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A unified molecular field theory (MFT) is presented that applies to both collinear and planar noncollinear
Heisenberg antiferromagnets (AFs) on the same footing. The spins in the system are assumed to be identical and
crystallographically equivalent. This formulation allows calculations of the anisotropic magnetic susceptibility x
versus temperature 7' below the AF ordering temperature Ty to be carried out for arbitrary Heisenberg exchange
interactions J;; between arbitrary neighbors j of a given spin i without recourse to magnetic sublattices. The
Weiss temperature 6, in the Curie-Weiss law is written in terms of the J;; values and Ty in terms of the J;; values
and an assumed AF structure. Other magnetic and thermal properties are then expressed in terms of quantities
easily accessible from experiment as laws of corresponding states for a given spin S. For collinear ordering these
properties are the reduced temperature t = T/ Ty, the ratio f = 6,/ Ty, and S. For planar noncollinear helical or
cycloidal ordering, an additional parameter is the wave vector of the helix or cycloid. The MFT is also applicable
to AFs with other AF structures. The MFT predicts that x (7 < Ty) of noncollinear 120° spin structures on
triangular lattices is isotropic and independent of S and 7 and thus clarifies the origin of this universally observed
behavior. The high-field magnetization and heat capacity for fields applied perpendicular to the ordering axis
(collinear AFs) and ordering plane (planar noncollinear AFs) are also calculated and expressed for both types of
AF structures as laws of corresponding states for a given S, and the reduced perpendicular field versus reduced

temperature phase diagram is constructed.
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I. INTRODUCTION

The Curie law [1] x = M/H = C/T for noninteracting
spins and the Curie-Weiss law [2,3]
_ C
T T-6,

X ey
for interacting spins describe the low-field magnetic suscepti-
bility x in the paramagnetic (PM) regime above any long-range
ordering temperatures. Here M is the magnetization, H is
the applied magnetic field, C is the Curie constant, 7 is the
absolute temperature, and 6, is the Weiss temperature which
is positive for ferromagnets (FMs) and generally negative for
antiferromagnets (AFs). Néel showed that the molecular field
theory (MFT) for FMs developed by Weiss to derive Eq. (1)
allowed collinear AF ordering to occur [4]. The simplest model
of an AF structure has each “up” spin with only “down”
nearest-neighbor spins, and vice versa, called a “bipartite”
AF structure. A magnetically ordered (single-domain) FM in
zero field has a net magnetic moment whereas an AF does not.
The magnetic ordering temperature of a FM is denoted as the
Curie temperature 7¢ and of an AF as the Néel temperature
T~. Van Vleck used the Weiss MFT to calculate for a bipartite
two-sublattice model the anisotropic x(7) for T < Ty in
small magnetic fields applied parallel (x;) and perpendicular
(x1) to the magnetic moment ordering axis (easy axis) of
collinear AF structures for equal Heisenberg nearest-neighbor
interactions [5]. He deduced Ty = —6, where 6, < 0, but this
equality is rarely observed quantitatively in real AFs. The
subject of collinear AF is usually discussed in terms of Néel’s
two-sublattice MFT model [3,6,7]. Because large deviations
from Van Vleck’s requirement 7y = —6, are observed for real
materials, Van Vleck’s theory has not been used much in the
past to fit experimental (T < Ty) data for collinear AFs.
The anisotropic x (7 < Tn) and other properties of planar
noncollinear AF ordering were investigated by Yoshimori
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based on MFT for the “proper screw” helix magnetic struc-
ture [8,9], as shown in Fig. 1 of Ref. [10]. A proper screw helix
is an AF structure in which planes of magnetic moments that
are ferromagnetically aligned within each plane rotate their
ordered moment directions along the helix axis (z axis here)
with the tips of the magnetic moment vectors tracing out the
ridges on a screw (see Fig. 1 of Ref. [10]). Thus the ordered
moment directions are perpendicular to the screw z axis with
a fixed angle between the ordered moments in adjacent planes
along this axis. On the other hand, when the helix z axis is in
the xy plane of the coplanar magnetic moments, the heads of
the ordered moment vectors along the z axis trace out points on
a cycloid, and hence Yoshimori termed this a “cycloidal” AF
structure [8] as shown in Fig. 1 of Ref. [11]. Like Van Vleck’s
theory, Yoshimori’s predictions were very restrictive and have
been little used by experimentalists to fit their x (T < Ty) data
for helical or cycloidal AFs.

This paper is a followup to our 2012 Letter [10] where
we formulated a generic version of MFT for Heisenberg spin
systems containing identical crystallographically equivalent
spins that improves on previous MFT treatments in ways that
will be discussed. The paper is organized as follows. Our
MFT notation and the definition of the exchange field in MFT
are given in Sec. II. In Sec. IIT we introduce the Brillouin
function and derive expressions for the exchange field, reduced
ordered moment and other properties versus temperature that
are the same for collinear and noncollinear AFs and for FMs.
The static critical exponents and associated dimensionless
reduced amplitudes are derived in Sec. IV. A Curie-Weiss
law of corresponding states is derived in Sec. V. In Sec. VI
we present our generic MFT formulation of x (7 < Ty) of
collinear AFs and in Sec. VII for the anisotropic x (7') of planar
noncollinear AFs. In Sec. VII A a generic expression for x;
of collinear AFs and planar noncollinear AFs is derived. Our
MFT calculation of x.,(T < Ty) of planar noncollinear AFs

©2015 American Physical Society


http://dx.doi.org/10.1103/PhysRevB.91.064427

DAVID C. JOHNSTON

is presented in Sec. VII B. In Sec. VIII we formulate a generic
minimal and powerful Jy-J;;-J;» model for x,,(T) of helical
or cycloidal AFs that is widely applicable to real materials and
contains as parameters only directly measurable quantities.
The magnetization, internal energy, and magnetic heat capacity
below Ty of both collinear AFs and planar noncollinear AFs
in high magnetic fields aligned perpendicular to the ordering
axis or plane of the AF structure, respectively, are derived
for both types of AF structures for which we obtain the same
generic laws of corresponding states, respectively, in Sec. [X.
In concluding Sec. X the MFT predictions are discussed with
respect to non-mean-field behaviors observed for real systems.

II. EXCHANGE FIELD

We consider the Heisenberg model with no anisotropy
terms except that due to an infinitesimal H. The part H; of
the spin Hamiltonian associated with a particular central spin
S; interacting with its neighbors S; with respective exchange
constants J;; is

1
Hi=58i- D JiS; +gusSi - H, 2
J

where the factor of % appears in the first term because the
exchange energy is evenly split between the two members of
each pair of interacting spins, g is the spectroscopic splitting
factor (g-factor) of a magnetic moment ji, and up is the Bohr
magneton.

In the Weiss MFT, one only considers the thermal-average
directions of S; and S; when calculating their interaction.
Furthermore, it is the magnetic moment i that interacts with
a magnetic field and not the angular momentum S per se. The
relationship between these two quantities for an electronic spin
and magnetic moment is

-

S:—L7 3)

SHUB
where the minus sign arises from the negative sign of the
electron charge. Throughout the remainder of this paper, the
symbol t refers to the thermal-average value of the magnetic
moment, as is appropriate in MFT. Then the energy Ey,g; of
interaction of magnetic moment i; with its neighbors i ; is
given by Eq. (2) as

1

Emagi = 2g 12

Sl ij fi; - H. )

In MFT, one replaces the sum of the exchange interactions
acting on [i; in the first term by an effective magnetic field
called the Weiss molecular field or “exchange field” Hexcp, that
is defined by the usual relationship for the rotational potential
energy of a magnetic moment in a magnetic field, as in the
second term of Eq. (4), as

Eexchi = _%ﬁl ' Hexchi» (5)

where the factor of % again arises because in MFT all of the
exchange energy between [i; and ji; is attributed to ji;, thus
canceling out the factor of % in Eq. (4). From the first term in
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Eq. (4) one then obtains
Hexchi =

1 -
—szijﬂju (6)
B

Using fi; = w;fi; where u; = |ii;l, the component of Hexcn;

in the direction of ji; is

N 1 - A
Hexchi = M 'Hexchi = _ﬁz-lijﬂjﬂi C M
8°HUg
= szﬂj COs &, @)
i M% Z

where «j; is the angle between i; and fi; when H # 0. If
H = 0 we denote this angle instead by ¢ ;.

In the ordered magnetic state at H = 0, the lowest energy of
the spin system occurs when each magnetic moment is in the
same direction as the local exchange field it sees. Therefore
the component of the local Hexcn io in the direction of fi;, and
also its magnitude, is
* Hexehio =

N Mo
Hexchio = fLi ———5 Y Jijcosgji, (8
B

where the subscript 0 in Hexch ;o designates that H = 0 and g
is the magnitude of the T -dependent ordered magnetic moment
in H = 0 observed, e.g., by neutron diffraction measurements
which is the same for all spins because of their crystallographic
equivalence.

III. SOME PROPERTIES AT TEMPERATURES BELOW
THE NEEL TEMPERATURE

A. Brillouin function, Néel temperature, ordered moment, laws
of corresponding states, and magnetic energy

In general, in MFT the equilibrium (thermal-average)
direction of a specific ordered local moment i; is always in the
direction of its local magnetic induction B;. The magnitude u;
of fi; in that direction is determined by the Brillouin function
Bg(y) according to [10,12]

i = UsaBs(3i), (%a)
where
guBB;
=2 9b
kT (9b)

the saturation moment of each spin is

Msat = gS:uB s (%)

and g & 2 for many 3d transition metal ions due to quenching
of the z component of the orbital angular momentum, and also
for spin-only Gd** and Eu*? ions with § = 7/2 and orbital
angular momentum L = 0.

Our unconventional definition of the Brillouin function is

Bs(y) = % {(25 + 1)coth [(25 + 1)%} — coth (%) }
(10a)
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for which the Taylor series expansion about y = 0 is

S+1 1
B =S L a5 a5 125+ 000,
(10b)
For y > 1 and finite S one obtains
e~V
Bs(y) ~ 1 — —. (10c)
S
The derivative of Bg(y) is
, dBs(y)
B =
s(») &
1
= E{csdﬁ(%) — (28 + 1)2csch? [(25 + 1)%} }
(11)

From Eq. (10b), the lowest-order terms of a Taylor series
expansion of Bg(y) about y = 0 are

S+1 1435+45>+283

Bi(y) = 24H006M. a2
s() 3 30 y+0@GH). dA2)

The magnetic induction in Eq. (9b) is
B; = Hexeni + Hi, (13)

where Hexch; 1 the component of the exchange field parallel
to magnetic moment fi; and Hy; = f; - His the component of
the applied magnetic field in the direction of ji;. We define the
direction of approach to a transition temperature by superscript
+ and — symbols. Thus on approaching the AF ordering
temperature from below, denoted as T — Ty , an infinitesimal
nonzero ordered moment develops even in the absence of an
applied magnetic field. One can Taylor expand the Brillouin
function for small arguments using Eq. (10b), and then Eq. (9a)
becomes

_ SupSGHD o gupSES+D)
! 3](]3 TN ' 3kB TN
For H = 0 one obtains
g = SHESGS 1)
0 3kp Ty
Substituting Eq. (8) for Hexenio into (15) gives the most
general expression for the AF ordering temperature in MFT

for a system of identical crystallographically equivalent spins
interacting by Heisenberg exchange as

(Hexchi + H) (14)

HexchiO- (]5)

S(S+1)
Ty = _T;Jﬁ cos ;. (16)

This equation also predicts the magnetic ordering temperature
(Curie temperature Tc) of a ferromagnet where ¢;; = 0 and
Zj Jij < 0. By comparing Eqgs. (8) and (16), one can write
the zero-field exchange field Hexchio seen by each magnetic
moment ji;9 as

JANER I~
Hexchi() = C_I/Li()» Hexch() = C_l

where the magnitude Hexno of the exchange field in H = 0
seen by each spin is the same for all spins because of their

Hos (17a)
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crystallographic equivalence, hence the subscript i is dropped,
and the single-spin Curie constant C is defined as [3]

co SUFSS+1)
=S
3kg

Equations (7), (8), and (17a) for the exchange field do not
make any reference to magnetic moments other than the central
magnetic moment fi; and its generic neighbors. In particular,
the exchange field and relative magnetic moment direction in
H = 0 are determined solely by the local interactions of each
magnetic moment with its neighbors. Thus we do not define
or identify distinct magnetic sublattices in our formulation of
MEFT, in contrast to traditional approaches.

We define the reduced zero-field ordered moment and
reduced temperature, respectively, as

N R

(17b)

o = = , (18a)
Mesat gS/'LB
T
t=—, 18b
T (18b)

where the saturation moment tg, of spin S is given by Eq. (9¢).
The zero-field exchange field in the direction of fi; in Eq. (17a)
becomes

3kpTnjio
(S+ Dgus

Then Eq. (9a) for calculating the ordered moment y versus
T in H = 0 can be compactly written as [12]

Hexcho = (19)

3o
(S+ e’
and the Brillouin function Bg(yy) is given in Eq. (10a). This
zero-field expression is valid within MFT for ferromagnets
and both collinear and noncollinear AFs. Plots of the zero-field
reduced ordered moment i versus reduced temperature ¢ for
several spin S values according to Eq. (20) are shown in Fig. 10
of Ref. [12]. The order parameter for an AF transition is the
single-spin ordered moment. From Fig. 10 of Ref. [12], one
sees that the ordered moment increases continuously from zero
on entering the AF state from above. Thus the transition is a
continuous (second-order) transition with no latent heat.

The total temperature derivative diy/dt is calculated from
Eq. (20) as

fto = Bs(yo), with yg = (20)

el =" (sflo)ft) d 2D
dt t[m —1]
where Bg(yo) = dBs(y)/dyly=y, and the function Bg(y) is
given in Eq. (11).
The expression for iy versus ¢ in Eq. (20) is an example of
a so-called “law of corresponding states” for a given spin S.
Spin systems are said to be in corresponding states when their
reduced state variables such as 7 and jiy have the same values,
respectively. Thus when an equation in reduced variables such
as Eq. (20) is alaw of corresponding states, the equation applies
equally well to different spin systems with the same S but
with, e.g., different exchange constants and Néel temperatures,
which are implicitly contained in the reduced variables ¢ and
fLo. Many other laws of corresponding states for spin systems
with the same § are obtained in later sections because we
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usually write MFT predictions in terms of universal reduced
variables.

