ag expected.

In general we express the eigenvalues through their expo-
nential representations,

Ay = e, (26)
for the passband, which exhibits |1 ,| = 1, and in the stop band,
)\‘5 — ei(aiib) , (27)

which exhibits an attenuation given by |A;| = e 1%l We can
also write the latter in terms of an attenuation coefficient per
unit length a(w), e 714 = e~ where a = |a|/L. The four
roots determined from the solution of Eq. (23) are plotted and
discussed at the beginning of the Appendix.

Critical to our analysis and the metamaterial characteri-
zation is the assumption that there are many beam segments
within the Ay mode flexural wavelength, corresponding math-
ematically to the condition that kL is of order unity or smaller.
Thus we develop an expansion of Egs. (24) and (25) in kL
retaining the dominant terms (see Appendix). We find that,
from Eq. (A15) of the Appendix and keeping only the first
term, for the passband given by & > 0,

Ap A eHIVCD (28)

and for the stop band (£ < 0) we obtain from Eqgs. (A16)
and (A17)

Ay A e*@@l)'“eii(ﬂél)'“’ (29)
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FIG. 5. (Color online) Plot of & versus frequency for the param-
eters of the experiment. Compare with Fig. 8. It is infinite at the
antiresonances 2063 and 6190 Hz. The junctions between the stop
and passband are at 3700 and 7450 Hz, at the point where & = 0.
The arrows indicate where the passbands and stop bands are located
in the frequency spectrum.

where

es(

(30)

(kL)4 M, tan(k, L) |
12 | M kyLy '
in which M, is the total mass of a rod and M the mass of
the beam segment of length L. Figure 5 is a representative
plot of E for the physical parameters of the experiment,
with M;,/M = 8.02. The passbands and stop bands defined
by Egs. (28) and (29) are indicated in this figure.

From Egs. (30) and (29) we see that the stop band
attenuation coefficient is given by

=iy1/4 1/4
woy = CIED k[ MyantoLy) [V
L 2| M kL

Analysis of the attenuation indicates that the attenuation is
infinite at the antiresonances of the rod (given by tan — 400
or kyL, = m/2,3mw/2) and that these frequencies mark the
onset of the stop bands, shown in Fig. 5. Thus at the onset
of the stop bands the Lamb wave attempting to pass through
a segment experiences an extremely high attenuation due to
the longitudinal antiresonances of the attached rod. These
antiresonances clamp the motion of the beam. As the frequency
increases, Eq. (31) indicates that the attenuation coefficient
decreases to zero at the end of the stop band since & — 0.
Of course, the decay through a forest of N rods is given
by A" resulting from the eigenanalysis, with an attenuation
of eV =e¢NoL in the distance NL. We will show the
comparison to the experimental results later in this paper.

Consider the propagation in the passband defined by
E(w) > 0 and given by Egs. (28) and (26) with the phase
factor b = ~/2(38)"/*. It is straightforward to homogenize the
rod forest and seek the solution for a right-going Ag Lamb
wave of unity amplitude passing through it with an effective
(modified) wave number modeled after the plane wave solution
for an infinite beam made out of the homogenized effective
medium [viz., given by Eq. (3) in homogeneous form and
Eq. (4) with k — keg]:

erp(x) = 1.
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The evanescent wave solution of Eq. (3) is irrelevant for this
characterization due to its decay. We can model the traveling
wave propagation through a segment of the beam using the

effective wave number keg(w) as e'*sr* = ¢/?(@¥/L yielding
ket = b(w)/ L. Using Egs. (28) and (30) we find that
M,, tan(k;, Lj) 4
Ketr ~k|———+1 , 32
eff(@) [ M koL, + ] (32)

where k(w) is from Eq. (4) as before. Thus the term in Eq. (32)
with the 1/4 power displays the change in wave number due to
the metamaterial. kefr(w) yields a new dispersion relation that
fully characterizes the metamaterial. We will compare this with
that determined from the experiment in the next section, the
major objective of this paper.

