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We present a theory of Galilean-invariant conventional and chiral p, & ip, fermionic superfluids at zero
temperature in two spatial dimensions in terms of a dual gauge theory. Our formulation is general coordinate
invariant. The parity-violating effects are encoded in the Wen-Zee term that gives rise to the Hall viscosity and
edge current. We show that the relativistic superfluid with the Euler current reduces to the chiral superfluid in
the limit ¢ — oo. Using Newton-Cartan geometry, we construct the covariant formulation of the effective theory

and calculate the energy current.
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I. INTRODUCTION

After almost a century since the discovery of superfluidity
in liquid helium, the macroscopic manifestation of quantum
mechanics in superfluids is still a fascinating topic of physics
[1-3]. Modern sophisticated experiments with liquid helium
and ultracold atomic gases allow us to study various properties
of these quantum liquids in great detail. Among different types
of superfluids, chiral two-dimensional fermionic superfluids
play a prominent role. Originally studied in thin films of
3He-A, nowadays these superfluids attract considerable experi-
mental and theoretical attention in the context of fault-tolerant
quantum computation [4,5]. In this paper, we will consider
a two-dimensional chiral superfluid with the condensate
expressed in momentum space as

Ap = (px £ipy)A, (1)

where A is a real function of the magnitude of momentum.
Microscopically, this condensate can be realized using spin-
polarized (i.e., single-component) fermions with short-range
attractive interactions, the system studied before in ultracold
experiments [6]. Alternatively, the elusive Moore-Read (v =
%) quantum Hall state can be understood as a p, £ip,
superfluid of composite fermions [7].

As already realized by Onsager, London, and Feynman, the
phase of the macroscopic wave function plays a central role in
the theory of superfluidity. Today, this phase is identified with a
gapless Goldstone boson of the broken global particle number
symmetry. The low-energy and long-wavelength physics of
conventional superfluids can thus be encoded in the effective
theory of the Goldstone boson. Interestingly, in two spatial
dimensions, a U(1) gauge boson (photon) carries just one
degree of freedom and has zero spin. This observation suggests
the possibility of having a dual description of superfluids in
terms of a gauge field [8]. In Sec. II, we will realize exactly this
idea for Galilean-invariant conventional and chiral superfluids.
As will become evident in Sec. III, it is straightforward to
incorporate quantum vortices in the dual description: they
are pointlike sources, i.e., charges, of the dual gauge field.
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Moreover, the duality formulation will allow us in Sec. IV
to identify the relativistic theory that gives rise to the chiral
superfluid in the nonrelativistic limit ¢ — oo.

General coordinate invariance proved to be essential in
Einstein’s construction of the general theory of relativity.
Here, we will take advantage of the nonrelativistic version
of this principle that was first proposed in [9]. Technically,
the effective theory will be invariant under space-time dif-
feomorphisms. This enables us to study superfluids living
on arbitrary two-dimensional spatial manifolds and to use
arbitrary space-time coordinates. This formalism is useful even
if one is only interested in flat space physics since it allows
us to calculate easily various currents and their correlators by
taking small variations of the action with respect to external
sources. In Sec. V, we will construct the covariant formulation
of the theory of superfluids in Newton-Cartan geometry, which
appears to be the most natural formalism for nonrelativistic
physics [10-16]. Using this formulation, we will calculate the
energy current for both conventional and chiral superfluids in
Sec. VL.

This paper is a continuation of [17] and our previous work
[18], where the effective theory of Galilean-invariant chiral
superfluids in terms of Goldstone phase was constructed. Our
predictions might be relevant for two-dimensional chiral su-
perfluids to be realized in experiments with single-component
ultracold fermions.

II. DUAL DESCRIPTION OF TWO-DIMENSIONAL
SUPERFLUID

A. Conventional superfluid

First, we consider a conventional nonrelativistic s-wave
fermionic superfluid living on some two-dimensional surface
with a generically time-dependent metric g;;. Since at zero
temperature the superfluid does not dissipate energy, it is an
isentropic fluid and we can start from the action

S = / dt dx/gLsy 2)
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with g = detg;; and the Lagrangian [19,20]
1 o 1 .
Lir = —pgiiv'v/ — — 0| —0 V;i(pv'
sf = 508V = €(p) [\/g 1 (V&p) + Vi(pv )]

— Aip — Aipv'. 3)

Here, v' is the superfluid velocity and p is the particle number
density,! € is the internal energy density, and V; stands for
the spatial covariant derivative (Levi-Civita connection). In
addition, we included the coupling of the superfluid to the
background U(1)y gauge field A,,. The term with the Lagrange
multiplier 6 ensures the conservation of the particle number. In
Appendix A, we demonstrate that 6 is actually the Goldstone
field of the broken U(1)y particle number symmetry. Note that
under a constant shift of 8, the action changes only by a total
derivative. This is the realization of the U(1)y symmetry in
the effective theory.

In two spatial dimensions, the U(l)y particle number
current J* = (p, pv) can be expressed as’

T =¢e"""d,a, = %s“vf)fup, 4)

where we introduced the dual gauge field a,, . Indeed, the gauge
transformation

a, = a, — o X 5)

leaves the current J* invariant. In the new language, the
conservation law of the particle number is

"9, fu, =0, ©6)

which is trivially satisfied.

The transformation (4) thus allows us to trade the hydro-
dynamic theory of the constrained variables p and v’ for the
theory of the field a,, which has the gauge freedom. Indeed,
from the duality relation (4) we find

i ele;
p=>b, v = o (N
where we introduced the dual magnetic field b = "/ 9;a; =
¢ 26! 3;a; and the dual electric field e¢; = 8,a; — 9;a,. In
the dual language, the Lagrangian (3) can thus be expressed in
the simple form

gleie;
)
which is a nonlinear theory of electromagnetism in two
spatial dimensions. As shown in Appendix B, small Goldstone
fluctuations around the homogeneous ground state in flat space
with A, = 0 are described by the linearized version of Eq. (8),
which is just the relativistic Maxwell electrodynamics.

For any effective theory, a power-counting scheme must
be specified that orders various terms according to their

Lgs —e(b) — " AL dva,, 8)

'In this paper, we follow the notation of [18]. This implies that the
mass density and the particle number density coincide because we
set the mass of the elementary fermion to unity.