Using the Taylor series expansion in Eq. (10b) of the
Brillouin function for small arguments to order yg appropriate
for +t — 17 and solving for fio(¢) yields the behaviors on
approaching the Néel temperature t = 1 to the lowest two
orders as

1001+ 8)?
Fo= 30125 128
N 25(1+ 8)*(3 + 125 + 2852 +325° + 165%)

1-1 @¢—17)

1—1)°,
21(1+ 25 + 282) (1=
(22a)
10
J2a+s)
3
lp= —~—-o--—oo"(1-0" (¢— 1~
Ho '—1+2S+252( ) ( )
5\@(1 4 S)(1 4+ 28 +452)(3 + 68 + 45%)
(1—1)2.
14(1 428 +252)5/2
(22b)

The leading +/1 — ¢ temperature dependence of the order
parameter [the ordered moment in Eq. (22b) in this case] is
characteristic of the critical behavior predicted by mean-field
theories of second-order phase transitions on approach to the
ordering temperature from below.

In H = 0, the magnetic energy per spin Ey,g/N is defined
within MFT by Eq. (5) as

Enag 1

=___'i'Hexc is 23
N oM h (23)

where N is the number of spins. Then using the relations
fi || Hexeni for H = 0 and therefore fi; - Hexchi = 140 Hexcho
and also using Egs. (18) and (19) one obtains the magnetic

energy per spin as
Enmag 3SIn _,

Nks 25+ DKo

(24)

B. Magnetic heat capacity
Using Egs. (18b) and (24), the molar magnetic contribution
Cmag(?) to the heat capacity in zero applied magnetic field is
given in MFT by
Cmagt) 38 djpg(t)  3S
R 2AS+1) dr — S+1
where we have set N = Np, Na is Avogadro’s number and
R = Njkg is the molar gas constant. Substituting d iy /dt from
Eq. (21) into the second equality in Eq. (25) yields
Conag(1) 3Sa3(1)
- (S+ 1t :
R S+ 1)f[33;<y0> —1]

.
folt) ‘;‘f’), (25)

(26)

Thus Cpag(?) for H = 01is determined solely by the spin § and
by the temperature dependence of the reduced ordered moment
and hence is a law of corresponding states for a given S.
Plots of Cpnae(?)/ R for various values of S from the minimum
quantum value S = 1/2 to the classical limit (§ — oo) are
shown in Fig. 11 of Ref. [12]. The magnetic entropy Spag at I
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calculated from Cp,e(T') for each of the finite S values satisfies
the quantum statistical mechanics prediction Sy, (T — 00) =
RIn(2S8 + 1).

One can obtain the behavior of Cy,g for ¢ — 17 by taking
the temperature derivative of ﬁ(z)(t) in Eq. (22a) and inserting
the result into the first equality in Eq. (25), yielding

Ch 581+ S8

% = d+95) (t— 1)
R 1+285+282
n 255(1 4+ S)(3 4 128 42852 + 3253 + 165%)
71428 +282)3

x (1 —1). (27a)
Since Cpag = 0 for t > 1 as seen in Fig. 11 of Ref. [12], the
heat capacity jump on cooling below Ty in Fig. 11 of Ref. [12]
is given by Eq. (27a) as

ACmyg _ 55(1+5)
R 1+425+28%

which has the narrow range ACpye/R =3/2 for S =1/2 to
ACpag/R =5/2for § — oo.

Equations (20), (26), and (27) are generally applicable to
Heisenberg magnets containing identical crystallographically
equivalent spins in H = 0 within MFT including FMs and
both collinear and noncollinear AFs.

(27b)

C. Staggered magnetization versus staggered
magnetic field isotherms

If one applies a parallel field to a single-domain FM below
the Curie temperature, at zero field the ordered moment is
;. On increasing the field u; increases because it accrues
a field-induced moment that increases with increasing field.
Similar}y, in an AF, one can imagine a staggered magnetic
field H for each ordered moment ji; that is applied in the
direction of each moment in the sample and is therefore also
in the direction of the exchange field Hey.p; for each moment.
Thus Hj does not change the angles of the spins with respect

to each other, irrespective of the magnitude of Hj. Due to
the assumed crystallographic equivalence of each spin, the
magnitude Hl.T is independent of i and hence we write it as H .
The expression for the exchange field Hexcn; for that moment
is therefore the same as that for Hexcno; in Eq. (19) but with a
field-dependent fi; replacing jig. The magnitude Hexcno; iS the
same for each moment and hence we drop the index i. Within
MFT, the dependence of ; on H in a FM is identical to the
dependence of ; on H' in an AF. This equivalence applies to
both collinear and noncollinear AFs. The calculations in the
present and following section are not usually presented when
the predictions of MFT are discussed.

Here we calculate the ordered plus induced moment u; of
each spin i versus H' for an AF below its Ty. From Egs. (9)
and (13), one has

iti = Bs(y), (28a)
where
8UB t
— S (Hono + HY. 28b
y kBT( no + H') (28b)
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FIG. 1. (Color online) Reduced ordered plus induced moment
i = Wi/sae versus reduced staggered magnetic field Wt =
gupH'/kgTy at the indicated reduced temperatures ¢ = T/ Ty for
(a) spin S = 1/2 and (b) spin S = 7/2. The curves were calculated
using Eqgs. (28a) and (28d). The temperatures of the curves from
top to bottom are the same as in the figure legends. The behaviors
for a single-domain ferromagnet are identical to those shown, with
the reduced uniform field & = gug H/(kgTc) replacing the reduced
staggered field A, where T¢ is the ferromagnetic ordering (Curie)
temperature.

Using Eq. (19) and defining the reduced staggered field

gusH'
h = , 28
ko Tn (28¢)

the variable y in Eq. (28b) becomes

: (28d)

3 nt
Y n

TS+ Iy
where we have used the definition of the reduced temperature
t in Eq. (18b).

Numerical solutions of Eqs. (28a) and (28d) for fi; versus
h' were obtained for spins S = 1/2 and 7/2 and the results
are plotted in Fig. 1 for seven values of ¢ < 1. The values of
@i at k' =0 are the ordered moments for these spin values
at the respective temperatures as plotted in Fig. 3 below.
The initial slope of ji; versus h' increases with increasing
t and diverges to oo for t+ — 17. This means that the reduced
staggered susceptibility x' = (f;/h")|,i_o increases with
increasing ¢t and diverges for + — 17, which also means
that x = (fi;/h)|n—o diverges for a single-domain FM on
approaching its Curie temperature from below. Indeed, the
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t-dependent values of x () for a single-domain FM and for
X t(¢) of collinear and noncollinear AFs for ¢ < 1 are identical
within MFT. For a bulk FM x (¢) is difficult to measure in the
FM-ordered state due to formation of multiple FM domains
and their relative size and number dependence on field, which
introduces a contribution to the uniform M (H) behavior
beyond that predicted by MFT. For AFs, it is usually not
possible to apply a real staggered magnetic field. However, the
staggered susceptibility of an AF can be determined indirectly
from inelastic neutron scattering measurements.

At ¢ = 1, the system is in the PM state since the ordered
moment is zero at that temperature. We define the reduced
uniform magnetic field & for a paramagnet as

_ i

h= . 29
P (29)

By expanding Eq. (28a) at t =1 to third order in fi; and
first order in 4 with y given by Eq. (28d) with h replacing
h't and solving for ji; gives the asymptotic isothermal critical
magnetization versus field at the ordering temperature as

10

1/3
— | WP@=1,h—0).
9(1 4 28 + 25?)

ai=S+1 |:
(30)

This shows that the initial dependence of fi; versus h att = 1
as in Fig. 4 below has an infinite slope for 4 — 0.

D. Staggered magnetic susceptibility

As seen from Fig. 1, for ¢t < 1 the initial behavior of ji; of
an AF versus A' is

fi(t,h") = fio(t) + x (A, @31

where the reduced staggered susceptibility x ' is the initial
slope of [/i; (t,h") — [o(t)] versus h'. Since ¥ (t,h") versus h'
is nonanalytic at # < 1 and A" = 0 according to Fig. 1, one
cannot utilize a Taylor series expansion of Eq. (28a) about
ht = 0 to calculate x (). Instead one must obtain numerical
values from the expression

it A1) — fo(t)

tery —
x'() = X ,

(32)
where A has a value sufficiently small to obtain the required
accuracy for x f(r)ata given ¢. The zero-field ordered moment
[ is calculated from Eq. (20) and fi(h") from Egs. (28a)
and (28d). Here, we used the fixed value h' = 10~°, which
gave an accuracy for the calculated x f(¢) of better than 0.01%
for t < 0.995.

The results for xf(t < 1) are shown in Fig. 2(a) for
spins § =1/2, 3/2, 5/2, and 7/2. The inverse staggered
susceptibilities are shown in Fig. 2(b), where the respective
dashed straight lines are the inverses of the asymptotic Curie-
Weiss-like critical behaviors given in Eq. (45a). The uniform
x (t < 1) for a single-domain Heisenberg FM containing spins
S is identical to the above result for xT(r < 1) for the
Heisenberg AF with the same S, with the changes in notation
given in the caption of Fig. 1.
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(a)

S=1/2,3/2,5/2,7/2

(b) S=1/2,32, |
4. 512,72

11y

FIG. 2. (Color online) (a) Reduced staggered magnetic suscep-
tibility xT and (b) its inverse for Heisenberg antiferromagnets with
spins S = 1/2, 3/2, 5/2, and 7/2 versus reduced temperature t =
T/Tn. The straight dashed lines in (b) are extrapolations of the
respective asymptotic Curie-Weiss-like critical behaviors for 1/x "
att — 17 in Eq. (45a). These asymptotic critical behaviors are seen
to be followed only at temperatures very close to Ty.

IV. STATIC CRITICAL EXPONENTS AND AMPLITUDES

The static critical exponents «, «', B, y, y’, and §
and the corresponding dimensionless reduced amplitudes
a, a', b, g, g, and d for magnetic systems are defined by
Stanley, where the values obtained in mean-field theory for
the critical exponents are given, together with the critical
amplitudes for spin § = 1/2[13]. Here we calculate the critical
exponents and amplitudes and give the general dependencies
of the critical amplitudes on the spin S, which upon setting
S =1/2 are found to agree with the corresponding values
calculated in Ref. [13] for S = 1/2. The described critical
behaviors are the same for collinear and noncollinear AFs.
Furthermore, because the thermodynamic properties at H = 0
in MFT of a single-domain ferromagnet and an antiferro-
magnet are the same, with the reduced uniform field 4 and
magnetic susceptibility y and the Curie temperature 7¢ of
a ferromagnet replacing the reduced staggered field 4’ and
staggered magnetic susceptibility x ' and the Néel temperture
Tx of an antiferromagnet, respectively, the static critical
exponents and amplitudes are the same within MFT for FM
and AF ordering.
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1. Magnetic heat capacity

The critical behaviors of the molar magnetic heat capacity
are defined by

C;“;g =at—1* @ — 1), (33a)
Cmag ’ o -
2 a0 1), (33b)

From Sec. Il B, Cy5¢ has the constant value of zero for t —
17*. Therefore one obtains

a=0, a=0 (t— 1%, (34)

Equation (27a) shows that Cp,, approaches the given finite
value on approaching Ty from below, yielding

55(1+9)

=0, d=—-—-——"
1+2S+282

t—17). (35)

2. Order parameter

The order parameter for a FM is the uniform magnetization
and that for an AF is the staggered magnetization (the ordered
moment per spin). In a finite uniform field there is no
FM phase transition because the order parameter for that
transition (the uniform magnetization) is greater than zero at
all finite temperatures. In either case, for H = 0 and H t =0,
respectively, and ¢+ — 1~ one has the same equation defining
the critical exponent and amplitude given by

fo=>b(1 —1)P. (36)

From Eq. (22b), the asymptotic critical behavior for r — 1~

1S
J2a+9)
o=
V14284282

Comparing Eq. (37) with (36) gives the critical exponent and

amplitude as
| \/E (1 +5)
B==, b= ———. (38)
2 V14284282
Comparisons of fiy versus ¢ for spins § = 1/2, 3/2, and
oo (classical) from Fig. 10 of Ref. [12] with the asymptotic
critical behaviors predicted by Eq. (37) are shown in Fig. 3.
One sees that the calculations follow the critical behavior for
t 2 0.9. Quantitatively, the critical behavior values are larger
than the calculations by 1% at t &~ 0.97 (S = 1/2, 0o0) and by
5% att ~ 0.89 for S = 1/2 and at t = 0.84 for § = oco.

Q- ¢—>17). (37

3. Critical magnetization versus staggered field isotherm

At the critical temperature ¢ = 1, there is no spontaneous
(ordered) moment in zero field but a nonzero moment can
be induced in the direction of an applied field H. The
critical exponent § and amplitude d for the critical (f = 1)
magnetization versus field isotherm are defined in terms of
our dimensionless reduced units by

h=d|p’sgn(;) (i — 0,t=1), (39)
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FIG. 3. (Color online) Comparisons of the normalized ordered
moment Ly = Lo/ s Versus reduced temperature t = T /Ty for
spins S = 1/2, 3/2, and oo (classical) (solid curves) from Fig. 10 of
Ref. [12] with the respective asymptotic critical behaviors predicted
by Eq. (37) (dashed curves). The asymptotic critical behaviors
describe the calculations rather well for # 2 0.9. The order of the
curves from top to bottom is the same as in the figure legend.

where the reduced field /4 is defined in Eq. (29). If § is an
integer, this relation becomes

h=dp’ (—0,t=1). (40)
Within MFT, Eq. (30) yields

B [9(1 +285+ 252)] »
~ |10 £ 85)3 a

Comparing Eq. (41) with (40) gives the critical exponent and
amplitude as

(41)

91 +25 +28?%)
101+ 8)3

Critical magnetization versus field isotherms at t = 1 for spins
S =1/2,3/2, and 7/2 calculated with Egs. (28a) and (28d)
with & replacing h' are compared with the corresponding
asymptotic critical behaviors predicted from Eq. (30) in Fig. 4.
There is no ordered moment at r = 1 and hence the induced
moment is in the PM regime with all induced moments lined up
with the field H. One sees that the asymptotic critical behaviors
are followed by the corresponding fi; versus A calculations
only very close to 2 = 0.

§=3, (42)

4. Magnetic susceptibility
To obtain the asymptotic magnetic susceptibilities for
t — 1% we follow Stanley’s exposition for a single-domain
ferromagnet [13] and first expand Eq. (28a) using (28d) in a
Taylor series to first order in 4" and At = ¢ — 1 and to third
order in f1; and obtain

1
0= <%S> (1 — A" — Ar i
3(1 + 28 4 252)
10(1 4 S)2

For t < 1 one has ji; > 0 for 2 = 0. Taking the partial
derivative of both sides with respect to i’ and recognizing

} (1 —-3A0)3;. (43)
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FIG. 4. (Color online) Comparisons of the critical (+ = 1) nor-
malized induced moment i; = w; /s versus reduced magnetic field
h = gugH /kgTy for spins S =1/2, 3/2, and 7/2 (solid curves)
calculated from Egs. (28a) and (28d) together with the respective
asymptotic critical behaviors predicted by Eq. (30) (dashed curves).
The order of each set of dashed and solid curves from top to bottom
is the same as in the figure legend.

that d1;/0ht = x', where x' is the dimensionless reduced
staggered susceptibility, gives

1
0= <%S> (11— A — x'Ar

; [9(1 +28 +25%)

00T 57 :|(1—3At)ﬁi2. (44)

Inserting the asymptotic critical behavior for &; in Eq. (37)
into (44) one obtains

LA+ 86
O

where we have used the definition Ar = —(1 — ¢). This has
the form of a Curie-Weiss-like law even though it applies to
the ordered state.

