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Photoinduced superconductivity in semiconductors
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We show that optically pumped semiconductors can exhibit superconductivity. We illustrate this phenomenon
in the case of a two-band semiconductor tunnel-coupled to broad-band reservoirs and driven by a continuous
wave laser. More realistically, we also show that superconductivity can be induced in a two-band semiconductor
interacting with a broad-spectrum light source. We furthermore discuss the case of a three-band model in which
the middle band replaces the broad-band reservoirs as the source of dissipation. In all three cases, we derive the
simple conditions on the band structure, electron-electron interaction, and hybridization to the reservoirs that
enable superconductivity. We compute the finite superconducting pairing and argue that the mechanism can be
induced through both attractive and repulsive interactions and is robust to high temperatures.
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I. INTRODUCTION

Superconductivity is unarguably a fascinating phase of
matter with tremendous applications. This low-temperature in-
stability towards zero-resistivity corresponds to the emergence
and the condensation of Cooper pairs of electrons. In most
simple metallic systems, the pairing is achieved by phonon-
mediated interactions [ 1] and the superconducting temperature
does not exceed a few degrees Kelvin. The last fifty years
have seen some remarkable progress in the understanding of
superconductivity. Cuprates [2] and iron pnictides [3,4] now
offer critical temperatures on the order of a hundred Kelvin.
They were dubbed ‘“high-temperature superconductors” as
such temperatures can be easily achieved with liquid nitrogen.
All this allowed superconductivity to become a cornerstone to
many modern technological developments [1]. The Josephson
effect is routinely used in superconducting quantum interfer-
ence devices (SQUIDs) [1], and its inherent nonlinearity is
widely used to build qubits [5,6]. The Meissner effect and
the zero resistivity are used to realize powerful magnets [7].
However, the search for room-temperature superconductivity
is still a very active field of research [8].

Pioneering examples of the use of ac microwave fields in
condensed matter systems have been to enhance the critical
temperature of regular superconductors by redistributing the
quasiparticle density near the Fermi surface [1]. More recently,
it was established that an ac electric field leads to a renormal-
ization of the lattice hopping parameters [9-11]. It has been
suggested that in interacting systems such as the Bose-Hubbard
model it is thereby possible to induce a superfluid Mott
insulator phase transition [12-14]. Reversing the signs of
the hoppings in a lattice model could be used to realize
frustrated classical spin systems [15]. In the case of electrons
driven by a laser field, many interesting phenomena have been
proposed [16,17]. These include dynamical band flipping and
splitting [18], interaction strength renormalization, changes
in the sign of the effective interaction strength leading to
s-wave superconductivity with repulsive bare interactions and
negative absolute temperatures for a laser-driven band model.

In this work, we present a method to achieve super-
conductivity that consists of optically driving a two-band
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semiconductor to a suitable nonequilibrium steady state, which
supports interband pairing between electrons in the valence
and conduction electrons. Importantly, we shall demonstrate
the robustness of this mechanism with respect to temperature,
up to room temperature, as long as it is smaller than the
semiconducting gap.

We note that the possibility of inducing superconductivity
in a two-band model has been discussed in narrow, indirect gap
semiconductors [19-23]. However, the mechanism proposed
here is significantly different in that it involves interband
pairing for wide gap semiconductors, instead of intraband
pairing for narrow gap semiconductors. Furthermore, in our
mechanism the majority of the pairing occurs around a
resonant surface S,, (see Sec. II), which is not directly
related to the band edge. Among the chief consequences of
the difference in pairing channel and its k-space location is
the fact that in our mechanism the pairing amplitude does
not need to be larger than the semiconducting gap in order
to establish nonequilibrium steady-state superconductivity,
therefore making pairing more easily attainable.

In Sec. II, we take a pedagogical route to demonstrate this
effect by considering a model of a two-band semiconductor
in tunneling contact with two reservoirs provided, say, by a
metallic plate (see Fig. 1). We carefully show that it is possible
to induce superconductivity in this system under favorable
conditions involving the electronic dispersion, the electron-
electron interaction, and the hybridizations to the reservoirs
as well as the chemical potential. To support the validity
of our analytical results in the steady-state, we perform an
exact numerical integration of the time dynamics. We show in
particular that the predicted nontrivial steady state is indeed
reached dynamically.

In Sec. III, we argue that the previous case can be
reduced to a simpler yet more realistic model of a two-band
semiconductor—not in strong tunneling contact with any
engineered external reservoirs—which is optically pumped
by a broad-band light source. In many ways, it is the most
relevant model discussed in this manuscript and the reader
eager to learn about these results can directly jump to Sec. 111,
which is written in a self-contained fashion.
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FIG. 1. (Color online) Energy levels and laser. (a) A continuous
wave laser drives transitions between the lower (1) and upper (2)
bands. Both bands are coupled to reservoirs. The chemical potentials
of the reservoirs p is set in the gap. (b) In the rotating frame,
the laser induces an avoided band crossing (with splitting ~|€2]).
(c) This creates an effective resonant surface S,,, consisting of the
set of momenta k, for which the laser resonantly connects the two
bands.

In Sec. IV, we provide an alternative derivation of the
previous results by means of a Keldysh formalism approach.
In particular, this allows to justify properly an approximation
used to self-consistently compute the superconducting pairing.
For the sake of completeness, we review in the Appendix the
case of a three-band semiconductor in which the extra band
plays the role of the reservoirs in Sec. II.

II. LASER-DRIVEN DISSIPATIVE TWO-BAND
SEMICONDUCTOR

Let us consider a semiconductor with two relevant elec-
tronic bands: the lower band (¢ = 1) with dispersion E (k) and
the upper band (o = 2) with dispersion E,(k) are separated
by a gap E,. For the sake of simplicity, let us assume that
the dispersion is symmetric so that E,(k) = E,(—k) for both
bands o = 1,2; this will allow for s-wave superconductivity
without any energy mismatches. The semiconductor is driven
by a continuous coherent laser source with frequency wy. This
induces transitions between the bands if there are momenta k
such that E»(kg) = E (ko) + wp. In practice, this condition is
easily met and the corresponding momenta lie on a finite closed
surface S, of the Brillouin zone. In particular, we assume that
the level surfaces of E;(ky) and E,(ky) have good overlap
(which would happen for say parabolic bands). The laser acts
as a source of energy and we provide a heat sink by coupling
each band to an independent reservoir, which can exchange
particles and energy. Both reservoirs are kept in equilibrium at
temperature 7 and chemical potential . In principle, one can
also consider a single reservoir provided that its density of state
is broad enough to overlap with the upper and lower bands. We
set the chemical potential in the gap, exactly halfway between
the two bands, u = [E»(ko) + E1(ko)]/2. This ensures that
all quasiparticles have zero energy. In the rotating frame, this
will correspond to a zero-energy condition for the electrons
at ko € S,,. Below, we measure energies relative to u, i.e.,
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we set u = 0. We shall see later that the ability for the
electronic bands to acquire nontrivial populations is crucial to
the occurrence of superconductivity. In the case at hand, this
is favored if the two reservoirs have different density of states
or different coupling strength to the bands. In the Appendix,
we shall see that a third band, or alternatively as in Sec. III,
other k£ modes in the same band can also play this role.