We can also define an effective wave speed c¢r from Eq. (32)

M b tan(kbL b)

given by
—1/4
1 . 33
Rl +} (33)

Figure 5 shows that at the beginning of the passband & = 0 so
that c.if — 00, whereas at the end of the passband c.; — O.
In the characterization of metamaterials there is a large
volume of literature describing them as having negative mass
density and/or negative compressibility in the stop bands.
Generally this relationship is made using monopole and dipole
expansions of the metamaterial element (our rod), which
is assumed elastic through its cross section. The monopole
(breathing mode of the cross section) relates to negative
compressibility and the dipole (lateral displacement of the
cross section) to negative density. See, for example, Wu [9]. In
our case, however, the rod is modeled as a point attachment,
and the force it applies to the plate is omnidirectional and thus
monopole-like in its excitation of Ay waves. Since in-plane,
longitudinal Sy waves in the plate are not excited, there is no
dipole-like excitation, and the result is a monomodal system,
unlike Wu’s case. Because of this we can characterize the
metamaterial as having negative density or compressibility,
but not both in the stop band. The effective density p.s can
can be formulated from the effective wave number, derived

from Eq. (29) for the stop band,
| 4 _{ peiAw® v
-\ EI '

Ceft/Cp = [

k | M, tan(k, L
kﬁF=¢t1.+i)__£ M, tan(kyLy)

\/_ M ky Ly
(34)
Using Eq. (4) for k we then obtain the negative effective density
_ M,, tan(ky, Lj) i
Peff = —P M kL, .

However, we could have derived an effective Young’s modulus
E. instead, keeping the density unchanged, which would
similarly result in a negative effective modulus: a negative
compressibility. There does not appear to be a unique charac-
terization in our case.

III. EXPERIMENTAL RESULTS

The experimental setup was shown in Fig. 1. A recent
publication (Rupin) [19] described the setup and measurement
which we summarize here. The aluminum plate with a chaotic
shape (1.5 m x 2.0 m) was excited by a pulsed shaker mounted
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FIG. 6. (Color online) Experimental versus theoretical disper-
sion curve for the multiresonant metamaterial. On the left (a) is
shown the experimental wave number (black) superimposed with
the effective wave number (blue plus) from the solution of Eq. (23)
and approximate (red dot) formula from Eq. (32). On the right (b) is
the attenuation through 10 rods measured (black) and calculated from
Eq. (23) (red) in the stop bands. The agreement is excellent between
the theory and the experiment.

perpendicular to the plate surface, exciting the antisymmetric
Ay flexural wave mode of the plate. The vibration of the plate
along a strip [labeled (5) in the figure] is measured with a
Doppler velocimeter using a PC-controlled motorized mirror
with output correlated to the driving pulse on the shaker. At
the right of the scanned rectangle is a metamaterial fashioned
with a set of 100 cylindrical rods glued on a 0.2 m by 0.2 m
area and located underneath the plate.

The experimentally measured dispersion curve inside the
metamaterial was computed from the velocimeter scan and
a 2D spatial Fourier transform calculated as a function of
frequency yielding a frequency-wave number dispersion curve
using a radial averaging process.

The dispersion relation is shown by the black curves in
Fig. 6 with effective wave number on the left and attenuation
(B) on the right. The attenuation is measured by matching the
decay of the spatial intensity of the data to e #* at each stop
band frequency in the metamaterial. The solid blue line labeled
Ay is k from Eq. (4) for the plate without rods.

The results of the 1D theory developed in this paper are
plotted in Fig. 6(a) with the result of Eq. (32), the effective
wave number keff in the passband, plotted with the dotted
red curve on the left and the attenuation in the stop band
B = —2log|A|/L from Eq. (27) using a solid red curve on
the right [Fig. 6(b)]. The agreement between experiment and
theory is excellent.

Also plotted with a blue 4 curve on the left of Fig. 6 is
the exact solution for kg generated by finding the exact roots
of Eq. (23). This curve falls on top of the approximation (red
dots). Indeed, it shows that the simple approximation for the
roots given in the Appendix is very accurate for this case. In
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FIG. 7. (Color online) Passband and stop band structure versus
kL. Dark red represents the passband |A,| = 1, and the stop band
attenuation is shown in the color bar |A;| computed from the exact
solution of Eq. (23).

terms of the kL expansions, we note that at 10 kHz we have
kL = 1.69, with one term in the expansion still sufficient.

The dispersion result in Fig. 6 explains the effective
wavelengths observed in the wave field maps at the various
frequencies in Fig. 2. The phase velocity (¢, = w/k) of the
waves outside the metamaterial (abscissa 0.2 to 1.2 in the
plots) is dictated by the Ay curve in Fig. 6. The effective phase
velocity within the metamaterial is governed by cef = @/ ke,
so that when ke < k the phase velocity is faster and the
resulting wavelength in the metamaterial larger than outside.
Conversely, when ke > k the phase velocity is less and the
wavelength is smaller in the metamaterial. These two cases are
shown in the bottom plot (7512 Hz, larger wavelength in the
metamaterial) and in the top plot (5808 Hz, smaller wavelength
in the metamaterial), respectively. Finally the middle plot
(6567 Hz) shows the result in the stop band; there is no
penetration of waves into this region.