2Here, we introduced the tensor *** = ﬁe‘“’”, where the totally
antisymmetric Levi-Civita symbol is defined by €'/ = €” and €' =

+1.
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importance. Here, we will use the hydrodynamic power
counting which allows large Goldstone fluctuations and thus
the velocity and density are not assumed to be small. In other
words, wesetp ~v~ A, ~ O(l)and 6 ~ O(p~"), where p
is a small-momentum scale. We thus find that £, ~ O(1), i.e.,
it is of the leading order in the hydrodynamic power counting.
For the dual gauge potential, this implies a ~ O(p~').

The dual theory defined by the Lagrangian (8) is invariant
under the nonrelativistic version of the general coordinate
transformations that was introduced in [9]. Indeed, first we
observe that with respect to a spatial diffeomorphism x’ —
x! + £(¢,x), the hydrodynamic fields o and v; transform as
follows [18,21]:

80 = —& 0kp,

This result together with Eq. (7) implies®

Sv; = —EXgpv; — v K + gl (9)

§b = —&*b, Se; = —E* e — exd;EF + benE*.  (10)

We find that these transformation rules are satisfied provided
the dual gauge potential transforms simply as a one-form under
the spatial general coordinate transformation, i.e.,

Sa, = —&*da, — ard,E". (11)

Using this result together with the transformation rules for A,,
and g;; found in [9]*

SA, = —EX0 A, — ALEF,
SA; = —E* 9 A; — AL3iER + gkl (12)
8gi; = —&*0kgi; — gind;E" — guj0iE",

it straightforward to demonstrate that the Lagrangian (8)
transforms as a scalar and the action (2) is indeed invariant.
Although we do not specify a microscopic fermionic model
and pairing mechanism here, we note that the transformation
rules (12) are only valid if the “gyromagnetic ratio” g, and the
spin sy of the fermion field in the microscopic model satisfy’

gy — 25, =0. (13)

Throughout this paper, we will assume that this relation is
valid. Generalization to the case g, — 2s, # 0 canbe obtained
in a straightforward fashion by following [12].

3To prove the second equation in (10) we used §v' = —&*3v' +
VROE €, 8 /8 = —EXD /g — /20:E", and the identity £V ;& =
Sikak%'j + ekff)kéf.

“The overdot denotes the temporal derivative.

5g, is a parameter which introduces a nonminimal coupling of
fermions to the background U(1)y magnetic field of the form £, ~
gy Bp, where p is the superfluid density that coincides with the total
density at T = 0. Since the background gauge field A, introduced
in this paper, is completely unrelated to the electromagnetic gauge
potential, it is important to keep in mind that g, does not coincide with
the gyromagnetic ratio of the fermionic atom. In general, the value of
gy can be determined experimentally by rotating the superfluid [i.e.,
switching on the U(1)y magnetic field] and measuring the U(1)y
current.
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Time-reversal and parity transformations are given by

T:t—> —1t,0—> —0,A;, > —A;,a, > —ay;
(14)
P :x1 < x, A1 < Ay,a, > —a;, a1 < —as.
It is now straightforward to check that the Lagrangian (8) is
separately invariant under 7' and P.
Notably, in the dual formulation we can write the Chern-
Simons action which is gauge invariant and general coordinate
invariant

Scs = :—;/dz dxe"a,d,a, ~ O(p™). s)

In our power counting this term is more important than the
action (2). In addition, in terms of the original hydrodynamic
variables it is nonlocal in position space. Note, however, that
the Chern-Simons term makes the dual photon [aka U(1)y
Goldstone boson] massive [22] and thus should not appear in
the theory of a compressible superfluid. For this reason, in the
following we set v, = 0.

Given a general coordinate-invariant theory it is straight-
forward to calculate its stress tensor. General coordinate
invariance implies that for A; = 0 the contravariant stress
tensor can be calculated as [9,23]

TV = 2 ﬁ. (16)
V8 88ij
For the superfluid defined by the Lagrangian (8) we find the
ideal fluid result

§ de . gl — el
Tea = [%b—e]g’—kT
———

P(b)
= P(p)g" + pv'v/, (17)

where we introduced the pressure P as the function of the
superfluid density and used that in two spatial dimensions, the
projector e’g/ — elel = g'hereile; = p?viv/.

In the dual formulation, the global U(1)y particle number
symmetry is realized nontrivially. It is unrelated to the dual
gauge symmetry, but appears as the dual magnetic flux
symmetry since the total particle number is given by

N = /dt dx/gb. (18)

The flux symmetry is broken spontaneously by the ground
state of the dual electrodynamics [24]. Under an infinitesimal
U(1)y transformation the sources transform as

8A, = —dua, 8g;=0. (19)

Finally, it is straightforward to demonstrate that the effective
theory is Galilean invariant for A, =0 and g;; = §;;. The
infinitesimal Galilean boost is a combination of the diffeo-
morphism £f = v*¢ and the gauge transformation o = v¥x;.
Galilean transformations are physical symmetries because they

do not modify the background fields (see Sec. 2.1 in [25]).

B. Chiral superfluid

We now consider a two-dimensional chiral superfluid. In
addition to the conventional breaking of the global U(1)y
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particle number symmetry, it exhibits spontaneous breaking
of the spatial rotation symmetry. In the following, it will
be denoted by SO(2)y, i.e., the group of rotations of the
orthonormal two-dimensional vielbein to be introduced in the
following. We will assume the symmetry-breaking pattern

U(l)xy x SO2)y — U(1)p, (20)

where U(1)p stands for the diagonal combination of U(1)y
and SO(2)y which remains unbroken. As the result at zero
temperature, the low-energy physics is governed by just one
Goldstone boson. An important example of such a superfluid is
the chiral p, & ip, fermionic superfluid briefly introduced in
Sec. I. Notably, the chiral condensate (1) breaks spontaneously
time-reversal and parity symmetries which gives rise to
qualitatively new effects compared to phenomena taking place
in the conventional superfluid discussed above.