In the PM temperature regime ¢ > 1, the third term in
Eq. (43) is negligible compared to the second, and from
Eq. (43) one obtains

A (1+5)3
R ot—1
which is a Curie-Weiss law where the Curie constant is a factor
of two larger than in Eq. (45a) for the temperature regime r < 1
as noted by Stanley [13].

The critical exponents and amplitudes for the isothermal
staggered susceptibility of an AF are defined by

x=g =07
x'=gt -1

where the direction of the staggered field for each spin for
t > 1 is the same as for t < 1. Comparing Egs. (45) with (46)
gives the respective exponents and amplitudes as

t—>17), (45a)

f t — 1%,

X (45b)

t — 1),
(t— 1),

(46a)
(46b)

y=1, y =1, (472)
S+1 ., S+1

=, =, 47b

8 3 g 5 (47b)
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The straight dashed lines in Fig. 2(b) are plots of the
asymptotic critical behaviors at ¢ < 1 of the inverse staggered
susceptibility of an AF obtained from Eq. (45a) for spins
S=1/2,3/2, 5/2, and 7/2. As seen from the figure, the
asymptotic critical behavior for each spin value is only realized
at temperatures very near 7x.

Thus the staggered susceptibility of an AF diverges on
approaching Ty both from below and above. For T > T¢,
the uniform susceptibility of a FM diverges for T — T,
whereas as discussed in the following section, the uniform
susceptibility of an AF does not diverge at 7y. Another way
of saying this is that a uniform applied magnetic field does
not directly couple to the AF order parameter, which is the
staggered magnetization instead of the uniform magnetization
as for a FM.

V. CURIE-WEISS LAW FOR TEMPERATURES
IN THE PARAMAGNETIC REGIME

In the PM state at temperatures above Ty, the thermal
average of each magnetic moment is in the direction of the
applied field. Hence «j; = 0 in Eq. (7) and one obtains

Mi
Hexeni = 5 2 Z Jijv (48)
8 M1y ;

where p; is the thermal-average magnetic moment in the
direction of H, which is the same for all spins and can therefore
be taken out of the sum. Then Egs. (10b), (28a), (28d) with &
replacing h', and (48) yield the Curie-Weiss law

o (49a)
XTH T T8
with
S(S+1
EEEICEE S (49b)

3kg .
J
where the single-spin Curie constant C; is given above in
Eq. (17b) and 6, is the Weiss temperature. It is possible for a
system of interacting spins to have a Curie-law susceptibility
(6, = 0). From Eq. (49b), this can happen if the sum of the
exchange constants accidentally satisfies 3, J;; = 0.

One can write calculations of x(7') for local moment
Heisenberg AFs within MFT in terms of the physically
measurable ratio

6 > i

_ % _

/ ™~ X i cos i’ 0

where for the second equality Egs. (16) and (49b) were used.
ForaFM, ¢;; = Oforall j, and hence f = 1. For AFs, at least
one of the J;; has to be positive (AF interaction) and at least one
of the ¢;; # 0, leading to f < 1. Thus within MFT, if AF or-
dering is caused solely by exchange interactions, one requires

—oo< f<1. (G20

By definition 7Ty > 0, whereas 6, for an AF can be either nega-
tive (the usual case) or positive, leading via the first equality in
Eq. (50) to a corresponding negative or positive value of f. The
latter result occurs when the dominant J;; interactions are FM
(negative), but where AF (positive) interactions cause the over-
all magnetic structure to be AF. For AFs, | | is called the “frus-
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tration parameter” for AF ordering [14—16]. A value | f| > 1
means that Ty is suppressed far below the value |6,| expected
from MFT for bipartite AFs with equal nearest-neighbor in-
teractions, which is suggestive of strong frustration effects for
AF ordering that arise from geometric and/or bond frustration.

The Curie-Weiss law in Eq. (49a) can be written as a law
of corresponding states

x (DTN 1

- T > Ty,
C) P— ( N)

(52a)

where the reduced temperature ¢ was previously defined
in Eq. (18b). The right side of Eq. (52a) has no explicit
dependence on S, on the detailed type of spin lattice, or on
the exchange constants in the system. These quantities are
implicitly contained in # and f. At the ordering temperature
T =1Tn (t = 1), Eq. (52a) gives

x(In 1
¢ 1—f

(T = 1y). (52b)
The ratio of the isotropic (7T > Ty) to x(T = Ty) is given
by Egs. (52) as

X _1-f
x(In) t—f

Since the left-hand side of Eq. (52b) must necessarily be
positive, MFT and the Heisenberg model require the right-hand
side also to be positive. This constrains f to be in the range
already given in Eq. (51). This equality can be violated in
practice if the Heisenberg model and MFT are inadequate to
describe the spin system in the PM state above Ty.

From Egs. (16), (17b), and (49b), one obtains

S(S+1)
TN — 0, = sz:lﬁ(l —cos¢i), (54)

(T = Tv). (53)

where ¢;; is the angle between ordered moments j and i in the
ordered AF state with H = 0. Using Eqgs. (17b) and (54), the
(isotropic) PM susceptibility at the Néel temperature is given
by the Curie-Weiss law (49a) as
C
In — 6

x(In) = (55a)

_ 8’1y
> Jij(1 —cos ¢ji)’
which, perhaps surprisingly, is independent of S.

(55b)

A. Van Vleck’s solution for Ty and 6,

Van Vleck’s solution for 7 and 6, for the bipartite AF with
identical nearest-neighbor AF interactions J > 0 between
identical spins using the two-sublattice formulation of MFT
theory is [5]

SIS+ 1)zJ
INn=——""—, 56
N 3 (56a)
S(S+ DzJ
0y = ———F, 56b
b 3 (56b)
f O 1 (56¢)
= — =—1, C
T~
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where z is the nearest-neighbor coordination number of a
magnetic moment by magnetic moments in the opposite
sublattice and f is defined in the first equality in Eq. (50). Thus
Tn = —6p, where 6, < 0. By comparing Eqgs. (56) with (16)
and (49b), one sees that in going from Van Vleck’s theory
to the general formulation of the MFT, one replaces zJ in
Eq. (56a) by — >, Jij cos¢;; and zJ in Eq. (56b) by >, J;;.
Van Vleck’s value f = —1 is very restrictive compared with
the range of values in Eq. (51) allowed by the general
expression (50).

B. Van Vleck’s solution for anisotropic magnetic susceptibility
in the antiferromagnetic state

In this paper we consider Heisenberg spin systems contain-
ing identical crystallographically equivalent spins in which the
magnetic structure contains ordered magnetic moments that
are all aligned within the same plane. Collinear spin systems
and also planar helical and cycloidal noncollinear magnetic
structures all fall into this category, and therefore have either
one axis (for planar noncollinear magnetic structures) or two
axes (for collinear magnetic structures) that are perpendicular
to the plane or axis of the ordered moments, respectively. The
MFT prediction for the perpendicular susceptibility per spin
x1 of such systems for T < Ty all have the same behavior,
and as shown in Sec. VII A below is given by

C

T < Ty) = x(Tx) = ,
x.( N) = x(In) ~—0,

(57)

which is the same as has been previously derived for several
special cases [5,8,12], where the second equality is obtained
from the Curie-Weiss law in Eq. (49a).

Van Vleck’s MFT solution [5] for y (T < Ty) per spinof a
collinear bipartite AF with only nearest-neighbor interactions
in his Eq. (15) is given in our dimensionless notation as

X1 Tx _ 1
Cy )+ 1’

(58a)

where we define the dimensionless variable 7* containing the
reduced temperature ¢ as

S+ 1y

3Bg(y0)
and Bg(yo), t and y are defined above in Eqs. (11), (18b),
and (20), respectively. Using the first term in the Taylor

series expansion of B(yo) in Eq. (12), when T = Ty (r = 1),
Eq. (58b) becomes

(1) (58b)

=1 =1 (58c)

and Eq. (58a) yields a value of x(r = 1) that is the same as
predicted at 7y by the Curie-Weiss law (52b) using f = —1in
Eq. (56c), as required. From Egs. (58a) and (58c) one obtains

x(MIn 1

= =— (T =1y), 59

C, 3 ( N) (59)
which together with Eq. (58a) gives
@ _ 2

) O+ 1

(60)
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When t — 0, Bg(y,t = 0) — 0 exponentially, 7*(t — 0) =
0o, and from Eq. (58a) one gets

Xt — 0)=0. 61)

Plots of x;(1)In/C; versus t for f = —1 and spins § = 1/2
and7/2fort < 1 andt > 1derived from Eqs. (58a) and (52a),
respectively, are given in Fig. 5 below and corresponding plots
of the ratio x(T)/x;(In) versus ¢t obtained from Egs. (60)
and (53) are given in Fig. 6 below.

C. Magnetization versus field in the paramagnetic state

The PM state is a state in which there is no long-range
magnetic order induced by interactions between the moments.
Let the applied field be in the 4z direction according to
convention. In the PM state, each thermal-average magnetic
moment points in the direction of H, and the exchange field (6)
thus also points in the direction of H with z component
—E Y (62)

8 MUp 7

Hexen, =

which is the same for all spins i and hence the subscript i has
been dropped. Defining the reduced magnetic moment

K

==, (63)
Msat
the exchange field can be written
fzS
Heyen, = — Jii. (64)
exeh gMUB Xj: !
Using Eq. (49b), Eq. (64) becomes
3ji:kpb,
Hoyeh, = ——— 65a
exchz gl/LB(S + l) ( )
and we therefore have
8MUB Hexchz _ 3ﬂzep ) (65b)
kgT S+ nT
Now Egs. (9) using Eq. (13) give
- 3/110]3 8UB H
=B . 66
He S|:(S+1)T kaT (66)

For H — 0, using only the first term in the Taylor series
expansion (10b), Eq. (66) becomes the Curie-Weiss law p, =
C H/(T —6,) in Eq. (49a).
In terms of the reduced temperature in Eq. (18b) and the
reduced magnetic field in Eq. (29), Eq. (66) becomes
_ 3p.f [ h
Mz—Bs[(S_'_l)tth} @ =0, (67)

where the measurable ratio f = 6,/ Ty is given in terms of the
exchange constants and the AF structure in Eq. (50). This is the
equation of state in MFT, in the form of a law of corresponding
states for a given value of S, for the PM phase that relates the
measurable reduced state variables fi,, t, and & to each other.
Equation (67) must be solved numerically for ji, for given
values of S, f, h, and ¢.

064427-9



DAVID C. JOHNSTON

VI. UNIFORM PARALLEL SUSCEPTIBILITY
OF COLLINEAR ANTIFERROMAGNETS BELOW
THEIR NEEL TEMPERATURES

Here we generalize Van Vleck’s MFT calculation of y(T)
at T < Ty for collinear AF structures [5] to include cases
where the spin lattice can have a discrete distribution of
exchange interactions with its neighbors including possibly
frustrating interactions. As in Van Vleck’s theory, we consider
the spins to be identical and crystallographically equivalent.
Most physical realizations of Heisenberg spin lattices showing
collinear spin ordering are in this general category. In partic-
ular, very few, if any, real collinear AFs exactly satisfy the
Van Vleck theory requirement that f = —1. Indeed, Eq. (51)
shows that a large range of f values is possible.

In order to develop a formulation of MFT that does not use
the concept of magnetic sublattices, one must self-consistently
calculate the exchange field Hexch; Seen by a representative
ordered moment [i;, where both [i; and He.; are changed
by the applied magnetic field H. When H is applied along
the axis of a collinear magnetic structure at temperatures 0 <
T < Tn, the magnetic field increases the magnitudes of the
ordered moments parallel to H and decreases those antiparallel
to H. In the limit of small H, one can express this qualitative
expectation for the magnitude w; of an arbitrary magnetic
moment /i; as

M =/'L0+5max/1j 'H=M0+8maxHCOS¢ja (68)

where o is the temperature-dependent magnitude of the
ordered moment in H = 0, 8, is a constant to be determined,
and ¢; is the angle between [ ; and H for H = 0. Fora collinear
AF structure one has the two possibilities: ¢; = 0° or 180°.
In this section, without loss of generality our central magnetic
moment i; in the collinear AF structure is chosen to be in
the direction of H, i.e., ¢; = 0. Thus, for the central magnetic
moment fi; one has

Wi — o = dmax H. (69)

Furthermore, the angle ¢ ;; between magnetic moments /i ; and
f; is the same as ¢; and Eq. (68) becomes

Mnj = Ko + Smax H cos ¢ji- (70)

Since ¢;; = 0° or 180°, the component of the exchange field
Hexen; in the direction of fi; is given by Eq. (7) with «tj; = ¢
as

Ho
Hexehi = Z Jz] Cos ¢]z - max Z J,j COS d)J,
g HB ;
Omax H
= Hexenio = —5-—5- ) Jijs (71)
B

J
where we have used Eq. (8) for the first term and cos” ¢ i =1

in the second.
Using the definition of & in Eq. (18a), Eq. (69) becomes

OmaxH = gSup(iti — fLo)- (72)
Substituting this into Eq. (71) gives
S(ii — fo)
Hexehi = Hexchio — ———— ) Jij- (73)
exc exc P Z Jj

J
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From Egs. (49) one has

3kgb
D= e (74)
p S(S+1)
Substituting this into Eq. (73) gives

3kpbp(Li — o)
HexchiO = B 0 . (75)

Hx i
exeh (S + Dgus

Using Eqgs. (9) one obtains
_ [k
ii = Bs [g 2 (Hoxeni + H)] (76)

Taylor expanding the Brillouin function about H = 0 to first
order in H gives

gUB
= By (k T HexchiO)

+ |:8MB

(Hexchi — Hexchio + H)i| Bls()’o)7 (@)
where yy is defined in Eq. (20) and the expression for B(yo)
is given in Eq. (11). From Eq. (20), the first term is just fiy and
we substitute Eq. (75) into the second term to obtain

o 3(ia; — fio)0p,  gusH | ,
P — = B . 78
Ri — o [ ST DT kT s(yo).  (78)
Solving for ji; — jig gives
S+DgusH
_ _ 3kg
i — flo = T g (79)
3By(yo) P

Utilizing the definition fi;
Eq. (18a), one obtains

— fto = (i — po)/(gusS) as in

CiH
Hi — Ko = S+OT _ 5’ (80)
3B(y0) p

where the single-spin Curie constant C; is defined in Eq. (17b).
The parallel susceptibility per spin is obtained from Eq. (80)
as

Wi — Mo C
xi(T) = = GIoT . (81)

H 3Bo0 O
Multiplying both sides of Eq. (81) by Ty and dividing both
sides by C; gives the dimensionless law of corresponding
states for the parallel susceptibility for a given S as

X 1
G ) = f
where the definition of 7*(¢) is given in Eq. (58b) and is
a function of § in addition to ¢. Equation (82a) becomes
identical to Van Vleck’s prediction in Eq. (58a) by setting f
to his value f = —1. Another previous special case described
by Eq. (82a) is the two-sublattice collinear AF with equal
couplings between spins in the same and opposite sublattices,
respectively [see Eq. (4.18) in Ref. [6]].
As noted previously in Eq. (58c), t*(t = 1) = 1, so the
isotropic susceptibility at Ty is predicted by Eq. (82a) to be
x(t = DTn 1

C, :l—f (T = Tn).