In order to establish that superconductivity can be realized
in such a driven-dissipative system, we first solve for its
nonequilibrium steady-state dynamics by means of a master
equation approach. Within a self-consistent mean-field ap-
proach, we then obtain the criteria for superconducting pairing
and estimate the size of the superconducting gap. Finally, we
discuss the robustness of our results, in particular, against finite
temperature.

A. Mean-field Hamiltonian and master equation

We decompose the total model Hamiltonian into a laser-
driven semiconductor part (the system), a reservoir part (the
bath), and a system-reservoir coupling part:

H = Hsys + Hpath + Hsys»baths (D
where
Hyy = Z Eyk) ¢t g+ Q1) Y cfl oy b
k,a,B
+ = AZ ot oaﬁck A*Z g olﬁck, ()
k.a.p ko,
Hyur = Y (k) ag} af,. 3)
k,n,a
and
Hsys—bath = Z tot(k) ( Tak n + ak n Ck) (4)
k,n,a

c; and C%T are the creation and annihilation operators of
electrons with a quasimomentum k in the o band, o = 1,2.
Q(1) = Q cos(wyt) is the laser drive, and o 7% are the usual
Pauli matrices acting on the band indices. The last two
terms in Hgys originate from a microscopic electron-electron
interaction, which we treat at a mean-field level (see also
Sec. I B). A is the complex order parameter, which quantifies
the superconducting pairing between the bands and that will be
determined self-consistently. The a;/ ,’s represent the degrees
of freedom of the noninteracting reservoirs with energy .
Here, n is a mode label. We shall assume that the reservoirs
have continuous density of states given by v,(w) and that they
are weakly coupled to the system, i.e., Itilva < E, — E; [24].
In this case, the dynamics of the reduced density matrix of the
system, pgy, can be described by a Master equation reading
[25]

d . @
E Psys = _I[quSapsys] + kX: th(k){nF(Ea(k))D[CkT]psys
+[1 - nF(Ea(k))]D[C](:]psys}v )]

where np(e) = [1 + exp(e/T)]~! is the Fermi-Dirac distribu-
tion function, and the rates [, (k) = 27 |1, (k)|?v(E4(k)) are
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given by Fermi’s golden rule. We note that for some decaying
mechanisms such as phonons not considered here, the rates I'
and I'; may be temperature dependent. The Lindblad-type dis-
sipators are defined as D[X]p = (XpX' — X'Xp + H.c.)/2.

J
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We neglected the Lamb-shift corrections (real part of hy-
bridization self-energy). We may now write the equations
of motion for the populations, coherences and anomalous
correlators nk _(c,"(‘fcf) and s“ﬁ = (cj‘c‘T c’g;) with o, 8 =1,2:

%n}g = —iQ(t) (n? — nd') +iAsP —iA* s — 20 (k) [y — ne(E (k)] (6a)
%n,zf = —iQ() (n}' —n?) +iA s —iA* 57" — 205(k) [nF — np(E2(K)] ., (6b)
%n,{' = i[Es(k) — E;(l)]ng' —iQ() (ng> — ny') — [Ta(k) + T (k)] ny, (6¢)
jt st = ilE2(k) + E1(0)] sp + 1A% (ny! +nf — 1) — [D2(k) + Ty (k)] 57" (6d)

in which we made use of the identity tr(O D[X]p)

= t([XT,0]Xp) + t(X[0,X]p) =

([XT,01X), + (X'[0,X]), repeatedly.

We then perform a rotating wave approximation (RWA) to eliminate the explicit time dependence of these equations. This consists

in rotating all the operators of the theory with the unitary

U=U.U,, @)

where

U.=exp [%wot Z (c,ljc,lc - c,2{1'c,2c):| and U, = exp %wot Z (a,l;rnali "

k

~1 1

ai]nak n) . ®)
k.n

In particular, ck = C = ¢y e"“"”/z, c,% > “% = c,zc ei@!/2 and H > H= U(H — ia,)UT so that the energies are shifted to

El (k) = E (k) + wp/2 and Ez(k) = Ez(k) wp/2. Note that in the rotating frame, n,lc1 ,161, ﬁ’,zcz = niz, and ’5,12 = s,iz are
invariant, but n nk = n}cz el and 72! = n,zcl e'®’. We drop all terms rotating at 2w, since they are not resonant with any

transition. We also drop the k dependence of the decay rates 'y 2(k) — I'1 2, which is justified by assuming their weak
momentum dependence in the small window of momenta around the surface of resonant condition S,,,. Altogether, we obtain

d~11 i

T = —59 (i — ) +iA5 —iA*5E " — 20 [7! — ne(E1(K))], (9a)
d i - .

i = —%Q (7' — ) +iATH — AT — 20, [ — np(Ex(k))] (9b)
L = (iex — D7} — 1o (e — i), (9¢)
dt k 2 k k

d

—5' = (E — D) 5¢' +ia* (m! +7p — 1), (9d)

dt

where we defined I' =T + 1, & = Ez(k) — El(k), and
Ey = Ex(k)+ Ei(k). Where we have used the sym-
metry between k and —k stemming from E, (k)=
E,(—k). This reduces all computations to just one wave
vector k.

The steady-state values of populations, coherences and
anomalous correlators can now be solved by setting the
left-hand side of Eq. (9) to zero. We find that

*
21 A

~11 ~22
Sy = — +n
k Ek—i-iF( k

—1), (10)

where 7;! 4+ 717 — 1 measures the fraction of the total popu-
lation that can be borrowed from, or shifted to, the “storage”
constituted by the reservoirs or by the other k modes away

(
from resonance. It is given by

2
7l LY
M+ =~

=]

5 [np(E1(k)) — n{(Es (k)]
(11)

1+ Al )
Ek2+F2 '

12)

where we defined y;, =T,/ T,

B ayy, s AP @ (
=412 2+ T2 6,%+F2

and we neglected a term proportional to ng(E|(k))+
ng(E>(k)) — 1 since this factor vanishes at zero temperature
and is exponentially suppressed for temperatures smaller than
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the semiconducting gap E,;. We note that both a large y,;y» and
alarge | Al lead to a decrease in 71} + 73— 1.

Anticipating what follows, we shall see that only a
nonvanishing value of ﬁ,'(' + ﬁ/,lcz — 1, i.e., a finite population
deviation from the equilibrium situation, will amount to
superconductivity. It is quite transparent from Eq. (11) that
in order to obtain such nontrivial band populations, one must
drive the system (2 # 0) and the decay rates I'j and I"; must
be different (y; # y»).