As a first step towards the dual description of the chiral
superfluid, we will follow [18] and introduce an orthonormal
spatial vielbein e with a = 1,2. Since such a vielbein is
defined only up to a local SO(2)y rotation

e — ef + ¢(t,x)eel, (1)

we can introduce the spin connection

W, = %(6"”6“’8,6}3+B),
j 22)
= Loab,ajxg. b _ 1( ab,ajq b _ jkg
w; = ;€% V,ej—z(e e B,ej e 8jglk),

where we defined e* = efg"/ and the magnetic field B =
€ 0;A;. By construction, under a local SO(2)y rotation, the
connection transforms as an Abelian gauge field, i.e.,

wy, = W, — 0,¢. (23)

In addition, under spatial diffeomorphisms, , transforms
simply as a one-form

Sw, = —EXw, — wid, & (24)

Note that under the discrete symmetries, w,, transforms similar
to the dual gauge field a,,:

T:w — —w;; P:w —> —w,w < —w;. (25)
The dual effective theory of the chiral superfluid is now ob-

tained by adding to the Lagrangian (8) the general coordinate-
invariant Wen-Zee term [26]

Lwz = —se"Pw,dva, = —sp(w; + wiv'). (26)

Within our power counting, this subleading term is of order
O(p). Provided the parameter s is kept fixed, Lwz breaks
separately parity and time reversal, but preserves the combined
PT symmetry. If one transforms the chirality of the ground
state s — —s, both P and T are preserved separately by
the Wen-Zee term. One must set s = :t% for the p, &ip,
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superfluid.® As has been realized recently in [28-30], the
two-dimensional chiral pairing in higher partial waves is more
subtle. We defer the construction of the effective theory for
this case to a future work.

It is well known that the chiral superfluid studied here
is a topological quantum liquid since its ground state has
different topological properties in the weakly (BCS) and
strongly (BEC) coupled regimes that are separated by a
quantum phase transition [3,7]. This implies the presence of a
protected gapless fermionic Majorana mode localized on the
boundary between the two phases. We emphasize that in our
construction we did not specify the equation of state €(p) and
thus the effective theory described here should be valid in both
phases. Although the Majorana mode does not appear as an
explicit degree of freedom, it is integrated out and gives rise to
nonanalyticity of the term €(b) in the Lagrangian at the phase
transition point.

Since in the effective theory of chiral superfluids the spatial
vielbein does not appear linearly, but only quadratically, it is
natural to expect that the introduction of the vielbein and spin
connection is actually not necessary and that the theory can be
formulated covariantly using the spatial metric g;; only. While
this is not obvious within the formalism presented in [18], it is
straightforward to eliminate the vielbein in the dual formalism
developed here. Indeed, up to a surface term we can rewrite
the Wen-Zee Lagrangian as

Lwz = —se"a,d,w, = —s(a; By, — sijaiEw_,-), 27

where we introduced the gravitomagnetic field B, = ¢/ 09;0;
and the gravitoelectric field E,; = 0;w; — d;w;. In Appendix
C, we show that

B, =
Eui = 3[-8,(TL)e’ g1 — 8; B],

Ra

=

(28)

where R and F;‘. stand for the Ricci scalar and Chirstoffel
symbol, respectively. Thus, the Wen-Zee term can be indeed
written only in terms of the metric g;; and its derivatives.

The Wen-Zee term gives rise to novel phenomena. In the
context of quantum Hall effect, these were investigated for
example in [26,31,32]. Here, we study its consequences for
the chiral superfluid. First, due to the presence of the magnetic
field B in Eq. (22), it leads to the modification of the U(1)y
current

1 6Swz s .
S =(0.2¢9;p). 29
edge \/§3Au < 28 /IO> ( )

This is the well-known Mermin-Muzikar edge current [33]
responsible for the macroscopic angular momentum of the

5The effective theory can also be used for the low-energy description
of anyon superfluids. In particular, for anyons with the statistical
phase angle 6 = (1 —1/n) [27] we must fix s = (n — 1/n)/2.
Similar to the chiral superfluid, our construction is valid only if the
“gyromagnetic ratio” and the spin of the anyon are fine tuned to
satisfy Eq. (13). This restriction can be easily relaxed by following
arguments of [12].
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chiral ground state
Lgs = /dzx eijxi eﬁge = s/dzx p. 30)

Second, the stress tensor is also modified compared with
the ideal fluid result (17). Indeed, from the variation of the
connection under a small variation of the metric [18]

Swr = —3&" ¢" 0,888 — §BE” 88,
Sy = —56" ¢ gy — 567* 9881
+J—‘8'"k3mgzkgij5gij, 31
we find
§Swz = —s/dz dx "’ sw,d,a,, (32
which gives rise to the modification’
i 2 68
I L2
V8 88ij

2
= (vl‘7e]dge + v’ eldge) + TI:IJall - ZIORgU’ (33)

where we introduced the Hall viscosity stress tensor [34-36]
Ty = —nn(eg + e/ g™V (34)

with Vi = %(Vkv, + Vv + 9,g11) and ny = —%p. In sum-
mary, the dual Wen-Zee term leads to the parity and time-
reversal violating effects such as the edge current and the Hall
viscosity. For a detailed discussion of these effects, we refer
to [18,36].

Now that we have the stress tensor, it is straightforward
to demonstrate that the invariance of the action under a small
spatial diffeomorphism &,

Sla, +da,, A, +8A,,gi; +68gij]1 = Slau.Av.gijl, (35)

implies the Euler equation

%a,a/gfk) VT = B end B, (36)
where we introduced T} = T g, and the total U(1)y current
JE=J"+ el(}ige'

Finally, it is instructive to demonstrate how the hydrody-
namic conservation equations arise in the dual formalism.
As noted above, the conservation of the particle density is
simply encoded in the Bianchi identity (6). On the other hand,
the Euler-Lagrange equations give rise to the vorticity and
hydrodynamic Euler equations. Indeed, since the dual gauge
field always appears with a derivative, the equations of motion
are given by

a['ch
0 — | =0, 37
b [@ 5 zmj (37)
where L.y = Ls + Lwz. The Gauss law (v = ¢) reads as

1

ei S
—a(veE)=B+1ir 38
= (@b) (38)

2

"We used the Gauss law (39) to obtain the term ~ 52 in Eq. (33).

064508-4



EFFECTIVE THEORY OF TWO-DIMENSIONAL CHIRAL ...

or in the covariant form

v — By iR (39)

b 2
The external magnetic field and Ricci curvature play the role
of a background smooth charge distribution for the dual gauge
field. If we define the vorticity W = %EUV,‘ v = %Vi%i, the
Gauss law becomes the vorticity equation

2W:B+%R. (40)

It is straightforward to check that the spatial components (v =
k) of Eq. (37) give rise to the Euler equation. In terms of the
hydrodynamic variables, it is given by

Vi P .
Do+ —— = Ex + SEqi + (B + sB,)ei V', 41
0

where we introduced the material derivative D, = 9, + v -V
and used the Gauss equation (39). Although it is not manifest,
this equation is equivalent to Eq. (36).