(82a)

(82b)
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FIG. 5. (Color online) Normalized magnetic susceptibility par-
allel to the easy axis yx;(7)Tn/C versus temperature 7 divided by
the Néel temperature Ty for the listed values of f = 6,/ Ty and for
spins (a) S = 1/2 and (b) S = 7/2. A negative value of f reflects
the dominance of antiferromagnetic interactions, and a positive value
ferromagnetic interactions. All curves shown correspond to collinear
antiferromagnetic ordering at T < Ty. The data shown for 7/ Ty > 1
and T/ Ty < 1 were obtained from Eqgs. (52a) and (82a), respectively.
The data in the former range do not depend on the spin S, but in
the latter range they do. The maximum range of f for Heisenberg
antiferromagnets in MFT is given by Eq. (§1) as —oo < f < 1.

Equation (82b) for x(7Ty) is identical with the prediction of
the Curie-Weiss law at Ty in Eq. (52b), as required. This is an
important consistency check.

The parallel susceptibility normalized by the isotropic value
at Ty is obtained by dividing Eq. (82a) by (82b), yielding

@ 1= f

X)) — f
which only depends on the experimentally accessible pa-
rameters 7, f, and x(7n), and the spin S that one can
often estimate from chemical or other considerations. The
temperature dependence of x; comes only from 7*(f), which
also depends on S. The exchange constants and spin lattice
geometry do not appear explicitly in Eqs. (82a) or (82c) but
are implicit in the values of f and z, so these are laws of
corresponding states for a given S. By expanding Eq. (82c¢) in
a Taylor series about ¢ = 1 to first order in 1 — ¢, one obtains

o _ o 2=0
x(Tn) 1—f

(82c)

@t — 1), (83)
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FIG. 6. (Color online) Normalized magnetic susceptibility paral-
lel to the easy axis x;(7T)/ x (Tx) versus temperature T divided by the
Néel temperature Ty for the listed values of f = 6,/ Ty and for spins
(a) S =1/2 and (b) S = 7/2. The plots shown for 7/Ty > 1 and
T/Tn < 1 were obtained from Egs. (53) and (82c), respectively.

where again the spin does not appear explicitly in this

expression. The initial slope d[x()/x (Tx)1/dt =2/(1 — f)

near Ty increases as f increases, where the allowable range is

—o00 < f < 1 asgivenin Eq. (51). We also obtain

2(1 —1)
-7

where x(Tnx) = x.(T < Tn) in MFT.

Plots of x(T)In/C, versus T /Ty for collinear antifer-
romagnets at 7/Ty > 1 and T/Ty < 1 using Egs. (52a)
and (82a), respectively, for several allowed values of f are
shown in Figs. 5(a) and 5(b) for spins S = 1/2 and 7/2,
respectively. The plots for a given f are the same above Ty
for the two spin values, but not below. Plots of normalized
X1(T)/x(In) versus T/ Ixfor T/Tx = 1and T/ Ty < 1 using
Eqgs. (53) and (82c), respectively, for a large range of f values
are shown in Figs. 6(a) and 6(b) for spins S = 1/2 and 7/2,
respectively. One sees that the plots in Figs. 5 and 6 are not
particularly sensitive to the value of S, but are very sensitive
to the value of f.

xL— xp(®) = x(In) (@ —17), (84)

VII. MAGNETIC SUSCEPTIBILITY OF PLANAR
NONCOLLINEAR ANTIFERROMAGNETS

In the above-considered single-domain collinear Heisen-
berg AFs, the orientations of the ordered moments all lie
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along a single axis. In the present section we generalize
the MFT treatment to include noncollinear Heisenberg AFs
where the ordered moments lie in a specified plane that we
denote as the xy plane. The z axis is defined in different
ways depending on the type of magnetic structure and is
not necessarily perpendicular to the xy plane. For example,
from Fig. 1 of Ref. [10] and Fig. 1 of Ref. [11], the proper
helix z axis is perpendicular to the xy plane and the cycloidal
z axis is parallel to the xy plane. Because of the different
definitions of the z axis, the out-of-plane direction is defined
here as the “perpendicular” (L) direction, where ixj=1.
When the theory is applied to specific compounds, the x, y,
z, and L axes are assigned to the appropriate crystallographic
directions.

We follow Yoshimori [8] and calculate in MFT both the
out-of-plane () ) and in-plane (., ) susceptibilities by solving
for the conditions under which the equilibrium torque on a
magnetic moment is zero in the presence of the net sum of the
exchange and applied magnetic fields. Yoshimori calculated
these susceptibilities specifically for a proper helix magnetic
structure for the body-centered tetragonal spin sublattice and
for a specific configuration of exchange interactions. In the
following Secs. VII A and VIIB we generalize his treatment
for calculating x and x,,, respectively.

A. Magnetic susceptibility perpendicular to the ordering plane

Since a collinear AF is a special case of a planar non-
collinear AF, the generic predictions for the perpendicular
susceptibility x, of the two types of ordering are identical.
The only assumptions made in this section for planar AF
ordering, in which the ordered moments for H = 0 lie in
the same xy plane, are that the spins are identical and
crystallographically equivalent. The spins themselves do
not have to occupy the same plane. The crystallographic
equivalence assumption means that the spin coordination and
exchange bond environment of every spin are the same. To
calculate the equilibrium conditions on the parameters, we
calculate the conditions under which the net torque 7; on a
representative magnetic moment i; is zero

T, =i xB; =0 (85)
or
T = i X (Hexeni +H) =0, (86)
where the magnetic induction seen by [i; is
B; = Hexeni + H. (87)

The x is calculated with the magnetic field applied along the
1 =i x j direction, i.e.,

H=H].

When calculating magnetic susceptibilities, we consider a
representative central ordered moment ji; that interacts with
its neighboring ordered moments /i ;. To calculate x; we use
cylindrical coordinates for the moment directions where the
1 axis is the cylindrical axis and the moments in H = 0 are
aligned within the xy plane. To first order in the deviation
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H T
T \Y [

My

FIG. 7. Diagram showing the influence of an infinitesimal mag-
netic field H along the L axis on each spin originally aligned in the
xy plane. The H induces a tilting of each ordered magnetic moment ji
towards the magnetic field direction by an angle y (radian measure),
which results in an induced L -axis component u of fi. The angle y is
greatly exaggerated for clarity. To first order in y o< H the magnitude
of the ordered moment p in H = 0 is unaffected by H.

angle y in Fig. 7, one has

fi = po(cos gy i+ sing; j+ y 1), 5
fij = po(cosd; i+sing; j+y 1),

where (g is the magnitude of the ordered moment of each spin
in zero field at the particular temperature 7 < Ty of interest
and ¢; and ¢; are the respective azimuthal angles of ji; and
f; with respect to the positive x axis. From Eqs. (88) the
ordered moment is independent of y to first order in y (or to
first order in H, since we will find that H « y). In this and
the following section we express the azimuthal angle ¢; of a
neighboring magnetic moment /i; in terms of the azimuthal
angle ¢; of the central magnetic moment ji; and the azimuthal

angle ¢;; = ¢; — ¢; between them. Thus we write
bj = ¢i +¢jis
sin¢; = sin¢; cos ¢;; + cos ¢; sin@j;, (89)

COS¢h; = CcOS¢; COs@pj; — sin¢; sing ;.

Inserting Eqgs. (88) and (89) into Eq. (6) for the exchange field
Hexch; and keeping only terms to order y gives the torque on
ii; due to Heyepn; as

Mi X Hexchi

2
= — )/2M0 (sin ¢; i— cosqﬁij) ZJ,-j(l — cos¢ji)
8 g ;

[}

— (cos ¢; i+ sin¢,~j)2 Jijsing;;
J

L Z Jijsingj;. 90

g HB [

This equation gives a torque on ji; even in zero field (y = 0)
unless the last term vanishes:

ZJ,‘]* sind)ji =0. (91)
J

This condition must be satisfied by any planar AF structure in
H = 0so that the structure is stable. Condition (91) is satisfied
identically by collinear AFs since for them ¢;; = 0° or 180°.
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Using Eq. (91), the torque contribution due to the exchange
field in Eq. (90) simplifies to

Y 4G . 2
fi X Hexehi = ——5—5-(sin gy 1 — cos ¢ J)
8°Up

X Zjij(l —Cos¢j;). (92a)
J

Using Egs. (16) and (49b) one has

3kg
Z Jij(1 —cosji) = m(TN —0p).
J

Inserting this expression into Eq. (92a) and then using
Egs. (17b) and (55a), Eq. (92a) becomes

> 2 TN Qp . 2 N
i X Hexeni = —y g C (sing; i — cos ¢; j)
1

2
YHo . 0 3

= — (sin ¢; 1 — cos ¢; J).
Xx(TN)

The contribution of the applied magnetic field to the torque in
Eq. (86) to first order in H is

fii x H = poH(sing; 1 — cos ¢ J). (93)

(92b)

Setting the sum of the torque terms (92b) and (93) equal to
zero according to Eq. (86) yields

%¥=mw> (94)

The x, per spin is obtained to first order in y from Eq. (94)
and Fig. 7 as

mi Moy
T<Tn) =12 =B (1o, 95
x( N) 7 I x(IN) (95)

The T-dependent ordered moment 1o(7") canceled out of the
calculation, so y is independent of T below Ty. The standard
result (57) for collinear Heisenberg AFs obtained from
MFT [5] is of course identical to this general result (95) for
planar noncollinear AF structures with Heisenberg interactions
since the former is a special case of the latter.

B. Magnetic susceptibility parallel to the plane
of the ordered magnetic moments

1. Introduction

In this section we consider noncollinear ordered magnetic
moments lying in the xy plane as in Fig. 8, with the magnetic
field applied in the azimuthal positive x-axis (i) direction

H= Hi. (96)

As in the previous section, the direction of the third Cartesian
L axis is defined by the right-hand rule as i x j = L, which
in Fig. 8 is pointed out of the page. The direction of the
moment ji; in H = 0 is defined by the azimuthal angle ¢;
with respect to the direction. In the absence of any anisotropy,
upon application of the infinitesimal H the plane of the ordered
moments would flop to a perpendicular orientation to lower the
magnetic free energy of the system. Therefore, we assume that
there is an infinitesimal XY anisotropy present that prevents
this from happening; this anisotropy has no observable affect
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(a)
y W = constant
A d].,_U
vy U
H+ dit
o \o
L
(b) ﬁ = constant
y W+ di’
A dﬁf
T
¢
> X

FIG. 8. A change dji in an ordered magnetic moment ji due to an
infinitesimal magnetic field H = H i can come about through (a) a
change in direction i of the moment at constant magnitude p and/or
by (b) achange in the magnitude u of the moment at constant direction
[t. Positive azimuthal angles are measured in the counterclockwise
direction. Thus in panel (a) y is negative and ¢ and « are positive.

on any magnetic behaviors of the spin system predicted from
the Heisenberg model.

On applying the field H, the contribution to the torque on
ii; due to His 7; = fi; x H with magnitude 7; = w; H| sin ¢;|.
This torque rotates ji; towards the direction of H by an
infinitesimal angle y;, as shown in exaggeration in Fig. 8(a).
The maximum magnitude of the torque occurs for |¢;| = /2
rad, at which |y;| = Ymax Where ymax > 0. The exchange field
provides the restoring torque. Since all spins are crystallo-
graphically equivalent by definition and the local exchange
field in H = 0 at each spin position is therefore the same, the
restoring torque for each spin with the same value of ¢ is also
the same. Therefore, the tilt angle for an arbitrary spin i due
to the applied infinitesimal field is given by

Yi = —Vmax SIN @, (Ch)

which takes into account the negative sign of y; in Fig. 8(a) and
the angle ¢; of particular magnetic moment i; with respect
to H. On the other hand, if sin¢; is negative, then y; is
positive. It will turn out that y,,x < H, as expected, so we write
Eq. (97) as

Vmax) .
= — H is 98
Vi ( I sin ¢, 98)

where the quantity in parentheses is independent of H. This
gives rise to an in-plane susceptibility component Xy,
arising from the rotation of fi; due to the field at constant
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moment magnitude pu given by Fig. 8(a) and Eq. (98) as

_dpilgsing;  poyising;
Xxyil/t - H - - H
ymax) .2
= sin“ ¢;, 99
o (15 ) sin” ¢ 99)

where 1 is the T-independent ordered moment for H = 0,
from Fig. 8 the change du;|,, sin ¢; is the component of d i,
in the direction of H, and du;|,, = —oy; where the negative
sign comes from the sign convention for y in Fig. 8. Then
the average susceptibility per spin for the entire spin system is
obtained by averaging over i, yielding

ymax

Kol = 1o (222 (sin’ ), (100)

where (.. .) denotes the average of the enclosed quantity over
all magnetic moments [i;.