When the drive 2 is large compared to I', the ratio /(7 +
I?)is very large near the resonance (¢; = 0). In this case, and
when the temperature is much smaller than the semiconducting
gap, the nonequilibrium population deviation simplifies to

2
PV & Ly AT
E; + T2+ 4]|AP2

which holds in a range of width 2 near the resonance. We
note that this approximation is also valid for moderate 2 when
y1v2 =0 and A is small. Hence 2 plays the role of a cut-
off, and for energies |ex| < €2 we can use the approximate
expression in the equation above. Notice that one can achieve
finite nonequilibrium population deviations in this range of
€, on the order of y; — y». Moreover, notice that the sign of
this deviation depends on which of the decay rates I'y or I'; is
larger, see also Fig. 2.

In the opposite case in which the decay rate I" is much larger
than the drive €2, the nonequilibrium population deviation is
(for bath temperatures much smaller than the semiconducting

bath 2

-

Ty >Ty
< lbath 1

bath 2

|

Ty >T

-

bath 1

>
>< ) (

FIG. 2. Nonequilibrium population deviation due to driving and
dissipation. The laser causes an electron in the valance band to
transition into the conduction band. The figure illustrates particular
examples when the two rates I'; » differ substantially. In (a), the rate
I’y > I',, so the reservoirs fill the hole in the valance band much faster
than the electron in the conduction band can relax back; the state is
blocked, and one has nj' + 73> — 1 ~ +1. In (b), the rate ', > I,
so the reservoirs remove the electron in the conduction band much
faster than it can relax back; one is left with two holes, and one has
nil +n2* — 1 ~ —1 in this example.
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gap)
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E* 417
ny +nk -

E 4124 20
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(14)

B. Self-consistency equation

We now solve self-consistently for the superconducting
gap. The pairing part of the mean-field Hamiltonian
originates from a microscopic Hamiltonian, which involves
a density-density type of interaction between the electrons
in the two bands of the semiconductor. The mean-field
decoupling for this microscopic interaction of strength V (in
a system of volume V) is given by

ee:—z Vckckckczk, (15)
=Y (AG ATy, (16)
k
with
1 toat f Pt
A= — Vet c1 —> dk chc1 17
p 2Vl (@) Vieg'ely), a7

where we wrote (dk) = d?k/(2m)? to shorten notations.

Equation (17) is solved self-consistently by using the
anomalous correlator in Eq. (10). The correct self-consistent
condition involves only the real part of Eq. (10); this assertion
will be justified in Sec. IV where we properly obtain the
self-consistency relation from a saddle point condition (notice
that this is trivially true in the limit ' — 0). More precisely,
we use the self consistency relation:

* ~21 1 .
_/(dk) V32'Re <—Ek+iF> (Ex +iT).  (18)

We derive this rigorously in Sec. IV. Assuming that Q > I’
and using Eq. (13) for the populations, the resulting gap
equation reads

Ey
1=-V [(dk) ———F—— (1 —
/( )E,§+F2+4|A|2 1 —72)
E(e)
E%(€) + 4|A? +T?’

Q

=—NoV(y1 — 12) f de (19)
-Q

with Ny = f (dk) 8(ex) the density of states near the resonance.

Below, we study the solutions of the self-consistent equation

in a few relevant cases.

1. Bands with opposite velocities at resonance

This is a very favorable case, so let us start with it. On the
resonant surface S,,, the dispersion relations of both bands
can be Taylor-expanded as E;, = vi2qL + ki1 qu_ -
where ¢, is the momentum perpendlcular t0 Seuy- So € =
v_qi+k_q2+--- and E=v,q) +kyq: +---, where
vy = vp & v and k+ = Ky £ k. If the velocities are opposite
in the two bands, i.e., vy =0, one can express E(€)~
(k4 /v%) €2. Upon using this E(€) in Eq. (19) and extending
the limits of integration in Eq. (19) to oo (for large 2), we
obtain
b4 [v_|sgnky

Vil

Yi—"
(4[A]P + T2+

(20)
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We note that Eqgs. (10) and (11) are exact. Notice that
this equation can be satisfied for both attractive or repul-
sive interactions depending on the relative signs of y; —
y, and of k. Superconductivity is possible if the sign
of V satisfies

sgnV = sgn(y, — y1) X sgnk, (21)

and its magnitude satisfies the threshold condition

VizVes ———— i (22)
T No [v-| |y1 =l
This expresses the fact that superconductivity is favored by
small and different decay rates.
If the conditions in Egs. (21) and (22) are met, the
superconducting gap is given by

r AN
A= <7> 1. (23)

For large coupling constant, the gap scales as the square of
the interaction strength V. Notice also that the gap does not
vanish in the limit I' — 0 because the threshold disappears
simultaneously. In this limit,

w? ) V2 2
Al —> — (NoV)" — (11 — »2)". 24
r-o 4 lk4|
Robustness. Let us examine the domain of validity of our
results. Let us first argue that the condition v, = 0 that we
used above can be achieved by a proper choice of the laser
frequency wy. In practice, one may proceed as follows. The
resonance surface S,,, can be swept as one changes wy. Atk €
Suy» €k, = 0 by definition. Assume for simplicity a spherical-
symmetric dispersion. As one scans wy, one should search for
the frequency for which Ej, reaches an extremum, either a
minimum or maximum. The extremum would correspond to a
zero of v, . Finding the extremum condition may require using
higher and lower bands; we illustrate this for a few examples of
band structure topologies in Fig. 3. By changing the chemical
potential, one can make the value of the extremum be zero,
i.e., Ex, = 0, and therefore E(€) o €2,
Additionally, we note that our results are relatively stable
in the case of a nonvanishing v;. Indeed, our results are
essentially unchanged as long as

VI
v <\/|K+|F7- (25)
C

Most importantly, our results are robust against finite
temperatures of the reservoirs. Indeed, this corresponds to
changes in ng(E/(k)) and ng(E>(k)), which may be neglected
for temperatures less then the semiconducting gap E,.

2. Weak Rabi frequency

Previously, we considered the case in which the laser Rabi
frequency 2 was large compared to the decay rate I'. This
condition is most favorable towards superconducting pairing;
however, for many systems, it is not satisfied. For lasers
with moderate power (say on the order of milliwatts) and
semiconductors at room temperatures, the laser Rabi frequency
is several hundred megahertz, while the carrier decay rate is
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a) (b)

8
_j;;77

L r X L r X

/

N
AN

T

Eyand
Eband

FIG. 3. Examples of how to choose optimal conditions. One must
seek points in the Brillouin zone where two bands have opposite
velocities. The transitions are depicted by the vertical dashed line,
whose length determines the laser frequency wy. Notice that the
transition of choice does not need to be between two consecutive
bands, as is the case depicted in (a). In (b), the transition of
choice is between two consecutive bands. The horizontal dashed
line demarcates the position of the chemical potential, which can be
chosen by doping or gating. The topologies of the band structures
were sketched to resemble the bands in Si (a) and in GaAs (b).

several tens of gigahertz. It is therefore relevant to repeat the
previous analysis in the less favorable case in which the Rabi
frequency is less than the particle decay rate.