III. VORTICES

It is evident from Eq. (40) that, in the presence of a
background magnetic field B, a two-dimensional superfluid
carries vorticity. Moreover, in a chiral superfluid the vorticity
is also sourced by the Ricci curvature R of two-dimensional
space. While any regular superfluid flow is necessarily irro-
tational, the vorticity in a superfluid originates from singular
solutions known as quantum vortices. Due to conservation
of the topological winding number in a static background,
the total number of vortices is strictly conserved in that case.
Locally, this leads to the conservation law

1
—0
N/

where we introduced the topological vortex current J/. In
terms of the Goldstone field 6, this current is given by®

(V&I +ViJi =0, (42)

1
T = —e"3,0,0. (43)

which implies J, ~ O(p) in our power-counting scheme.

Consider a superfluid living on a closed spatial manifold
M. Since in a fermionic superfluid a vortex carries 7 /2 units
of vorticity, we can use Eq. (40) and find that the total number
of vortices is given by

o
N, = /dxﬁ],? = — + 25y, (44)
b

where ® = [ dx,/gB is the total magnetic flux piercing M
and the Euler characteristic x = 2 — 2g, where g is the genus
of M. This is the reason why for the chiral superfluid the total
number of vortices is sensitive to the topology of the manifold
M. For example, for a p, & ip, superfluid on a sphere in the
absence of magnetic flux one finds N, = 2. The formula (44)

8The prefactor 1/ in Eq. (43) appears in the case of a fermionic
superfluid. Note that for a bosonic superfluid, the prefactor is two
times smaller.
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is analogous to the one in the quantum Hall effect, with the
second term known as the shift [26].

Now, we will extend our effective theory by adding the
vortex part to the dual Lagrangian. This is relevant if vortices
are present in the ground state, which happens if the right-hand
side of Eq. (44) is nonvanishing. Since the vortex current is
conserved, it can be dualized

Jlfl. — EMVﬂanp7 (45)

where we introduced the gauge field b, ~ O(1) dual to the
vortex current. This field transforms as a one-form under
general coordinate transformations. Up to the next-to-leading
order in our power counting we can now generically add to the
Lagrangian the following terms’ that are general coordinate
invariant:

glele)
Ly, = —Gye"a,db, — q,| """ A db, — TE,

+ :—;s“””buavbﬂ, (46)

where we defined b¥ = &79;b; and e} = 8,b; — d;b,. Our
normalization of the current (43) also implies §, = —m. The
first two terms make the vortex charged with respect to a,,
and A,, respectively, while the third term transmutes its
quantum statistics [37]. It is well known that in a conventional
two-dimensional superfluid the vortex is a pointlike boson that
is charged with respect to the dual gauge field a,, but is neutral
with respect to A, [38,39]. For this reason, g, = v, = 0 for
the conventional superfluid. On the other hand, vortices are
known to be Abelian anyons in a chiral superfluid [40], which
implies v, # 0. In addition, in the weakly coupled BCS phase
they accommodate gapless Majorana fermionic modes which
can be included in the effective theory [41,42]. We defer better
understanding of the vortex physics in the BCS phase of chiral
superfluids to a future work.

IV. RELATIVISTIC SUPERFLUID AND
NONRELATIVISTIC LIMIT

In this section, we demonstrate that one can obtain the
chiral superfluid as the nonrelativistic limit (¢ — oco) of
the relativistic superfluid found recently in [43]. A similar
procedure was used in [44] to derive nonrelativistic invariant
actions for Hall systems.

Here, we briefly review the construction of [43]. The
relativistic theory is formulated in the dual language, where
the relativistic U(1) current

i =nut =¢e""d,a,. 47
Here, the relativistic dual gauge field a, ~ O(p~') was intro-
duced. The three-velocity satisfies u#u,, = —1. The effective
theory is defined by the gauge-invariant action
S = fd3x¢|g|< Lo + L1), (48)
—_ =

o) Oo(p)

Note that an additional general coordinate-invariant term
f(b)ed;b; can be eliminated from the vortex Lagrangian by the
redefinitiona, — a, + o(b)b, with aproperly chosen function o (b).
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where g,, is the space-time metric and g = detg,,. The
leading-order Lagrangian is given by

Lo =—€e®(n)/c — "N, d,a,, 49)

where €™!(n) is the relativistic energy density as the function
of n = /f,uf*/2 (fuo = 0,0, — dya,,), and 2, is the back-
ground U(1) gauge field.
Up to redefinitions, the subleading part of the Lagrangian
can be written as'?
ACl = g(n)guvflw + KCI,“?M, (50)

where §,, is the field strength of the U(1) gauge field 2, and
the Euler topological current is

m

(]

1 1
= —eM %y [ VougViu, — =R, . 51
87[8 e’ < ugVou, > wy) (628

As explained in [43], the Euler current is identically conserved,
ie., V,J* = 0. While £(n) can not be fixed by a symmetry
argument only, the gauge invariance requires « to be a constant.
For a detailed discussion of the Euler current and the effective
theory of the relativistic superfluid, we refer the reader to [43].

First, we perform the nonrelativistic limit for the conven-
tional superfluid defined by the leading-order Lagrangian L.

To this end, we use
x//“ Z(CT’-xi)) 8}1, :(c_latvai)’

(52)
22[;1, = (C_IQ[U Qli)r

—1
a, =(c a;, a)

and decompose the relativistic energy density into the rest
mass part and the internal part, i.e.,

€' =nc? +e. (53)

In addition, in the nonrelativistic regime it is convenient to
parametrize the metric in terms of g;;, A;, and A, [9]:

1 =2A _A
Qv = <. (54)
( -8 )

Relativistic covariance implies that A, transforms as the gauge
field in Eq. (12) under spatial diffeomorphisms.
Now using

2 JA
ol = [1 + %]g +0(1/ch,

&2 8ijA'€j A; A'b
- - L o/c",
2bc? c? 2¢2 +od/c)

(55)
n=>a

we arrive at

Sy = —czfdtdx\/gb—i—/dt dx\/gLs; + O(1/c?). (56)

Here, L,y is given by Eq. (8), where we identified the U(1)y
gauge potential A, =2(, + A,. After subtracting the rest

10One may argue that additional terms are allowed. For example,
f (n)e’”‘u,ﬁvuk ~ O(p) should be included into £;. This term,
however, can be eliminated by the redefinition a, — a, + x(mu,
with the properly chosen function x(n). Our choice of x(n) differs
from [43], where it was chosen to eliminate the term & (n)§ ., " but
keep f(n)e" " u, d,u;.
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mass term'' from Sy one recovers the nonrelativistic theory
(8) describing the conventional superfluid. Notably, the action
depends only on the linear combination 2, + A,, but not
on 2, and A,, separately. Physically, this means that the
momentum density must be proportional to the particle number
current, which within our conventions can be written simply
as

Ji=T1%, (57)

This is not a surprise since this result is valid for A; =0 in
any general coordinate-invariant system composed of single
species of particles provided Eq. (13) is fulfilled [9,12,23].