—i2 0 0
_ 0 12 0
DixDfI+el (/) i/2

0O 0 0
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An interesting question arises: as the spacing between the
rods increases, at what point does the medium fail to be a
metamaterial, failing to generate stop bands? To illuminate the
answer we ran a simulation, changing the spacing between
the rods and using the exact solution from Eq. (23) to predict
the passband and stop band generation. Figure 7 is a plot of
|[A| from the exact solution over values of .01 < L < .06 to
indicate the change of the band structure. The passband is the
red regions |A| = 1, according to the color map. We can see
that the stop bands narrow as L increases, and stop bands begin
to disappear as there are fewer and fewer rods contained within
a flexural wavelength. The bifurcation seen in the upper right
of the plot occurs at kL = m corresponding a half flexural
wavelength between the rods.

IV. IRREGULAR SPACING OF THE ATTACHED RODS

Finally we turn to the observation given in Rupin et al.
(2014) that the passbands and stop bands develope independent
of the arrangement of the rod forest, that is, regular grid versus
random spacing. Consider the question “does irregular spacing
of the distances between the rods change the stop or passband
frequencies of the system?” If we assume that the irregular
spacing is random, small compared to L with zero mean, then
the answer appears to be no, as we now show.

Assume that the length of a the ith beam segment L; is
perturbed by a small amount éx; such that kL; = kL + kéx;
and define ¢; = kéx; where we assume that the Gaussian
random number ¢; < 1 with zero mean and standard deviation
o « 1. The diagonal matrix D of Eq. (17) is defined for the
ith segment using L; instead of L as D;:

e"kL2 0 0 0
B kL;/2
| O ¢ 0 0
0 0 20
0 0 0 et

Since kL; = kL + ¢;, and keeping terms to second order, e€ ~
1 + € + €%/2 we can approximate the last equation as

18 0 0 0
[ o 18 0o o

TSl o 0o —1/8 0

—1,2 o o o0 18

I

=D(I —i—e,-]’—l—el.zl”),

Y

where [ is the unit diagonal, I’ = 1/2 diag[{—i,1,i,—1}] and I” = 1/8 diag[{—1,1,—1,1}]. If we consider N segments then in

Eq. (22), B is replaced by

o
I
1=

~
~

—1=

1

(T+e&lI'T+&T! +eI'TI + € 1'T + € T1") =

N
(DiCD)~ [+l +€1")T(I+ eI’ + 1)
i=l

(T +¢F + el-zG),
1

N
i=
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where T = DCD [see Eq. 21)], F=I'T+TI, G=
I'TI"+ I"T + T1”, dropping terms of third and fourth order.
Consider the first two terms in the product, again keeping terms
only in €

T? + &, FT +€lGT + &TF + €;6,F* + &TG.
The ensemble average of terms with ¢; alone will be zero, and
terms with the cross products €;€; (i # j) zero also, with the

6[2 terms averaging to 2. To build a general rule, consider the
ensemble average of the product of four terms (N = 4):

<]i! (T+e&F+ e,?G)>

=T*+GT36?> + TGT?6* + T*GTo? + T>Go>.

For N terms by induction we obtain

N N
(B) = <]‘[ D,.cbi> ~TV 402> T'GTV . (35)
i=1

k=1

To determine that the summation term in Eq. (35) is not
significant consider the L2 norm (]| - ||) and use the matrix
normrules |AB|| < [|A[l|B] and [|A + B| < [ All + || BIl,

N
Z Tk—lGTN—k

N N
<ITGITY < 1A,
k=1

k=1

since |G| < %||T|| and || T|| = |A| where |A|? is the maximum
singular value of 77 T. Finally the size of (B) is

~ N 02 N
B < WY + 02 2l ~ [m (1 N 7)] ,

from which we conclude that the largest eigenvalue is increased
by anegligible amount when o « 1. Furthermore we conclude
from Eq. (35), having considered terms up to second order in
€;, that (E) ~ TN = B;the randomly disordered lattice yields
the same transfer matrix (in Eq. (22)) as the original regular
lattice, and the eigenvalues, passbands, and stop bands remain
essentially unchanged.