Following the steps of Sec. IIB 1, but using here the
nonequilibrium population deviation given in Eq. (14), the
superconducting self-consistency equation now reads

T |v_| sgns v/Iks|

oV
4V2 T 2 VIAP vl 4 a2l |
x 1 Yi—" 2
ry)'* (JA2 + yiye D)4
We recover the previous condition on the sign of the electron-
electron interaction, namely,

(26)

sgnV = sgn(ys — y1) X sgniy, @7
and the threshold condition now reads
442 1 v2 + |k T r’32 1
VISV = x/__ [T Y12 =
7 No |v_|/Iki] Iy — 2l Q@

Compared to the case 2> I' [see Eq. (22)], the thresh-
old condition has changed by a factor 4y,y,(I'?/Q?) x
[|K+|F/(|U_|2+ ['lk4])]. We note that, while in this case
both factors I'2/Q? and |k, |I'/(Jv—|*> + I'|«|) increase the
threshold, this could be compensated if the two bands have
rather different decay rates, in which case the factor y;y, can
be small. If both conditions in Egs. (27) and (28) are met and
[v_|> > |k4|T, the gap is then given by

(28)

V3
al=rvim () - 29)
C
Note that for large electronic interactions | V|, the gap is linear
in the decay rate I'.
Vanishing decay rates. One particularly interesting case is
when the Rabi frequency is small but the two decay rates
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(b)

0.25

0.2+

0.15

21
||
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FIG. 4. (Color online) (a) Time evolution of the order parameter A for three representative values of the coupling constant: V =5 > V., =
214,V =23 ~ V., and V = 1 < V.. The straight lines correspond to the analytic expressions in Eq. (23). Here, V, is computed using Eq. (22)

(corrected to account for cutoff effects) (b) Perfect matching between the steady-state anomalous correlator s
! obtained numerically after the time dynamics have converged (circles). The color coding is the same as

lines) and the anomalous correlator
in (a). (k; = =50,v_ =10, Q2 = 0.5, ' =102 and y», = 1073))

I') and I'; are very different so that y;y, &~ 0. Repeating the
previous steps, the superconducting self-consistency equation
reads

T
1 ZEN()V()/Q — ]/])Q
y i |v_|sgnk (30)
[Q2 iy [FT2(4 AP 4+ Q)14+ 2 |v_[A]
yielding the condition
sgn V = sgn(ys — 71) X sgnics, 31)
and the threshold
1 r
iz vy = Y2 L Vi (32)

7 No || lyi—pl

We note that this is the same threshold as in Eq. (22) where
we considered the case of a large Rabi frequency Q2 > I.
Whenever this threshold is satisfied in the case of a large |v_]|,
the superconducting order parameter reads

8T (1)

Al = m
2 Ju_| V!

(33)

C. Dynamics of the order parameter

We now confirm our analytic predictions by numeric
integration of the equations of motion, see Egs. (9a)—(9d).
We start by briefly describing our numerical simulation
procedure. For simplicity, we consider the case when the
E, (k) are spherically symmetric. Furthermore, by focusing
on the region near the resonant surface S,, we may ignore
variations in the density of states. In this case, within mean
field, we may reduce the dynamics of the 3D model to the
dynamics of an equivalent one-dimensional model, where
for simplicity, we can mathematically shift the surface S,
to the wave vector kg = 0. Furthermore, we will assume
that E 12 =Viok+kKi2 k% (with no higher-order corrections).
We will assume that x_ = v, = 0 and the density of states
is set to Ny = 1/2mw. We also scale all units such that all

57" as given by Eq. (10) (straight

quantities become dimensionless. We consider an initial state
(t = 0) where the populations and coherences are initial-

ized at their zero- temperature equilibrium values 73’ = 0,

i}l = np(E (k) and 7172 = np(E(k)). The superconducting

correlations are initialized at a very small but nonzero value
“21 = 0.025> sk £, Where E,%lE is the steady-state anomalous
correlator as computed in Sec. IT (we also considered random
initial conditions and obtained similar results). We then time
evolve Egs. (92)—(9d) until we reach a steady state. We have
used the self-consistency relation in Eq. (18). In Fig. 4,
we present our numeric simulations for three representative
coupling constants (where 2 > I and y; > y»). In Fig. 4(a),
we plot the superconducting gap as a function of time: it
converges to the order parameter theoretically predicted in
Eq. (23). To get good matching, we have calculated the
correction to Eq. (23) due to the finite cutoff in k space
|kmax| = 0.2 used in the numerical simulations. In Fig. 4(b),
we plot the theoretically predicted values of the anomalous

correlator 57! as a function of k. We generate 57! in two

@ g2 (b)
¥1=0.8,,=0.2 ——
0.1
= 5x10° S
= 0.05
0 0
0 5x10° 10* 0.2 0.2
t

FIG. 5. (Color online) (a) Time evolution of the superconducting
pairing A for a scenario where y; ~ y,. The straight line corresponds
to the steady-state value computed with Eq. (23). The discrepancy
between analytics and numerics is because the parameters for the
numeric integration are outside the limits of the approximations used
in Sec. I B. (b) Perfect matching between the steady-state anomalous
correlator 57! as given by Eq. (10) (straight lines) and the anoma-
lous correlator ! obtained numerically after the time dynamics
have converged (crrcles). (ky =—=50,v_=10,Q2=0.5T =102,
y1=0.8,and V =5.)

054517-6



PHOTOINDUCED SUPERCONDUCTIVITY IN SEMICONDUCTORS

-3 -3

(a) 2x10 oo (b) 10 o<T

= 108 Isx10™
0 5 — . 5 — 6 0 5 6 6
010 5x10 10 0 5x10 1? 1.5x10

FIG. 6. (Color online) (a) Time evolution of the order parameter
Afor Q = I' = 1072, (b) Time evolution of the order parameter A for
Q=T/5=0210"2% (k. =50, v_ =10, ' = 1072, y, = 1074,
V = 20).

different ways: one using the theoretical predictions for the
steady state given in Egs. (10) and (11) and using the value
of |A| from the simulations and also using the final values of
the anomalous correlators “%' as computed from the numerical
integrations. The agreement is excellent.

To show that our theory is able to predict superconducting
pairing even when our approximations for ﬁ}(l + ﬁ?f—l and
hence E,%l are not accurate, see Eq. (13), we have chosen
parameters outside the approximations of Sec. II B. One way

to make these approximations inaccurate is to consider a value
of yi,12 > ﬁ, see the discussion below Eq. (13).
In Fig. 5(a), we have plotted the value of |A| as a function
of time, we see that despite the failure of Eq. (13), we still
obtain a relatively strong superconducting paring within a
factor of three of the analytical one. In Fig. 5(b), we plot
the theoretically predicted values of the anomalous correlator
52! as a function of k. We generate 57! in two different ways:
one using the theoretical predictions for the steady state given
in Egs. (10) and (11) and the value of |A| from the simulations
and also using the final values of the anomalous correlators 52 k
as computed from the numerical integrations. The agreement is
excellent. We conclude that the system also reaches a nontrivial
steady state for parameter ranges outside the validity of the
approximations used in Sec. II B.