Now, we perform the nonrelativistic limit of the subleading
Lagrangian £;. As demonstrated in Appendix D, in this limit
the Euler current is given by

o_ Bo 2
J=—+01/c),
4
. U(E,; +0;8/2
g = LA L UBE L a1,
dmc
where we introduced the magnetic field constructed from 2;,

ie., B =eY9;A;. As aresult, we find

(58)

. N
S = E/dt dx\/g(a;B, — " a;{E,; + 0;B/2})

+2€/dt dx./g&(b)bB + O(1/c). 59

In the following, we will assume &(b) ~ 1/c, which leads to
a finite nonrelativistic limit. Moreover, the requirement (57)
fixes £(b) to be

K
§(b) = c— +0(1/c%) (60)
8mce
leading finally to
S = /dr dx/gLwz + 0(1/c?) (61)
with s = —k /4. This proves that the relativistic superfluid

defined by Eqs. (48)—(50) reduces to the chiral superfluid in
the nonrelativistic limit.

Finally, we must emphasize that the condition (60) is a
direct consequence of Eq. (13) which is assumed to be true
throughout this paper. For g, — 2s, # 0 one must fix £(b)
differently since in that case Eq. (60) is generalized to [12]

Ji=T% _ we"f 8,J°. (62)
For example, if one sets gy, — 2sy, = —«/(4m) then &(b) must
vanish in the nonrelativistic limit, i.e., £(b) = O(1/c?).

V. NEWTON-CARTAN FORMALISM

So far, we imposed nonrelativistic general coordinate
invariance only under spatial diffeomorphisms &'(z,x). It is

"The first term in (56) can be removed by adding an appropriate
chemical potential. This is achieved by shifting Ay as 24y = —c +
A, /c.
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possible to include also the symmetry under temporal diffeo-
morphisms &’(¢,x) which generate a local reparametrization
of time. This extended version of nonrelativistic general
coordinate invariance under £(¢,x) with u = (¢,i) was first
demonstrated to be valid for a theory of nonrelativistic particles
with no interactions [45] and more recently for the theory
of fractional quantum Hall effect [12] (see also [11,13—
16]). Here, we will assume the invariance of the effective
theory of superfluids with respect to temporal and spatial
diffeomorphisms, which leads to the following transformation
rule for the background fields [12,45]:

SA, = —EM3, A, — A EM,

8A; = —E"9,A; — A, 0,E" + e® g€,

8O = —£19,® 4 & — CiE,

8Ci = —£"8,Ci — C;9i&" + 9" + Ci§" — C;€),

8gij = —E"9,81 — 81 iE" — gud;E* — (Cigjk + Cjgin)E",
(63)

where C' = g C; and £§"9, = &'0, + £'0;. This is a gen-
eralization of Eq. (12). Here, we introduced two additional
background fields ® and C; which couple to the energy density
and current, respectively (see Sec. VI for more details).

The transformation rules (63) for ®, C;, and g;; follow most
naturally from Newton-Cartan geometry which was developed
by Cartan with intention to geometrize Newtonian gravity.
We will briefly review its basics here and refer the reader to
[10-16] for a detailed presentation. Subsequently, the covari-
ant formulation of the effective theory of the conventional
and chiral superfluid will be presented in Newton-Cartan
space-time.

A. Geometry

A Newton-Cartan space-time is a manifold that comes with
a degenerate metric tensor with upper indices ghe , a one-form
n,, and a velocity vector V# with the properties

nughl =0, n,V* =1 (64)

Given (ghc , n,, V), we can uniquely introduce the metric
tensor with lower indices g;;, by imposing the conditions
ghe &py =0 — Vin,, g V" =0. (65)

Now, we can define a connection
F/;w = VPoun, + %gﬁocg (81483(07 + avg,iir - 3ngzcu) (66)

in Newton-Cartan space-time. Notably, the connection is
not symmetric in the lower indices which gives rise to the
nontrivial torsion tensor

Th, =27, =2V 0,n,. (67)
Obviously, the torsion vanishes provided the form n, is
closed, i.e., dn = d,n,) = 0. Here, we will impose a weaker
condition, namely, n A dn = ny,d,n,) = 0, which ensures an
absolute notion of space. This follows from Frobenius theorem
because in this case there is a unique spatial slicing of
Newton-Cartan space-time which n,, is normal to. We mention
that in the language of [11,13,14,16] the torsion considered in
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this paper is purely temporal. A more general Newton-Cartan
geometry with spatial torsion was discussed in [11,14,16].

To make connection with the transformation law (63), we
use the following parametrization [12]:

<I>1 ]
n,=(°%® —e*C), Vi= (e ( +¢jv )) ,  (68)

e®v
which is consistent withn - V = 1. Since n,, and V* transform
in Newton-Cartan space-time simply as

Snu = _Ekaknu - nkauglca

69
SV = —EX9 VM + V¥ EN, 63)

we can easily reproduce the last three equations in (63) with the
help of Eq. (68). In addition, the parametrization (68) implies
the following expressions for the metric tensor:

e v? —v; —v2C;
Sy = )
e —U,'—UZC,‘ gij+UiCj+UjC[+UZCiCj

e c? c/
8ne = <Cz gij> : (70)

Finally, we notice that the condition n A dn = n,0,n, =0
leads to the constraint on the source C;:

€[9;Cj + Ci9,C;1 = 0. (1)

While A,, does not transform as a one-form under nonrela-
tivistic general coordinate transformations, we can modify it
as follows [12]:

A~, = A; + %ECDg,‘jUin,

i ® i _ 1,0, ko (72)

A =A; — e gijv! — e guvtv C.
A simple derivation of Eq. (72) can be found in [16]. Using
Eqgs. (68) and (69), one can check that A, transforms as a
one-form, i.e.,

SA, = £, A, — A 9,& . (73)

In the following, we will need a spin connection in Newton-
Cartan geometry. Within Newton-Cartan formalism it is given
by