As shown in Fig. 8(b), the applied field can also change the
magnitude u; of an ordered moment. For infinitesimal applied
fields, we expect that the previous Eq. (68) applies to planar
noncollinear as well as collinear AFs, i.e.,

Hi = o + dmax H cos o
or

dpilp = i — po = dmax H cos ¢;, (101)
where S, H is the maximum change in the magnitude of
i due to H that occurs when ji || H. One can now define a
susceptibility contribution at fixed magnetic moment direction
for spin i as

dityyilp cos i SmaxH cos® ¢;
Xxyi |[4 = H = H
= Smax COS” ;. (102)

Here the component of dfi;|, parallel to H at fixed ¢; is
diiyyiln cos @ according to Fig. 8(b). Then the average of
the contribution (102) over the whole spin system per spin is

Xoyla = Smax (COS” #7). (103)

The total average susceptibility of the system per spin is then
obtained from Egs. (100) and (103) as

Xxy = Xxy|;t + Xxy|/l (104a)

= 1o (L2 (sin® @) + Sus(c0s ). (104b)

Equations (97) and (101) are the keys to calculating the
in-plane susceptibility of large classes of planar noncollinear
Heisenberg AFs without needing to define magnetic sublat-
tices. As in the calculation of (T < Ty) for collinear AFs
in Sec. VI, one must self-consistently calculate the exchange
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field Hexen; seen by i;, where Hexen; is itself changed by H.
We solve for the two unknowns yyax and dmax in Eq. (104b)
in the following two sections, respectively. The resulting two
simultaneous equations each contain both yy,,x and 8p,x, Which
allows us to solve for these two unknowns.

2. Calculation of Ymax

In this section we solve for an expression relating yp,x and
Smax derived from the condition that in equilibrium, the net
torque on i; in the presence of both the exchange field and the
applied field at fixed moment magnitude is zero. The magnetic
induction B; seen by ji; is

B; = Hexeni + H. (105)
The net torque on fi; is therefore
To= i X Bj = [lj X Hexeni + /4 x H=0.  (106)

The ordered moments are oriented within the xy plane (the
spatial spin lattice is not specified), and due to the assumed
infinitesimal XY anisotropy, the moments remain in the xy
plane when the infinitesimal H along the x axis in Eq. (96) is
applied.

The cross product fi; x ji; for H > 0 is given from its
definition as

i X iy = pipgsinag L, (107)

where the angle between ji; and fi; in H > 0 is denoted by
aj;i = oj —a; and o, o; are the respective azimuthal angles
of fi; and fi; with respect to the positive x axis in H > 0 [see
Fig. 8(a)]. The direction of the cross product is in the direction
of 1 =ixj for aj; > 0 and is in the direction of —1 for
aj; < 0. Using Eq. (107) and the expression in Eq. (6) for
Hcychi, One obtains

~

- L .
fi X Hexehi = ——— Z Jijuipjsino;.  (108)
8°Hp 7

We now express all angles in terms of the azimuthal angle ¢;
of the central magnetic moment ji; in H = 0 and the zero-field
angle ¢;; between magnetic moments ji; and fi;. Referring to
Fig. 8(a), for H = 0 one has

Qji =¢; — ¢ (109)
Similarly, when H > 0 we define
aj =¢;+vy;, «j=oa;j—aq, .

Vii =Y — Vi, Qi =i+ Vi,
where y; and y; are defined in Fig. 8(a) and expressions for
them are given in Eq. (97), yielding
aji = ¢ji — Ymax[sing; cos ¢;; + cos ¢; sing;; — sin¢;].
(111a)

Using trig identities, to first order in yp,x one then obtains

sinoj; = sing;; — Ymax(sing; cos ¢j;

+ cos¢; singj; —sing;)cosg;;, (111b)
cosaj; = COSPj; + Vmax(Sin ¢@; cos @;
+ cos¢; singj; —sing;)sing;;.  (11lc)
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Using Eqgs. (68) and (109) and a trig identity one obtains to first order in H

il = I+ Smax ko H €S §; + Smax pto H (cOs @; cos ¢j; — sin g sind;;),

(112)

where (1o(T') is the ordered moment for H = 0 and 8, > 0 is a variable to be determined that depends on T but not on H (see

below).

Substituting Eq. (111b) for sin«j; and (112) for ;4 ; into Eq. (108), to first order in H one obtains

- H 1
Hi X Hexehi = ——F—5
821

+ /,L()BmaXH Cos ¢i Z Jij sin ¢ji + Z Jij sin ¢ji COS ¢ji - sinqﬁi Z Jij SiIl2 ¢ji
J J J

The second term in Eq. (106) for the torque on ji; due to H is,
to first order in H,

fi x H= —poH sing; L. (114)

The net torque on [i; according to Eq. (106) is the sum of the
two torques in Egs. (113) and (114).

In order for the equilibrium net torque on [i; to be zero

for H = 0 and y.x = 0 (since ymax X H, see below) requires
that the first term in Eq. (113) be zero, which gives

> Jyjsingj; = 0. (115)
J

This condition for the stability of the AF structure is the same
as already given in Eq. (91). Furthermore, we only consider
AF structures for which

> Jysingjicosgi =Y JijsinQ2¢;) = 0. (116)
J J

This is a weak constraint. Terms in the sum are zeroif ¢;; = 0
(FM alignment of moments i; and [t ;) or 180° (AF alignment
of ji; and [ ;). Therefore, Eq. (116) is satisfied identically for
collinear AFs. More generally, the sum is also zero for AF
structures with inversion symmetry for which the AF structure
consists of pairs of ordered moments fi; and /i; and fi; and
iix with couplings J; ; = Jir and with orientations with respect
to the central moment /i; given by ¢ ji = —¢ri. The latter
situation occurs between moments in neighboring FM-aligned
layers along the axes of helical and cycloidal AF structures
within the Jy-J;;-J;» model shown in Fig. 1 of Ref. [10]
and Fig. 1 of Ref. [11], respectively. Equation (116) is also
satisfied by some AF structures and exchange models where
the magnetic and structural unit cells are the same [10].

Setting Zj Jijsing;; = Zj Jijsingjicos¢;; =0 in
Eq. (113) according to Eqgs. (115) and (116) yields a simple
expression for fi; X Hexen; given by

M(z) Ymax sin ¢i j—

l_ii X Hexchi =
& 1p

Z J;j(cos® g — cos ;i)
J

HoSmax H sin ¢; 1

+
821

ZJ,,- sin? ;. (117)
j

S Z Jij Sin @i — Ymax Sin@; Z Jij(cos” ¢ji — cOS Pji) — Vinax COS @; Z Jijsingj; cos ¢
J J J

(113)

(

Inserting Eqs. (114) and (117) into (106) and solving for yimax
gives

Smax . in2 ..
Viactto L7 s 2 Jip Sin® @i
PuFH Y Jij(cos? ¢ —cos i)’

(118)

which is valid for AF structures and applied magnetic field di-
rections such that the angles between the ordered magnetic mo-
ments and the applied field satisfy (sin® ¢;) # 0 in Eq. (100).
As expected, we find that ypn, < H to lowest order in H.
The maximum tilt angle yy.x due to H depends in part on the
maximum change §,,x H of the moment magnitude, and hence
includes a component arising from the changes in magnitudes
of the magnetic moments as they rotate in response to the field.
Since §iax depends on temperature (see below), so does Ymax-

In addition to planar noncollinear AF structures, Eq. (118)
also applies to the special case of collinear AFs for an applied
field direction perpendicular to the ordering axis, because in
that case the moment magnitudes do not change as a result of
a small applied field and hence §,,x = 0. Then substituting
cos? ¢; ;=1 into Eq. (118) for a collinear AF and then
substituting Eq. (118) with (sin? ¢;) = 1 into (100) and using
Eq. (55b) gives the expression x (T < Tn) = x(Tn) already
derived in Eq. (95) for the collinear AF and thus provides an
important consistency check.

Equation (118) contains two unknowns Ypmax and dmax. In the
following section an independent equation is obtained in these
two unknowns, which allows us to solve for both separately in
Sec. VII B 4 and thereby obtain the in-plane susceptibility of
a planar noncollinear AF structure utilizing Egs. (100), (103),
and (104).

3. Calculation of §yax

Here we obtain an expression for 8, by using the Brillouin
function Bg(y) in Egs. (10) to determine the response of
the magnitudes of the ordered magnetic moments to the
temperature and infinitesimal applied field.

The equilibrium magnetic induction in Eq. (87) seen by
magnetic moment fi; in the presence of H must be parallel to
the equilibrium ordered magnetic moment i;. Thus one can
obtain the component Hexcp; of the local exchange field in the
direction of fi; by taking the dot product of the two, yielding
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Eq. (7) which we reproduce here for clarity:

Jijujcosaj;.
g M% Z

Hexchi (1 19)

We need an expression for ; cosca; at infinitesimal H > 0
to insert into Eq. (119). From Egs. (68) and (89), one has

Mj = o + Smax H(COS ¢; cos ¢j; — sing; singp;).  (120)

The expression for cos «j; is given in Eq. (111c). Keeping only
terms to first order in yYmax and H in the product p ; cos «j; that
survive the sum in Eq. (119) according to Egs. (91) and (116),
one obtains

[jcosaji = po(COS @i + Vmax COS P; sin® @)
+ Smax H €08 ¢; c0s® ¢ i (121)

and therefore Eq. (119) becomes

1
— 5 uo§ Jij €08 @ ji + 40V max COS Pi
8" g ;

Hexeni =

X Z Jij Sil’l2 ¢ji + SmaxH Cos ¢,‘ Z Jij COS2 ¢ji
J J
(122)

Then using Hexchio from Eq. (8) to replace the first term in
Eq. (122) one obtains

/'LOVmax
Hexchi = HexchiO

cos ¢; ZJ,, sin? @i

B o b Z Jijcos® ¢ji. (123)

g/'LB

Using Eq. (68) and the definition i = u/gSup asin Eq. (18a)
one obtains

wi — po = gSu(fli — flo) = dmax H cos ¢;.  (124)

Using the second equality, Eq. (123) becomes

H 7/
Hoeni = Hexenio — —o 08 ¢; Z Jij sin® ¢j;
3
(i — fo)S 2

- Jijcos” ¢j;. (125)

gMUB X]: ! !

The magnitude of the reduced ordered moment fi; =
Wi/ lsat = i /(gSup) is given by the Brillouin function Bg(y)
of the magnetic induction B; in Egs. (9) as

EMUB

T (126)

i = BS |: (Hexchz + Hllt)i| ,
where only the components of Hexen; and H that are parallel

to fi; are relevant here. To first order in H one has
HHi = HCOS¢,‘. (127)

Inserting Eqgs. (125) and (127) into (126) and expanding Bg(y)
in a Taylor series about yy = g Hexchiio/ kT to first order
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in H (and yyax, which is proportional to H) gives

0 Ymax

i1 il —_— ! J— . . ] 2 .s
fii — fio = Bs(yo) kel & le Jij sin® ¢

_ S(@i = fro) 8MB
kBT ZJ,] cos? ¢j,+ﬁHcos¢ ,

where we used Bs(yg) = jip from Eq. (20). Solving for
fu — flo gives

) gll.B H cos ¢l /’voymax cos ¢[ Z -,lj Sln ¢jl
i — Ko = “knl_ .

B c(00)S + Z ‘]lj cos ¢Jl

(128)
Using Eq. (124) this can be written
Wi = [0 = Smax H 0S8 ¢;
&2 g H cOS i — [L0Vimax COS @i Y ; Jij sin® @i
B kavz)s + 22 Jijcos? @i '

(129)
Thus, under the condition that (cos®¢;) # 0 in Eq. (103),

solving for 8, yields

_ ”'Uymax
Smax g M H Z ‘Ilj Sln (pﬂ

- (130)
gZM% Bk(B)T)S_FZ Jlj cos? d)]l

Note that y,x in the numerator is proportional to H according
to Eq. (118), and hence H cancels out, leaving 8.« a function
of T but not of H. Thus the change in magnitude of a magnetic
moment due to the presence of the magnetic field depends both
on the temperature and on the change in the angle that the spin
makes with the applied magnetic field direction due to the
magnetic field.

One expects Eq. (130) to be applicable for the magnetic field
applied along the easy axis of collinear AFs if one sets Ymax =
0, sin? ¢;; = 0, and cos® ¢;; = 1, and Eq. (130) becomes

Smax 1

— (131)
us  goaos T2 i

Then Eq. (103) with (cos? ¢;) = 1 gives the parallel suscepti-
bility per spin of a collinear AF as

Y= S = S HB
— Ymax — kT .
Bons T 2 il
Using the expression for 6, in Eq. (49b), one sees that this
expression for x| is identical to that for the collinear AF already
derived in Eq. (82a). This is an important consistency check.

(132)

4. Solving for the in-plane susceptibility

The two simultaneous equations (118) and (130) in the two
unknowns ym.x and Spax, respectively, allow one to solve for
these two unknowns, yielding

Vmaxo T+B—-A

= , 133
CuiH  GrBB-B-ar
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o BoAZE (133b)

g2uy (4 B)B—E)— A
where

kg T
T = (134a)
SB(y0)

and

3/10 )

Yo = m, A= ;Jij sin” ¢j;,

B=> Jjcos’¢;i, E=Y Jijcosg;. (134b)
J J

The in-plane magnetic susceptibility components are obtained
by substituting Eqs. (133) into (104), yielding

% = gy i 90
T+B—A . 9
= T BB E) a2,
Lolh — 2 o’ )
8°MUp 8°MUp
B—E—A

S(cos” @) (135)

T+ B)(B-E)-A
These expressions are only valid if (sin?>¢;) # 0 and
(cos? ¢;) # 0, i.e., for planar noncollinear AF structures. For
commensurate planar noncollinear AF structures in which a
hodograph of the ordered moments within a magnetic unit cell
forms a regular polygon, the averages in Eqs. (135) over one
magnetic unit cell are

(sin” ¢;) = (cos’ i) = 3.

A magnetic unit cell that is commensurate with the underlying
spin lattice is required in order for the averages in Eq. (136)
to be exact. In practice, one can always consider the magnetic
unit cell to be commensurate for a sufficiently large magnetic
unit cell because the experimental resolution in measuring the
incommensurability is finite.

For 0 < T < Ty or equivalently 0 < ¢ < 1, substituting
Egs. (135) and (136) into (104a) gives

Xey t—E+2B-2A
ud  2[(x+ B)YB —E)— A?]

Using Egs. (16), (49b), and (134b), one can rewrite A and E
as

(136)

(137)

_ 3kgbp
TS+ Dn
( ) (138)
3kpTn
S(S+1)
By multiplying both sides of Eq. (137) by <%/% and then

S(S+1)
multiplying the numerator and denominator of the right-hand
side of Eq. (137) by [%]2, Eq. (137) can be written as
a law of corresponding states for a given spin § in terms of

easily measured quantities, which are [ =0,/1Ix,t =T/1x
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and additional reduced variables t* and B*, as

(DT |+t 4+ 2f +4B* 139
C ©2[(r* + BY)(1+ B¥) — (f + B*)?]
where
S(S+1 S+ Dt
Gl Ll (140a)
3kgTn 3B(yo)
S(S+1)B Jij cos? ¢
. S+ :_Z] J ¢J7 (140b)
3kpTn Zj Jijcos @i

yo = 3fi0/[(S + 1)t] from Eq. (20) and we used Eq. (16) to
obtain the last equality. At T = Ty, according to Eq. (58c) one
has 7* = 1 and Eq. (139) becomes

x(NIn 1
C 1—f
This agrees with the Curie-Weiss law prediction for x(7y) in
Eq. (82b), an important consistency check.