V. CONCLUSIONS

Plates support two types of waves at low frequencies:
the symmetric and antisymmetric modes, Sy and Aj. In
practice, Ay waves are mostly vertically polarized and can
be characterized by out-of-plane (vertical) displacement when
in-plane (horizontal) displacements in the plate are described
by Sp waves. Numerical simulations performed with 3D elastic
finite-element code in the plate + metamaterial confirm that
nearly no energy is present in the Sy mode (Colombi) [22].
This means that the potential conversion of the excited Ay
waves to Sp modes upon scattering of the resonating beams
can be neglected in the present configuration. Indeed, given the
plate thickness (6 mm), the flexural resonances of the beams
are weakly excited by the A incident wave, and we can limit
the analysis to the interaction between the Ay mode and the
longitudinal resonances inside the beams. We expect things
to be very different with a thinner plate (i.e., more flexible),
where both Ay and Sy modes may be excited at the interface
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between plate and beams. In such a case, both flexural and
compressional resonances may modify the band gap structure,
which would require to add the in-plane component to the
theoretical approach. This case is the object of current research.

The results in Fig. 6 show that a 1D theory has been
extremely successful at predicting the 2D scattering from a
rectangular patch of 10 x 10 rods attached to the surface of
a plate with a dispersive boundary shape. The experimental
dispersion curve is computed during the reverberant coda of
the time series, eliminating the direct contribution. However,
we must conclude from the agreement between the 1D theory
and the 2D experiment that the metamaterial properties create
a scattering event that is not incident angle dependent in both
the passbands and the stop bands.

Significant is the high level of attenuation obtained by a
relatively small number of rods with each rod providing 20
dB of attenuation at the beginning of the stop band. Thus one
could consider a distribution of smaller patches of rods, tuned
differently in each patch to extend the stop band over a broader
frequency range.

With the extremely simple yet highly accurate relations
given by Egs. (28) and (29) to predict the passband and
stop band characteristics of the metamaterial, we have a
tool to develop more complex metamaterials with rods of
different properties to provide more precise control of the
Lamb wave propagation. That is, the transfer matrix approach
described here [Eq. (21)] can be generalized to unit cells
with different size and properties (longer or smaller rods of
different materials, for example). Each unit cell k corresponds
to a transfer matrix A; and the full transfer matrix for a
metamaterial made of N cells is the product Ay = A} X -+ X
Ay (see for example Gilbert [23], Schoenberg and Sen) [24] as
already shown for irregular spacing between bars in this paper
(Sec. IV). For example, this propagation matrix method has
already been applied to a variable layered media to construct a
metamaterial with an effective density tensor (see, for example,
Cheng) [25] to realize the cloaking parameters specified by
Pendry [26] and Leonhardt [27]. We therefore expect the
rod-plate system to be amenable to analogous applications.
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APPENDIX

The four roots determined from the solution of Eq. (23) for
the parameters of the plate experiment, using the MATLAB
roots function are plotted versus frequency in Fig. 8. The
magnitude of the third root |A3| shown in red, exhibits the
passband and stop band character that we seek. It is important
to note that the eigenvalues must represent the symmetry of the
wave propagation; that is, we have not specified from which
direction the initial excitation comes. Thus in the stop band
the inverse of the third eigenvalue |1/X3| is exactly equal to
[A1].

For the derivation of Egs. (28) and (29) we define

Bi=Liler 2+ —d)"] (A1)

104307-9



WILLIAMS, ROUX, RUPIN, AND KUPERMAN

PHYSICAL REVIEW B 91, 104307 (2015)

0
0 1000 2000 3000 4000

5000

6000 7000 8000 9000 10000 11000

Frequency Hz

FIG. 8. (Color online) Exact results using the plate elastic parameters in Eq. (23). The absolute values of the four roots using MATLAB’s
roots function are plotted in different colors. The physical root for our problem is the red curve that displays the stop band and passband

character.

where ¢ and d; are given by Egs. (24) and (25). We have
found that the four solutions of Eq. (23) (the roots) are simply
given by
h=pr+(BL - D' (A2)
which can be verified by substitution back into Eq. (23). This
is apparently a general property of the solution of a fourth
order polynomial equation when the coefficients of the A* and
A terms are equal.
We consider two substitutions one for the root in the

passband, and one for the root in the stop band. In the passband
since the there is no attenuation let

Bp =cosbh, (A3)
and in the stop band, now with attenuation,
Bs = cosh(a + ib) = cosh(a) cos(b) % i sinh(a) sin(b).
(A4

Introducing these into Eq. (A2), where a and b are real
numbers, yields Egs. (26) and (27) for A, (passband) and
As (stop band). We solve for a and b given cosh(a + ib) = f;
and for b given cos(b) = B,,.