We have also numerically verified that it is possible
to obtain superconductivity for the case when Q < I'. We
have numerically integrated the time evolution of the order
parameter for two such values of €2 and I". We chose y;y» ~ 0
in order to have a nonzero order parameter (see the discussion
in Sec. II B 2). We see that the order parameter develops but
the time evolution is highly oscillatory and the time scale for
convergence is increased by ~100. This is because one of the
decay rates I'; is very small so it takes a long time for the
oscillations to decay (see Fig. 6).

III. OPTICAL PUMPING OF A TWO-BAND
SEMICONDUCTOR

Let us now turn to an alternate scenario, which may
be more easily realized in the laboratory. Let us consider
a two-band semiconductor model whose population of the
bottom band is optically pumped into the upper band via a
broad band light source and whose interband relaxation is
slow, e.g., negligible optical phonon coupling. The lower band
(¢ = 1) with dispersion E;(k) and the upper band (¢ = 2)
with dispersion E;(k) are separated by a gap E,.
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Optical
Pumping

E, (k)

FIG. 7. (Color online) Optical pumping. The upper band (1) of a
two-band semiconductor is populated with a single broad band optical
pump. The chemical potential w is tuned halfway between the two
bands.

In order to reach a nontrivial steady state, the coupling to
a thermal reservoir is necessary to drain the energy which
is continuously injected in the system. However, unlike the
previous case, the reservoir does not need to play the role of
an extra “storage” of particles (or holes) and a single weakly
coupled reservoir is enough. We set the chemical potential
in the gap, see Fig. 7, such that there are momenta kg lying on
a closed surface S of the Brillouin zone where the condition
E (ko) + E>(—ko) = 0 is satisfied. Here, u corresponds to
the field produced by the external voltages (say set by external
gates). We do not assume that E, (ko) = const. We shall also
assume the optical pumping laser (or broadband source) is not
on resonance with these momenta k.

Neglecting superconductivity temporarily, the main effect
of the optical pumping is to modify the population of the lower
and upper bands to some nontrivial distribution. Since the
pumping and the interband relaxation is weak, the populations
of the two bands relax to a separate quasithermal equilibrium
within each band. Therefore the bands can effectively be seen
as having two different chemical potentials w; and u, [26].
We note that ©; and u, are not directly related to the energy
levels of the Hamiltonian describing the semiconductor. They
can be seen as the Lagrange multipliers enforcing the average
number of particles in the two bands and depend on the balance
between the strength of the drive and the interband relaxation.
Once the system is quasiequilibrated, we may write

=np(E (k),n1), 1%, = np(Ea(—k),p2), n2 =0.
(34)

Here, ng(e, i) = [1 +exp ((e — )/ T)]~" is the Fermi-Dirac
distribution and T is the temperature of the underlying crystal.
The equations of motion for the populations and anomalous
correlators which are consistent with the steady state given in
Eq. (34) read

d

Enk =iAsg! —iA*sg™* — 20 (k) iy,
d * 21* ~72
En k _1As —iA%sy T =20 (k) A2, (35)

d
Esk =i(Ex (k) — il (K))sg +iA%(ng' +n*% — 1).
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Here, E = Ei(k) + Ex(k) and 71§ = [nf* — np(Eq(k), o).
I', are the relaxation rates for the two bands and I'y;, is the
superconducting decay rate. In principle, these can be obtained
by linearizing the Boltzmann equation (collision integral) close
to equilibrium. Typically, I'j, &« I'} + I' [26]. We also drop
the k dependence of I since we are only considering a small
portion of the Brillouin zone near the surface S. The steady-

state solution of these equations reads
*

21 ", 2
- = 1 36
Sk Er 1 i1 (ni! +n%% —1) (36)
and
1
m'+n? —1= = (I'/T12)?

x [np(E1(k),p1) + np(Ex(=k),n2) — 1],
37
where we defined

— |AJ?
E =4y (D) T)* +

k2 + Ffz .

Other pumping schemes. If other bands are present, other
pumping schemes can be considered. For instance, a third
band can be used to either populate or depopulate the two other
bands, see Fig. 8. We note that with these pumping schemes we
can choose the sign of the population deviation n ,1(1 22k —1.
Also, our method is likely to work with carrier injection
pumping [27]. The conclusions presented in this section apply
just as well for these generalized scenarios.

(38)

A. Self-consistency equation

We now solve self-consistently for the superconducting gap.
The pairing part of the mean-field Hamiltonian originates from
a microscopic Hamiltonian, which involves a density-density
type of interaction between the electrons in the semiconductor.
The mean-field decoupling for this microscopic interaction of
strength V (in a system of volume V) is given by

_ 2T1 12
——EV C_x CpClyp

>3 Ackclﬁ+A*ckck) (39)

FIG. 8. (Color online) Different available optical pumping mech-
anisms in a three band semiconductor. (a) Deplete the population of
the bottom band into a third reservoir band. (b) Populate the top band
from a third band.
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with

s_ 1 R P
A== "Vg'cly) H—og/(dk)v (ci'cly).  0)

where we wrote (dk) = d?k/(2m)? to shorten notations.

We solve for the self-consistent condition Eq. (40) using the
anomalous correlator in Eq. (36). The correct self-consistent
condition involves only the real part of Eq. (36); this assertion
will be justified in Sec. IV where we properly obtain the self-
consistency relation from a saddle point condition (notice that
this is trivially true in the limit I' — 0). The resulting gap
equation is

I'/T)?*E
1=—V/(d) ]/1722/212) 2k
v, T/T)? (Ef +T3,) + 1A

x [np(E((k), 1) + ne(Ex(—k), u2) — 1]. (41

Let us now study the solutions of the self-consistent equation
(41) by first focusing on the very favorable case in which the
two bands have opposite velocities. On the resonant surface
S, where Ey(k)+ Ex(—k) =0, the d1spers10n relations can
be Taylor-expanded as E 12=V12q1 +Ki2 q> 1+ .-, where
q. is the momentum perpendicular to the resonant surface S.
So E = v+ql+fc+qi+~--,where vy = vy v and ky =
k> £ k1. When the velocities are opposite in the two bands,
i.e., v, = 0, one can express E(€) ~ (k; /v?) €. Upon using
this E(e) in Eq. (41) and extending the limits of integration to
+00, we obtain

4 lv_|sgnky 1/4 1/2
l=——=NV ———— ny)"" ('/T12)
\/5 vira

[np(E((k), 1) + np(Ex(=k), o) — 1]
(A2 + yiy D24

Here, Ny is the density of states at S. We note that in the
case where «, is not uniform over the surface S we can
replace /|k4| in the equation above by its average to obtain
the correct results for this case. We will not consider this
extension further. Notice that this equation can be satisfied
for both attractive or repulsive interactions depending on the
relative signs of ng(E (k),u1) + ng(Ey(—k), 1) — 1 and of
k4. Superconductivity is possible if the sign of V satisfies

(42)

sgn V- = —sgnisgn[ne((E1(k), 1)
+ne(Ex(—k),p2) — 11, (43)

and if its magnitude satisfies the threshold condition

v N2 1 Ik .
VizV. = 7 Ny Njv_|

Here, N = ng(E (k),it1) + ng(E,(—k),u2) — 1. The condi-
tion in Eq. (44) is very similar to the one obtained in Eq. (22).
This expresses the fact that superconductivity is favored by
small decay rates, e.g., weak coupling to longitudinal phonons
and impurities.