Using Eqgs. (139) and (141), for T < Ty one obtains the
ratio

(141)

Xo(T) A+t +2f+4B")(1 - f)
x(Tn) 20" + B)(1+ B*) — (f + B*)*]’
Using t*(# = 0) = oo obtained from Eqgs. (10c) and (140a),
Eq. (142) yields
XoT =0  1—f
x(In) 2014 B%’

Substituting 7*(r = 1) = 1 at Ty from Eq. (58c¢) into Eq. (142)
gives the identity

(142)

(143)

Xxy(T =1n) -1
x(Tn)
as required, irrespective of the values of f and B*.

(144)

VIII. GENERIC Jy-J:1-J.» MODEL FOR PLANAR
HELICAL AND CYCLOIDAL ANTIFERROMAGNETS

In this section we recast our results for x,, (7T < Ty) derived
in the previous section in terms of a minimal generic Jo-J;1-J;2
model [9] that allows the proper helix or cycloidal helix AF
structures in Fig. 1 of Ref. [10] and Fig. 1 of Ref. [11],
respectively, to be the AF ground states. In this model, one
sums all the exchange interactions of a given magnetic moment
with other moments in the same ferromagnetically aligned
layer perpendicular to the helical or cycloidal wave vector
k, and calls that sum Jy. One also sums all the exchange
interactions of a moment in a layer with all moments in one of
the two nearest-neighbor layers and calls it J;; and similarly
for the exchange interactions of the magnetic moment with
all the magnetic moments in one of the two next-nearest-
neighbor layers and calls it J,,. Third-nearest-neighbor or even
further interlayer interactions are certainly possible but are not
included in this model. These net exchange interactions are
indicated in Fig. 1 of Ref. [10] and Fig. 1 of Ref. [11]. One main
purpose of synthesizing this model is to express the parameter
B* in Egs. (140) in terms of physically measurable quantities.
This is the only parameter in Eq. (142) for x,, (T < Tn)/x(Tn)
that we have not yet expressed this way. The second purpose
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is to synthesize a model for which the generic Jy, J;,
and J,, exchange interactions can be expressed for specific
compounds in terms of specific exchange interactions between
the magnetic moments. This is a powerful generic formulation
that applies to large classes of planar noncollinear AFs.

The competing phases in this model are a FM phase,
a helical or cycloidal AF phase, and a collinear AF phase
with propagation vector (0,0,%) r.lu. The latter phase is an
A-type AF in which each FM-aligned layer is aligned AF with
respect to its nearest-neighbor layers. The helical and cycloidal
phases are equivalent from the point of view of the theory. For
each phase, as in the previous section, the ordered magnetic
moments are confined to a plane, which we designate as the
xy plane. This xy plane can be assigned to a particular crystal
plane in a particular compound, as appropriate.

Within the Jy-J;;-J;» model, the classical energy of
interaction E; of spin S; with its neighboring spins S;, where
all spins have the same value of S, is given by Eq. (2) with
H =0as

SZ

E; = 7[J0 + 2J;1 cos(kd) + 2J,5 cos(2kd)],  (145)
where d is the interlayer distance in Fig. 1 of Ref. [10] and
Fig. 1 of Ref. [11], k is the magnitude of the wave vector of
the helix or cycloid, and ¢;; = kd is the magnetic moment
turn angle between adjacent FM-aligned layers upon moving
along the positive helix or cycloid z axis. By minimizing E;
with respect to kd one obtains

J.1 sin(kd) 4+ 4J 5 sin(kd) cos(kd) = 0. (146)

Two solutions for kd are obtained by setting kd = 0 or 7 rad,
which correspond to FM and A-type AF states, respectively.
The third solution is a helical or cycloidal AF state with the
turn angle kd determined by the exchange constants as

J1

cos(kd) = —m.
Z

(147)
Thus in general the helical or cycloidal wave vector is
incommensurate with the underlying crystallographic spin
lattice. However, as discussed in the preceding section, one can
always consider the wave vector to be commensurate to within
experimental resolution with a sufficiently large magnetic unit
cell.

Using Eq. (145) and the above three solutions for kd, the
corresponding classical energies of the three phases are

SZ
7(10 +2J, +2J0),

Erm

SZ
Eatype AF = 7(10 —2J1+2J),

52 J?
Epelix = — (Jo — =L 2Jz2> ,

(148)

2 47

where we used Eq. (147) to obtain the last equality. Note that
the net intralayer exchange coupling Jy has no effect on the
relative energies of the three phases, and hence is not relevant
to the magnetic phase diagram. For the helical or cycloidal
phase, the condition —1 < cos(kd) < 1inEq. (147) constrains
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FIG. 9. (Color online) Classical phase diagram in the J;;-J,
plane for the minimal Jy-J,;-J,; model. The three regions are the
ferromagnetic region, the collinear AF region with type-A ordering,
and the helical or cycloidal AF region. In the latter region, the wave
vector of the helix or cycloid times the interlayer distance d is kd,
which is the turn angle between magnetic moments in adjacent layers
along the helix or cycloid axis. In order to obtain a helical or cycloidal
magnetic structure, the net next-nearest layer interaction must be
antiferromagnetic (J,, > 0).

J;1 and J, to satisfy [8,9]

|le|
J. 0, 0<—<«1.
2= 47,

(149)

The classical T = 0 phase diagram for the Jy-J,1-J,» model
determined by finding the minimum energy solutions versus
J;1 and J,, in Egs. (148) using Egs. (149) is shown in Fig. 9.
For the helical or cycloidal phase, the nearest-layer interaction
J;1 can be either positive (AF) or negative (FM), but the
next-nearest-neighbor interaction J;; must be positive (AF)
as explicitly noted in Eqgs. (149).

A singular solution for the helical or cycloidal phase
occurs when J;; = 0, for which the turn angle between planes
would nominally be kd = 7 /2 rad from Eq. (147) and Fig. 9.
However, this solution physically corresponds to the presence
of two noninteracting sublattices, each of which consists
of next-nearest-neighbor magnetic moment layers that are
mutually associated with exchange interaction J,». Hence the
turn angle between ordered moments in adjacent layers along
the helix or cycloid axis is undefined for J,; = 0.

A. Alternative expressions for the variables
in the Jy-J;1-J,> model

The x.,(T)/x(Tx) of the planar noncollinear phase in
Eq. (142) is expressed in terms of the quantities S, fig =
wo/Msa, t =T/1Ixn, f =06p/Tn, and B*. Usually one has
experimental values of the first four quantities, whereas B*
as defined in Eqgs. (140) is not known without knowledge of
the exchange constants, which are not directly measurable, and
of the AF structure. In the following we derive an expression
for B* within the Jo-J;;-J;2 model in terms of the physically
measurable quantities f and kd. To do that, we need explicit
expressions for other variables in terms of the Jy-J,;-J;> model
that we now derive.

064427-18



UNIFIED MOLECULAR FIELD THEORY FOR COLLINEAR ...

In this model, Eqgs. (49b) and (16), respectively, become

S(S+1
kgt = — ( )(Jo +2J,1 4+ 2J;), (150a)
S(S+1
kT = SO+ 1D
3
x [Jo + 2J;1 cos(kd) + 2J 5 cos(2kd)].  (150b)
From these expressions, the definitions
. Jo . Ja
= —, = —, (151a)
Jo T J1 T
and the relation
j1 = —4cos(kd) (151b)
obtained from Eq. (147), one obtains
6 jo — 8 kd)+2
_ % o cos(kd) + (152)

T Tn jo—4cos2(kd) — 2
The parameter B* in Eq. (142) is given by Eqgs. (140) as
_ Jjo + 2j1 cos?(kd) + 2 cos*(2kd)
Jjo + 2j1 cos(kd) + 2 cos(2kd)
2 — 8cos?(kd)[1 + cos(kd) — cos>(kd)] + jo
2 + 4cos2(kd) — jo '

B* = (153a)

(153b)

By eliminating jj in the simultaneous Eqs. (152) and (153b),
one obtains the very useful result

B* =2(1 — f)coskd)[1 + costkd)] — f,  (154)

which only depends on the measurable parameters kd and f.

B. Reformulation of the in-plane magnetic susceptibility
in terms of the Jy-J,;-J,> model

Using Eqgs. (143) and (154) we obtain the reduced in-plane
T = 0 susceptibility as

Xxy(T =0) o 1
x(Tn)  2[1 +2cos(kd) + 2 cos?(kd)]’

This general result agrees with Yoshimori’s pioneering cal-
culation of x,,(T = 0)/x(Tx) in his Eq. (50) for the specific
case of the c-axis helix in 8-MnQO, with the rutile structure,
assuming a specific set of exchange constants [8], and using
the substitutions & — kd, cos — —cosf,and A/(4A;,) —
— cos(kd) in his Eq. (50).

Interestingly, the reduced 7' = O in-plane susceptibility in
Eq. (155) is expressed solely in terms of the turn angle kd
where k is the magnitude of the helix or cycloid wave vector
and d is the distance between adjacent planes in the helix
or cycloid. A plot of this dependence is shown in Fig. 2(a)
of Ref. [10]. Lines of constant kd, and hence of constant
normalized zero-temperature susceptibility, are shown above
in Fig. 9. The behavior in Fig. 2(a) of Ref. [10] is unexpected
for two reasons. First, x,,(0)/x(Tx) varies nonmonotonically
with kd. Second, a peak appears in x.,(0)/ x (Tx) at the unex-
pected wave vector kd = 2 /3 for which x,,(0)/x(Tn) = 1.
The latter result x,,(0) = x(7n) suggests that for this wave

(155)
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Vector, Xy is independentof 7 for T < Ty, which is confirmed
below.

When x,,(0)/x(Tn) < 1/2, Fig. 2(a) of Ref. [10] shows
that the turn angle between layers of moments along the
helix or cycloid axis is less than 90°, which corresponds to a
dominant FM interaction between a moment and the moments
in an adjacent layer. This is because a moment in one layer
has a component in the same direction as the moment in an
adjacent layer. On the other hand, when x.,(0)/ x (Tx) > 1/2,
Fig. 2(a) of Ref. [10] shows that the turn angle between layers
of moments along the helix or cycloid axis is greater than 90°,
which corresponds to a dominant AF interaction between a
moment and the moments in an adjacent layer.

Using Eq. (154), one can express x.,(T)/ x(Tx) inEq. (142)
completely in terms of the measurable parameters S, fig, f,
f» and now kd. Plots of y.,(T) versus T /Ty obtained using
Egs. (142) and (154) for spins S = 7/2 (Ref. [10]) and 1/2 and
various helix turn angles kd and f ratios are shown in Fig. 2(b)
of Ref. [10]. The maximum in y.,(7 = 0) versus kd that
appears in Fig. 2(a) of Ref. [10] is confirmed. Furthermore, one
sees that y,, is independent of T for a turn angle kd = 27/3
rad as suspected above.

Instead of using Eq. (154) for B*, one can use Eq. (153a)
and set jo = 0 to obtain an expression for y.,(7)/x (Tx) that
only depends on the parameter kd as in Eq. (155). Plots of
Xxy(T)/ x (In) versus kd for Jy = 0 are shown in Figs. 10(a)
and 10(b) for S = 7/2 and 1/2, respectively. These plots are
useful for certain compounds such as noncollinear linear chain
helical or cycloidal AFs where the interchain interactions
are negligible compared to the intrachain ones, and also for
higher-dimensional helical or cycloidal antiferromagnets such
as B-MnO, with the rutile structure, where J; = Jy/4 ~ 0 for
the c-axis helix has been estimated [8].

C. Noncollinear 120° helical or cycloidal antiferromagnets

The turn angle ¢;; = kd = 27 /3 rad is special since we
found from the above results that

Xxy(T < TN)
= — ~ =1 (kd =27/3).
X (Tx) (kd =2x/3)

To check the generality of this important and unique result,
we go back to the general expression for B* in Eq. (154) and
substitute cos(kd = 27 /3) = —1/2, which gives

oSt
B == (157)

(156)

Substituting this expression for B* into the general Eq. (142)
for xxy(T)/x(Tn) and simplifying gives Eq. (156) identically,
irrespective of the value of the spin S.

The perpendicular susceptibility in Eq. (95) also obeys
Eq. (156). Thus we predict that for AFs with a 120° helical
or cycloidal magnetic structure, the x (7 < Ty) is isotropic
and temperature independent with the value at Ty, irrespective
of the value of S. This prediction is strongly confirmed by
experimental data on single crystals of a variety of 120°
triangular-lattice AFs [10].

For the special case of only the six nearest-neighbor
interactions J in a triangular lattice being nonzero, using
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FIG. 10. (Color online) In-plane magnetic susceptibility x,,(7T)
versus temperature 7" for the helical or cycloidal magnetic structure
in the Jy-J;1-J,» model with Jy = 0 and the listed magnitudes of
the helical or cycloidal turn angle kd for spin (a) S =7/2 and
(b) S =1/2.

¢ji = kd = 120° one obtains from Egs. (16) and (49b)
SS+1DJ

S(S+1)
TNZ—T;JUCOSQﬁj[: kB

’

S(S+ 1) 28(S + 1)J
Op:——ZJU — PP TY

3kp , kg
J
0,
f=-=L=-2,
4N
38(S+ 1H)J
In— 6, = u (158)
kg
Thus from Egs (17b), (49a), and (158) one obtains
Ci g ug
=x(Tn) = —— = , 159
x1 = x(Tx) Tv—0, o7 (159)

which is independent of S.

For the classical (S — o0) isolated triangular layer AF,
one also obtains for the ground state at 7 = 0 a nontrivial
isotropy in x (7T = 0) with the same value of x(7T = 0) as
we just obtained for finite spin by MFT [17,18]. In addition,
classical Monte Carlo simulations for the single triangular
layer indicated that y is isotropic and nearly independent of
T atlow T [19]. Our MFT results thus significantly extend
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the previous calculations for single classical triangular lattice
layers to finite quantum spins S and long-range AF ordering
that occur in real systems.

IX. INTERNAL ENERGY, MAGNETIZATION, PHASE
DIAGRAM, AND HEAT CAPACITY OF COLLINEAR AND
PLANAR NONCOLLINEAR ANTIFERROMAGNETS IN A

HIGH PERPENDICULAR MAGNETIC FIELD

In this section a MFT calculation of the high-field mag-
netization and magnetic heat capacity with fields applied
perpendicular to the zero-field ordered moments is carried
out for generic collinear and planar noncollinear AFs con-
taining identical magnetic moments interacting by Heisenberg
exchange on the same footing. These high-field calculations
are included in this paper because as in the previous sections
we calculate the thermodynamics without the use of magnetic
sublattices and express the results as laws of corresponding
states in terms of measurable parameters.