_ 1 _ab _avync b
wy = €7V Cel, (74)

where V€ stands for the covariant derivative in Newton-Cartan
space-time and e}, denotes the vielbein witha = 1,2. For & =
C; =0, the components of w, were calculated in [10,18]. It
is straightforward to generalize the construction to the case
of nonvanishing ® and C;. Indeed, in this case eﬁ can be
parametrized using the spatial vielbein ¢, spatial velocity v,
and the source C;:

a __ (__aj,a a ) 4 ap __ Cjeaj

e = (—vief, ef +Civief), ™ = i ] (75)
One can easily check that e, = gi e and e = gpc'efl. In
addition, g/ = e%e? and gn = e“e®. This form is also
consistent with the orthogonality requirements e, V" = 0,
n,e*" = 0.One can thusinterpret V* and n,, as vielbein vector
and one-form with a = 0.
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Given Eq. (74), we find

_ 1 _ab av
wu—ze e

8ue€ - V)‘au”vel)\j _%gﬁf (augu; + avgf;; - apgﬂf))e/\
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n b

=0
_ 1 _ab av b _ 1 nc nc __ nc ,bp
=€ € [8ﬂev 2(aﬂgvp + a‘)gup 8Pg/w)e ]
_ 1 _ab av b _1_ab_ av bp nc
= ;€70 e, — ;€7 e” 0,8, (76)

Written in components

o, = 3{ePe¥ e} + £V[d;v; + 0,(Civp]},

(77)

w; = 3{ePe¥0ieh — &[0 gik +v;0;Ci + 3, (0 Ci) + v*Ci9;Ch] — &7 C;[0,gik + 3, (v Ci) 4 v’ C;9,Cr ]},

where the constraint (71) was used. In the following, we will need only the terms that are linear in C;, hence, it is sufficient to

write

1
a),zi
1
2

w; =

The expression (22) is recovered when v; is equal to the
superfluid velocity. This can be seen as a gauge fixing of the
Newton-Cartan geometry.

B. Covariant description of superfluids

We are now in position to write the action of the nonrel-
ativistic superfluid in covariant form in the Newton-Cartan
formalism. For the conventional superfluid we find

S = /dt dx Jy[pV" (0,0 — A,) —e(p)], (79

where we introduced the superfluid density p that transforms
as a scalar, i.e., §p = —£“0, p. In addition, we defined y,, =
8y +nuny [46] with the determinant y = e 2®g. Equation
(79) is a generalization of our construction in [18] to the case
with nonvanishing ® and C;. For completeness, in Appendix
A we rewrite the theory solely in terms of the Goldstone boson
field 6.

It is straightforward to generalize this construction to
the case of the chiral superfluid which in Newton-Cartan
formalism is described by the action

S = /dt dx /y1pV* (3,0 — A, —sw,) —e(p)].  (80)
In this formulation, the current is convective
= —eo— = pVH, (81)

which implies that in Newton-Cartan geometry the scalar p
can be constructed covariantly as
p=n,J". (82)

In the special case ® = C; = 0, itis easy to solve the equations
of motion for p and v' with the result

. 1 -
2,6 = —v' 2,0 — Egile v/ + €'(p),
) (83)
Ui = —gij.gj@ + 55‘78_,- lnp,

{e“beajaté’? + g"f[a,»v,- + 3;(Civj)]}’
{e“"e”-faie? — &M [9;8ik + v;;C + 3;(0Ci) + C; 3,81} + O(C?).

(78)

(

where 2,0 = 0,60 — A; — sw;. Note that in Newton-Cartan
formalism the superfluid velocity v’ is given by (minus) the
covariant derivative of the Goldstone field plus an additional
term that is proportional and perpendicular to the gradient
of the superfluid density.'> This term is responsible for the
edge part of the current that appears in the ground state in
the presence of inhomogeneities and gives rise to the angular
momentum (30). Also due to this extra term, in the present
formulation one finds 7% = Ti'djeal + Tf{all.

Finally, we will generalize the dual description of a
superfluid presented in Sec. II to the covariant form in
Newton-Cartan space-time. First, from Egs. (79) and (80) we
notice that for ® # 0 the conservation equation of particle
number is given by

.Sy J") =0, (84)
which is identically satisfied by
JH =¢eh’d,a,, (85)

where we introduced ei” = ﬁ_le””p . In Newton-Cartan
space-time eh.” transforms as a tensor.'® Given this tensor and
the current J* that transforms as a vector

SJH = -0, " + J 0 EH, (86)
the gauge potential must transform simply as a one-form
Sa, = —£9.a, — a,0,E". 87

The dual theory of the conventional superfluid in Newton-
Cartan space-time is given by the action

S = / dt dx/y Lys (88)

12Since the superfluid velocity has no unique definition in the
microscopic theory, its redefinition is allowed and is known as the
frame transformation in the theory of hydrodynamics [47].

B3This can be demonstrated by using the identity &9, £ =
ELVC0EP + €llP O EY + gr P 0 &M
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with the Lagrangian
Ly = —€(p) — ep" Audvay, (89)

where p = n, J" = enc"n,d,a, or using the parametrization
(68) one finds p =b+ &Y C;e;. This Lagrangian follows
directly from Eq. (79). Using the equation of motion
i e'e;
V= ——, (90)
P

we can eliminate the velocity field v’ and rewrite the
Lagrangian as

ijp.o.
_ 2087¢€i¢;
= —
2p

which is the generalization of Eq. (8) to the case with
nonvanishing ¢ and C;.

The covariant form of the dual theory of a chiral superfluid
in Newton-Cartan geometry is given by

Ly —e(p) = ® " Ada,, O

Ech = »Csf + ACWZ

= —e(p) — e A, 0,a, — P w,dya,. (92)

VI. ENERGY CURRENT

Provided the background sources are static, the system has
time translation symmetry. By Noether theorem this leads to
the conservation of the energy current J#. The Newton-Cartan
formalism developed above is a convenient framework for the
calculation of J#. The current is defined by

88 = / dt dx /7 J"0,E", (93)

which follows from the invariance of the effective action under
(global) time translations. Employing now Eq. (63) we find

;i 1 88 88 . 58 1 88
=——-— —Ci | > ——,
€T Jge®\80  5A, ' 8C NI
; 1 88 N 1 4S8 O
e= 7=\ s~ " s —=5~
\/g e 1) Ci SA i \/E 1) C,‘
where the most right expressions are valid provided Ay = ® =
C; = 0. This explains why ® and C; serve as external sources
for the energy density and current, respectively.
By applying now the prescription (94) to the action (79) we
first calculate the energy current of the conventional superfluid.
For Ag = ® = C; = 0 one finds

, 18S 1 4,
Je ideat = U350 = SPguvV + €(p),
; 1 38 ,»
Je,ideal = EE = p@tev
1 .
— (P + €(p) + Epgklvkvl)v’, 95)

which is the well-known result for an ideal fluid. In the second
equation, we used the equations of motion (83) with s = 0 and
the relation P + €(p) = pe’(p).