If the conditions in Egs. (43) and (44) are met, the

superconducting gap is given by
v 4
—) -1 (45)

Vv

C

(44)

Al = /Ny T (
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This corresponds to a robust gap that scales linearly with the
decay rate I', and, for large coupling constant, scales as the
square of the interaction strength V.

Robustness. Let us examine the domain of validity of the
results we presented in this Section. First, we remark that they
are relatively stable in the case v, is nonvanishing. Indeed, the
results are essentially unchanged as long as

14!
| < V/eg|T m . (46)

Therefore the condition v, = 0 that we used above does not
have to be perfectly tuned.

Most importantly, the results of these section are stable to
changes of temperature in the semiconductor. Indeed, those
would correspond to changes in np(E;(k)) and np(E,(k)),
which may be neglected for temperatures less then the
semiconducting gap E,. We note that in realistic setups, I
may be temperature dependent.

IV. KELDYSH APPROACH

In this section, we revisit the self-consistent mean-field
condition for superconductivity that we used multiple times
in the previous sections. Starting from a particle conserving
theory, we justify the approximation that we used to obtain
Egs. (19) and (41), which consisted in considering only the part
of the anomalous correlator s,T(21 in phase with A*. For the sake
of simplicity, we concentrate on the case described in Sec. 1.
We derive a Keldysh mean-field theory for the laser-driven
semiconductor system and solve for the symmetry-breaking
order parameter corresponding to the superconducting pairing.
The full Keldysh action reads

SK = Se—e + Sother (473)

with

Soe :/ dt/ddr VOrndrt), (47b)
T

where ®(r,t) = c'(r,1) A(r,t), (r.t) = A (r,O)cttr,t), V
is the coupling strength and Syper is the quadratic action
corresponding to all the other terms in the Hamiltonian (1)
such as c}c, c,zc, a,in, and ak .- U is the Keldysh contour,
which goes forward from time minus infinity to plus infinity
and then backward. We now perform a Hubbard-Stratonovich
transformation in S,_, so as to obtain

exp [1/ dt/ddr 1% cb(r,r)cb(r,z)]
T

:/D[A]e' fY dtfddr [—*\A(r DIP+Ar, 1) (r,t)+A*(r,t) O(r, t)]

(48)

Integrating out all the fields in Sk except for A, we obtain
an effective action for A(r,r) and the zero-source generating
functional reads

=/D[A+,A’] elSenlAT.A7], (49)

with the effective action expressed in terms of the fields A* and
A~, which correspond to the order parameter in the forward
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+ % 1
Ac,c, -
2 / \
AN'e,c Neye,
+ ! Acte’ \ /
— c,C,
3 /
Acyc, Acpc,
A +
AC;C; Ac;c/+
\*c C/

FIG. 9. Feynman diagrams. Series of ring diagrams that con-
tribute to the action S[A]. Each line corresponds to a propagator
G*/R/K_The terms 1/n are symmetry factors for the diagrams.

and backward branch of the Keldysh contour
~ 1
Sala®A71= 8187871 - 4 [ dray

x (AT O — A0, (50)

S[AT,A™] can be computed through a series of Feynman
diagrams as represented in Fig. 9. The propagators for these
diagrams are those that make for the action Sypher. Given that
Sother 18 Gaussian, we use Wick’s theorem to calculate those
Feynman diagrams.

We solve for the saddle point of the effective action by
focusing on the solutions that are homogeneous in time and
space. We write AT = A 4 §, and note that the effective action
vanishes for § = 0 for any A. This is a general result that
stems from the fact that for classical field configurations, the
action on the backward branch is canceled exactly by that of
the forward branch. Thus the variation of the effective action
with respect to A vanish for fixed § = 0. The condition that
determines A at the saddle, is obtained by varying the action
with respect to §: expanding the action in powers of §, the
saddle point condition is that the terms linear in § vanish.
These terms can be collected in perturbation theory.

Expanding Ses[A,8], we observe that all the terms contain
8A*, §*A, and powers of |A|>. The action is invariant under
simultaneous phase rotations of § and A. So we can fix the
phase of § to be zero, i.e., make § real (this is, of course,
a gauge choice for the fermionic description of the problem).
All terms linear in § are multiplying the combination (A + A*)
and powers of | A|?. Factoring out this combination §(A + A*)
in the expansion of Sei[A,§] leads to an equation that depends
only on |A|. This equation determines the saddle point value
for |A|. We choose A to be real as well, and then simplify the
saddle point search by considering both § and A in phase and
real. The net effect of this procedure is to neglect the relative
phase fluctuations of A* and A~—which are assumed to be
small for a physical solution. The saddle point equation in this
case becomes

0 = 0 (—487A+E[A,3]> . 51

=0

054517-9



GARRY GOLDSTEIN, CAMILLE ARON, AND CLAUDIO CHAMON PHYSICAL REVIEW B 91, 054517 (2015)

We compute 8SE[A ,0]|5=0 by summing over the Feynman diagrams in Fig. 9 and obtain

3L [A,8] [5=0

B i AP @b do  [(0 1\[(C*kw) GXkw))(i0?GAk, —wic? i’ G (k,—w)ic”\]"
T =2 2w J\1 o) |\o G (k) J\0O i GR(k,—w)ic?
2n—1

(k) da) 1 i0YGA(k,—w)ic?  i6?GK(k,—w)ic?\ (GRk,w) GXk,w)\]"
0 0 icYGR(k,—w)ic? J\0 GA(k,w) ’

(52)

Here, G*A/®/K stand for the advanced, retarded and Keldysh components of the electronic Green’s functions for the bands 1 and
2, with respect to the action Soper, and o is the usual Pauli matrix which acts on the space spanned by the two bands @ = 1, 2.
(Notice that GA/R/K are 2 x 2 matrices because of the two bands.) The Pauli matrix o and the negative frequencies — in
some of the Green’s functions come about because some of the propagators shown in Fig. 9 originate from the same vertex (or,
equivalently, there are particle and hole propagators). We now observe that this series can be resumed and the trace can be greatly
simplified:

-1

~ [Al AP & A ,
asﬁ[A,S] |5:0 = E/(dk)/dwTr 1-— TG (k,a))l(fyG (k,—a))ldy

x (GR(k,w)io, G¥ (k,—w)io, + GK(k,w)ioyGR(k —w)io,)
AP, R N\TIaR P
x|1+(1-— TG (k,w)io, G (k,—w)ioy —G (k,w)io,G” (k,—w)ioy

g | e aon)
(dk) | dw Tr ——wyG (k, a))lo»G (k,w)

x (ioyG* (k,—w)io,G* (k,w) +i0,G* (k,—w) iayGK (k,w))

-1

2 2
X [1 +< — %1 0,G® (k,—~w)io,G* (k, )) % 0, G® (k,—w)ioc,G* (k, w)“ (53)
In case the superconducting field |A| is small, this expression Eq. (53) may be further simplified:
A
~ 181 / (dk) f — Tr [io, G* (k,—w)io, G (k,w) + io, G (k,—w)io, GX (k,w)

+ GR(k,a))IGyGK(k,—a))le + GK(k,a))la_vGR(k,—w)lay]
|A?
+

/ (dk) / ‘21—;” Tr [(io, G¥ (k,—w)io, G (k,w) + ioy, G* (k,—w)io, GX (k,w))

x (ioy G (k,—w)io, G* (k,w) + i, G" (k,—w)io,G* (k,w))]
IAI3

/ (dk) / Tr [((G® (k,w)io,G* (k,—w)io, + G* (k,w)ioc,G" (k,—w)ic)

x (GR(k,a))loyGA(k,—a))iay + G (k,w)io,G" (k,~w)ia,)]. (54)

Using the quantum regression theorem [28], one can compute the various Green’s functions GR(k,w) = (0 — H(k) + iMm,

GA(k,w) = (w — H(k) —i[")™", and GX(k,») = GR(k,w)(1 —2f(k)) — (1 — 2f(k))G*(k,w). Here, H(k) = (f;'/g") ‘g;é)),

= (g ! (112), and f(k)= (Z%‘Z Zz‘;) We may now perform the various traces and integrals over w in Eq. (54) above. With
k k
this, we solve for the stationary conditions on the field A, coming from Eq. (51), and obtain

0 |A|+|A|/(dk)R o (1—nl' —n2) —4|AP f(dk)R ! Loy =il (55)
= — (] - - € .
v Ex +il = Ex+il)  EZ+412
{

The part involving Re(ﬁ) is exact and comes about given in Eq. (13) for srpall | A| we see that this agrees to leading
because the Keldysh action must be real. In the third term  order .fOF small |A| with Eq. (19); a computation of the exact
of Eq. (55), we have also made the assumption that Q > I'.  trace in Eq. (53) would presumably reproduce Eq. (19) to all

Using the nonequilibrium population deviation 1 — nj! —n3*  orders.
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V. CONCLUSIONS

We have demonstrated that superconductivity can be
achieved in a laser-driven two-band semiconductor interacting
with reservoir—either in the form of a tunneling contact to a
metal, or in the form of other modes in the band, or in the form
of a third band (see Appendix). The superconductivity is robust
to changes in temperature, and under optimal conditions,
the size of the superconducting gap scales with the decay
rate I'. We found that depending on the sign of the band
curvatures, it is possible to obtain superconducting pairing
s,%l with both repulsive and attractive interactions. We can
estimate how stringent is the condition given in Eq. (22) for
the threshold for producing superconductivity with two bands
and reservoirs. To do so, we compare our results to regular
BCS theory. At zero temperature, the BCS gap equation may
be written as Vp(kg) In(%2) = 1. Here, p(kg) is the density
of states at Fermi energy and wp is the Debye frequency.
Using the experimentally relevant parameters wp ~ 100 K
and A ~ 1K, we obtain Vp(kg) ~ 0.2. We note that V is
the effective electron-electron interaction which includes the
effects of phonons and screening. For the superconductivity
proposed in this manuscript, we have obtained the threshold
equation% > 1. Usingk ~ (10% V)12, T ~ 1073¢V,
|[v_| ~ 10~%¢ this condition simplifies to 0.2 x 10>° > 1,
which is easily satisfied. We note that for the case of repulsive
interactions |V| Ny can be larger. These numbers are relevant
for room temperature superconductivity. We note that the
same threshold condition shows up in the case of an optically
pumped two-band semiconductor considered in Sec. III and
in the case where the laser Rabi frequency is small but the
two decay rates are very different, see Eqgs. (32) and (44).
Equation (46) establishes that all our results are unaffected
by mismatches in the Fermi velocities of the upper and
lower band as long as these mismatches are only roughly
ten percent of the Fermi velocity. The present results are
also insensitive to imprecision in tuning the right © on the
order of 0.01 eV. We note that imperfections in finding the
right 1 do not effect the results presented in Sec. III as
the condition E;(k) + E>(—k) = 0 is automatically selected.
Even though 7. (critical temperature for superconductivity)
does not scale with the gap for our setup, as in the case of a
regular superconductor, we note that under optimal conditions
it is possible to achieve a gap that is several hundred degrees
Kelvins.

Here we study a route to induce superconductivity, not
simply by lowering the temperature of the sample but by
shining light. In a semiconductor, such photoinduced su-
perconductivity is possible at temperatures smaller than the
band gap, which itself is a very high temperature. Hence the
mechanism may enable dissipationless current transport for
frequencies smaller than that set by the superconducting gap
at room temperature. In many ways, the ultimate limit on
our setup is the temperature dependence of the rate I'. T is
set by the relationship % = 1. Additionally, one can
imagine applications where the superconductivity is induced
for short periods of time by laser pulses and is allowed to
decay when the laser is turned off. This opens the door for
superconducting switches. We intend to perform a DMFT
analysis of the phenomena to study the effects of strong
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correlations and strong laser driving. We shall also study the
optical response of the proposed superconductor as well as
investigate the possibility of a Josephson effect.
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APPENDIX: THREE-BAND SEMICONDUCTOR

Let us consider superconductivity in an optically pumped
three-band semiconductor. The lower (1), middle (3), and
upper (2) bands have dispersion relations E,(k) with o =
1,2,3. The third band can be seen as a replacement for
the reservoirs that were required in the case considered in
Sec. II. We assume that the dispersion is symmetric so that
E (k) = E,(—k), for « = 1,2 — this will allow for s-wave
superconductivity without any energy mismatch. The upper
and lower bands are resonantly driven by a single laser
with frequency wy, i.e., Ex(ko) = E (ko) + wo for some wave
vectors ko. In our scheme, the middle band 3 (reservoir) is
not coupled to any laser but will simply ensure that there is
less then one electron per k value in the upper and lower
bands combined, n}' + n?> < 1. This inequality satisfies the
condition that the population of the two bands involved in
the pairing deviates from unity, which was the requirement for
superconductivity in Sec. II. We set the chemical potential p in
between the lower and middle bands, i.e., E, > E3 > u > E;
for all wave vectors k, see Fig. 10. More precisely, we set
w = [Ex(ko + E(ko)]/2; this ensures that all quasiparticles
have zero energy. In the rotating frame, this will correspond to
a zero-energy condition for the electrons at k.