The influence of magnetocrystalline anisotropy on x (T') for
both T > Ty and T < Ty, on Ty itself, and on the high-field
M(H,T) behaviors and H-T phase diagrams are discussed in
Refs. [20,21] for collinear and noncollinear AFs. When a high
field is applied parallel to the ordering axis of a collinear AF,
where an anisotropy field is present that is sufficiently large to
prevent a spin-flop transition from occurring, one must define
separate up and down moment sublattices because within MFT
the thermal-average magnitudes of the up and down moments
are not the same. In this paper we only consider magnetic
structures and behaviors where the concept of magnetic

Collinear Antiferromagnet
H

H

Il
=)

FIG. 11. (Color online) Influence on the generic magnetic struc-
ture due to a high magnetic field applied perpendicular to the ordering
axis of a collinear antiferromagnet (AF) (top panel) and to the ordering
plane of a planar noncollinear AF (bottom panel). Hodographs of the
zero-field magnetic moment vectors are shown on the left. In high
fields as shown on the right, the AF structures become canted towards
the field. The ordered moments of the collinear AF are now within
a vertical plane, whereas those of the noncollinear AF now lie on
the surface of a cone with the axis of the cone along the magnetic
field axis as shown. At a sufficiently high field H = H., given by
Eq. (183), the moments in either case become parallel to the applied
field and each other and a second-order transition from the canted AF
to the paramagnetic (PM) state occurs at that field.
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FIG. 12. (Color online) The rotation of a representative magnetic
moment ji; out of the xy plane towards the z axis upon applying a
magnetic field H = Hk. The orientation of ji; for H > 0 is described
by spherical coordinates 6; and ¢;, where 6; = 0 is the same for all
moments. Each moment was originally in the xy plane for H =0
with coordinates 6 = 90° and ¢ = ¢,. The azimuthal angle ¢; is in
general different for different moments.

sublattices is not necessary and hence the discussion is limited
to high perpendicular fields.

The generic responses of collinear and planar noncollinear
AF structures to a high perpendicular magnetic field are
illustrated in Fig. 11. Whereas the tilted moments of a collinear
structure due to the field reside within a vertical plane including
the applied field, a hodograph of the tilted moments of a
planar noncollinear structure lie on the surface of a cone with
the magnetic field direction corresponding to the continuous
rotational axis of the cone. Both cases are treated here within
the same formalism by the use of the spherical coordinates
defined in Fig. 12, where the former AF structure is a special
case of the latter.

A. High-field magnetization perpendicular to the ordering
axisor planeat T = 0

The magnetic field is applied along the polar z axis

H = Hk, (160)
as shown in Fig. 12. For H = 0 the ordered magnetic moments
lie in the xy plane with polar angle 6 = 7/2. In the presence
of a high perpendicular field, at T = 0 one has

Msat :gS/'LB,
bji = ¢; — i,
¢ =i +dji,

fi = W lsinO(cos ¢; i+ sing; j) + cos O k], (161)
fj = WsulsinO(cos ¢; i+ sin o J) + cos K]
= Wsar{sin O[(cos ¢; cos ¢pj; — sin¢; sin ;) i
+ (sing; cos ¢pj; + cos ¢; sin qu,-)j] + cos O ﬁ},

where ¢; ; are the azimuthal angles of ordered moments [i; ;
with respect to the positive x axis, ¢;; = ¢; —¢; and at T =

PHYSICAL REVIEW B 91, 064427 (2015)

0 the magnitude of each magnetic moment is the saturation
magnetic moment pgy = gSUB.

The torque on a particular moment zi; due to the exchange
field in Eq. (6) is obtained using Eqgs. (161) as

2
lisatz sin @ cos O(— sin ¢; i+ cos ¢; j)
8" HUp

Mi X Hexchi =

x Y Jij(1 = cos ), (162)
J

where we have only kept terms that do not contain
Zj Jijsing;; according to Eq. (91). The torque on i; due
toHis

fii x H = pug H sinO(sin ¢; 1 — cos ¢; J). (163)
In equilibrium, the net torque is
T =i X Hexeni + i x H=0, (164)

which contains the two terms in Eqs. (162) and (163). Setting
either the x or y component of the net torque equal to zero
gives

2,2
H
cosf = lllad® . (165)
Wsae 3 Jij(1 — cos ;i)
From Egs. (49b) and (16), one respectively obtains
3kg
Jij = ———6,, 166
; PTTSsE D (1662
> Jijcos gy = _ ko (166b)
- ij ji — S(S+ 1) N-

Then using Egs. (17b), (55), and (166), Eq. (165) can be written

x(TnH
Mesat ’

cosf = (167)
Referring to Fig. 12, the z component u, of the induced
magnetic moment of each spin is

Wy = [Aga COSO. (168)

Inserting Eq. (167) into this expression gives the perpendicular
susceptibility as
Mz

== x(In) (T'=0,H< Hc).
Thus the induced magnetic moment is proportional to A until
atacritical perpendicular field H,; one obtains pt, = sy This
critical field occurs when 8 = 0 (cos @ = 1), which Eq. (167)
gives simply as

(169)

_ HMsat
x(Tx)

Athigher fields, 1, cannot increase any further and is constant
atthe saturation value ., = g = gSup. Thus asecond-order
phase transition occurs at 7 = 0 with increasing H at H =
H., where there is a discontinuity in the slope of u, versus H
[see Fig. 14(a) below].

(T = 0). (170)

HCJ_
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B. High-field magnetization perpendicular to the ordering axis
orplaneat 0 < 7T < Ty

Because the calculation of the magnetization in a high
perpendicular field at finite temperatures 0 < 7 < Ty within
MEFT is more involved than the above calculation at 7 = 0,
we treat it separately in this section. At each temperature
and field, the magnitude u(7T') of each ordered moment is the
same for all magnetic moments, because they are all equivalent
with respect to the effect of the applied field. Using Eqgs. (6)
and (161), the component of the exchange field in the direction
of the central magnetic moment ji; is

s Z P
H hi = ——— J"M"M'
exchi gup = 1y J

TR
_r cos2 0 Z Jij + sin® 0 Z]ij cosj; |,
§M1B : -

J J

(171)

where we recall that ¢;, ¢; and hence ¢;; = ¢; — ¢; are
independent of H, with only 6 changing with H (see Fig. 11).
Inserting Egs. (166) into (171) gives

3iks 2 )
Hoxeni = — B (g cos? 0 + Ty sin 6
exch gMB(S+1)(pCOS + Ty sin” 0)
3uks T,
= HEBIN (1= fycos?o, (172)
gus(S+1)

where we have used f = 6,/ Ty according to Eq. (50).
We define the reduced magnitude of each ordered moment
as
_ (1)
wMT) = ;
Msat
analogous to Eq. (18a) for H = 0. The value of i of each
magnetic moment versus H and T is governed by the Brillouin
function Bgs(y). Substituting Eq. (172) into Eq. (126) gives

(173)

- 8HB '
= Bs[(—kBT)(Hexch, + H cos 0)]
_ 3 o ) hcos6
= BS{—(S+ 1)t[1 (1 — f)cos” 0] + } (174)

where H cos 6 is the component of H in the direction of each of
the magnetic moments according to Fig. 12, the reduced field is
h = gugH/kgTy from Eq. (29), and the reduced temperature
is t = T/ Tn according to Eq. (18b).

However, there are two unknowns, & and 6, in Eq. (174),
so we need another equation to solve for both. For that, we
set the net torque T on i; to zero according to Eq. (164). The
first term in Eq. (164) is obtained from Eq. (162) with the
substitutions in Egs. (166) and (173), yielding

32 Skg
S+1
X (—sin¢; i+ cos ¢ J). (175)

The second term in Eq. (164) is obtained from Eq. (163) with
the substitution pgy — @ = fgupsS, yielding

i X Hexeni = sin 6 cos 6(Tn — 6p)

fii x H= jigupSH sinO(sing; i —cos¢;j). (176)
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Substituting Eqs. (175) and (176) into (164) gives

3ikg
ST 1(TN —0p)cost = gupH. (177)
Dividing each side by kg Ty gives
3/icos?o (- f)= hcos6 (178)
(S+ 1t - '

Substituting the left-hand side of Eq. (178) for 4 cos6/t into
Eq. (174) yields

_ 3
L = Bg [(S+1)t]' (179)
This expression is identical to Eq. (20) for determining jio(f)
for H = 0. In other words, a perpendicular applied field has
no influence on the magnitude of the 7T-dependent ordered
moment, as long as the z component of the moment is less
than that magnitude at that 7. This general result from MFT
is of course also valid for the special case of collinear AFs in
a perpendicular magnetic field.

From Eq. (177), one obtains

guiS(S+1)H  CH
3ukp(Tn — 0,)  w(In —6p)’

where we have used C; from Eq. (17b) and & = u/(gusS)
from Eq. (173). Then from Fig. 12 one obtains

gZ/LlZ;S(S + 1HH

cosf =

(180)

U, = ucosh =

‘ 3kp(Tn — 0p)
_ G (T H (181)
= TN_ep = xUn),

where we have used x(7n) from Eq. (55a). Thus for H <
H_.| (T) in MFT, the perpendicular susceptibility is

"
xu(T) = EZ =x(In) (T <Tn,H<Hc), (182)

analogous to Eq. (169) for T = 0. The x, remains constant
with increasing H at fixed 7 until the induced magnetic
moment i, becomes equal to the ordered moment at the
particular temperature at the perpendicular critical field H,,,
where

uo(T)
x(Tx)’
which is analogous to the zero-temperature result in Eq. (170).
Above this field, the system is in the PM state with each
induced moment aligned parallel to H. This generic behavior
of the magnetization versus transverse magnetic field is of
course also found for special cases such as for the simple Néel

antiferromagnet with only nearest-neighbor interactions where
Op=—Iyand f = —1.

H. (T) = (183)

C. Magnetic phase diagram and magnetization versus field
isotherms for magnetic fields applied perpendicular
to the ordering axis or plane

In the previous section we saw that a perpendicular field
does not affect the magnitude of the reduced ordered moment
i for H < H., and thus i = fip where the latter is the value
in H = 01in Eq. (20). The critical field H,, is the field at which

064427-22



UNIFIED MOLECULAR FIELD THEORY FOR COLLINEAR ...

1.0 .

0.8 ? ? .
D
I
ey N/ ]
:3' canted antiferromagnet
- 04+ .
jan!

02+ H J

S=5 ]&
< |—
00 L 1 L 1 L 1 L 1 L
00 02 04 0.6 0.8 1.0
T/T(H=0)

FIG. 13. (Color online) Phase diagram in the magnetic field-
temperature H-T plane for magnetic fields applied perpendicular
to the ordering axis (collinear AF) or plane (planar noncollinear AF)
of a Heisenberg AF with spin S = 5. The phase boundary between
the AF and PM states is the critical field H., (T) that was calculated
using Egs. (20) and (186).

the induced magnetic moment i, equals f at that temperature.
At that field the ordered moment is pointing in the direction
of H. From Eq. (181), on the critical field curve with i, = fig
one obtains

(S+1D gusHer  (S+1) gupHey

M= 300y ks 30— f) kalx
_ S+ Do 1s4)
31— /)

where we have used the definition of fig = uo/(gusS) in
Eq. (18a), of f in Eq. (50), and of & in Eq. (29). Thus the
reduced critical field is given from Eq. (184) as

guna® _30=p)
ksTn  S+1 Hott),

which demonstrates the important property that h.) (f)
[Lo(t). Since fig(t = 0) = 1, one obtains

HCJ_ (t) —
Hc 1 (0)

The critical field divides the H-T plane into a (canted) AF
state and the PM state, as shown in Fig. 13 for § = 5. One can
invert the axes in Fig. 13 to obtain the field dependence of the
Néel temperature.

On the critical field curve with h = h.,, the ordered
moment has the value fi, = fip given in the PM state by
Egs. (67) and (185) as

he (1) = (185)

fo(t). (186)

- 3ﬂzf th_

Hz = BS[(S+1)t +t } (1872)
_ 30k _
— By [(S . l)t} (h = hey). (187b)

A comparison of Eq. (187b) with Eq. (179) shows explicitly
that . is continuous on crossing the critical line from the
canted AF state into the PM state and hence the phase transition
is second order.
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To summarize, the reduced z-axis magnetic moment fi,
versus reduced magnetic field 4 in the z direction is given for
h < hey by Eq. (184) with fiy replaced by ji, and i, replaced
by h, and for h > h, by Eq. (67), i.e.,

s+
i, = —3(1 5 h (h < hey), (188a)
_ 3fR; h

ii; = Bg |:(S+ Dt + t] (h > hey), (188b)

where Bg(y) is given in Eq. (10a), fi,(¢,k) is calculated from
Egs. (188) in the relevant field range, and A, (¢) is given in
Eq. (185).

The derivative (dji./dt), for h > h., which we will need
later is calculated by taking the total derivative of Eq. (188b)
with respect to ¢ at fixed field and solving for (dji./dt),
yielding

T (S+Dh

dii fi: +
(“ﬁ = ((h>he), (18%)
a )y~ [ ]
3fBy(y)
where
3fi h
e L (189b)

T YR

and B(y) is given in Eq. (11).

Equation (188b) is applicable to the entire PM region of
the (h,t) phase diagram in Fig. 13, including the part where
T > Ty (t > 1), where here Ty refers to Ty(H = 0), and also
the part where & > h.) and T < Ty (¢ < 1). Several ji, versus
h isotherms calculated from Eqs. (188) are plotted in Fig. 14(a)
for 0 <t < 1. The respective differential susceptibilities
dji;/dh are calculated from Egs. (188) and (189) and plotted
versus A in Fig. 14(b). A discontinuous change in dji,/dh
versus h occurs on crossing the critical curve in Fig. 13,
as emphasized in Fig. 14(b), because i, «x h for h < h¢,
but ji.(h) exhibits negative curvature for & > h.; and hence
fi.(H)is nonanalytic at h = h., . This discontinuity in slope is
most apparent for T <« Tn(H = 0). Theoretical curves similar
to those in Fig. 14(a) were plotted previously as derived from
MFT [22], although the equations used were not given.