Now, we are ready to calculate how the energy current (95)
is modified in the chiral superfluid. For simplicity, we will only
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consider the background Ag = ® = C; = 0. Since

Swz = /dl dxﬁﬁvz 96)
does not depend on @, we find
1 85 1
1 kol
- _ + . 97
€ NEE ngklv v+ €(p) CH)

Hence, there is no correction to the energy density compared
to the conventional superfluid. On the other hand, the modi-
fication of the spatial energy current is nontrivial. Indeed, for
the chiral superfluid we find

88 = /dt dx /gp[8Cv' 2,60 — ssw, — sv'swy]  (98)

with
S, =1eY3,(8Cv)),
. (99)
8(,()i = — %Sjk[vjai(SCk + Bj(kaCi) + 5Cj8tg,-k],

where Eq. (78) was applied. In Appendix E, the resulting
energy current is found to be given by

, 168
< JBC
s 1 i j m
=‘]el,ideal + E [ﬁal(\/gp) + Vi(pv )]glj Uj + TI{Iallvm'

(100)

The second term vanishes if the equations of motion are used.
The last term is the correction due to the modification of the
stress tensor. A similar correction also arises in dissipative
Navier-Stokes hydrodynamics [48] and parity-violating hy-
drodynamics of normal fluids [49].

VII. CONCLUSION

In this paper, we have constructed the leading-order terms in
the effective action of conventional and chiral two-dimensional
fermionic superfluids using the dual gauge field formulation.
A similar low-energy description for superconductors was
developed in [41,42,50], with the important difference that
for the superfluid the action is not purely topological due to
the presence of a gapless Goldstone mode.

Compared to other works, we impose nonrelativistic dif-
feomorphism invariance [9] that puts stringent constraints on
the form of the effective action. It also allows us to consider
superfluids living on curved manifolds. We use the Newton-
Cartan formalism [10-16] to present a covariant formulation
of the superfluid with sources that couple to all conserved
currents. We have also shown that the parity-breaking rela-
tivistic superfluid of [43] reduces to the chiral superfluid in
the nonrelativistic limit. In particular, the coupling of the dual
gauge field to the Euler topological current reduces to the
famous Wen-Zee term.

Even though the chiral superfluid studied here has Galilean
invariance, the Newton-Cartan formalism can be applied to
more general cases without Galilean or Lorentzian invariance
[11,13,14,16]. In particular, it would be useful to construct
a covariant effective action of chiral superconductors, i.e.,
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charged superfluids coupled to a dynamical electromagnetic
field.
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APPENDIX A: GOLDSTONE BOSON FORMULATION

In this Appendix, we demonstrate that the theory defined
by the Lagrangian (3) is equivalent to the leading-order
general coordinate-invariant theory of nonrelativistic s-wave
superfluid found previously in [9,27]. Up to a surface term the
Lagrangian (3) is

Lis = p2i0 + pv' 7,0 + 5pgiv'v) —e(p), (Al

where we introduce the covariant derivative 7,0 = 9,0 — A,,.
The Euler-Lagrange equation 6.5/5v* = 0 gives us

vV, = —.@,9 (A2)
and thus 6 can be identified as the Goldstone field of the
spontaneously broken U(1)y particle number symmetry. Now,
we can substitute Eq. (A2) into (A1) and find

ij
Lo=p <@,9 _ %%9@,@) —e(p). (A3

X

where we introduced the combination X which is general
coordinate invariant and reduces to the chemical potential in
the ground state. Due to the equation of motion §S/3p = 0, p
and X are the Legendre dual variables and we finally arrive at
[9,27]

Ly = P(X), (A4)

where P = pde/dp — € is the thermodynamic pressure as the
function of the generalized chemical potential X.

The same derivation can be repeated in the presence of the
sources ® and C; (see Sec. V). Starting from Eq. (79), we once
again obtain Eq. (A4) with

g”
X =D,06 — 7D,-9Dj9, (A5)
where the modified covariant derivatives are
D0 =e*2,6, D0 =26+ C:90. (A6)

In Newton-Cartan space-time the general coordinate invariant
(AS5) can be conveniently written as
X=V"9,0 — 1" 9,0e" 9,0
=V*9,0 — 18" 5,09,0,

it

(A7)

where 9,0 = 2,0 — A, with A,, defined by Eqs. (72). This
form was also found in [16].
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APPENDIX B: LINEARIZED HYDRODYNAMICS IN DUAL
LANGUAGE

Consider small phonon fluctuations around the homoge-
neous superfluid ground state in flat space with A, = 0. In
the dual picture, the vacuum of this theory has bgs = pgs and
egs = 0, which follows from Eq. (7). By expanding Eq. (8) to
the quadratic order in fluctuations §b = b — bgs and e we find

1 1
Lo = e — egs — €8b — —€l. 8b>
f 206Gs GS ) GS
"
o e SGsgy2 (B1)
20Gs 2

where in the second line we dropped the constant and
linear terms. The linearized approximation of Eq. (8) thus
gives rise to the linear relativistic electrodynamics, where
the effective speed of light is fixed by the speed of sound

Cs = Vdp/dp|)0=ﬂcs =V egSpGS‘

APPENDIX C: FROM VIELBEINS TO METRIC

Here, we express the gravitomagnetic field B, and grav-
itoelectric field E,,; solely in terms of the spatial metric g;;.
First, using Eq. (22) and the orthonormality of the vielbein, it
is straightforward to show that

B, =¢&"9w; = R/2, (C1)
where the Ricci scalar R = g" R;; with

Rij = &I}, — ;7% + Ty, — T, -

r;k = %gil(ajglk + 081y — 318k

On the other hand, using Eq. (22) the gravitoelectric field can
be written as
Ewi =

sl (0rearel — e drel) ~au(e™0;g) — B

M;

(C3)
It is convenient to express M; as

M; = €ab{ateaj [Viei? + Flkjei] — [Vie“j — Fl-jkgak]ale?}-

(C4)
Using Vie? = —a)iebce;, it is now easy to show that the terms
with covariant derivatives cancel and we end up with
M; = T0,(e" gu). (C5)
The electric field thus reads as
Eyi = 3[T8,(" gu) — 9:(e”'8;8:) — i B],  (C6)
which using
e/'Vigi =¢e"0;81 — &' T8 =0 (C7)
can be simplified to
Eyi = 3[—0,(T§)e’ g — 3 B]. (C8)
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APPENDIX D: NONRELATIVISTIC LIMIT OF EULER
CURRENT