To favor superconductivity, we assume that the level sets of
E (ko) and E,(k() have a good overlap and that the electron
velocities of the lower and upper bands are opposite at the
wave vector k(. Under such conditions, we find that depending
on the curvature of the lower and upper bands at kg it is
possible to induce superconductivity with either repulsive or
attractive interactions, in particular to obtain a nonvanishing

VA

FIG. 10. (Color online) Energy levels and laser. The upper band
of a three-band semiconductor is populated with a single laser drive
pumping from the lower band. The chemical potential j is set between
the lower and middle (reservoir) bands.
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anomalous correlator (cjc! ) = s7'. The analysis presented in

this Appendix is highly similar to the one done in the body of
the manuscript and will be presented briefly.

1. Mean-field Hamiltonian

The mean-field Hamiltonian relevant to our three-band
system can be written as

Hyr = HBand + HLaser + HSuperv (Al)
with
Hpana = Y Eo (k) <. (A2)
k,a
Hise = Y Q)i ¢y + He., (A3)
k
(A4

2% 1
Hgyper = Z Ac'cl, + he.
K

Q(1) = Qcos(wot) is the laser drive and A is the mean-field
superconducting gap. The relevant equation of motions read

d N
i—c,% = Acl'k + Ezc,% + Q(t)c,lc,

dt

iEC; = Esc}, (A5)
d ,

iEc}( = — AL 4 Ercp + Q1)

We eliminate all explicit time dependence by a means of
rotating wave approximation. This consists in rotating all the
operators of the theory with the unitary

U=U.®U,, (A6)
where
_ i 1t 2
U. =exp |:§a)ot ; (ci'ex — ckfc,%)i| , (A7)
_ i I 2
Ua =eXp Eth Z (ak,Tnali,n - ak,nal%,n) (A8)

k.n

In particular, ¢} > ¢ = ¢} e70!/2 ¢ > ¢2 = ¢7 l0'/2 and

Hw— H=U[H —i3]U f so that the energies are shifted to
E\(k) = E|(k) + wy/2 and E;(k) = E,(k) — wy/2. We drop
all terms rotating at 2w, since they are not resonant with any
transition. By adding dissipative mechanisms and considering
fermion bilinears, we may study the nonequilibrium steady-
state properties of this model. Note that in the rotating frame,

ﬁ}cl = n}cl, ﬁjfcz = niz, and 3}12 = s,iz are invariant, but ?[}cz =
ny* e’ and 13! = n}' €', The steady-state equation of the
~1 _ 2
order parameter 53" = (cjc_,) reads
d ~t21 * ~11 _ ~22 = : ~i21
0= 1Esk =—-A (1 — Ny —ng ) —(Ex —il)s;",

(A9)

where we introduced the notation Ek =E 1(k) + Ez(k) and
I'1» is a phenomenological decay rate associated with the
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damping of the order parameter. This simplifies to
*
B = g A ),
Ex +ilpn

This equation is identical to Eq. (10) and seems to be an
ubiquitous condition for superconductivity. This expresses that
to ensure superconductivity, we once again need to have a
nonzero 71} 4+ 722 — 1 # 0. This is the rationale behind the
presence of the third band—which does not interact with the
other two bands but merely acts as “storage” for electrons.
To find the steady-state value of 7' and 7i3”, we write the
steady-state equations for the rest of the fermion bilinears.
From now on, we shall work in the weak-pairing field limit
A < Q. The steady-state equations for the populations and
coherences read

(A10)

d Q.
0 = —ﬁ%z :1—(}’1,1(2 — ﬁ%l) — (F] + Fz)ﬁ%z,
0= —ny =F1ni2 — anf,

QL ~
0= = —i— (n,lcz—nil)+rzn~/2k2+r3n,3(3,

i’k 2

oziﬁ

dt

We have introduced three spontaneous decay rates I'y, I'p, '3,
and a dephasing time t. For many semiconductors, 77! >
I'1 2.3 because it is hard to exchange populations between
the bands, by including say Coulomb interactions, but rather
easy to have energy fluctuations, which lead to dephasing.
In the case, the semiconductor has a strong coupling to
optical phonons, this inequality may be violated as all the
decay rates may become comparable. Notice that the previous
equations ensure the conservation of particle number, i.e.,
il + 72 +7;° = 1. Using Eq. (A10), we obtain

Q
b= (igg — tn3! +i§ (' — ) . (A11)

QT
2r(a,2(+r*2)

A*
G2

kT R +i R +2r)
Ex+iln T3 +To) + 57505

(A12)

with ex = Eo(k) — E, (k).

Note that s,?l vanishes when I'y = 0 but I'; # 0. In this
case, there is no population in the the middle band, i.e.,
73 = 0. However, one would not expect that s> = 0 if we
simultaneously tune I';,I's | 0 as some population will be
trapped in band 3 (reservoir) if both decay rates go down to

zero with the same rate, which can be seen from the analysis
of Eq. (A12).

2. Self-consistency equation

We now solve self-consistently for the superconducting gap.
The pairing part of the mean-field Hamiltonian in Eq. (A1)
originates from a microscopic Hamiltonian, which involves a
density-density type of interaction between the electrons in
the semiconductor. The corresponding mean-field decoupling
is given in Eq. (39). To obtain the most favorable conditions for
superconductivity, we shall once again assume that the electron
velocities of the lower and upper bands are opposite at the wave
vector k. At the resonant surface S, the dispersion relation
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can be Taylor-expanded as El,z =v12q1 + K12 qi + .-,
where ¢, is the momentum perpendicular to the resonant
surface S,, and vi + v, =0. So e =v_gq, +/c_qJ2_+-~-
and E :/qqi +---,wherev_ = vy, —v;and k4 = Kk £ k7.
Substituting these energies into the gap equation, we obtain the

condition
K+ql
=V Nolv- I/dcu RS

|Q°Ty
2t[(v_q1 )’ +172]

. (A13)
F%(Fl + 1) + —2J§Lf;i;2+:3)z]
N, is the density of states at k. We note that
sgnV =sgnk, (Al4)
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is needed to satisfy the condition, which means that by tuning
band curvatures it is possible to have superconductivity with
both attractive and repulsive interactions. Furthermore, we
note that in the case in which the Rabi frequency is large,
the integral in Eq. (A13) greatly simplifies and the threshold
condition for superconductivity becomes

1
Vs v, = Y2 LI
T Ny |v_]

vIn (1+2I3/T).  (Al5)

In the small damping limit (i.e., small I"}), the inequality is
easily satisfied. This condition is highly similar to the condition
obtained for superconducting threshold in Eq. (22). We note
that for the case y, — y; ~ 1, "1, ~ I', and 'y > I'; the two
equations become equivalent.
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