D. Magnetic internal energy and heat capacity in the PM phase
and in the AF phase with magnetic fields perpendicular
to the ordering axis or plane

Here we calculate the magnetic heat capacity Cp,o(T') for
the perpendicular field orientation and study the evolution
of Cmag(T) with increasing field. We expect strong effects
because the Ty can be driven to zero with sufficiently high
fields as illustrated in Fig. 13. From Figs. 13 and 14(b), the
discontinuity in slope of 1, versus ¢ decreases with increasing
field, so we expect the discontinuity in Cpag at Tn(H) to also
decrease with increasing field. Moreover, the PM phase at
T > Tn(H) must have a nonzero contribution to Cyy,g because
the induced moment is nonzero for T > Tn(H), in contrast
to the MFT prediction Cpae(T > Tn) =0 for H =0 (zero
induced moment) in Eq. (26) and Fig. 11 of Ref. [12]. In the
following two Secs. IXD I and IX D 2 we derive the magnetic
heat capacity in the AF and PM regimes separately, and then
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FIG. 14. (Color online) (a) Reduced induced perpendicular mag-
netic moment fi, = [,/ /Lsy Versus reduced perpendicular magnetic
field h = gug H/(ksgTx) at different reduced temperatures t = 7/ Ty
as indicated, where Ty refers to Tn(H = 0) and pg = gSug. The
ordered moments at H = 0 are in the xy plane and a perpendicular
field H is applied along the z axis as shown in Fig. 11. The spin is
arbitrarily chosen tobe § = 5 and the ratio of the Weiss temperature to
the Néel temperature is assumed to be f = 6,/ Ty = —1. The curves
were calculated using Egs. (188). The field region preceding the sharp
change in slope is the AF region, and the higher field region is the PM
region at each T. The second-order phase transition between these
two regimes defines the Néel temperature Ty(H). (b) Differential
susceptibility dji,/dh versus h calculated from Eqgs. (188) and (189).

in Sec. IXD 3 combine the results to obtain Cpue(7') at fixed
H including both the AF and PM regimes.

1. Magnetic internal energy and heat capacity
of the AF-ordered phase

The Ciae(H,T) in a perpendicular field is calculated in
MFT from the internal energy per moment E;, which is the
same for each ordered and/or field-induced moment ji; for this
field configuration because they are all equivalent with respect
to the field as shown in Fig. 11. In Sec. IXB we determined
that fi; is independent of field within the AF-ordered phase and
is therefore equal to the zero-field value fiy. With the applied
field given in Eq. (160) and the axis notation in Fig. 12, one
obtains

E; = Eexchi + En, (190a)
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where

(190b)
(190c)

Eexchi = _%MOHexchi = _%gSMB:ELOHexchi»
Ey =—poHcosd = —u H,

wo = gSupito from Eq. (18a), u, = o cos b, we use the fact
that the magnitude (o of the ordered moment is the same for
each ji;, and have defined Heyep; as the component of Hexep; in
the direction of ji; as in Eq. (7). The factor of 1/2 in Eq. (190b)
arises because the exchange energy is equally shared between
each pair of interacting moments, whereas the exchange field
seen by a given moment is assumed to be due only to the
neighbors of the moment that interact with the moment with
no contribution from the moment itself.

From Figs. 7 and 11, all ordered moments have the same
angle 6 with respect to the applied field, so for the general
case of a planar noncollinear AF, which of course includes the
collinear case, Hexch; 18 given by Eq. (172). Inserting Eq. (172)
with i = jip into (190b) yields

382ks Ty
Eexchi = _ﬁ[l - (] - f)COSZQ]. (191)

We normalize the energy by the thermal energy kg Ty, yielding
the reduced exchange energy

Eexchi 3511(2) 2
exchi = = - 1-(01 - 0]. 192
Eexch TaTn 2(S+1)[ (1 = f)cos™0]. (192)
One can write Eq. (180) for cos 6 with © — o as
S+ Dh
cosh = ST DI (193)
3po(l = 1)

where f =6,/Ty and h = gupH /(kgTy) is the reduced
magnetic field in Eq. (29). Substituting Eq. (193) into (192)
gives
3Spd
205+1)

S(S + 1)h?
6(1—f)

Using Eq. (160) for H, the expression for ji; in Egs. (161), and
the definition of &, the expression u, = fipgusS cosé, and
Eq. (193) for cos 6, the contribution of the external field to the
internal energy per moment is

Eexchi = (194)

S(S + 1)k Tnh?

EH = —//LZH = —3(1—_]“), (1953)
_Ey  S(S+ DR?
o o Tp (195b)

The total reduced internal energy per moment in the AF state
with a perpendicular magnetic field applied is obtained from
Eqgs. (190a), (194), and (195b) as

_ E. 380 S(S + 1)h?
T ksTn 2(S+1) 6(1—f)

& (h < her), (196)
where the reduced critical field ., is given in Eq. (185), which
defines the field boundary between the AF and PM phases.
The magnetic heat capacity per magnetic moment Cy,g
versus temperature at constant perpendicular field is obtained
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from Eq. (196) using t = T/ Ty from Eq. (18b) as

Cowg _ (deD\ 38 djot)
K‘( g )h_ ST < h)

(197a)

Substituting Eq. (21) for djio(t)/dt into (197a) gives Cpye in
the (canted) AF phase as
Coa _ 3873(0)

ke (S+ 1)t[;§j&; —1]

(h < hey). (197b)

Here fio(¢) is calculated by numerically solving Eq. (20), the
derivative B(y) is given in Eq. (11), and k¢, is given in
Eq. (185). Equation (197b) is identical to Eq. (26) for H =
0, except that we have now shown that it is also valid for
perpendicular magnetic fields less than the ¢-dependent A .
Equation (197b) is valid in the magnetically ordered state of
any collinear or planar noncollinear Heisenberg AF containing
identical crystallographically equivalent spins. At higher fields
h = hey, the Cpyg in the PM state derived in the following
section must be used in place of Eq. (197b).

2. Magnetic internal energy and heat capacity
of the paramagnetic phase

In the PM state all magnetic moments p, are field
induced, have the same magnitude, and are all in the same
(perpendicular) direction of the applied field H. Equation (48)
gives the exchange field seen by each induced moment in the
PM state as

Siz(1)
Hexeni = — gliB Xi:Jij»

(198a)

where we used the definition fi, = w,/tsat = 1, /(gSuB) as
in Eq. (18a). Inserting the expression for the sum given in
Eq. (166a) yields

32:(0knby
gus(S+ 1)

Then using Eq. (190b) with fig — ji, one obtains the exchange
energy as

Hexeni = (198b)

382 (t)ksb,
28+ 1)

From the definition of the reduced exchange energy as in
Eq. (192) one obtains

(199a)

exchi = —

3az()fS
2S+1)°
where we used the definition f = 6,/ Ty from Eq. (50). The
part of the internal magnetic energy per moment due to the

applied magnetic field is given by Eq. (190c), which we write
in terms of reduced variables as

(199b)

Eexchi =

ey = —Shii,(t). (200)

The total reduced internal magnetic energy per spin in the PM
phase from Eqgs. (199b) and (200) is

_3fS [ﬂ?(r) (S + l)hﬁz(t)]
S+1[ 2 3f ’

& = (201)
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The Cpyag per spin at fixed field is then given by the first equality
in Eq. (197a) as

Cnm 3fS[_ S+ Dh
mag __ _ /7 [ () 4+ ————

3f

d,a,(t))
2 (= hey).
kg S+1 ] ar L)

(202a)

Substituting dji,/dt from Eq. (189a) into (202a) yields the
Cmag per spin in the PM phase as

- 2
Crag 3 S[() + 5577]

ks (S + Di[ s — 1]

(h = he1), (202b)

where y is given in Eq. (189b), Bg(y) is given in Eq. (11),
fi.(¢) is obtained by numerically solving Eq. (67), and A, is
given in Eq. (185).

3. Magnetic heat capacity and entropy of the combined
antiferromagnetic and paramagnetic phases

Plots of Cpag versus T for f = —1 and spin § =7/2
obtained for the AF and PM temperature and field regions using
Egs. (197b) and (202b), respectively, are shown in Fig. 15(a)
for values of h given by h/h. (t =0) =0, 0.5, 0.75, 0.9,
and 1, where
using Eq. (185) with fig(r = 0) = 1. One sees that a jump in
Cmag(?) is present at each fny(h) as given above in Fig. 13, but
the size of the jump decreases as Tn(H )/ Tn(H = 0) decreases
and disappears when h = h.) (t = 0). This behavior of the
heat capacity jump with field is reflected in the variation in the
discontinuity in slope at T = Tn(H) in plots of fi, versus &
for various ¢ in Fig. 14.

Plots of Cpnag/t versus t obtained from the data in Fig. 15(a)
are shown in Fig. 15(b). The magnetic entropy Smag(?) is
obtained by integrating the data in Fig. 15(b) versus ¢ according
to

(203)

Smag(t) _ / " Cma®) (204)
0

kg kgt

and the results are shown in Fig. 15(c). Interestingly, the Syae
versus ¢ plots at different / are similar in shape to the u, versus
h plots in Fig. 14(a) at different ¢. In the limit of high ¢ the
entropy for fixed spin S and all values of & must be the same
value Spyae(T — 00) = kg In(2S + 1) = kg In(8), as indicated
in Fig. 15(c). However, the approach to this asymptotic value
with increasing ¢ is very slow in the PM phase, especially
when H is large, because the field tends to align the moments
in the direction of H that reduces the magnetic entropy, which
competes with temperature-induced disorder. For example,
when £ is sufficiently high to destroy the AF state completely
at h = he,(t =0) in Fig. 15(c), the integral in Eq. (204)
must be extended for spin S=7/2 and f = —1 up to ¢t =
T/Tx ~ 20 in order for Sy, to reach 99.5% of its high-T
asymptotic value per moment of kg In(8). Because the PM
part of Cpag grows strongly with increasing 4 for temperatures
T > Tn(H) and is distributed over a large T range, it may
be difficult to experimentally separate this PM contribution
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FIG. 15. (Color online) (a) Magnetic heat capacity Cpag, (b)
Ciag/ T, and (c) magnetic entropy Sp, versus temperature T for
aspin S = 7/2 Heisenberg antiferromagnet with f = —1 for various
magnetic fields H normalized by the critical field H., (T = 0). The
discontinuities in the respective figures versus temperature separate
the low-T and/or low-H AF regime from the high-7" and/or high-H
PM regime. The curves in (a) and (b) were obtained using Eq. (197b)
for the AF regime and Eq. (202b) for the PM regime and the curves
in (c) were obtained using Eq. (204).

from the phonon contribution in heat capacity measurements of
AF materials.

X. DISCUSSION

In a system of noninteracting spins S with z component of
the magnetic moment ., = —gmspup, an applied magnetic
field H = Hk lifts the degeneracy of the 2§ 4+ 1 Zeeman
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levels labeled by the spin magnetic quantum number mg =
—S, =S+ 1,...,S andsplits them in energy according to £ =
—u.H = gmsupH, where the mg = —S state lies lowest in
energy. Within the Weiss MFT, the molecular field (exchange
field Hexen) in the ordered state of a system of interacting
spins in zero applied field is assumed to act like a uniform
applied field in a FM or a staggered field in an AF. This
exchange field therefore results in the same splitting of the
Zeeman levels of a magnetic moment in a FM or AF as happens
due to a uniform field applied to a system of noninteracting
spins. Thus in the ordered state of a FM or AF there is an
energy gap between the ground state and the first excited
state given by Egu, = gupHexen €ven in zero applied field.
According to Eq. (17a), the exchange field is proportional to
the ordered moment, the 7' dependence of which is shown in
Fig. 3. This energy gap grows monotonically with decreasing
T and approaches a constant value for 77— 0. Thus all
thermodynamic properties of the system approach their 7 = 0
values exponentially with decreasing temperature, including
Cmag and x along the easy axis (collinear AFs) or plane (planar
noncollinear AFs).

However, many spin systems do not show such activated
behaviors in the ordered state for 7 — 0, and this is a failure
of the MFT. Instead, FMs and AFs often show power-law
behaviors in these properties at low 7. The reason for this
failure is that MFT does not take into account magnetic
excitations associated with tilting of the individual magnetic
moment directions. These excitations are propagating spin
waves with a linear dispersion relation w = vk for AFs where
v is the spin-wave velocity, w is the spin-wave angular
frequency, and k is the magnitude of the wave vector, or
@ = Ak? for FMs where A is a constant. These dispersion
relations give rise to 73/? and T° contributions to Cpg at
temperatures low compared to the transition temperature of
three-dimensional (3D) ferromagnets and antiferromagnets,
respectively [7,23-25]. On the other hand, MFT can predict
Cmag over the entire T range below the magnetic ordering
temperature, in contrast to spin-wave theory that is useful only
at temperatures much lower than the ordering temperature.

Whereas spin-wave theory can produce more accurate
predictions for the magnetic and thermal properties of Heisen-
berg spin systems than MFT for temperatures much lower
than the magnetic ordering temperature, quantum mechanical
high-temperature series expansions (HTSEs) of x and Ciae
of Heisenberg AFs in powers of 1/T yield predictions more
accurate than MFT in the high-T region above the magnetic
ordering temperature. For example, the first two terms in the
HTSE for x give the Curie-Weiss law. Subsequent terms give
corrections to this behavior that become more important as
T decreases. The minimum 7 at which accurate descriptions
of the magnetic and thermal properties are obtained using
HTSEs decreases with increasing number of terms in the
HTSE. Depending on the spin lattice, the spin-lattice dimen-
sionality, and the value of S, such HTSEs typically contain
~10-20 terms.

The MFT prediction in Eq. (16) for the magnetic transition
temperature does not take into account quantum fluctuations
associated with a low dimensionality of the spin lattice,
because the same formula applies to all spin lattices irre-
spective of their dimensionality. The Mermin-Wagner theorem
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states that long-range magnetic order cannot occur at a finite
temperature in 1D or 2D Heisenberg spin lattices [26]. Perhaps
surprisingly, this theorem does not rule out long-range AF
order at 7 = 0 in 2D, which is actually predicted to occur
in the 2D § = 1/2 square lattice Heisenberg AF [27]. Of
course, from theory and experiment such long-range ordering
does occur in 3D spin lattices. This suppression of magnetic
ordering in low-dimensional spin lattices arising from quantum
fluctuations is related to the reduction in the number of nearest
neighbors of a given spin as the dimensionality of the spin
lattice decreases.

The Weiss MFT predicts that the ordered moment at 7 = 0
in the magnetically ordered state of a FM or AF in H =0 is
equal to the saturation moment: puo(7 = 0) = gSup. Another
manifestation of quantum fluctuations is a reduction in this
T = 0 ordered moment that becomes increasingly pronounced
as the effective dimensionality of the spin lattice and/or

PHYSICAL REVIEW B 91, 064427 (2015)

the spin S decrease. For example, in La,CuQO4 containing
spins-1/2 on a square lattice, the ordered moment at 7 — 0
is found experimentally and theoretically to be suppressed
by about 30% compared to the MFT prediction wuo(7T =
0) = lug/Cu assuming a spectroscopic splitting factor
g =2[27].
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