Here, we provide some details on the calculation of the
nonrelativistic limit of the Euler current J*. First we note that
since

1 1
Viuj ~ - Vou; ~ Viug ~ 2 Voup ~

5

Pt D)

we can neglect in the Euler current (51) the terms depending
on the velocities. In addition, since

.. Vs
eV Uy Ryip, = —&Y Ryyij — 26 —Rys0,, (D2)
c

the second term is O(1/c?) compared with the first one and

can thus be neglected. Hence, we find
B ~ 16" Ry (D3)
As a result, the time component of the Euler current equals to

the spatial scalar curvature
83’ = %Ele[ijlij = %(gkigﬂ — g4 R

= R =2B,,. (D4)

The spatial part J* can be expressed using the mixed
components of the Ricci tensor

¢g"Royj.  (D5)

We can now use that in three dimensions

~k o~ kl Lij _ ki jl
8wy =~ —e" eV Roij = —(g"'g"" —

R;l,vpk = Z(gM[PRA]u - gv[pR)»]u) - Rgl‘-[pgl]v (D6)

and up to the relativistic corrections
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The Ricci tensor is given by
Roi = Tjy — 9 Ty + Ty Ty — T Ty
= V,Th — T, (D10)

where the covariant derivative is defined with respect to the
spatial metric only. Using the metric (54), one finds in the
nonrelativistic limit [9]

i 1 ik - i
Fo; = 578" 8 + 8" Fip)- (D11)

With the help of the last equation, the Ricci tensor (D10) can
alternatively be written as

1 . 1 .
Ry =~ _vk(gklgli +ekB) — Zai(gklgkl)

2c
1 1

= V(g + £5B) — — V(g
e (8" g1 + €4B) % (8" &)

I . 1 .
= —(g"Vigii + e aB) — —£""Vigu. (D12)
2¢c 2c

Putting this into (D9) and using
Vigje =Tgu + Tlegii. (D13)

we find

12

~ 1 n ik ,n 5 >
83"~ ——[e"0,B + 8" (Vutj = Vi&m)]

1 N .
——[" 0.8+ 87" (T — Tjigns)]

1 . . .
— _Z[SnkanB + (gnlgkj _ gklgnj)gsjrrsll]

Rij ~ 3Rgij, (D7)
. 1 X .
which leads to _ _Zgnk [8,,[3 + gl 2 Fflz]
Roiij >~ gi1jRoi — gii Roj. (D8) )
kn
=——¢"[E B /2], D14
This implies & [Eon +3:B/2] (D14)
8 3* ~ —2g" Ry (D9)  where B = £/ 3;;.
J
APPENDIX E: ENERGY CURRENT CALCULATION
In this Appendix, we present how to compute the energy current J!. First, using Egs. (98) and (99) we find
;1 &8s 2,00 S (8 peli g (v jk ! Ik i El
J. = ﬁ(s_cz = pZ,0v + E( (pelv; + Y 0;(pv'v;) — &0 (pv vk + £ pv' 0 gix). (ED)
Given the equation of motion (83), we can eliminate Z;0 with the result
Ky .. Ky . . . . .
Jel = J;ideal — Evlvie”aj,o + 5(8,,081’1)_, + 4 9;(pv’ vj) — e”‘aj(,ovl)v;< + & pof 0:8ik)
Ky . . . . .
= Jel’ideal + 5(8”081-’ v; + gl 0i(pv'v;) — sfkpé)jvlvk + e pv'd, i)
_ gl o PR IS | S | B P | JP | Ik iq
= Jeigea T 5([8“0 + 9;(pv')]e’v; + &Y pv' 0iv; — /" pd;v v + €7 pv' 9, gik)
s| 1 ; )
= J! e + > [ﬁat(\/gp) + Vi(pv )}e” v + AJ! (E2)
with
AJl =3P (liyig . — gikglng. _ ik gl 1. iy o glk lhyig o 1 iy g clk E3
c=5 ivj 870jUnvk — 708 Un Uk — VLT On8ij € Uk + €TV 01 ik — 587 018ij€ Uk |- (E3)
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One can check that AJ! agrees with the covariant expression
s . ‘
AJE= 7P g™ + e g(Vrvy + Vv + digrs)vm = Ty v (E4)

This can be achieved either by a direct comparison'* or by the following calculation: First, pick from the bracket of Eq. (E3)
only the terms depending on derivatives of the velocity:

I k In lj ni ni I lj ni ni I
el ojv; — " g v, v = 78" + MgV 10ivv, = [V 8" +€" gV ]oyjva

2

1 . . -
— —[SIng +8njglt]o_ijvn

2

1, . -
= 5[8”8"' + " " (IViv; + Vv — 8;; Viv* + 3,810, + ZFfjvkvn — 0,8ijUn)

2 1, . .
= ;T{{;"vn + 5[5” 8" + & g" (20 vevy — 9;8ijvn), (ES)
where we took advantage of the decomposition
3,»vj = %O’,‘j + %a)&‘,‘j + %931‘]‘, (E6)
where
01 = dv; + ;0 — 8k, w=eYdv;, 6 =t (E7)

Now, substitute Eq. (E5) into (E3) and consider the difference between Eqgs. (E3) and (E4). If we collect the terms depending on

the time derivatives, we find

— Mg + €M g8, gijvn + &V g — 28"y gije v = — L[ g" + " gl — 26" g™ + g3, g vy

—3l—e"g" +e"g! + g™ 13, gijvn

_%[_Slignj + Sniglj + gijgln]atgijvn
= —1[e"g" + g &1, gijv, = 0. (E8)

Finally, the terms depending on spatial derivatives of the metric vanish as well:

vnvk[(gljgm' + Snjgli)l—wl{cj + 8_/k(ginl—wl{j + F?jgil) _ ngglkgin] _

This proves that Eqgs. (E3) and (E4) are equivalent.

Uy Uk [g"i (Slj Ff.‘j —

Ekjrgj) =+ gli (g"jr‘l{(j + 8./‘”1"5) _ l'*gl_glkgin]

= voue[g" e T, — T g™ ] = 0. (E9)

14Since every two-dimensional Riemannian manifold is conformally flat, it is especially convenient for the purpose of the comparison to use

the coordinates, where g;; = /gd;;.
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