To obtain a and b we study Eq. (Al) and use a small
order expansion in kL of Egs. (24) and (25) that leads to an
approximation for the square root term in Eq. (A1) good over
a wide range of ® up to kL = 1.5:

kL) 172
2+cd-a)”~ {[:+ : 12) ](E+ 12)} ’

where we have defined & = O(kL)? /3.

Giventhatcy ~ E+2 + (kL)4/12 and defining E=E+
(kL)*/12 yields

E 1 /z
ﬂi=1+3ﬂ:§\/§«/3+12,

1 = /=
%1+—:I:§\/E\/E+12, (AS)
where we approximated & + 12 with & + 12, valid within our
restrictions on kL.

We cast E in terms of the attachment impedance using
Eq. (4) to eliminate E 1,

\S)

N kL)? p, A kL)*
5= KL PAves kL) + KB
12 pAc, 12
(kL)4 M, tan(k, L)
_ il 1], A6
2 |\ M kL, o (A©)

where M = pAL is the mass of the rod segment, and M,
the total mass of the attached rod. Note the substitution & =
B + (kL)*/12 determines passband and stop band boundaries
that occur when & = 0 as we will make clear below.

In view of Fig. 8 only one of the roots in Eq. (A2), labeled

A3, is the physical one we seek. In view of the two cases,
Egs. (A3) and (A4), we see that V& will be pivotal for

determining the band nature. First, consider the case 2>0.
Equation (A5) shows that B is then real, greater than unity
for B, and less than unity for 8_. Considering Eq. (A2) the
former leads to the two values of A corresponding to A; and
A4 in Fig. 8, so we can rule out B to represent our wave
propagation solution. However, in the latter case we have in
Eq. (A2), (82 — DV2 =i(1 — p>)"/2, and Eq. (26) follows
directly leading to an unattenuated wave traveling across the
segment, that is, a passband.

Now consider the other case of when € < 0 so that in

Eq. (A5) V& = iy/|Z|. Aslong as & + 12 > 0, violated only
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extremely close to the antiresonances, then B4 is a complex
quantity and Eq. (A4) applies. This case defines the stop band
where we choose the solution that decays across the segment.
The equations in which we need to solve for a and b for the
passband and stop band are, respectively,

=
@

b = cos™! <1+i—%\/§\/§+12>,

2

' _ 1B i /= -
b=cosh™'(1—-—=———\IE12—=18]), (A8
a—+i cos ( > 7 [ E] |E] (A8)

that we rewrite as

(A7)

b =cos~'(1 —e), (A9)
a+ib=cosh™'(1+e), (A10)
given for Eq. (A7)
1 /= /= 1.
e=-vVEJE+12- =5, (A1)
2 2
and for Eq. (A8)
i ~ ~ 1 ~
=——/|8LW12—-|E| — =|&], Al12
2\/I ly |2l 2| | (Al12)
and use the small argument expansions
€ 3e?
b=cos'1—e)~ 2|14+ —+"—), Al3
cos” (1 —e) E( +12+160> (A13)
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€ 3e?
jb = cosh™'(1 ~V2e[l——4+—). (Al4
a+i cosh™ (1 +¢) e( 12+160) ( )
Using a series expansion in B of Eqs. (A11) and (A13) we
obtain for the passband (¢ = 0 and E > 0)

b~ 238)* (1 + (A15)

& £3/2
+———-).

240 16843 )

In the stop band ( & < 0) we obtain from Egs. (A12) and (A14)

& &13/2

a:_3g1/4(1_ﬂ_|“| > Al6

GlED 240 16843 (Al6)

b=@3|E)"* (1_@+ 'EW) (A17)
240 1683/

We keep only the first term in these expansions since
& is small over most of its range leading to Egs. (28)
and (29).

The equation for the beginning of the passband & = 0, in
view of Eq. (A6) is given by

M,, tan(k, Lj)

M kL
In other words, the condition Z; = 0, the zero of the rod
impedance, does not correspond exactly to the start of the

the passband. Equation (A18) is a transcendental equation of
the type tan(x) = —(M/Mp)x.

+1=0. (A18)
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